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Abstract. 

The classical Hill equation is the simplest way to model sharp transcriptional 

responses (TR) to changing concentrations of an activator. Such steep sigmoidal transitions of 

the TR are often involved in the creation of boundaries or domains during development. Here, 

I use the Hill function to explore the response of a promoter to a gradient of a transcription 

factor. Specifically, I examine how various sources of non-linearity (such as the number of 

DNA-binding sites) and the non-linearity of the gradient itself influence TR and modulate its 

robustness to variations in the dosage of morphogen. This qualitative analysis underscores 

how non-linearities can modulate the robustness of TR and is a convenient way to convey 

concepts in a teaching setting.  

Introduction. 

 

Transcriptional regulation of genes is often ‘switch like’ (i.e., On/Off), entailing a 

sigmoidal relationship between transcription levels and the concentration of a transcription 

regulator. Sharp sigmoidal transitions of transcription in response to morphogenetic gradients 

are required to generate boundaries during development (Wolpert 1969). This is important to 

generate different cell types and puts into play combinatorial gene regulation. Many examples 

have been provided through the study of Drosophila embryogenesis. Indeed, in the 

Drosophila embryo, the initial positional information along the anterior-posterior (A-P) axis 

depends on an exponential Bicoid (Bcd) gradient (Driever and Nüsslein-Volhard 1988a; 

Desponds et al. 2016; Combs and Eisen 2017). Such boundaries should be robust to intrinsic 

(biochemical fluctuations) and extrinsic variations (temperature, etc) to avoid changes in the 

dimensions of the segments of the embryo. The robustness of these boundaries to changes in 

morphogenetic gradients depends on the spatial stability of the gradients themselves and on 

downstream elements such as ‘error-correcting’ mechanisms.  

 

For historical reasons, the best-known morphogenetic gradient is that of the 

transcription factor Bcd. It activates a series of downstream genes, such as Hunchback or Hb 

(Driever and Nüsslein-Volhard 1988a). Hunchback is also sensitive to an inhibitory gradient, 

which has an opposite slope to that of the Bcd gradient. Houchmandzadeh et al. (2002) have 

studied the precision of the establishment of the Hb expression pattern and found that it is 

robust to relatively wide changes of the Bcd gradient (Houchmandzadeh et al. 2002). They 

have suggested that Staufen is likely to play a role in stabilizing the TR of Hb. As discussed 
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below, a Bcd reporter gene containing binding sites only for this TF is expressed, like its 

natural targets, in a precise domain with a sharp boundary (Crauk and Dostatni 2005). All 

these results have motivated theoretical studies. For instance, models attempting to explain 

directly or indirectly the robust establishment of the Hb response have been proposed 

(Aegerter-Wilmsen et al. 2005; Veitia and Nijhout 2006). 

 

In this brief theoretical essay I re-explore the issue of the robustness of a downstream 

promoter (and its TR) to changes in an activating gradient using simple models in order to 

obtain qualitative ideas that can be, because of their simplicity, particularly helpful in 

teaching. 

 

A sigmoidal transcriptional response.  

 

The sigmoidal response of a promoter (p) to increasing concentrations of a 

transcription activator (A) is thought to involve two main basic ingredients: cooperativity and 

synergy. Cooperativity is defined as the facilitating effect that a bound A molecule has upon 

the arrival of another molecule of A (by increasing the interaction strength as depicted in 

Figure 1A). This can be most likely attained through protein-protein interactions between the 

bound molecule(s) of A and those that will bind to contiguous sites. Once DNA binding has 

been achieved, p becomes accessible to the transcriptional machinery and synergy begins. 

Thus, synergy results from the concerted interactions between the transcriptional machinery 

and the molecules of A already bound to the promoter. Indeed, the global affinity between the 

promoter filled with molecules of A and the polymerase increases exponentially with the 

number of bound molecules (Carey 1998). Synergy does not depend on the cooperative 

recognition of the promoter itself and there can be a sigmoidal TR in the absence of 

cooperativity of TF binding (Veitia 2003). Properly speaking, the recognition of a promoter 

with H binding sites for A involves a sequence of reactions yielding the complexes pA, 

pAA,…,pAH characterized by a series of average dissociation constants K’d1, K’d2,…, K’dH. 

When there are rather high levels of cooperativity and by virtue of synergy, TR versus [A] is 

basically determined by the proportion of the most populated promoter configuration (pAH). 

This allows us to simplify this process and consider a global reaction where H molecules of A 

bind to DNA in an apparently concerted fashion to yield the fully populated promoter. Thus, 

the net reaction can be summarized in the equation p + HA = pAH. The saturation fraction of 

the promoter ([PAH]/[P]tot), where [P]tot is the total promoter concentration can be taken as a 

proxy of the transcriptional response (TR). The dissociation constant for the above reaction is:  

Kd =
[P].[A]h

[PAH]
. Considering that [P]+[PAH]=[P]tot, we can write a normalized TR (ranging 

from 0 to 1) as follows: 

 

TR =
[A]h

Kd + [A]h
=

[A]h

(cK 'd )h + [A]h
;    Eq. 1 

 

This is the well-known Hill equation derived in 1928 to model the interaction between 
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hemoglobin and oxygen (Hill, 1928). h is the Hill parameter, which is most often smaller than 

the number of binding sites H (that is why we are using lower case h). For h > 1, the function 

TR versus free A is sigmoidal. The higher h is, the steeper the sigmoid is and the sharper the 

boundary generated. The Kd of the classic Hill function, can also be conveniently expressed as 

(cK’d)
h, where K’d is an average microscopic dissociation constant which encapsulates the 

information of K’d1, K’d2,…, K’dH that we mentioned above. As already said, the Hill equation 

is a simplified form of a more general one that explicitly considers successive binding steps 

(Veitia 2003). To obtain qualitative insights and despite the fact that the Hill equation 

formally assumes infinite cooperativity, it is convenient to introduce a factor c to reflect an 

average level of cooperativity (it simply modulates the average dissociation constants, as is 

the case of true cooperativity). The parameter c would range between close to 0 and 1. An 

interesting property worth noting is that cK’d corresponds to the concentration of A when TR 

is at half-saturation (i.e. cK’d=[A]0.5). Thus, the range of a sigmoidal response should involve 

concentrations of A not too far from cK’d in any direction. Moreover, the smaller c is, the 

stronger cooperativity is and the smaller the concentration of A required for achieving 

saturation. 

 

The interplay between a sigmoidal transcriptional response and a non-linear gradient of 

a TF. 

 

A morphogenetic gradient often follows an exponential decay. However, for 

simplicity, we will assume that the gradient formed by our TF A can be represented as a 

power function of the spatial coordinate X. This approximation if fair as long as it reflects the 

non-linearity of the concentration gradient around the region where the switch is triggered 

(i.e., TR goes from 0 to saturation). Thus, we replace [A] by kXn in Eq. 1 to obtain: 

 

TR =
(kX n )h

(cK 'd )h + (kX n )h
;    Eq. 2  

 

This equation directly relates a spatial coordinate to the TR with a Hill parameter n x 

h. Figure 1 shows the gradient of the activator A, fitted on the Bcd gradient at 25°C obtained 

from published data (Houchmandzadeh et al. 2002). The TR of a downstream target whose 

promoter contains 6 identical bindings sites for A (i.e., h=6) is also represented. The total 

non-linearity is thus n.h=2.8 x 6= 16.8, which is in perfect agreement with the estimate of 

(Lebrecht et al. 2005) for Hb. However, we have to keep in mind that the idea behind this 

model is to provide qualitative insights, as exhaustive quantitative models have been proposed 

elsewhere (Desponds et al. 2016) and are out of the scope of this paper. 

 

A convenient way to define the position of the threshold around which TR shifts from 

0 to 100%, is to use X0.5, which is the position X at which 50 % of the response (i.e. TR = 

0.5) is attained. The value of X0.5 can be easily obtained using the formula 

cK’d=[A]0.5=kX0.5
n. A simple rearrangement leads to: 

 

X 0.5=
cK 'd

k

æ

èç
ö

ø÷

1/n

;      Eq..3
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Equation 3 shows that the position of the sigmoidal response depends on cK’d, k and n. 

Specifically, the increase of k or the decrease of cK’d will lead to smaller values of X0.5, that 

is, the threshold is reached at lower concentrations of A (i.e., at smaller values of X). Small 

values of c, which stand for high cooperativity levels, will lead to a similar result. Finally, 

according to our simple model, increasing the non-linearity of the gradient (n) will also 

increase X0.5 because there will be a wider embryo range where the amounts of A will be 

low.  

 

 The effect of a perturbation of the system on the position of the threshold (X0.5) can 

be implemented by introducing a fraction rk that would affect k (i.e. we make kf = rk.k, 

anything else being equal). For common genetic alterations, the fraction rk would range 

between 0.5 (for a heterozygous deletion of the gene A) and 1.5 (for a heterozygous 

duplication). Here, we are assuming that the intrinsic non-linearity of the gradient is not 

affected by the changes in gene copy number. This would be consistent with the fact that the 

concentration of Bcd at any point along the A-P embryo axis is roughly proportional to the 

number of maternal bcd gene copies (Driever and Nüsslein-Volhard 1988b; Struhl et al. 

1989). Similarly we can define rK for a change in cK (rk =1 meaning no change). Then, using 

equation 3, it can easily be shown that: 

 

 Equations 3 and 4 show that the position of the threshold depends on cK’d, k, 

and n. It confirms that increasing cK’d by affecting cooperativity, or K’d itself, leads to a shift 

of the threshold towards a region of higher concentration of the activator (i.e., contrary to the 

direction of decay of the gradient). A decrease of k such as in a case of a heterozygous 

deletion of the morphogen-producing gene will lead to higher X0.5 as shown in Figure 2. 

 

We can estimate the sharpness of the response of the target promoter to the TF 

gradient by estimating the threshold width as the difference between the spatial coordinates 

where 90 and 10% of the TR is obtained divided by the length of the embryo (X0.9-0.1/Xtot 

= (X0.9 - X0.1)/Xtot).  This can be simplified if we consider that Xtot =1 (normalization). 

 

 

 

 

We immediately see that the threshold width of the sigmoidal TR depends on cK’d, k, 

h and n. Specifically, the increase of k or the decrease of cK’d will lead to a sharpening of the 

responses (i.e., small threshold widths). Small values of c will also lead to sharp thresholds. 

As expected, increasing the non-linearity of the gradient or the number of DNA binding sites 

DX 0.9 - 0.1=
cK 'd

k

æ

èç
ö

ø÷

1/n

91/nh - 0.111/nh( )  =X 0.5 91/nh - 0.111/nh( );    Eq.5

DX 0.5 = X 0.5 f - X 0.5=X 0.5
rK

rk

æ

èç
ö

ø÷

1/n

-1
æ

è
ç

ö

ø
÷ ;        Eq.4
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will also sharpen the response. As we will see below, the equations 3-5 encapsulate 

qualitative answers to several questions and recapitulate what has been experimentally shown. 

 

Non-linearities and the robustness of TR. 

 

 Robustness is a property of a system enabling it to tolerate perturbations that 

might affect one of its components. In the case in point, as we have already seen, many of the 

parameters of the system can be affected by genetic alterations. We can now further explore 

the impact of non-linearity on the robustness of the TR. For this, we will compare systems 

with thresholds of similar positions and widths. This amounts to say that the product n.h 

should be similar. This also implies correlative changes in K’d and k, constrained by Eqs. 3 

and 4. For instance, a higher value of n implies a lower value of h and either a higher value of 

k or a lower value of K’d.  

 

As the position of the threshold depends inversely on n, increasing n (i.e., the non-

linearity of the gradient) and decreasing h (for instance, by decreasing the number of binding 

sites in the target promoter) is predicted to produce a more robust response. Figure 4 shows 

the effect of changing n and h on the robustness of TR to changes in the gradient (as in the 

case of the heterozygous deletion of Bcd). In agreement with previous results, a combination 

of a strongly non-linear morphogenetic gradient with a target promoter with few or weak 

binding sites (low h) leads to a more robust response than the contrary (Veitia and Nijhout 

2006).  

 

As we have seen, many parameter combinations can lead to similar TRs. This explains 

why at the molecular level a system can evolve compensatory mutations affecting the various 

parameters yet maintaining the expected phenotypic outcome (for instance, position of the 

threshold and steepness of the response). However, the examples of Figure 4 also show that 

different systems producing similar TRs can have different degrees of robustness.  

 

In line with the above discussion, a recent study has analyzed how nonlinearities can 

modulate the effect of heterozygous null mutations affecting a TF. It is clear that for a 

heterozygous deletion of the gene encoding the TF leads to stronger drops in promoter 

occupancy for high h values (Bottani and Veitia 2016). This amplification explains 

haploinsufficiency of poorly expressed TFs and supports the idea that dominance is due to 

nonlinearities between genotype and phenotype (Gilchrist and Nijhout 2001). In our case, the 

non linearities of the genotypic values are dictated by regard the non linearities in the gradient 

and TR which translates into shifting boundaries between tissues (the phenotype). In short, 

our analysis highlights the importance of the non-linearity in the distribution of the 

morphogen in producing a robust response. 

 

General discussion and speculations. 

For a gradient such as that of Bcd, the target promoter with 6 binding sites studied in 

Figure 1 generates a threshold located around 50% of the embryo length, with a width of 

about 13% of the total embryo length. According to densitometric embryo scannings, this 
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corresponds to the position of the sigmoidal decay of Hb. However, the sharpness of the latter 

process is greater (smaller threshold width)(Houchmandzadeh et al. 2002). This is probably 

due to the effect of inhibitory gradient(s) in the opposite direction to that of Bcd. Yet, the 

qualitative predictions of Eqs. 3-5 are in line with experimental results. For instance, 

decreasing the strength of the interactions of Bcd and the promoter (i.e., increasing K’d for the 

same gradient and target promoter), increases the threshold width X as reported by (Crauk 

and Dostatni 2005). When focusing on cooperativity, high values of c (i.e., low cooperativity 

levels) will lead to wider thresholds, as has been reported ((Yucel and Small 2006) and 

references therein). Moreover, hypomorphic mutations in the DNA-binding homeodomain of 

Bcd are predicted to induce an anterior shift of the boundary generated by the target. Again, 

such a shift has been described for a reporter gene containing three binding sites for Bcd 

(Crauk and Dostatni 2005). Similarly an anterior (or posterior) shift appears when decreasing 

(or increasing) the number of copies of Bcd, which equates to decreasing or increasing k 

(Struhl et al. 1989). 

 

Without being our main objective, the simple model discussed above also accounts 

qualitatively for the findings of (Crauk and Dostatni 2005), according to which a Bcd reporter 

gene containing 3 binding sites only for Bcd is expressed in a precise domain with a sharp 

boundary and also the behavior of Bcd mutants. The experimental system of Crauk and 

Dostatni 2005 raises interesting questions. How is it possible that a reporter with only 3 

binding sites for Bcd (i.e. 3XBcd-lacZ) elicits an experimentally observed threshold width of 

about 5.4 % of embryo length? We can immediately see that the model discussed above 

cannot account for that because a gradient similar to that of Bcd acting on a promoter with 

only 3 binding sites is unable to generate a sharp threshold around the mid-embryo. An 

unorthodox possibility would be the existence of a strongly non-linear gradient (n>>2.8) of an 

alternative form of Bcd, differing for instance by its post-translational modifications.  

 

Before closing, it is worth mentioning that the model studied here has several 

limitations. First, it is as deterministic model whereas gene expression at least at the cellular 

level is known to be stochastic. The concentration [A] that appears in the Hill equation is that 

of free factor whereas it is the total A concentration that would be halved in a case of, say, a 

heterozygous deletion. For simplicity free and total concentrations have been equated. 

Although it would be desirable to express TR as a function of [A]tot, it is not possible to obtain 

a simple equation for h > 2. That said, TR as a function of [A]tot can be fitted to a Hill function 

but the parameters of the latter will not have the same meaning as in the classical equation. In 

addition, the effects of competing binding sites elsewhere in the genome and of nonspecific 

binding have been neglected. Their impact is discussed in (Bottani and Veitia 2016). Finally, 

we assumed above that the non-linearity of the gradient is not affected by a change in the 

expression of level of the morphogenetic TF. If this were not the case, then the actual value of 

n would be required to properly estimate the change in TR. That being said, this qualitative 

approach allows the exploration of non-linearities in TR in a convenient way to convey 

several important concepts in a teaching setting. 
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Figure Legends. 

Figure 1. Transcriptional response (TR) to a morphogenetic gradient of a TF. A) 

Transcription initiation involves the recognition of the promoter P by the activator A (geen 

molecules) and the subsequent recruitment of the transcriptional machinery (orange 

molecule). The first recognition step can be represented by the reaction P + A = PA. Then, PA 

binds A to yield PAA, a process that is enhanced in the presence of cooperativity. For a 

promoter with H binding sites, the existence of synergy dictates that only PAH drives 

transcription because it attracts the polymerase much more efficiently than lower-order 

complexes. B) The upper insert displays the response of Drosophila’s hunchback (Hb) to a 

gradient of bicoid (Bcd) (reproduced with permission from PNAS and the author (Lebrecht et 

al. 2005)). The main graph represents TR as a function of embryo length (in the P-A 

direction), which is itself related to a gradient of concentration of the transcription activator 

A. The curves were fitted on data of the Bcd gradient (see lozenges) and the corresponding 

response of Hb at 25°C according to (Houchmandzadeh et al. 2002). The TR of a downstream 

target whose promoter contains 6 identical bindings sites for A (i.e. h=6) is as follows: 

TR =
[A]6

0.00016 + [A]6  

where [A]=1.5X2.8. This means a total non-linearity n.h=16.8. The lower insert represents the 

relationship between X0.5 and n. 
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Figure 2. Dependence of the sharpness of TR (threshold width X0.9-0.1) on k, K’d and n 

(according to the parameters in Fig. 1B, except for the one being varied). As discussed, the 

increase of k or n leads to small threshold widths. This is also so for decreasing values of 

cK’d. The latter may also reflect an increasing level of cooperativity (low c).  

 

 
 

Figure 3. Effect of altering the morphogenetic gradient on TR (and threshold position). The 

dark (blue and green) curves are the same as in Figure 1. The lighter ones stand for a 
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heterozygous deletion of gene A accounted for by halving k and the corresponding TR. Note 

the important shift to the right of the light blue sigmoid. The shift of Hb expression is 

displayed by the two gray stripes, as described by (Struhl et al. 1989) 

 

 
 

Figure 4. Effect of non-linearity on the robustness of TR to altering the morphogenetic 

gradient. The dark blue sigmoid corresponds to two overlapping curves: one generated by the 

same gradient as in Figure 1 or another a gradient with higher k and n ([A]=1.84X4.2). The 

light blues sigmoid is as in Figure 1 (after halving the original gradient). The dotted dark blue 

curve corresponds to halving the more non-linear gradient. Note that its shift to the right is 

much smaller, pointing to an increased robustness in this respect. 
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