NOTE

ON THE SEPARATION
OF THE ELECTRONIC
AND NON-ELECTRONIC
COMPONENTS
09" C O S M I C R A D I A T I O N
BY H. J. BHABHA, F.R.S.
( Cosmie Ray Research Unit, Ind~an Institute of Science, Bangalore)
Received December 14, 1943

CosMtc radiation is known to be composed of two main components which
differ greatly in their behaviour. One component consists of electrons,
positrons and gamma-rays and is called the soft component. The other,
called the hard component, consists of mesons of positive and negative
charge, and probably also of neutral mesons. The words soft and hard are
used in this paper only in the sense defined above, and carry with them no
indication of the energy of penetrating power of the individual particles.
There may also exista certain number of very high energy protons wkich we
will considel) here with the hard component. There is in addition a certain
number of neutrons, low energy protons and fragments of disintegrated
nuclei which do not need to be considered in this paper. The behaviour
of the soft component is accurately described by the quantum theory and in
particular the cascade theory, while the behaviour of the penetrating component is known both theoretically and experimentally to a rnuch lesser
extent. In studying the behaviour of the hard component experimenta!ly,
various devices have been used by different authors for excluding the effects
of the soft component. The degree of accuracy of the experiments and even
the interpretation of some of them depend on the extent to which these
devices discriminate against the soft component. The most commonly
used method of discrirninating between the soft and hard components is to
observe or measure their penetration through plates or blocks of different
thicknesses of some dense material such as lead. The heavy material then
serves either for excluding the soft component due to its greater absorbabiIky, of, as is usual in experiments with a Wilson chamber, as a medium
in which the electrons produce showers and can thus be distinguished frorn
the particles of the hard component. We shall show that great caution is
required in interpreting the results, and that in many cases the exclusion of
the soft component by these methods is much less than has been supposed.
Finally we shall describe a new experimental arrangement which makes the
maximum use of the shower producing property of the soft component for
distinguishing it from the hard component.
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1.

Theoretical Resvlts oi, the End o f a Shower

We begin by considering the behaviour, as deseribed by the cascade
theory, of the soff component in passing through a slab of" some heavy
material. We take as the basis of our further calculations the results of
Bhabha and Chakrabarty (1942, 1943 reŸ
to in this p a p e r a s B and
A respectively) who have taken collision loss into account accurately in
the calculation of the cascade process. Even for particles whose energy
is much below the critical energy their figures are accurate to within
thirty per cent. and for higher energies the accuracy is much greater. It
has been shown in the papers mentioned above that the accuracy of other
calculations of the cascade process is much less than this. As usual; the
calculafions can be applied to all substances ir lengths in the substance are
measured in terms of radiafion units, and energies are measured in terms of
the critical .energy. The critical energy is the mean energy lost by an electron
by col!ision alone in travelling a distance of one radiation unit. It is denoted
by ti. The figures to be taken for the units of length and the critical energies
in different substances ate given in Table I of A. In lead, for example, the
unit of length is 0.525 cm., and the critical energy is 6-93 MeV. In air
the critical energy is 103 MeV.
Consider a block of some substance, say lead, of thickness t measured in
terms of the radiation unir. Then an electron of energy E = k fl entering
the block vertically from above, say, produces on the average N (k t) particles
which emerg• from the bottom face of the block. N (E, t) includes particles
both above and below the critical energy, and its values ate given in Table III
of B. We shaU particularly require the values of N, on the one hand at the
end of a shower, that is at thicknesses so large that the cascade has been
practically absorbed so that N is less than of of the order one, and on the
other hand at thicknesses of 2 to 4 units where N is a maximum. It was
shown in B that
(s-l)
(s,
1
O{--A"t+ ~" (s, t)}-89
(1)
N(,,0= ~-~e
where

(s, t)= log . o - ~_ log ( s - 1) - (s-l) G,

(2)

y m log ~,
Gro log g(s, t).
D is constant and )t and q are functions of s only while g and hence
ate functions of only s and t. These functions are defined and tabulated
in A.
A dash denotes differcntiation with respect to s. For any given
values of y and t the value of s has to be taken at the saddle point
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s is therefore a slowly varying function of y and t. Further
d2
--)t" t + ~ " (s, t)• -- ~" t + ~-~ log - ~
_ + (s--1 1)* - (s-- t) G"-- 2 G'

(4)

and is only a funcfion of s and t. The energy ~ of the shower producing
electron only appears in these expressions in the first terms on the right-hand
sides of (1) and (3). (4) is independent of y of ~.
We now investigate the value of ~ or y which produces a t a given
thickness t a given numbcr of particles N', say. By (1) we must have
~

1

Y--s----i t+ o--, r (s, t ) - - ~ ( s _ 1) log 2~r{-- M t+ff*(s, t)}
log
N___Ÿ 0.
s_l =

(5)

In addition there is the usual relation (3) between y, t and s which must
always be satis¡
Subtracting (5) from (3) we get
[
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This equation does not contain y, and determines the value of s as a function
of t which satisfies the required condŸ
On substitufing this value of s
into either (3) or (5) we get the required value of y which produces N'
particles on the average at a thickness t. The equation (6) can be solved
quite easily numerically by usiug the tables given in A. Ir appears that the
value of s varŸ very slowly a s a function of t, and for aH t between 4 and
30 it has roughly the fairly constant value 2"90 for N between 1 and 1/10,
and the value 3.30 for N between 1/10 and 1/100. (See note added in
proof.)
In particular, it is of importance to know the values of ~ such that the
number of particles is just 1, or conversely, the depth t al which the number
of particles N faUs to 1 f o r a given ~. This depth t may be caUed the penetration range of a shower produced by an electron of energy r. Putting
N ' = 1 in (5) we get
)t
1
1
log , = -s-- I t-- s------i ~ (s, t) + 2 (s-- 1) log 2,r {-- A" t + ~91 (s, t)} (7)
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~91and the last term of (7) vary slowly with t, so that the main variation with
t is determined by the first term on the right of (7). For s -----2.80 the value
of ;~/(s - - 1) is 0-265. Actually, the Calculations which were carried out in
B show that for all t between 4 and 30 N = 1 when
log ~= 0.283 t + 1.94,

(8)

this formula being far more accurate (to within 2%) than the degree of
accuracy of the cascade calculations. This shows that the last two terms in
(7) in effect change the coe¡
of t from 0.265 to 0.283. Formula (8)
expresses to a high degree of accuracy the penetration range of a shower
produced by an electron of energy ~. The values of e for different values
of t calculated from formula (8) are given in the second row of Table I. The
corresponding values of E in lead are given by the third row.
TABLE I

~

E in MeV.

p~be/

.

21-51

1.50• lOs

0"50

10

15

117-9
8"24• 10z

192.7
3.40x10 s

0.020

0.0013

20
1998

1 . 4 0 • 104

30
3.39 x 10'
2 . 3 6 x 105

O. 00009

On comparing (7) with (8) we see that to a good approx~mation we can
write (1) in the form
N (,, t ) = ( f , ) "
(9)
for N < 1, where
f _ _ e - 0 . 2 8 3 t - 1 . 9 4 = 10-0-123 t--0-80
(10)
and r -- s -- 1. Th~ remarks we have made above show that we can take
r = 1-8 with considerable accuracy for N lying between 1 and 1/10 and
r = 2.00 for N between 1/I0 and 1/100.
In applying the theory to the interpretation of experiments it is
essential to take fluctuations into account. Ir has been shown by Euler
(1938) that at the end of a shower and at the maximum the fluctuations are
given by a Poisson distribution as originally assumed by Bhabha and Heitler
(1937). The probability that in any given case n particles appear from the
bottom of the lead block when the mean number is N is
e---N N"
n! .

(11)

The sum of this expression ovcr all integral values of n from 0 to .o is Ias
it should be. The probability that by a fluctuation no particle appears from
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the bottom of the plate is therefore e-N, and the probability that one or more
particles appear is
1-- e-~.
(12)
Electrons of different energies fall on top of the plate, and we assume
that the number whose energy is greater than E i s given by

~(~1~

~,~~

where J and k are constants, whose values do not concern us here. For the
soft component produced by cascade processes in the atmosphere directly
connected with the primary radiation incident at the top a = 1.90 according
to Euler and Heisenberg (1938) or 1-87 according to Blackett while
for the soft component in air at sea level, which is mainly due to the decay
of mesons, the coef¡
a is roughly 2 "9 according to Euler and Heisenberg.
If there is only air above the plate, then the spectrum (13) would hold down
to particles of the critical energy in air, i.e., 103 MeV. Below this critical
energy the spectrum would be flatter and reach some finite value as E--o.0.
It has been shown in B that at the maximum of the cascade the ratio of
the number above the critical energy to the total number is 0.8/1.8,
while at greater tkicknesses this number is somewhat less. Our results do
not depend criticaUy on the value of a.
The number of electrons of energy greater than E which impinges verticaUy on the plate and produces one or more particles at the bottom is then,
according to (12) and (13),
co

;(

(~"

t~'$.]x.dE'
E,a+

(14)

E

This would be the contribution of the particles of the soft component with
energies greater than E to coincidences in a vertical counter telescope with
ah absorber of thickness t between the counters. Since for large N the
second factor in (14) is in any case negligibly small, we can with quite sufficient accuracy introduce (9) in (14). We then get

r (

Ne+l
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Dividing this by (I3) we get p (E, t) the fraction of the number of electrons
of energy greater than E which produces a coincidence through a slab of
thickness t, namely

dx

oo

~

f
(f,);

p (E, t ) = ~ ( f 0 "

(I- ~

~-,-I

(I 6)

x'--

On integrating by parts twice we get, for = =/= r
p (E, t)-- 1-- e-(f'P'{ 1

~--rr (f,)r}

-~~'>~a r ,~(~-r){'

--

2
w(-~,~~'>')}

where W is the incomplete gamma function de¡

and is tabulated.*

by
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For ~ = r we get for (15)

p (E, t ) = 1 - e - ( / ' 0 " + (f,)" f

e__Xdx
--.
x

(fe)r

(17 b)

The integral in the last term is just the logarithmic integral -- El ( - - (f~)"),
which has also been tabulated. For ( f e ) r , ~ 1 (17 a) and (17b) reduce to
a

~~r

--

( f , ) r _ _ a ~ rr

(~)

(fe)" 2" 2--

o

+ 2 ( 2 r ~ . # ) ( f 0 ~ " + 0 ( f , ) a r (19 a)

and

U'0" {1 - log v 0~)'}+ ~2' ( -

1)'` ( , _ z1).n! (fE)"

(19b)

respectively. 7 is t h e Euler-Mascheroni constant so that log 7 = 0-577.
In deducing (19 b) from (17 b) use has been made of the well-known relation
1

log

v=

oo

f X-2e-" ~x f <~

O

ax

(20)

I.

(19 b) is of course the limiting forro of (19 a) when r ---)-~. The figures for
p (E, t) for different values of (f~)" are given in the second and third rows of
Table II for r -- ~ = I "90 and r = I "90, a = 2.90 as an indication.
* Soo for cxample, Jahnko-Emdo,

Tablesof Functions.
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The probability that one electron should emerge from the bottom of
a plate when the average n u m b e r is N is Ne -~r according to (II). The
fraction of the number of electrons with energy greater than E which produces
only one particle in passing through a plate of thickness t is got by replacing
1 - - e -• by Ne -~ in (15) and is

pi (E, t)= ~ (fe).
(fOr

This gives just
Px (E, t ) =

a .. ( f , ) , e

(21)

e-=
X ~'"

-(f,F

~mr

{l-W(~-;,~~~~-~}

(22 a)

for 9 =/= a and
Px (E, t ) =

( f O " f e~ dX=_x (f')"

Ei ( -

(fe)")

(22 b)

(],),
for r = =. In the case (fe)" ,~ 1 (22 a) and (22 b) reduce to
a

and

O.~r

r-- (fe)* P

2--

~*

+ 2r--

(f0"

- (h)" log ~, ( : ) ' + ~:, ( - l)* (n-- 1) (n-- l)t

(23 b)

respectively. The figures for p~ (E, t) ate given in t h e fourth and fifth rows
of Table II for different values of ( f 0 r and r = a = 1.9 and r ---- 1 "90,
a = 2,90 respectively.
The probabilities that two of more particles ate produced under the
same conditions are got by subtracting the figures of the fourth row from
those of the second.
In applying the formul~e developed above to the total soft component,
we may take E = 103 MeV, the critical energy in air below which the spectrum (13) gets flattened out due to the collision loss suffered by the electrons
in air. Ir has been shown in B that the number of electrons above the
critical energy due to the cascade process is roughly hall the total number
of electrons. Thus to get the fraction of the total number of electrons
which behave in the particular manner under considerations one has to
divide the figures of Table II by roughly two. For E ~= 103 MeV, e = 14.9,
and the first four values of (f~)" given in Table I correspond to t = 20, 15,
10 and 4 respectively. Thus, the percentage of the total soft component
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at the maximum of the atmospheric absorption curve which produces a
coincidence in a vertical counter telescope through 10.5, 7-9, 5.3 and 2.1
cm. of lead is approximately "05, 0.5, 5 and 36 respectively. Since the
total intensity of the electronic component is four times the intensity of the
hard component at the maximum of the atmospheric absorption curve, the
errors in the count where the different thickness of lead absorbed mentioned
above ate used for cutting out the soft component are 0.2, 2, 20 and 144
per cent. respectively.
TABLE II
I

(fe)r
. . . .
I
p(e, t) for a = r . . . . . '
p (~, t) for a = 2 - 9 , r ~ 1 . 9 . . [
Px (~, t) for ~----r ..
,.[
px (~, t) for ~~2"9, r = l ' 9 [

0"00011
0"001
0-0003
0"001
0"00031

0-0016
0-011
0.004
0.009
0" 0044

0- 024
0"1
0.06
0"08
0" 053

0"59
0"72
0"66
0"27
0"12

1-0
0.85
0-81
0-22
0-11

At sea level most of the soft component in air is due to the decay of
mesons, and its spectrum is then of the form (13) with ~.~ 2-9, as mentioned above. The figures for the corresponding processes at sea level are
then given by the third and fifth rows of Table II.
If fluctuations were negligible then the fracfion of the number of
electrons with energy greater than 103 MeV, which impinge vertically on a
lead plate of thickness t and produce a coincidente would be just
(flair/8t~~)a with ~ given by the second row of Table I for an incident spectrum
of the forro (13). The corresponding figures ate given in the fourth row
of Table I for a ----1-90. These figures are to be compared with the first
four figures in the second row of Table II. We see that the effect of
fluctuations increases the number of electrons which apparently penetrate
a given absorber ten fold for the larger thicknesses.

2. A New Experimental Arrangement for Excluding the Eleetronic
Component
In this section we shall describe an arrangement which makes a much
more effective use of cascade multiplication for excluding the electronic
component. This arrangement was devised especially for measuring the
penetrating component in stratospheric balloon fl:ghts, where it is necessary
to cut down the weight of the absorber to a mŸ
Ir is also particularly
useful in all those experiments in which it is desired to exclude high energy
eleclrons.
The essence of the method consists in splitting a given thickness t of
absorber into two parts, of thicknesses t~ and t - - q , respectively, and
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introducing a set of counters in anticoincidence between the two. The
arrangement is indicated in Fig. 1. A represents schematically either a single
counter o r a set of counters in parallel. So does B. Between the two
plates a number of counters are put side by side and connected alternalely in parallel to form two independent counter trays C and D. It will

i

0

Q

i~t

B

be shown now that if the sets A, B and C or A, B and D are put in coincidence with C and D always in anticoincidence then the soft component is
cut out to a high degree and we get a measurement of the penetrating
component. The size of the counters in the trays C and D and the geometry
of the whole arrangement, as for exampie, the distance of these trays from the
upper absorber t~ is determined by the condition that any shower produced
in ti by an electron travelling in the direction AB shall have the maximum
chance of operating both the sets C and D, i.e., that at least one particle of
the shower shaU pass through one of the counters of the set C, a n d a t least
one other through one of the counters of the set at D.
This condition
operates as foUows. The particles in a shower emanating from the plate ti
whose axis lies in the direction AB lie mainly within a c o n e whose hall angle
is of the order of 40 ~ as estimated by Bhabha and Heitler, and within this
cone the shower particles ate scattered roughly at random, with some
concentration towards the middle. This cone cuts the plane in which the
counters of the sets C, D lie in approximately a circle. Then the required
condition is satisfied if, first, the area of this circle is completely covered by
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counters of the sets C and D, and secondly half the area is covered by
counters of the set C and the other half by counters of the set D. In these
circumstances the probability that a shower of n particles should have all
its particles pass through counters of one of the sets C of D, but none
through any coutater of the other set is approximately (89
This is the
probability that a shower of n particles does not produce a coincidence
between C and D.
Now consideran electron of energy E = tic which operates the counter
A and impinges on the plate tv It produces on the average a shower of
N (E, tx) particles at the bottom of the plate. The probability that in any
given case the shower contains n particles is given by (11), and the probability that this shower does not produce a coincidence is got by multiplying
this by 2 -a+x. Hence, the total probability that the particle which enters
the top of the plate tx actuates at least one of the set of counters C or D, but
not both is Q (N (ti)) where
Q (N(tl)) -- ~ e -l~(tO N (tl) n 1
,, = 1
n I 2'~ -~ = 2 (e-t .',rcto _ e--Ntt,~).

(24)

This expression is small compared with 1 for ]arge N, and has the maximum
value 89 for N = logr 4. This same particle of energy E produces at the
bottom of the second plate on the average N (E, t) particles, and the probability that one or more particles should appear at the bottom is given by
(12). Hence, the total probability P (~) that an e!ectron of energy E passing
through the counter A should produce a coincidence in the counters AB
and actuate only one of the sets C or D is got by multiplying (12) by (24)
and is
P (~) = 2 (e-J ~Cz' tl~ _ e-~Cz, to) (1 _ e--~~E, 0).
(25)
The expression (25) is the probability for an electron of energy E being
counted as a hard parficle. For a given total thickness t of absorber, tt
must be chosen so as to make (25) a mŸ
particularly for the low
values of ~ which are just sufficient to produce a coincidence through the
total thickness t of absorber. As shown in B (eq. 30), for a given value of
the maximum number of particles occurs at a thickness tm given by
t= = 1-01 log ~ -- 1-92.

(26)

Comparing this with the thickness given by (8) at which the average number
of parficles falls to one, we see that ti must be about a quarter of t. In
Table III we gire the figures for t--- 10 and two values of tx equal to 2 and 4
respectively. The values of N ( e , t) in the fourth and seventh columns of
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the table have been obtained from the figures given in Table II[ of B by
graphical interpolation. It is clear that the smalter value of t~ is more effective in cutting out the soft componem since at the smaller thickness the lower
energies produce more parficles and Q ( N ( t l ) ) is thus smaller. For
higher energies the values of N (ti) ate so large for either thickness that the
soft component is cut out to a high degree in both cases. For t~-----2,
TABLE
][
E
inl0 s N(e,t=10) 1--~~(t=l~
e.P'.

1

2
3"6
8
20

<0.03
~0"08
~0"3

1

~5

]

tl

III

= 2

ti -----4

N ( e , tx)

Q(N(2))

P(e)

2-3
4
6
9
15

"43
-23
-095
-022
-0011

"013

-03
"08
-28
-63

1-00

9018

N ( e , tl)

"~

9027
4-6
-014 ~
10
]
90011 i ,-,26

Q(N(4))

P(~)

.,ii

-6~4

"18
"013
O

"05
-008
0

Incident
spectrum (13)
(k/E) -a'a

1

"13
9024
90024
"00017

the figures in the sixth column show that the maximum value of P i s less than
903, so that whatever the forro of the spectrum the percentage of the
electronic component which could at most be counted as hard particle is
3 ~ , while for ti = 4 it could at most be 5 ~ as shown by the figures in
the ninth column. The actual fraction of electrons of energy above E in
an inc[dent spectrum of the type (13) which pass for hard particles is
a (E0)"

P (0 ~ - - ~ .

(27)

Eo

This expression cannot be evaluated analytically since there is no simple
analytic expression for N(E, tl) like the one given in (9) for N(~, t).
However, it can be evaluated numerically without much difficulty. The
form of the incident differential spectrum is given for a = 1.9 in the
last column of Table III normalised to unity for E = 10a e.V. We find that
for tx----2 the fraction of the number of particles above 10a e.V. whichis
recorded a s a penetrating particle is about 2 ~ . This figure is to be compared
with the figure of 10~ given in Table II for the same thickness, of lead,
namely 5 cm., but without the anticoincidence device.
For greater thicknesses of absorber, say t = 15 or 20, the effectiveness
of the anti-coincidence arrangement is enormously increased, for then the
number of parficles produced at the thickness tl by a primary electron
whose energy is high enough for the cascade initiated by it to penetrate the
thickness t is much larger, and consequently Q ( N ( h ) ) i s very much
smaller. Our method differs from previous arrangements in the anti-
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coincidence device being put not at the bottom of the whole absorber,
but after that fraction of it at which the number of particles in the cascade
is a maximum.
In stratosphere balloon flights for measuring the vertical intensity of
the hard component it is necessary to increase the effective area of a
counter set without increasing the solid angle. In this case each of the
counters denoted symbolically by A and B in Fig. 1 usually consist of a
number of counters in parallel having a total area 'a' say. The counter sets
C and D with counters of each set alternating as in Fig. 1 can then be made
to cover tl',e same area 'a' together, each set covering an area al2. Since
a triple coincidence arrangement is much better in minimising the cffect of
side showers, while at the same time ir is not desirable to halve the total
number of counts by putting one of the sets C or D always in coincidence
with A and B, the other set being always in anticoincidences, the foUowing
arrangement makes the most effective use of the absorber sent up for
excluding the soft component. The circuits are wired to record coincidences
in the sets A, B and C or A, B and D, but not those in which C and D both
register a count simultaneously. The details of the experimental arrangements and the circuits will be communicated by my collaborators in another
paper.
Mesons also produce electron showers either by the knock-on-process
of by the emission of a quantum of radiation. None of these processes
depends criticaUy on the energy of the meson. There are also processes in
which a meson can produce several energefic mesons in one act. A meson
which Ÿ accompanied by any of these processes would of course be eliminated by the anticoincidence arrangement. But since the probability of a
meson being accompanied by a number of charged particles in the neighbourhood of the anticoincidence counters is very much smaller than the chance
of an electron producing a cascade, their effect is only to make the count
of the penetrafing particles by the above method a few per cent. less than the
actual number.
There is however one important application of the experimental arrangement described above to the study of mesons. Since a meson is an unstable
particle, every meson which comes near the end of its range must either
decay or be absorbed by a nucleus. In the former case the decay electron
produces a cascade. In the latter case the nucleus is excited by an amount
of energy approximately equal to the rest energy of the meson, leading to processes in which several high energy electrons, protons or heavier fragments
may be emitted. The result is that every meson which comes to the end of its
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range produces in general several high energy charged partMes, and the
effcct of thesc is to smear the apparent range of a meson as measured by
absorption in heavy material with counters in coincidence. For example,
cven if a mono-energetic band of mesons existed, then there would not be
a sharp drop in the coincidence count after an absorber thickness equivalent
to their range had been added, due to the effects mentioned above, if, however, the antŸ
arrangement described above is used then these
effects are cut out and it would be possible to study much more accurately
the range spectrum of cosmic ray mesons.

Summarv
A formula for the depth of the penetration of a cascade a s a function
of the energy of the primary electron is given based on the calculations of
Bhabha and Chakrabarty. A simple formula for the end of a shower is
also given. Ir is shown that fluctuation plays an important part in determining the ability of an electron to operate two counters separated by a
given thickness of absorber and increases the number of such electrons tenfold for thick absorbers. Formula~ are given for the number of electrons
which enter an absorber of thickness t and result in one or more particles
emerging from the other side of the absorber.
A new experimental arrangement is described which makes a much
more effective use of the cascade process for separating the electrons from
the penetrating particles. This arrangement is suitable for measuring the
penetrating component in high altitude balloon flights, and for studying
the range spectrum of cosmic ray mesons.
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Note added in proof.--At my request Mr. S. K. Chakrabarty has
ealculated more accurately the values of s satisfying equation (6) for given
values of N and t on the basis ef the tables given in A. His results ate
given in the foUowing table : - -

36

H. J. Bhabha

Values of s satisfying equation (6)
(Calculated by Chakrabarty)

~

t

N\
1

0"1
0"01

3"44

3"05

10

20

30

2"92

2" 92

2"92

3" 36

3"11

3"04

3"33

3"18

We see that for N ~ . 1 s has the almost constant value 2-9 for t lying between
4 and 30. For N lying between 0" 1 and 0.01 the va!ues of s lie between
3"0 and 3.4 for t between 10 and 30.

