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1. Introduction

THE usual theoretical investigations of the vibration spectra of dynamical
systems (when slightly displaced from an equilibrium configuration) start
with some postulated quadratic forms for the kinetic and potential
energies. The problem then reduces to a transformation of the quadratic
forms to sums of squares, or what amounts to the same thing, to a
solution of a set of linear homogeneous equations representing the equations
of motion of the system. The sets of solutions so obtained define normal
vibrations which represent independent dynamical modes in each of which
the system can persist for an indefinite time. In any normal vibration all
the constituent atoms of the system necessarily move with the same
frequency and with the same or opposite phases.
In a crystal we have to deal with an immense number of similar kinds
of atoms all arranged, when in their equilibrium positions, upon a regular
triply periodic structure known as the space-lattice. An actual crystal,
though finite in extension is very large compared to the inter-atomic distances. When dealing with high frequency interatomic and intercellular
vibrations, which obviously depend very largely upon the internal geometric
arrangement of the crystal, we are clearly justified in ignoring the boundary
and replacing the actual crystal by one with an infinite extension in space.
This merely expresses the plausible physical assumption, that, in a crystal
with an immense periodic array of atoms, all the corresponding atoms in
different unit cells of the lattice stand exactly on the same footing in
relationship to their neighbourhood. From a mathematical point of view,
this equivalence of the lattice cells in an infinite crystal is expressed by what
is usually called `translational symmetry'. We have to investigate the
nature of the normal modes of such a dynamical system.
Now a normal mode of a system represents a state of motion which
can continue indefinitely (in the absence of perturbing forces) and independently of other possible modes. It corresponds to a single degree of
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freedom of the system and it is therefore sufficient, when describing any
particular normal mode, to specify the motion of any single atom in that
mode. The displacements of all the other atoms in the particular mode are

not independent quantities, but are uniquely expressible in terms of the
displacement of that atom. A normal mode thus carries with it a description of the movement of any particular atom of the system, and the relative
displacements of all the other atoms with respect to the particular atom
chosen. In the most general case (lack of any symmetry) these relative
displacements cannot be computed unless the nature of the forces in the
system is known. The expressions for the displacements can only be derived
from the equations of motion and involve the various force constants. The
presence of symmetry in the system however permits us to wiite down
some of these relative displacements at least in some of the normal modes.
These relations are a consequence of symmetry only and hold good in any
type of force field whatever, provided it leads to a quadratic form for the
potential energy. A crystal represents a dynamical system with a high
degree of symmetry, namely, the translational symmetry. The lattice as a
whole may be displaced vectorially through three primitive lengths (or
products or powers of these lengths), and still it returns to self-coincidence.
Or, as has been stated earlier, all equivalent* atoms in the lattice stand on
exactly the same footing in relationship to their neighbourhood. This
equivalence has very important consequences and greatly reduces the
complexity of the equations of motion and of the general quadratic form.
In the fundamental paper which forms the introduction to this symposium,
Sir C. V. Raman has formulated the equations of motion in terms of the most
general force constants and has shown that this equivalence at once leads
to the theorem that all equivalent atoms must have the same amplitude in
every truly stationary normal mode. Further, the relative phases can
either be the same or opposite with no other possibility. Starting with a
particular atom (which for convenience we may locate at a lattice point)
we can arrive at the nearest atom equivalent to it along a particular axis by
moving through a primitive translation along that axis. According to
Sir C. V. Raman, these two atoms have the same amplitude, but the same or
opposite phases, in every normal mode. Once the relative displacement
of these atoms is thus fixed, the translational symmetry at once fixes the
displacement of every other atom equivalent to this along that axis. If the
two nearest equivalent atoms have the same phase, the next one should also
* Two atoms are said to be equivalent when they can be brought over into one another by a
translation operator, which should also bring the entire crystal into self-coincidence. With this
definition the smallest unit cell contains no two equivalent atoms.
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have the same phase, and so on. We would thus have a motion of which
the phases may be pictured thus:
(1)
++++++
On the other hand if they have opposite phases, the motion must be like
+—+—+--+— (2)
These two results are a consequence of the fact that a primitive translation,
being a symmetry element of the lattice does not alter the physical nature
of a normal mode. The two possibilities given above arise for translations
along one of the primitive axes. The other two axes have two such cases
associated with each and the total number of distinct possibilities is thus
2 3 = 8. In Sir C. V. Raman's notation, those cases are represented by
a=±1;

fl =±1;

y=± 1

(3)

Here a, fi, y are the ratios between the displacement of any atom and its
nearest equivalent atoms for primitive translations parallel to the axes. If
u0 (= x0, Yo, z o) is the displacement any such atom chosen as the basis and
u 1 , u2 u 3 , those of the three atoms equivalent to it as above, we have,
(4)
u0= ± u1= ± u2= ± u3 [u= x, y, or z].
The effective number of independent dynamical variables in the system
is thus reduced to the number of degrees of freedom of the set of nonequivalent atoms in the crystal. This is 3p if p is the number of non-equivalent atoms in the crystal, and considering the 8 alternative possibilities
which go with this set, we may speak of 24p dynamical variables which obey
the relations (4). The next step is to write down the equations of motion
and get the determinantal equation of order 24p. Either a group theoretical analysis (to be given below), or a simple consideration of the
symmetry shows that the eight possibilities are independent, mutually noncombining, and exclusive. Hence these relations can be substituted in the
equations of motion one after another, and we get eight different determinantal equations of reduced orders 3p each. In the absence of further
symmetry, no further reduction is possible and we get (24p — 3) distinct
frequencies (excluding 3 for pure translations). All these are different and
symmetry is only helpful in separating them into the eight non-combining
groups mentioned above. The 3p frequencies in each of these groups are
coupled, i.e., not separable by symmetry alone. The exact force field must
be known to write down the normal co-ordinates and the frequencies for each
separately. The presence of further symmetry in the crystal (rotations,
reflexions, etc.) simplifies the matters much further and to cover these cases,
group theoretical analysis is most helpful, from the point of view of rigour
as well as simplicity. These questions will now be discussed,
,
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2. The Symmetry Group

As emphasiz3d earlier, every truly infinite lattice has translational
symmetry represented by the three primitive translations, as well as their
various products and powers. All these taken together form an Abelian
group. In the dynamical problem at hand involving 24p dynamical
variables only, the translation group assumes a very special character. It
will be noticed from relations (1) and (2) that a basis atom has the same
amplitude and the same phase as an equivalent atom derivable from it by
translations 2Tx , Zr,,, 2TZ or products and powers of these lengths. The
dynamic pattern is thus exactly repetitive in the lattice with a second-order
super-cell as the repeating unit. In the investigation of these normal modes,
therefore, 2, Zr,, and 2T^ are equivalent to identity. if Ur = (xr, Yr, zr) is an
atom in this super-cell, a translation 2T,x , (or, 2T7 , or Zr,) carries it into
another atom u8 (= x,., yy , z) which however is identical with u, in d;splacement
Ur =

u,

(5)

H;nce the effect of the translation r —^ s upon the dynamical variables* is
the same as identity and all such translations, their powers and products,
can be treated as identity. The translation group thus reduces to the
Abelian group defined by
Tx 2 = Ty 2 = T2 2 =E , Tx. Ty = Ty Tx ,

etc.

(6)

It has eight operations in all, namely, E, Tx , Ty , T¢ , Tx Ty , T1, T,,, Tg Tx and
Ts Ty T2 . It will be noted i ' = T,r , etc. Any quadratic form for the potential
en;rgy which we may formulate must satisfy the symmetry of this group
and it follows that the normal modes must come under one or the other
of the irreducible representations of this translation group (excluding the
case of higher symmetry for a moment). The group being Abelian and
of order 8, we must have eight irreducible representations. These are
derived easily from the generating relations (6).
x (Tx) = f 1, X (T y) = ± 1, X (T$) = f 1 (7)

leading to eight representations.' It is at once evident that (7) expresses
the same thing as (3) or (4). Since we know that the normal modes coming
under the different irreducible representations of a group are mutually
* It must be remembered that the symmetry operations have significance for us only with
respect to their effect upon the dynamical variables.
t See the work of Bhagavantam and Venkatarayudu in this connecticn (Prot. Ind. Acad. Sci.,
1941, 13, 543: 1939, 9, 224). They have outlined fully the essential technique of group-theoretical analysis for crystals although their investigation is confined to the special case of equality
of phase and amplitude for all equivalent atoms, i.e., x (rx) = x (ry ) = X (rx) = 1.
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independent and non-combining, it follows that the 8 alternative relations
in (4) are independent and can be investigated each by itself. By substituting those relations in the equations of motion, we get, as explained earlier,
8 determinantal equations of order 3p each, giving the frquencies. That
the 24p dynamical variables thus fall into 8 sets with 3p in each and that
no further reduction is possible is easily verified by applying the standard
methods of character tables and reduced characters. Taking the dynamical
variables, we notice that each of these is sent into some other variable by
the operations of the translation group except the identity which returns
every variable to itself. Hence the reduced character of these operations
on the dynamical variables is
(8)
/(E)=24p, 0 (T) = 0.
T stands for any one of the seven translation operations.
Hence the number of normal modes coming under any one of the representations of the translation group is given by
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E x, (R) (R) with the usual notation. It is evident
the formula n,
from the table that the 3p frequencies in each group cannot be further
separated from symmetry considerations alone. With suitably chosen
force constants, all the normal modes can be separated and the frequencies
calculated.
3. Rotational and Reflexional Symmetry

When a crystal lattice has extra symmetry by way of rotations and
reflexions, several interesting features present themselves. In the first place,
all the eight sets need not give rise to distinct frequencies. The 3p frequencies
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in one set can become identical with the frequencies in one or more
other sets and we may thus speak of " equivalent " sets. It is sufficient to
calculate the frequencies for one such set among a group of equivalent sets,
and the labour is thus greatly reduced. The normal co-ordinates corresponding to each other in two equivalent sets can always be brought over into
one another by the application of a symmetry operation from the rotational
and reflexional symmetry. Hence all the normal modes in the various
equivalent sets can also be written from a knowledge of the nature of the
modes in one set and the appropriate symmetry operations. A second
type of simplification can arise from the fact that if a set of 3p frequencies
has some other sets equivalent to it, there always exist the possibility of further reduction of the original set from symmetry considerations alone. The
determinantal equation of order 3p can be further broken up into smaller
determinants, using only considerations of symmetry. If the 3p modes
give rise to s frequencies with varying weightages 1, m, n, etc., we get at a very
great simplification. Taking a frequency of this set which has a degeneracy of 1, we need consider only one of the modes out of the 1 possible modes.
The rest of the l modes give the same frequency and may be omitted from
further consideration. Further, it has been explained above that every
frequency from this set occurs in all the other sets equivalent to it. If we
have r such equivalent sets, this particular frequency has a total number 1-r
normal modes associated with it, and a consideration of only one mode out
of this number is enough to give the frequency. We begin the solution of
the dynamical problem, therefore, by taking any one of eight cases
given above, and writing down the number of equivalent sets it has. (The
method for this is explained in the next paragraph.) If there is a total number r
of such equivalent sets, we take only one out of it. Such a set has 3p
normal modes associated with it, and every frequency from this set is
repeated in the (r— 1) other equivalent sets and therefore has a minimum
degneracy of r. A further multiplication of degeneracy can arise if the
frequency under consideration is the same for more than one out of the 3p
modes. This type of degeneracy can be determined, and a complete analysis
of the 3p modes can be made if the symmetry characters appropriate to the
particular set under consideration are known. Once an analysis has been
made for one such set, it is unnecessary to consider the other equivalent sets,
(except to note the total degeneracy) and we may next proceed to consider
another set out of the eight which does not occur in the first group of
equivalent sets already studied. The number of sets equivalent to it are
next noted and the process repeated as above until all the eight cases are
fully covered.
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The terms "equivalent sets" and "symmetry group appropriate to
a set " can be more fully explained now. It will be noticed that each of the
eight equivalent sets is defined by the corresponding characteristic values
of the three primitive translations, i.e., a = x (Tx); fi = x (r,,); y= x (r).
Each case can be specified by giving the values of a vector whose
components may be regarded as x (T.,), x (Ty) and x (rs ). The eight vectors
are thus given by (1, 1, 1); (-1, -1, -1); (1, -1, -1); (-1, 1, -1);
-1, - 1, 1) and (1, 1, -1); (1, -1, 1); (-1, 1, 1). These correspond, as
explained earlier, to the eight irreducible representations of the translation
group. In the absence of further symmetry, the frequencies in each set are
distinct. Let us now introduce some further symmetry, such as_ for example
a plane of refi xion through the Z-axis bisecting the angle between X and Y
axes. This operation keeps the Z-co-ordinate unchanged but changes X to Y
and vice versa. Since every normal mode represents a state of vibration,
it is capable of geometric picturization. If we have two normal modes of
vibration, one involving movements of all the atoms along the X-axis and
the socond a similar movement along the Y-axis, these two modes have the
same frequency for a system which has the plane of reflexion mentioned
above. The vibration patterns can be carried over into one another by an
operation from the symmetry group. This is the essence of degeneracy
and in such a case we speak of equivalent modes. Since the eight vectors
given above completely specify the nature of the modes for a group of 3p
frequencies each, it is suf^ient to apply the symmetry operations directly
to them. The vectors can be given a geometric representation and the set
of all vectors carried over into one another by the symmetry operations
form an "equivalent set ". Under the operation a,, z -z, x y, the
vectors (1, 1, 1); (-1, -1, -1); (-1, -1, 1); and (1, 1, -1) are unchanged or "left invariant " while (1, -1, -1) and (-1, 1, -1) are carried
over into one another with similar effect on the remaining two vectors
(1, -1, 1) and (-1, 1, 1). Hence in a system with symmetry o,, the eight
vectors fall into six distinct sets, and there is a minimum degeneracy of two
for every frequency of the last two sets. If the system has got similar
reflexion about the X and Y axes also, we get the following system of nonequivalent sets.
(i) (1, 1, 1)
(ii) (-1, -1, -1)
(iii) (1, -1, -1), (-1, 1, -1); (-1, -1, 1)
(iv) (-1, 1, 1); (1, -1, 1); (1, 1, -1)
(10)
We thus need consider only (1, 1, 1); (-1, -1, -1) and one vector each
form (iii) and (iv) thus making four in all. Frequencies associated with any
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one vector from (iii) are repeated in the other two vectors and so we have
a minimum degeneracy of three. If the normal modes associated with
(1, —1, —1) say are known, those in (-1, 1, —1) and (-1, —1, 1) are
drivable from these by simple application of the reflexion operators through
Z and Y axes. ,A similar statement holds for the modes in (iv).
The easiest method of determining equivalent sets is to directly picture
the translation vectors TX , Ty , T, instead of their characteristic values. These
vectors can be thought of as lying along the three axes and the effect of the
symmetry operations upon these is at once evident. Thus a^, along the Z axis
has the following effect on Tx , Ty , T,.
Ty -*Ty, Tx

T.

Hence x (TE) -^x (ii); x (Tx) 0 x (Ty).
Applying this operation on the eight representations given in (9), we get
straightaway at the distribution given above. The representations A,
A', D, D' are left invariant, while B and C are carried over into one
another with corresponding results for B' and C'. B and C and similarly
B' and C' become " equivalent ", under the operation o e . We may thus
speak of " equivalent " representations instead of equivalent vectors and
this language is more suitable to the group theoretical presentation to be
given below. If the system has three planes of reflexion about the X, Y and Z
axes, the representations B', C' and D' become equivalent and similarly
B, C, D also. It must be understood that these representations are not
equivalent in the translation group, but become so in the extended group
which includes the reflexions. In fact, if the character table for this extended
group is written down, it will be noticed that B, C, D combine there in
giving rise to a single representation of degree 3. This is a standard method
of deriving the character tables and may be employed if we choose to derive
the degeneracies and the normal modes straight from the character table
for the full group. Actually this introduces unnecessary complications,
since all that has been explained before really has the aim of analyzing a
normal vibration of degree 3 into its constituent vibrations each of degree 1.
The process of compounding them back again has no importance except to
satisfy ourselves that they do really form an equivalent set of representations.
Further, the work of Seitz (next section), shows that the modes associated
with B can be considered quite independently of the other two equivalent
representations C and D. Equivalence brings in the simplification that C
and D need not be considered again, while it preserves the original independence of the three representations B, C, D. An investigation of the
modes associated with A, A', B and B' is thus quite sufficient to evaluate
the frequencies. We will now show how this can be done.
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Here we have to explain the significance of the terms " invariance of a
vector " (or representation) and the " group of a vector " used in the previous
paragraphs. In the example of a group of three planes of symmetry given
above, it will be noticed that some of the vectors or representations are
changed into themselves by some or all of the symmetry operations. Thus
the representations x (Tx) = x (.ry) = x (T ) = ± 1 are changed into themselves
by the three refl.-xions, while from the very definition, the translations leave
every representation of their group invariant. The totality of symmetry
operations which leave a vector unchanged is known as the group of the
vector under consideration. In this case it is the total symmetry group G
composed of all the translations and the re$exions. The representation
x (ii) = 1, x (Ty) = x (re) = — 1 is however left invariant only by the
reflexion plane through the X-axis while the other ,two reflexions carry it
over into the other two equivalent representations. Hence the group of
the vector in this case consists of the translations, the reflexion plane ax and
the other operations derivable by the association of the translations with a.
There exist two other similar groups for the other two vectors, derivable
by fixing a, and o z , with the translation group. The structure of the group
of a vector is of fundamental importance when analyzing the nature of the
3p normal modes associated with that vector. It has been shown by Seitz
that all representations associated with a vector must come under one or
the other of the irreducible representations of the group of that vector. This
means that all the 3p normal modes going with one vector out of the eight
must have the symmetry requirements of one or the other of the irreducible
representations of the group of that vector. Hence if the structure of this group
is known, the normal modes, going with this vector are determined by the
usual and standard methods. Let the group of this vector be G 1 consisting
of operations P, Q, R, etc. We take the 24p dynamical variables of the unit
cell and study the effect of each of the operations P, Q, R, etc., on these
variables. The reduced character O (R) of each operation R of this group
is thus calculated. From the character table for G 1 , the number of modes
coming under any irreducible representation of G z is given by the standard
formula
E

n.=N-

(R)x'(R)•

(11)

Here N 1 is the order of G l and the summation runs over all elements
of G 1
It will be noticed that G l is actually a space group containing translations and as such its character table is not among the standard and wellknown tables. A derivation of the table might be attempted, but it is quite
.
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unnecessary for our prosent work. An alternative elegant method is given
in the next section and by its use, the formula is also simplified very greatly.
To proceed further however, we need to explain the exact mathematical
analysis conducted by Seitz,' Clifl'ord, 2 etc., upon which all the statements
made above rest for their validity.
4. Group Theoretical Analysis*

An illuminating treatment of the full mathematical technique needed
for the reduction of space groups has been given by Seitz' and we note
down here only the results of his investigation. For the other points the
reader is referred to his original paper. It will be remembered that normal
vibrations actually belong to the irreducible representations of the symmetry group of a system. Here we have a space-group composed of rotations,
reflexions and translations. So the object is to reduce this group into its
irreducible representations, Seitz has actually shown that these representations can be gradually built up starting from the irreducible representations
of a translation group. (The translation group is an invariant subgroup of
the space-group.) In our present problem these are only eight in number
as given in Table 9. The effect of rotational and rc$ xional symmetry
elements upon these representations is such that a particular representation
is either completely left invariant (in the sense fully explained already) or
totally carried over into another representation which, for this reason, is
equivalent to it. This follows, as shown by Seitz, from the Abelian and
invariative nature of the translation subgroup. Hence if E l , E2 ,.... E,, are such
a set of equivalent representations, the effect of the symmetry group on these
is to ensure that or 2--2 with no linear combination being possible
between E,. and Et From this it follows that the representations of the
translation group can be regarded as mutually independent and consideration can be confined to any single representation out of an equivalent set,
quite independently of others. The next step is to determine the symmetry
characteristics associated with each such representation of the translation
group. These are determined by the group which leaves the vector invariant
and its irreducible representations. Seitz has shown that every representation associated with a vector must come under one or the other of the
irreducible representations of the group of that vector. As observed earlier,
this group is a space-group and sometimes may include the totality of all
* The reader more interested in practical applications of the theory may omit this section
and proceed straightaway to the next one where a summary of the whDle meth d is given.
t The emphasis is that we can choose at least one frame of reference in which the representations are of the type indicated above.
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the symmetry operations in the crystal lattice, e.g., the (1, 1, 1) vector. The
essential point is to build up the representations of a larger group from those
of a self-conjugate sub-group in an ascending order, starting from identity
and in such a manner that we pass through a series of subgroups of the
group of the vector. These subgroups should form a composition series,
and in such a series the representations of any group G r can be derived from
the immediate next group G,._ .. Every representation G,._, is taken and the
effect of the elements of G, upon it is studied. G,, is actually derivable
from G7 _,, by appending a cyclic group to it. The factor group

'' 1 is cyclic

and consists of elements, say, E, S, S 2 , •S,. A particular representation
E say of degree m of G r_t is chosen and the effect of S upon it is studied. If
this representation is left invariant by S, it is left invariant by all the others
S 2 , S 3 , S,^_ x and the result will be (n) distinct representations in G,., each of
degree m. All these representations have the same characteristics so far
as the elements of G,._1 are concerned, but differ from one another in the
characteristic values of S, S 2 , etc. On the other hand, if S carries E into E',
the others also do so and we get a set of representations E, E', E"of G,_ 1
which become equivalent in the extended group. All these join together
to form an irreducible representation of higher degree in G r .
So far as our work is concerned, the above mathematical detail is unnecessary except , in special cases like the diamond lattice. The only essential
point is to notice that these representations are built up starting from the
representations of a self-conjugate subgroup which is the translation group
in our case. When we are considering the group of a vector, it is enough
if we build up only such representations of the translations group as belong
to this particular vector. For example, it was observed already that the
group of the vector (1, 1, 1) (i.e.) x (Tx) = x(Ty) = x(T) = 1, is the entire space
group since it is left invariant by every operation. However, in considering
modes associated with this vector, we are not interested in every possible
representation of this space group. In the process of building up, we confine
our attention only to the representation (1, 1, 1) of the translation
group. Only such representations of the space group which are derivable
from x (Tx) = x (Ty) = x (Ti) = 1 by the process of building up as explained
above, need be considered. In other words, we have to deal with, firstly, a
representation vector of the translation group and secondly, all representation of the group of that vector which are derivable from the original
representation of the translation group. These two representations correspond with one another in the two groups and Clifford 2 calls this correspondence as the representations induced in an invariant subgoup. He
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has proved a very elegant theorem showing that all representations in G l
associated with a definite representation E of a self-conjugate subgroup T
can be uniquely decomposed as the direct product of two representations,
one being E itself and the other being an irreducible representation of the
factor group G 1 /T. The condition is that G i should be capable of being written
as the product of two groups, one the translation group itself and the other a
point group of elements. The symmetry of the diamond lattice does not satisfy
this condition and exceptional cases like these will be dealt with in a separate
paper. In general, this condition is satisfied and Clifford's results show
that the representations of G l which are associated with a particular
representation of the translation group are merely the direct product of that
particular representation and an m-fold representation of the point group
elements in G 1 . The character tables for all standard crystallographic point
groups are known and thus the problem is easily solved. The complexity
of the problem is greatly reduced if we choose as dynamical variables the
3p displacements only of the atoms in the smallest unit cell. The other 21p
displacements of the atoms in the neighbouring cells are to be regarded as
dependent upon these and expressible in terms of these variable by relations
of the type (4). These relations differ from vector to vector, and covering
all the 8 cases, we get the total number of degrees of freedom. Considering 3p variables only in the unit cell and a specified vector, the reduced
character & upon these variables can be calculated. Thus if the vector is
x (T,x) = x (ry) = x (T-) = 1, the effect of each of the translations upon the 3p
variables in the unit cell (when the state of vibration belongs to the above
vector) is to send each variable into another which is the same with repsect to
it in amplitude and phase. Hence all the variables in the unit' cell may
be regarded as unchanged by the translation operators in this particular
vector.
0(R) = 3p = 0 (E)
for every R of the translation group. The effect of the other operations
can likewise be studied. If the vector is x (Ti) = — x (Ty) = — x (re) = 1,
Tx keeps the set of 3p variables uncharged while r, and T,, change each of
them to its oppisite phase.
b (Tx) = 3p = 0 (E)
Thus
lf(Ty )= -3p=+b(E)x(Ty)

(12)

() _ — 3p = (E) x (r)
:li (T T) = + 3p, etc.
similarly
From these examples, and simple considerations, it is clear that 0 (T.) =
:^ (E) x (T.), T. being an element of the translation group and x (Ta) its
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character associated with the vector under consideration. Further, it is
obvious that
(R) x (Tn)
0i (RT,i)
( 13)
The results of Clifford show that
x (Tn) = x (E) x (Tn)
(14)
x= (RT) = x (R) x(T,,)

=

=

where R is any element of the point-group symmetry. x (Tn) is the characteristic of T. in the ith representation of the group G l which is the group of
a specific vector. x (Ta) is the character of T for that vector.
Relations (13) and (14) very greatly simplify the formula (11). We have
n,=

N E0(R)x'(R)
z

(15)

the summation running over all the group elements, i.e., the rotations and
re$exions as well as their products with the translations. The summation
over the latter can however be entirely dispensed with, by the use of relations
(13) and (14). We have,
0(RTn)x=(RTn) =+,b (R) x (T.) x' (R) x (T.) = i(R)x'(R)
(16)
since x (Ta) x (T,z) = 1 always.
This shows that the product :b (R) x' (R) is the same for a parent rotational
or reflexional element R as well as its derived operations RT n for all T.
Hence the summation over the latter is merely to multiply each term by the
number of translation operators. Since the order of the translation group
divides the order of the group G r the result being the order of the point
group element in G 1 , we can express the result as
n==

m

=

Z'+s(R)x (R)

(17)

Here the summation runs over the point group elements of G l only and m
is their total number. Since Clifford 2 has shown that the representations
of G, are the direct product of representations of the translation group with
those of

T`, it follows that x' (R) belongs to the representations Of the point

group only. Hence it is no longer necessary to work out the character table
for a space group and the information about the point group contained in
the group of a vector is quite sufficient to evaluate the normal modes
associated with that vector. We shall now briefly summarize all the important points discussed above.

E. V. Chelam

296

5. Brief Recapitulation
To evaluate the normal modes of a crystal lattice on the basis of the Raman
theory of lattice ,vibrations, 3 choose any one of the irreducible representations
of the translation group. Find out the symmetry operations, rotations and
reftexions which leave this vector unchanged and write down the character
table for this point group. * Choose as dynamical variables the 3p independent
displacements of the atoms in the smallest cell and write down the character t
of each operation of this point group when acting on these 3p variables (during
a state of vibration represented by the vector under consideration). Formula
(17) then gives straightaway the number of normal modes coming under any
one of the irreducible representations of this point group. Their symmetry
characters are known from the character table and so the normal co-ordinates
can be written down by the usual methods. If the character table for the point
group involves representations of degrees 2 and 3 and if the normal modes are
not evident at once, we repeat the above process again for this point group.
What we have actually done in this work is to analyse the representations of
a space group (which are usually of a high degree) into their constituent
representations much more convenient to handle. This analysis arises from a
choice of the self-conjugate subgroup of the translations, If the point group
associated with a vector has representations of degrees 2 or 3, they can be
analyzed exactly as above into smaller representations. Once the normal
modes are known the jrequencies are calculated by the usual methods.t
The next step is to find out the number of representations of the translation group which are equivalent to the vector under consideration. These give
the same set of frequencies and only the degeneracy is increased. They need
not be considered separately. If these exist (r-1) vectors equivalent to a
vector, every frequency associated with it has a minimum degeneracy of r. A
frequency with rn-fold degeneracy and associated with a vector for which (r-1)
other equivalent vectors exist has a total degeneracy of m x r. Investigation
of the rest of the vectors is conducted likewise until all the possibilities are
exhausted.
,

The author is extremely obliged to his Professor, Sir C. V. Raman, Kt.,
F.R.S., N.L., for kind guidance and suggestions throughout the course of this
work. He is also indebted to Dr. N. S. Nagendra Nath, m.sc., Ph.D., and
Prof. S. Bhagavantam, MSc., D.Sc. (Hon.), for much valuable discussion on
the general nature of the harmonic vibrations in a crystal.
* This method is not directly applicable for all the eight phase vectors of a diamond lattice. A
simple modification is required which will be dealt with in a separate paper.
See Bhagavantam and Venkatarayudu's work mentioned earlier.
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Summary

A group theoretical method to deal with the harmonic vibrations of a
general crystalline lattice is indicated in this paper. Sir C. V. Raman's
theory of lattice vibrations 3 is the basis of the work and it is indicated how
the normal modes, frequencies, their degeneracies, etc., can be rigorously
derived. Applications of this work to specific problems are given in
another paper in this symposium.
REFERENCES
1. Seitz

.. Ann. of Math., 1936, 37, 17.

2. Clifford
3. Raman

.. Ibid., 1937, 38, 533.
.. Proc. Ind. Acad. Sc., A, 1943, 18, 237.

