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In this talk, I want to focus on three problems
in Number Theory, which are simply stated
but whose solutions lie very deep
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In this talk, I want to focus on three problems
in Number Theory, which are simply stated
but whose solutions lie very deep

Along the way, I hope to be able to introduce
to you the mysteries of pure abstract
mathematics and its intrinsic beauty.
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Human civilizations have for long been
fascinated by NUMBERS; Two different aspects
to this quest for understanding numbers
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Human civilizations have for long been
fascinated by NUMBERS; Two different aspects
to this quest for understanding numbers
• As a basic tool in computations; these
computations take different guises
• Intellectual challenge of uncovering the hidden
and often mysterious properties of numbers
Both these elements are embedded in various
civilizations for over 3000 years, commencing in
Asia
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N=Natural numbers= {1,2,3,...}
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N=Natural numbers= {1,2,3,...}
Z=Integers ={0,±1,±2...}, Q=Rational
numbers={m/n, m and n integers, n6= 0},
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Irrational numbers, eg.

√
2, π, e.
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N=Natural numbers= {1,2,3,...}
Z=Integers ={0,±1,±2...}, Q=Rational
numbers={m/n, m and n integers, n6= 0},
Irrational numbers, eg.

√
2, π, e.

A prime number is an integer greater than one
which has no factors other than 1 and itself. Ex-
ample: 2,3,5,7,11...
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Important mathematical discoveries made by
Asian civilizations, long before the Greeks. For
example:
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Important mathematical discoveries made by
Asian civilizations, long before the Greeks. For
example:

Babylonia: Statement of Pythagoras’ theorem (at-
tributed to Pythagoras, 5th Century B.C.) already
occurs in the Susa tablet ( 1600 B.C.); computa-
tion of the value of π correct to four decimal places
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India: Vedic priests in connection with the
construction of sacrificial altars list many
examples of Pythagorean triples, (i.e. a triple of
integers (a, b, c) with a2 + b2 = c2.)
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India: Vedic priests in connection with the
construction of sacrificial altars list many
examples of Pythagorean triples, (i.e. a triple of
integers (a, b, c) with a2 + b2 = c2.)

Sulva sutras ( 8th century B.C.), better approx-
imation to

√
2; place value system from around

6th century A.D. which greatly facilitated compu-
tations in general.
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China: “I-ching” (at least 1000 B.C.) : some
aspects based on study of numbers to base 60
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200 B.C.: Decimal system already in use,

examples of irrational numbers and better
approximations of π
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China: “I-ching” (at least 1000 B.C.) : some
aspects based on study of numbers to base 60
200 B.C.: Decimal system already in use,

examples of irrational numbers and better
approximations of π

Very early evidence of knowledge of Pythagoras
theorem
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Mathematics before the Greeks was largely
based on numerical data motivated by practical
problems but also serving as empirical evidence
for certain general mathematical principles
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Mathematics before the Greeks was largely
based on numerical data motivated by practical
problems but also serving as empirical evidence
for certain general mathematical principles
We owe the concept of a rigorous proof to the
Greeks. However their cumbersome system of
writing numbers gravely limited their
computational abilities
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Mathematics before the Greeks was largely
based on numerical data motivated by practical
problems but also serving as empirical evidence
for certain general mathematical principles
We owe the concept of a rigorous proof to the
Greeks. However their cumbersome system of
writing numbers gravely limited their
computational abilities
Element of Mystery and Magic associated with
numbers; eg. I-Ching, Kabala...
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Pythagorean Triples

PQR is a right angled triangle.
Sides have lengths a, b, c.
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Pythagorean Triples

PQR is a right angled triangle.
Sides have lengths a, b, c.
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Pythagoras Theorem: PQR a right angled
triangle. Then

(PQ)2 + (QR)2 = (PR)2 i.e., a2 + b2 = c2.

Such triples are called Pythagorean triples.
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Pythagoras Theorem: PQR a right angled
triangle. Then

(PQ)2 + (QR)2 = (PR)2 i.e., a2 + b2 = c2.

Such triples are called Pythagorean triples.
Certainly known to ancient Indians (Sulva Sutras ∼
8th century BC, Pythagoras ∼ 5th century BC).
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Pythagoras Theorem: PQR a right angled
triangle. Then

(PQ)2 + (QR)2 = (PR)2 i.e., a2 + b2 = c2.

Such triples are called Pythagorean triples.
Certainly known to ancient Indians (Sulva Sutras ∼
8th century BC, Pythagoras ∼ 5th century BC).
Examples: (3,4,5), (5,12,13).
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Pythagoras Theorem: PQR a right angled
triangle. Then

(PQ)2 + (QR)2 = (PR)2 i.e., a2 + b2 = c2.

Such triples are called Pythagorean triples.
Certainly known to ancient Indians (Sulva Sutras ∼
8th century BC, Pythagoras ∼ 5th century BC).
Examples: (3,4,5), (5,12,13).

Easy to see that there exist infinitely many
Pythagorean triples with a, b, c in .
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Note that the Pythagoras Theorem forces one to
come to terms with irrational numbers!
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Note that the Pythagoras Theorem forces one to
come to terms with irrational numbers!
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c2 = 1 + 1 = 2; c =
√

2, which is irrational. – p.11/22



Fundamental Theorem of Arithmetic

Every integer m > 1 can be written uniquely as a
product of powers of primes

m = pn1

1
pn2

2
. . . pnk

k

where pi’s are distinct prime numbers and ni are
in .
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Fundamental Theorem of Arithmetic

Every integer m > 1 can be written uniquely as a
product of powers of primes

m = pn1

1
pn2

2
. . . pnk

k

where pi’s are distinct prime numbers and ni are
in .

Simple Exercise: Use the fundamental theorem
of arithmetic to show that

√
2 is irrational.
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Congruent numbers

An integer n ≥ 1 is congruent if n is the area of a
right angled triangle whose sides have rational
length.
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Congruent numbers

An integer n ≥ 1 is congruent if n is the area of a
right angled triangle whose sides have rational
length.
Thus, n is congruent if and only if
n = ab/2 a2 + b2 = c2, a, b, c ∈ Q.
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Congruent numbers

An integer n ≥ 1 is congruent if n is the area of a
right angled triangle whose sides have rational
length.
Thus, n is congruent if and only if
n = ab/2 a2 + b2 = c2, a, b, c ∈ Q.

Examples of congruent numbers:
5,6,7,13,14,15,21,22,23,29,30,31,34..... (from
Arab manuscripts 10th century A.D.)
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Congruent numbers

An integer n ≥ 1 is congruent if n is the area of a
right angled triangle whose sides have rational
length.
Thus, n is congruent if and only if
n = ab/2 a2 + b2 = c2, a, b, c ∈ Q.

Examples of congruent numbers:
5,6,7,13,14,15,21,22,23,29,30,31,34..... (from
Arab manuscripts 10th century A.D.)
5 -> (9/6, 40/6, 41/6); 6 -> (3,4,5), 7 -> (288/60,
175/60, 377/60)
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Conjecture on Congruent numbers

Every integer n > 1 with n ≡ 5, 6, 7 mod 8 is
congruent.
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Conjecture on Congruent numbers

Every integer n > 1 with n ≡ 5, 6, 7 mod 8 is
congruent.
Despite overwhelming numerical evidence, this
conjecture is still open. Not all congruent num-
bers are of this kind; eg. 34 is congruent.
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The integer 1 (or equivalently any square integer)
is not congruent. First complete proof due to
Fermat, uses his beautiful principle of infinite
descent. In fact, 5 is the smallest congruent
number,
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The integer 1 (or equivalently any square integer)
is not congruent. First complete proof due to
Fermat, uses his beautiful principle of infinite
descent. In fact, 5 is the smallest congruent
number,
Surprisingly, this conjecture is closely related to
deep theories in modern arithmetic; namely the
Birch and Swinnerton-Dyer conjecture and “Iwa-
sawa theory of elliptic curves”.
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The proof that 1, and hence any square integer,
is not congruent also shows that the equation
x4 − y4 = z2 has no solutions with x, y, z integers
such that xyz 6= 0.
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The proof that 1, and hence any square integer,
is not congruent also shows that the equation
x4 − y4 = z2 has no solutions with x, y, z integers
such that xyz 6= 0.
Suppose a solution exists. Put n = x2, m = y2

and a = n2 − m2, b = 2mn, c = n2 + m2.
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The proof that 1, and hence any square integer,
is not congruent also shows that the equation
x4 − y4 = z2 has no solutions with x, y, z integers
such that xyz 6= 0.
Suppose a solution exists. Put n = x2, m = y2

and a = n2 − m2, b = 2mn, c = n2 + m2.
Then (a, b, c) is a Pythagoras triple with area of
the corresponding triangle equal to
(1/2)ab = nm(n2 − m2) = x2y2(x4 − y4) = x2y2z2,
contradicting the statement that no square
integer is congruent!
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This also proves that x4 + y4 = t4 has no integer
solutions with xyt 6= 0.
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This also proves that x4 + y4 = t4 has no integer
solutions with xyt 6= 0.
157 is a congruent number; Simplest Rational
triangle with Area 157 (D. Zagier).

a = 6803298487826435051217540

411340519227716149383203
, b = 411340519227716143983203

21666555693714761309610

c = 224403517704336969924557513090674863160948472041

8912332268928859588025535178967163570016480830
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triangle with Area 157 (D. Zagier).

a = 6803298487826435051217540

411340519227716149383203
, b = 411340519227716143983203

21666555693714761309610

c = 224403517704336969924557513090674863160948472041
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Fermat would thus have naturally been led to
conjecture his famous Last Theorem which states
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For any integer n ≥ 3, the equation

xn = yn + zn.

has no solution in integers x, y, z with xyz 6= 0!
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Fermat would thus have naturally been led to
conjecture his famous Last Theorem which states
For any integer n ≥ 3, the equation

xn = yn + zn.

has no solution in integers x, y, z with xyz 6= 0!

This is now a celebrated Theorem of Andrew Wiles.
Notice this is in total contrast to n = 2, where
there are infinitely many Pythagorean triples!
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Another simply stated conjecture is Catalan’s
Conjecture formulated in 1844, and proved by
Mihailescu in 2002.
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Another simply stated conjecture is Catalan’s
Conjecture formulated in 1844, and proved by
Mihailescu in 2002.
Catalan’s Conjecture: The only solution in nat-
ural numbers for the equation xa − yb = 1, with
x, y, a, b > 1 is x = 2, a = 3, y = 3, b = 2.
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The Proof of this conjecture again uses modern
arithmetic, namely the theory of Cyclotomic fields
and Galois modules.
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The Proof of this conjecture again uses modern
arithmetic, namely the theory of Cyclotomic fields
and Galois modules.

Specifically, it uses the deep arithmetic ideas in-
troduced by Kummer in his unsuccessful attempt
to solve Fermat’s theorem by the theory of Cyclo-
tomic fields.
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We close by remarking that there are numerous
interesting conjectures about the prime numbers.
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We close by remarking that there are numerous
interesting conjectures about the prime numbers.

The Fundamental theorem of Arithmetic states
that the primes are the basic building blocks of
the integers. It was already known to the Greeks
(around 300 BC) that there are infinitely many
primes and that there can be arbitrarily large gaps
between two primes.
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It was proved in the nineteenth century that the
number of primes less than or equal to n
approaches n/logn as n becomes very large.
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It was proved in the nineteenth century that the
number of primes less than or equal to n
approaches n/logn as n becomes very large.

With modern computing and cryptography, the
search for large primes has gained further impe-
tus. Expected to find a prime with 10 million digits
within a year...

– p.22/22
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