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Abstract. Hardy–Weinberg equilibrium model states that allele and genotype frequencies in a 

population will remain constant for generations in the absence of evolutionary effects. A 

goodness-of-fit test can be used to test if a population is significantly different from the 

expectations of Hardy-Weinberg equilibrium. Pearson statistics are commonly used in goodness 

of fit tests for testing the Hardy-Weinberg equilibrium. In this paper, a simulation study is carried 

out to evaluate the performance of power divergence statistics under different sample sizes, effect 

sizes and minor allele frequencies. A real genotype data is also analyzed to compare the results of 

several power divergence test statistics.  
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Introduction 

HWE is a main phenomenon in population genetics. In population genetics, when there are no 

disturbing forces such as natural selection, mutation or immigration that would change allele 

frequencies over time and when there is random mating in very large populations, allele pairs are 

known not be associated (Weir 1996; Crow 1999). 

Hardy-Weinberg equilibrium (HWE) was first defined by Hardy (1908) and Weinberg (1908) 

as a basic function of allele and genotype frequencies in the absence of disturbing forces.  

Testing for HWE is commonly performed using a simple chi-square goodness of fit test or 

exact test. Hernandez and Weir (1989) showed that the exact test is conservative when the 

significance level of the test doesn’t correspond to genotype frequency.  Wigginton et al. (2005) 

revealed that chi-square test could have inflated Type-1 error rates even if in large samples and 

recommended exact test statistics be used instead of standard chi-square test statistics.  Rohlfs 

and Weir (2008) examined the inferences of discrete p-values in HWE testing. They also 

concluded that the frequency of minor allele count (MAF) effects the efficiency of test.  

On the other hand, when the categories are nominal, Pearson and Likelihood chi-square tests 

are most widely used methods, but when the categories are ordered, they are not appropriate 
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because of not taking into account any ordering in the classification (Bishop et al. 1975; Aktaş 

2016).  Genotype levels of a genetic marker can be considered as 0, 1 and 2 as the number of 

copies of minor allele.  

Read and Cressie (1988) described a method for testing goodness of fit through an extensive 

family power divergences involved several goodness of fit statistics, such as Pearson’s chi-

square, Likelihood Ratio, G2;  Freeman Tukey, FT2; modified likelihood ratio test statistics, GM2 

and Neyman’s modified chi-square, NM2. 

This paper aimed to compare the power divergence statistics under different sample sizes, 

effect sizes and MAFs with respect to their Type 1 error rates and powers for testing the HWE by 

using simulated data and real genotype data from HapMap project, phase 3.2.  

Hardy-Weinberg Equilibrium 

Considering the current generation of an diploid organism, having two copies of each 

chromosome, has equal allele frequencies for males and females, the allele frequencies are 

denoted with p for allele A1 and q=(1-p) for allele A2.  The percentage of each possible genotype 

level is equal to the product of the row and column frequencies from the existing generation. For 

a bi-allelic locus there are three possible genotypes, homozygote A1A1, homozygote A2A2 and 

heterozygous A1A2.  Allele and genotype frequencies for a bi allelic locus are given in table 1.  

For a sample of genotypes of N individuals measured at a single autosomal locus, let the 

number of heterozygous A1A2 is n2 and the numbers of homozygote A1A1 and A2A2 are n1 and 

n3, respectively.  Then, the allele frequency for A1 is 𝑝 = (𝑛1 + 2𝑛2) 2𝑁⁄  where ∑ 𝑛𝑖
3
𝑖=1 = 𝑁. 

Assuming (𝑝 + 𝑞) = 1 , the allele frequency for A2, 𝑞  is simply equals to 𝑞 = (1 − 𝑝).   

The HWE forms a null model for the behavior of next generation and explains the predictable 

level of genetic variation for the offspring. When the population size is large enough, the 

expected Hardy-Weinberg proportions Ei  are given in table 2 for i=1,2,3.   

The distribution of expected HWE genotype frequencies is plotted as a function of allele 

frequencies, f(p) (Figure1).  
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Figure 1. Hardy-Weinberg principle 

When p=q=0.5 the frequency of the heterozygotes reaches its highest value, 0.5. For the 

homozygote levels, expectations vary between zero and one depending on allele frequency. For 

instance, when p is near zero, the genotype frequency of homozygote A1A1 has its lowest while 

homozygote A2A2 is the highest.  

In population genetics, main question of interest is whether the joint frequency of alleles 

equals the product of each of the separate.  If this holds, then the allele frequencies are in 

equilibrium; otherwise they are in disequilibrium.  

Degree of deviation from equilibrium is measured by disequilibrium parameter D, usually 

used to measure the deviation from independence for heterozygote and this coefficient provides 

information about the nature of disequilibrium.  

𝐷 =
𝑃(A1A2)2

𝑃(A1A1)𝑃(A2A2)
                                                             (1) 

 

When there is exact equilibrium D= 4. The situation D > 4 refers to heterozygote excess, and 

the situation D < 4 refers to heterozygote dearth. 

 

A goodness of fit test also provides a statistical test to determine whether the deviation 

between observed genotypic proportions and expected HWE proportions is differ than what we 

expect by chance.  

Under the null hypothesis “The population from which the samples was drawn is in HWE 

proportions” can be tested by the members of the family of power divergence test statistics.  
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Power Divergence Test Statistics for HWE 

A goodness of test for testing HWE can be condensed to testing the hypothesis about the 

parameters 𝛱 = (𝜋1, 𝜋2, 𝜋3) from the multinomial distribution 𝑀(𝑛, 𝛱):  

P(𝑿 = 𝑥) =
𝑁!

𝜋1! 𝜋2! 𝜋3!
𝜋1

𝑛1𝜋2
𝑛2𝜋3

𝑛3                                       (2)   

 

where N is the sample size and  𝑿 = (𝑛1, 𝑛2, 𝑛3) is the vector of genotype frequencies, as 

mentioned previously in table 2.  

Cressie and Read (1984) proposed a power divergence test statistics over 𝜆 as a class of 

goodness of fit test statistics referred to the family of power divergence statistics.  

For various 𝜆  values, power divergence test statistic 𝐼(𝜆) is be defined as:  

𝐼(𝜆) =
2

𝜆(𝜆 + 1)
∑ 𝑛𝑖 [(

𝑛𝑖

𝐸𝑖
)

𝜆

− 1]                                          (3)
3

𝑖=1
 

 

for 𝜆 = 1, 𝐼(1) = 𝜒2, for 𝜆 = 0, 𝐼(0) = 𝐺2, for 𝜆 = −1, 𝐼(−1) = 𝐺𝑀2, for 𝜆 = −2,           

𝐼(−2) = 𝑁𝑀2 and for 𝜆 = −0.5, 𝐼(−0.5) = 𝐹𝑇2 where 𝜆 ∈ ℝ.  

The sampling distribution of the test statistics is approximately a chi-square distribution with 1 

degree of freedom.  

For instance, for a bi-allelic locus, the chi-square test statistics can be rewritten as by using 

genotype frequencies given in table 1:  

𝜒2 =
(𝑛1 − 𝑝2𝑁)2

𝑝2𝑁
+

(𝑛2 − 2𝑝𝑞𝑁)2

2𝑝𝑞𝑁
+

(𝑛3 − 𝑞2𝑁)2

𝑞2𝑁
                                 (4) 

 

Departure from HWE points out at least one of the assumption violations such as mutation, 

migration, natural selection, existence of random mating or genotyping errors.   

Simulation Study 

In the simulation study, diploid organisms are assumed under random mating when there is no 

mutation, no natural selection and no migration with other populations. Random samples were 

drawn under multinomial distribution as generating genetic marker data in or out of HWE for 

different scenarios (Graffelman 2015).   

The population model is assumed as unrelated individuals and the number of populations is set 

to 10000 each including varying number of individuals, N=100, N=500, N=1000. Minor allele 

frequencies are set to MAF=0.01, MAF=0.05, MAF=0.25, MAF=0.10, MAF=0.50 and degrees 
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of disequilibrium are assigned as D=0.1, D=2, D=4, D=8. The test are also performed under 

varying significance levels, α=0.01, α=0.05, α=0.1.  

Type 1 error rates are calculated as the probability of the test statistics causing rejection, when 

HWE holds. Results are displayed in table 3, table 4 and table 5, respectively for α =0.01, α=0.05 

and α=0.1.  

As expected, all of the five tests perform better as the sample size and MAF increase. 

However one important difference is that the Type-1 error rate of Freeman-Tukey test is closest 

to the significance thresholds (α=0.01, α=0.05, α=0. 1) when the MAF is 0.10. 

Likelihood ratio, Freeman-Tukey and modified likelihood test results are closer to each other 

and reach the Type-1 error threshold α=0.1 when the MAF is 0.10. For lower MAFs (0.01 and 

0.05) none of the tests reached the Type-1 error threshold at each specified significance level.  

The power of five tests are calculated as the probability of the event of rejection, when HWE 

does not hold under varying effect sizes, sample sizes and MAFs. Results are summarized in 

Figure 2(A), Figure 2(B) and Figure 2(C), respectively for α =0.01, α=0.05 and α=0.1. 

 
                                                                                   (a) 
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              (b) 

 

 

 
           (c)  
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Figure 2. Test powers as a function of minor allele counts corresponding to a threshold of (a)  α=0.01  

(b) α=0.05 (c) α=0.1. ( Chi-square, Freeman-Tukey, Likelihood-Ratio,  Modified G 

Square,  Neyman’s Modified).         

Power of the five tests increase as the sample size and MAF increase when D=2 and D=8. 

When D=4 and power of the test is corresponding to the type-1 error rate.  When D= 2, in the 

case of excess homozygotes, tests gain power for lower MAFs.   

Real Data Application 

Goodness of fit tests based on power divergence statistics are also performed on real data from 

the HapMap project, phase 3.2 (The International HapMap Consortium 2007). Seven randomly 

selected SNPs for varying MAFs on chromosome 1 of the Han Chinese Beijing (CHB), are 

analyzed. The genotype distributions, power divergence statistics and p-values for varying λ 

values are calculated and summarized in table 6.  

Conclusion 

Tests for HWE may help to detect genotyping errors and also provide clues in marker- disease 

association studies. Type-1 error rates and powers are calculated for varying sample sizes, MAFs, 

significance levels and different degrees of deviation from equilibrium.  All of the five tests 

perform better as the sample size and MAF increase. For lower MAFs (0.01 and 0.05) neither of 

the tests reached the Type-1 error threshold. Power results coincide with the Type-1 error results. 

Power of the five tests increase as the sample size and MAF increase when D=2 and D=8.  
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Table 1. Allele and genotype frequencies for a bi-allelic locus 

 Male 

Female A1 (p) A2 (q) 

A1 (p) A1A1 (p2) A1A2 (pq) 

A2 (q) A2A1 (qp) A2A2 (q2) 

 

Table 2. Observed and expected genotype counts under HWE 

Offspring  Observed  Expected  

A1A1 n1 E1=p2N 

A1A2 n2 E2=2pqN 

A2A2 n3 E3=q2N 

 

Table 3. Type-1 error rates for α=0.01 

α=0.01 

MAF N 𝝀 = 𝟏 𝝀 = 𝟎 𝝀 = −𝟎. 𝟓 𝝀 = −𝟏 𝝀 = −𝟐 

 

p=0.01 

N=100 0.0001 0.0000 0.0080 0.0009 0.0040 

N=500 0.0005 0.0000 0.0000 0.0001 0.0001 

N=1000 0.0018 0.0000 0.0000 0.0000 0.0000 

 

p=0.05 

N=100 0.0025 0.0011 0.0007 0.0010 0.0012 

N=500 0.0077 0.0025 0.0013 0.0011 0.0166 

N=1000 0.0080 0.0024 0.0034 0.0163 0.0766 

 

p=0.10 

N=100 0.0058 0.0018 0.0020 0.0024 0.0141 

N=500 0.0073 0.0084 0.0119 0.0007 0.0351 

N=1000 0.0084 0.0100 0.0112 0.0174 0.0209 

 

p=0.25 

N=100 0.0068 0.0093 0.0122 0.0147 0.0272 

N=500 0.0101 0.0101 0.0100 0.0121 0.0131 

N=1000 0.0090 0.0089 0.0103 0.0101 0.0113 
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p=0.50 

N=100 0.0100 0.0107 0.0095 0.0130 0.0132 

N=500 0.0082 0.0090 0.0110 0.0095 0.0100 

N=1000 0.0090 0.0097 0.0097 0.0110 0.0119 

 

Table 4. Type-1 error rates for α=0.05 

α=0.05 

MAF N 𝝀 = 𝟏 𝝀 = 𝟎 𝝀 = −𝟎. 𝟓 𝝀 = −𝟏 𝝀 = −𝟐 

 

p=0.01 

N=100 0.0040 0.0050 0.0044 0.0057 0.1408 

N=500 0.0009 0.0011 0.0010 0.0008 0.0009 

N=1000 0.0049 0.0036 0.0017 0.0006 0.0002 

 

p=0.05 

N=100 0.0290 0.0080 0.0086 0.0090 0.0091 

N=500 0.0213 0.0123 0.0100 0.0138 0.0831 

N=1000 0.0292 0.0313 0.0569 0.0810 0.0937 

 

p=0.10 

N=100 0.0218 0.0156 0.0151 0.0262 0.0906 

N=500 0.0357 0.0459 0.0528 0.0606 0.0815 

N=1000 0.0457 0.0459 0.0514 0.0528 0.0669 

 

p=0.25 

N=100 0.0436 0.0515 0.0552 0.0590 0.0805 

N=500 0.0519 0.0508 0.0521 0.0505 0.0569 

N=1000 0.0501 0.0485 0.0522 0.0473 0.0540 

 

p=0.50 

N=100 0.0532 0.0511 0.0518 0.0568 0.0562 

N=500 0.0529 0.0543 0.0514 0.0539 0.0506 

N=1000 0.0513 0.0469 0.0503 0.0519 0.0503 

 

 

Table 5. Type-1 error rates for α=0.10 

α=0.10 

MAF N 𝝀 = 𝟏 𝝀 = 𝟎 𝝀 = −𝟎. 𝟓 𝝀 = −𝟏 𝝀 = −𝟐 

 

p=0.01 

N=100 0.0074 0.0084 0.0091 0.0100 0.1414 

N=500 0.0078 0.0023 0.0020 0.0025 0.0052 

N=1000 0.0057 0.0046 0.0029 0.0052 0.0028 

 

p=0.05 

N=100 0.0209 0.0229 0.0162 0.0192 0.0226 

N=500 0.0453 0.0336 0.0389 0.0608 0.1783 

N=1000 0.0547 0.0926 0.1034 0.1097 0.1270 

 

p=0.10 

N=100 0.0374 0.0354 0.0357 0.0584 0.1232 

N=500 0.0814 0.0940 0.1002 0.1096 0.1316 

N=1000 0.0893 0.0960 0.1003 0.1095 0.1155 

 

p=0.25 

N=100 0.0953 0.1025 0.1044 0.1120 0.1264 

N=500 0.0951 0.0956 0.0987 0.0979 0.1104 

N=1000 0.0971 0.1037 0.1010 0.1024 0.1029 

 

p=0.50 

N=100 0.0918 0.0952 0.0962 0.0982 0.0979 

N=500 0.0955 0.0974 0.0988 0.0989 0.0991 

N=1000 0.1044 0.1050 0.0998 0.1014 0.1074 
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Table 6. Genotype frequencies and test results for randomly selected SNPs on chromosome 1 

SNP 
Genotype  

Frequencies 
MAF 𝝌𝟐 𝑮𝟐 𝑭𝑻𝟐 𝑮𝑴𝟐 𝑵𝑴𝟐 

rs12124819 

AA: 1 

0.0178 
36.6751 

0.000* 

7.0366 

0.0079* 

  4.1630 

0.0474* 

4.2390 

0.0395* 

4.7472 

0.0293* 
CA: 1 

CC: 82 

rs2341365 

TT:1 

0.0476 
3.7931 

0.0514 

2.0773 

0.1494 

1.6652 

0.1968 

1.3980 

0.2370 

1.0007 

0.2941 
AT: 6 

AA: 77 

rs2340582 

TT: 0 

0.0714 
0.0338 

0.8541 

0.9200 

0.0815 

0.0336 

0.8544 

-2.9664 

0.0850 

0.0334 

0.8548 
GT: 12 

GG: 72 

rs4475691 

GG: 0 

0.1071 
0.4566 

0.4991 

3.5483 

0.0596 

0.6097 

0.4348 

-2.3148 

0.1281 

0.8956 

0.3439 
AG: 18 

AA: 66 

rs9442387 

CC: 1 

0.1190 
0.0392 

0.8429 

0.0409 

0.8395 

0.0418 

0.8378 

0.0428 

0.8360 

0.0449 

0.8321 
TC: 18 

TT: 65 

rs6697886 

AA: 7 

0.2440 
1.3949 

0.2375 

1.3285 

0.2490 

1.3013 

0.2539 

1.2777 

0.2583 

1.2403 

0.2654 
TA: 27 

TT: 50 

rs2180311 

GG: 17 

0.4990 
2.3379 

0.1262 

2.3490 

0.1253 

2.3587 

0.1245 

2.3713 

0.1235 

2.4052 

0.1209 
CG: 49 

CC: 18 
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