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Abstract. The steady two-dimensional, laminar, viscous, incompressible boundary layer ﬂow of Cu/Ag-H2O
nanoﬂuid in a diverging channel formed by two non-parallel walls in a Darcian porous medium is numerically
studied in the presence of mass suction/injection of equal magnitude on both the walls. Here, divergent ﬂow is
generated by a line source of ﬂuid volume at the intersection of channel walls. Using similarity transformations,
the non-linear governing PDEs are transformed into self-similar coupled non-linear ODEs and they are solved
numerically with the help of MATLAB-built solver ‘‘bvp4c’’. The conditions for the existence of boundary layer
ﬂow structure for nanoﬂuid through divergent channel in porous medium are obtained. The analysis reveals that
when the permeability parameter K and nanoﬂuid-volume-fraction-related parameter /1 are chosen in a speciﬁc
manner such that they satisfy the condition K [ 2/1 then boundary layer ﬂow exists, preventing separation for
any mass suction/injection or even in the absence of mass suction/injection. A similar velocity ﬁeld rises with
permeability parameter, which exhibits opposite behavior with nanoparticle volume fraction. Also temperature
increases with nanoparticle volume fraction, permeability parameter, and Eckert number, and decreases with
power-law exponent (related to variable wall temperature). Skin-friction coefﬁcient and heat transfer rate for
Cu-water nanoﬂuid are stronger when compared with Ag-water nanoﬂuid.
Keywords.
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1. Introduction
The enhancement in heat transfer of regular ﬂuids (water,
ethylene glycol, engine oil, etc.) can be done by altering
ﬂow situation, (like convective boundary condition, partial
slip, etc.), different ﬂow parameters, or by augmenting
thermal conductivity of the ﬂuid. Many theoretical techniques have been introduced to enhance heat transfer in
regular ﬂuids. Thus researchers believe that nano- or larger
sized colloidal suspensions of particles can enhance the
thermal conductivity of carrier ﬂuids, but because of deﬁciency in the stability of the larger sized (micro/milli meter
sized) colloidal composition and its larger resistance to the
ﬂow (as conﬁrmed by many experimental and theoretical
studies) this treatment is not able to gain popularity. Later
the research communities use the idea that thermal conductivities of classical ﬂuids can be augmented by a colloidal suspension of nanometer-sized particles of metals,
oxides, carbides, nitrides, etc., and they ﬁnd that they are

*For correspondence

more efﬁcient and useful than micro-sized particles. The
term nanoﬂuid was established ﬁrstly by Choi [1]. It has a
wide range of practical applications in many ﬁelds of science and engineering, namely petroleum reservoirs,
geothermal systems, heat exchangers, etc., because of its
higher thermal conductivity and heat transfer capacity.
Later, Sheikholeslami et al [2] analyzed the inﬂuence of
magnetic ﬁeld and nanoparticle on ﬂow in convergent/divergent channels. Usman et al [3] studied heat transfer of
water-based ﬂuid with metallic nanoparticles along the
converging/diverging channel and solved the problem using
the well-known least-square method. They considered two
types of nanoparticles: Cu and Ag, and detailed comparative analyses were reported. The nanoﬂuid ﬂow between
two inclined planes under the inﬂuence of magnetic ﬁeld
was done by Biswal and Charkraverty [4]. Azimi and Riazi
[5] studied analytically the ﬂow of MHD Cu-water nanoﬂuid through convergent/divergent channels. Recently,
nanoﬂuid ﬂow and heat transfer through porous media
attracted substantial attention of researchers because of
their important properties regarding heat transfer
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enhancement. It has abundant applications in environmental or industrial problems, such as thermal insulation, ﬁltration process, storage of nuclear waste, drying process,
fuel cells, and geothermal systems. Heat transfer analysis of
nanoﬂuid through diverging/converging channel in porous
medium was done by Akinshilo et al [6], whereas free
convective nanoﬂuid ﬂow in an inclined square in porous
medium was discussed by Alsaberry et al [7].
Vagueness in existence of boundary layer structure in
neighborhood of two-channel walls inclined at some
ﬁxed angle to the ﬂow of an incompressible, viscous ﬂuid
through a divergent/convergent channel is one of the
crucial problems in ﬂuid dynamics. Such problems were
ﬁrst studied by Jeffery [8] and Hamel [9]. In this type of
problems, ﬂow occurs due to the presence of source/sinks
of ﬂuid volume at the intersection of two channel walls
and it results in either a divergent or a convergent ﬂow.
An analytical solution of convergent ﬂow for velocity
ﬁeld was obtained by Pohlhausen [10] and the temperature distribution was discussed by Millsaps and
Pohlhausen [11]. The renowned researchers Harison [12],
Tollmien [13], Noether [14], and Dean [15] discussed
some remarkable characteristics of this ﬂow. Later, MHD
boundary layer of power-law non-Newtonian ﬂuid in a
diverging permeable channel with suction/injection was
analyzed by Bhattacharyya and Layek [16]. Dogonchi
and Ganji [17] discussed MHD ﬂow of water-based
nanoﬂuid in a stretchable/shrinkable convergent/divergent channel with effects of thermal radiation. MohyudDin et al [18] described Buongiorno’s model nanoﬂuid in
a MHD stretchable convergent/divergent channel ﬂow
with heat and mass transfer and solved using the RKF
(Runge–Kutta–Fehlberg) method. Rana et al [19]
obtained dual analytical solutions (HAM solutions) of
Jeffery–Hamel MHD ﬂow with Koo–Kleinstreuer–Li
(KKL) alumina model and numerical solutions by RKF
conﬁrmed the accuracy of analytical solutions. Kumar
et al [20] analyzed the improvement of thermal properties in a convergent/divergent channel ﬂow in non-Darcy
porous medium due to the presence of carbon nanotubes
and pointed out a vital remark that the heat transfer is
stronger for the divergent ﬂow compared with that of the
convergent ﬂow.
Similarity solutions for these problems, in which ﬂow is
purely radial and contains only one velocity component, are
obtained in polar co-ordinates. It prevails that for any ﬁnite
Reynolds number and any channel angle, a convergent
symmetrical ﬂow exists and two identical irrotational
boundary layer ﬂows occur on the channel walls. On the
contrary a purely divergent ﬂow exists for a given channel
angle, and for Reynolds number less than a critical value. If
Reynolds number exceeds the critical value, then the
divergent ﬂow near one of the channel walls has a region of
inﬂow (i.e., backﬂow). In the solutions, many more regions
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of inﬂow and outﬂow are witnessed as Reynolds number
augments further and those regions enlarge. The viscosity
effect is dominant everywhere in the ﬂow and width of each
region of outﬂow becomes small. Thus, boundary layer
solution without separation becomes impossible in the
diverging channel compared with the convergent channel at
large Reynolds number. For very small magnetic Reynolds
number both convergent and divergent ﬂows were analyzed
by Jungclaus [21] and for large Reynolds number the MHD
divergent ﬂow was studied by Layek et al [22]. Later on,
some more key characteristics of divergent/convergent
channel ﬂow were discussed in literature by some
researchers [23–25].
Aforesaid separation phenomenon in the form of
backﬂow and its prevention in diverging channel ﬂow of
nanoﬂuid motivate us towards this venture. Hence, the
steady, incompressible, laminar, viscous, divergent
channel ﬂow of Cu/Ag-H2O nanoﬂuid in porous medium
with suction/injection is studied. A self-similar boundary
layer solution for this problem exists only with suitable presence of mass suction/injection. The intention of
this investigation is to explore the effects of porous
medium resistance and nanoparticles volume fraction on
the existence conditions of boundary layer in divergent
channels and when boundary layer ﬂow exists how it
affects the velocity distribution and temperature ﬁeld for
two types of nanoﬂuids, namely Cu-H2O and Ag-H2O
nanoﬂuids. The novelty of the present study lies in the
fact that when permeability parameter and nanoparticlevolume-fraction-related parameter are speciﬁed suitably
(as discussed in section 3), the boundary layer solutions
(without separation) exist for the diverging channel
without any condition on suction and even in the presence of injection at the porous walls.

2. Mathematical formulation
Consider the steady, laminar, two-dimensional, boundary
layer ﬂow of an incompressible nanoﬂuid through a
divergent channel in a porous medium. The walls of
divergent channel are assumed to be stationary and permeable, which are subjected to suction/injection. It is
expected that the ﬂow (when it exists) will be symmetrical
about the central line of the channel. A physical sketch of
the problem is given in ﬁgure 1. The steady boundary layer
equations in Darcy porous medium may be written as
[22, 26, 27] follows:
ou ov
þ ¼0
ox oy
u

ou
ou
1 op
o2 u tnf
þv ¼
þ tnf 2 
u
ox
oy
qnf ox
oy
k

ð1Þ
ð2Þ
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ðqcp Þnf k
2

u

ð4Þ

where u and v are the velocity components in x- and ydirections, respectively, p is the pressure, tnf is the nanoﬂuid kinematic viscosity, k ð¼ k0 x2 Þ is the variable permeability of porous medium, T is the temperature of
nanoﬂuid, ðqcp Þnf is the heat capacity of nanoﬂuid, jnf is
the nanoﬂuid thermal conductivity, lnf is the viscosity of
nanoﬂuid ﬂuid, and qnf is the density of nanoﬂuid, which
are given as follows [28]:
lnf
;
qnf
ð1  /Þ




js þ 2jf  2/ jf  js
jnf


 :
ðqcp Þnf ¼ ð1  /Þðqcp Þf þ /ðqcp Þs ;
¼ 
jf
js þ 2jf þ / jf  js
qnf ¼ ð1  /Þqf þ /qs ; lnf ¼

lf

2:5

; tnf ¼

9
>
>
>
=
>
>
>
;

ð5Þ
Here, / is the nanoparticle volume fraction; qf and qs are
densities of ﬂuid and solid fractions, respectively; jf and js
are ﬂuid and solid fraction thermal
conductivities, respec
tively. The expression for jnf jf used here is restricted to
spherical nanoparticles only. Here two types of nanoparticles, namely copper and silver, and water as base ﬂuid are
considered and their thermal properties are given in table 1.
On estimating orders of two momentum equations, it follows that jop=oyj\\jop=oxj. This means that in boundary
layer ﬂow, p is, to a ﬁrst approximation, a function of
x only, which justiﬁes Eq. (3).
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The boundary conditions are
u ¼ 0; v ¼ vw ðxÞ at y ¼ 0; u ! UðxÞ for x [ 0 as y
! 1;
ð6Þ
T ¼ Tw ¼ T1 þ T0 xn at y ¼ 0; T ! T1 as y ! 1 ð7Þ
No-slip boundary conditions are considered and the
variable free-stream velocity U is given by [22, 29]:
UðxÞ ¼

Q U0 L
¼
ðU0 [ 0Þ
ax
x

ð8Þ

where a is the angle of the channel assumed to be small, Q
([0) is a constant, U0 is the characteristic velocity, and L is
the characteristic length along the direction of the motion
(with Q=a ¼ U0 L).
The applied mass suction/injection velocity vw ðxÞ
through porous channel wall is given by
pﬃﬃﬃﬃﬃﬃﬃﬃ
S Qtf
vw ðxÞ ¼ pﬃﬃﬃ
ð9Þ
x a
where S is the mass suction/injection parameter (S [ 0 for
suction and S \ 0 for injection). This type of consideration
of the mass suction/injection velocity is in view of the
similarity solution for the velocity ﬁeld (see Layek et al
[22]). Here Tw is the variable temperature along channel
walls, T0 is a constant that depends on thermal properties of
the ﬂuid, T? is the ﬁxed temperature of free-stream ﬂow,
and n is the power-law exponent.

Figure 1. Physical sketch of the problem.
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Table 1. Thermophysical properties of water, copper, and silver
nanoparticles.
Physical properties
Cp (J/kg K)
q (kg/m3)
j (W/m K)

Water (H2O)

Copper (Cu)

4179
997.1
0.613

Silver (Ag)

385
8933
401

235.0
10500
429

Cf ¼


where sw ¼ lnf

From (3), it is clear that the pressure p is a function of x
only and also pressure gradient qp/qx can now be obtained
from (2) using the free-stream condition in (6) as
1 op
dU tnf
¼U
þ
U
qnf ox
dx
k



ou
oy

and qw ¼ jnf
y¼0

oT
oy

ð16Þ
: ð17Þ
y¼0

Using Eqs. (8), (12), and (17) in Eq. (16), we get
Cf Rex1=2 ¼



sw
xqw
;
and Nux ¼
2
qf U
jf ðTw  T1 Þ

ð10Þ

Eliminating qp/qx from (2) using (10), we get

1
ð1  /Þ2:5

f 0 ð0Þ and Nux Re1=2
¼
x

jnf 0
h ð 0Þ
jf
ð18Þ

where Rex ¼ Ux
tf is the local Reynolds number.

3. Existence of boundary layer and its conditions

On using Eq. (12) and the similarity variable, the equation of continuity (1) is satisﬁed automatically and
Eqs. (11) and (4) take the following self-similar forms:

Under certain restriction on ﬂow parameters, ﬂow separation can be controlled by preventing backﬂow; i.e., inﬂow
and boundary layer structure for nanoﬂuid ﬂow through a
divergent channel in a porous medium are possible. Inside
the region of boundary layer ﬂow, the quantity f 0 ðgÞ is
proportional to velocity gradient ou=oy. Since across the
boundary layer ou=oy gradually decreases and tends to 0 at
the edge of boundary layer, it follows that Y[¼ f 0 ðgÞ] is a
decreasing function of g so that Y 0 ðgÞ\0 inside boundary
layer and Y?0 as g??. Now as g varies from 0 to ?, f ðgÞ
increases from 0 (its value at the wall) to 1 (its value at the
edge of boundary layer) so that f 0 ðgÞ[0. Hence, oY=of ¼
ðoY=ogÞ=ðof =ogÞ is negative inside boundary layer and
Y?0 as f?1 [22].
Using Y ¼ f 0 ðgÞ and f 00 ðgÞ ¼ YðoY=of Þ, the self-similar
equation (13) may be written as follows:

1 00
K
f  ð1  f 2 Þ þ ð1  f Þ þ Sf 0 ¼ 0
/1
/1

ð13Þ

dY /1 ð1  f 2 Þ  S/1 Y  K ð1  f Þ
¼
df
Y

1 jnf 00
/
h þ PrðSh0  nf hÞ þ 3 Pr KEcf 2 ¼ 0
/2 jf
/2

ð14Þ

u

ou
ou
dU
o2 u tnf
þv ¼U
þ tnf 2 þ
ð U  uÞ
ox
oy
dx
oy
k

ð11Þ

This system of equations admits the following similarity
solution [22]:
,
rﬃﬃﬃﬃﬃﬃﬃﬃ
Q
Qtf
½gf ðgÞ  S x
u ¼ f ðgÞ and v ¼
ð12Þ
ax
a
T ¼ T1 þ ðTw  T1 ÞhðgÞ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ

where g ¼ ðy=xÞ Q ðatf Þ is the similarity variable.

ta

where K ¼ k0f Q is the permeability parameter, Pr ¼
the well-known Prandtl number, and Ec ¼

tf ðqcp Þf
jf

U2
ðcp Þf ðTw T1 Þ

is

is the

Eckert
number;
nanoparticle-volume-fraction-related
parameters /1 , /2 ,and /3 are given
by

/1 ¼ ð1  /Þ2:5 1  / þ / qqs ; and /2
f

ðqc Þ
/ ðqcpp Þs
f

¼ ð1  /Þþ

ð19Þ

On taking the limit f?1, this equality (19) becomes
lim dY
lim /1 ð1  f 2 Þ  S/1 Y  K ð1  f Þ
¼
f ! 1 df
f !1
Y
As right-hand side of the limit takes an indeterminate
form, we have
dY
lim 2/1 f  S/1 df þ K
lim dY
¼
dY
f !1
f ! 1 df
df

1
; /3 ¼ ð1/
and the boundary conditions become
Þ2:5

f ð0Þ ¼ 0; f ð1Þ ¼ 1;
hð0Þ ¼ 1; hð1Þ ¼ 0:

)
ð15Þ

Physical quantities of practical interest, i.e. local skinfriction coefﬁcient and local Nusselt number, are given as
follows:

lim dY
¼
)
f ! 1 df

lim
f !1
lim dY
f ! 1 df

2/1  S/1

Denoting ðoY=of Þf !1 ¼ G, we have

dY
df

þK

:

Sådhanå (2021)46:98

Page 5 of 10

G þ S/1 G þ 2/1  K ¼ 0
2

ð20Þ

which gives
G¼

1
S/1 
2

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
S2 /21 þ 4ðK  2/1 Þ
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positive; therefore, no boundary layer ﬂow is possible in
case of mass injection. Now, if K ¼ 2/1 and if K\2/1 and
S2 /21 ¼ 4ð2/1  KÞ then G has negative value only when
S[0 and consequently boundary layer ﬂow exists for suction only.

ð21Þ

For the existence of boundary layer ﬂow, the value of G
should be negative across the boundary layer region. If the
permeability parameter K [ 2/1 , then one of the two values of G is negative for all possible values of S (i.e., it may
be mass suction, S[0, or mass injection, S \ 0, or without
suction/injection, S = 0); hence boundary layer ﬂow will
exist near both channel walls. Hence, in the presence of a
porous medium with suitable value of permeability
parameter in diverging channel ﬂow, nanoﬂuid separation
can be prevented and also it conﬁrms existence of a selfsimilar boundary layer solution with a lower level of suction velocity and even for injection. This is the noteworthy
result of the present analysis. The value of /1 (with any /)
for Ag-nanoparticles is larger than that for Cu-nanoparticles. Hence, the required value of K for existence of
boundary layer with any value of S is larger for Ag-H2O
nanoﬂuid than it is for Cu-H2O nanoﬂuid. Also, for /1 ¼ 1
(/ ¼ 0, no nanoparticle) and K ¼ 0 (without porous medpﬃﬃﬃ
ium), when suction parameter S  2 2 then in the diverging channel, self-similar boundary layer ﬂow (without
separation) is possible, which is reported by Holstien [30].
These results are likely to have practical applications for
ﬂow in a diffuser. Another novel result of this analysis is
that boundary layer nanoﬂuid ﬂow (without separation) in
the diverging channel is possible even in the presence of
injection at the walls. Next, if K\2/1 and S2 /21 \4ð2/1 
KÞ then values of G are imaginary so boundary layer ﬂow is
not possible and also if K\2/1 and S2 /21 [ 4ð2/1  KÞ
then both values of G are negative only when S[0 (i.e.
mass suction) so boundary layer ﬂow exists; however, when
S\0 (i.e. mass injection) then both values of G should be

Figure 4. Velocity proﬁle for various values of K with / ¼ 0:1,
S ¼ 0:2, Ec ¼ 0:03, n ¼ 1, and Pr ¼ 6:2.

Figure 2. Comparison of velocity proﬁle with that of Layek et al
[22] for / ¼ 0, K ¼ 0, and S ¼ 3.

Figure 5. Velocity proﬁle for various values of S(suction/
injection) with / ¼ 0:1, K ¼ 4, Ec ¼ 0:03, n ¼ 1, and Pr ¼ 6:2.

Figure 3. Velocity proﬁle for various values of / with K ¼ 4,
S ¼ 0:2, Ec ¼ 0:03, n ¼ 1, and Pr ¼ 6:2.
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4. Numerical solution and discussion
The coupled nonlinear higher-order ﬂow governing differential equations (13) and (14) with boundary conditions in
(15) are solved numerically using the MATLAB-built
package ‘‘bvp4c’’. To solve using ‘‘bvp4c’’ this problem is
converted to an IVP with set of ﬁrst-order ODEs and to do
this, new variables are introduced as follows:
9


y01 ¼ y2 ; y02 ¼ /1 1  y21  K ð1  y1 Þ  S/1 y2 ; >
=

/
KEc
j
nf
y21
;>
y03 ¼ y4 ; y04 ¼ /2 Pr ny1 y3  Sy4  3
;
/2
jf

are taken as follows: / ¼ 0:1, K ¼ 4, S ¼ 0:2, n ¼ 1,
Ec ¼ 0:03, and Pr ¼ 6:2.
Figures 3–5 exhibit the exact effects of /, K, and
Sð [ 0 and \0Þ on velocity f ðgÞ. From ﬁgure 3, it is pretty
clear that velocity declines as / increases and

ð22Þ
with f ðgÞ ¼ y1 ðgÞ and hðgÞ ¼ y3 ðgÞ.
The bvp4c is a ﬁnite-difference code that executes the
three-stage Lobatoo IIIa formula, which is a collocation
formula, and the collocation polynomial provides a C 1 continuous solution and has fourth-order accuracy uniformly in the interval of integration. Error control in the
solution is based on residual error; the tolerance level is set
to the order of 105 . To get the almost continuous solutions,
a suitable guess of initial conditions is selected and also
they are chosen in a way such that the solutions show
asymptotic convergence to the boundary conditions.
To afﬁrm the accurateness of numerical scheme a comparison of velocity proﬁle with that of Layek et al [22] is
presented in ﬁgure 2 for pure water in the absence of porous
medium and the results are in excellent agreement. Hence,
one can conﬁdently comment that the afore-mentioned
numerical scheme produces correct results. After conﬁrming the accuracy the numerical computation is carried out
and the numerical solutions are plotted in some ﬁgures for
all involved physical parameters, viz. nanoparticle volume
fraction /, permeability parameter K, suction/injection
parameter S, Eckert number Ec, power-law exponent n, and
Prandtl number parameter Pr. In numerical computations
the constant values of parameters, when they are not varied,

Figure 6. Temperature proﬁle for various values of / with
K ¼ 4, S ¼ 0:2, Ec ¼ 0:03, n ¼ 1, and Pr ¼ 6:2.

Figure 7. Temperature proﬁle for various values of K with
/ ¼ 0:1, S ¼ 0:2, Ec ¼ 0:03, n ¼ 1, and Pr ¼ 6:2.

Figure 8. Temperature proﬁle for various values of S(suction/
injection) with / ¼ 0:1, K ¼ 4, Ec ¼ 0:03, n ¼ 1, and Pr ¼ 6:2.

Figure 9. Temperature proﬁle for various values of Ec with
/ ¼ 0:1, K ¼ 4, S ¼ 0:2, n ¼ 1, and Pr ¼ 6:2.
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corresponding momentum boundary layer becomes thick
for both Cu-H2O and Ag-H2O nanoﬂuids. Also, from this
ﬁgure, it is also noted that the decrement in velocity is
larger in Ag-water nanoﬂuid compared with Cu-water
nanoﬂuid. Figure 4 depicts that the velocity is augmented
with permeability parameter K, though there is a reduction
in boundary layer width, and in addition, increment in
velocity for Cu-H2O nanoﬂuid is larger compared with AgH2O nanoﬂuid for smaller K values; as K grows the difference in velocity of Cu-H2O and Ag-H2O nanoﬂuids
diminishes. Physically, for larger K, friction and interactions between nanoparticles grow, which result in
enhancement of velocity. Hence, it is quite clear that the
velocity ﬁeld is signiﬁcantly affected due to permeability
and ﬂow separation can be controlled by the permeability
of the porous medium in a diverging channel. Figure 5
demonstrates that velocity grows (/decreases) with the
suction (/injection) parameter S [ 0 (/S\0) and corresponding boundary layer turns into thinner (/thicker) one
for both nanoparticles cases. This ﬁgure also depicts that
increment in velocity for Cu-H2O nanoﬂuid is greater than
that of Ag-H2O nanoﬂuid. This analysis reveals that when
permeability parameter K and nanoparticle-volume-fraction-related parameter /1 are chosen in a way such that
they satisfy the condition K [ 2/1 then boundary layer
ﬂow separation is prevented and it allows for a self-similar
boundary layer solution with a lower level of suction
strength compared with the case K ¼ 0 and without
nanoparticle, as reported by Holstein [30]. Actually, in
diverging channels, existence of boundary layer structure
may be controlled by applied suction/injection parameter.
Another signiﬁcant result that emerges from this investigation is that in a diverging channel, boundary layer ﬂow
exists even in the presence of mass injection at the walls
when K [ 2/1 .
Figures 6–12 explore the impacts of the parameters /, K,
S, Ec, n, and Pr on temperature hðgÞ. Figure 6 shows that
temperature and the corresponding thermal boundary layer
thickness grow with the volume fraction of nanoparticle /.

Figure 10. Temperature proﬁle for various values of n with
/ ¼ 0:1, K ¼ 4, S ¼ 0:2, Ec ¼ 0:03, and Pr ¼ 6:2.
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Also, augmentation of temperature is greater in Ag-H2O
nanoﬂuid when it is compared with Cu-H2O nanoﬂuid.
Temperature proﬁle increases (ﬁgure 7) as the permeability
parameter increases and this enhancement is more for Ag-

Figure 11. Temperature proﬁle for various values of Pr with
/ ¼ 0:1, K ¼ 4, S ¼ 0:2, Ec ¼ 0:03, and n ¼ 1.

Figure 12. Local skin-friction coefﬁcient for various values of K
with / when S ¼ 0:2, Ec ¼ 0:03, n ¼ 1, and Pr ¼ 6:2.

Figure 13. Local skin-friction coefﬁcient for various values of S
(suction/injection) with / when K ¼ 4, Ec ¼ 0:03, n ¼ 1, and
Pr ¼ 6:2.
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Figure 14. Local Nusselt number for various values of K with /
when S ¼ 0:2, Ec ¼ 0:03, n ¼ 1, and Pr ¼ 6:2.

Figure 17. Local Nusselt number for various values of n with /
when K ¼ 4,S ¼ 0:2, Ec ¼ 0:03, and Pr ¼ 6:2.

Figure 15. Local Nusselt number for various values of S
(suction/injection) with / when K ¼ 4, Ec ¼ 0:03, n ¼ 1, and
Pr ¼ 6:2.

Figure 18. Local Nusselt number for various values of Pr with /,
when K ¼ 4,S ¼ 0:2, Ec ¼ 0:03, and n ¼ 1.

Figure 16. Local Nusselt number for various values of Ec with /
when K ¼ 4, S ¼ 0:2, n ¼ 1, and Pr ¼ 6:2.

H2O nanoﬂuid than Cu-H2O. From ﬁgure 8, it is entirely
clear that temperature and corresponding boundary layer
thickness are reduced with mass suction/injection parameter S for both nanoﬂuids and the enhancement of temperature in the middle portion is considerably less compared

with near surface and near the free stream. Also, these
ﬁgures reveal that temperature proﬁle exists for any value
of suction/injection parameter S (including S ¼ 0; 0:2)
unlike the temperature ﬁeld obtained by Gersten and Korpﬃﬃﬃ
ner [31] only when S  2 2 in the absence of nanoparticles
and Darcy porous medium in the diverging channel
[30, 32]. Figure 9 reveals that the temperature proﬁle and
the thermal boundary layer enlarge with Ec, and also the
impact of Ag-H2O on temperature proﬁle is more than that
of Cu-H2O. Physically, augmentation in Ec causes increment in kinetic energy; it is well known that average kinetic
energy is proportional to temperature ﬁeld, which increases
the temperature. Figure 10 demonstrates that the temperature drops with increase in variable wall-temperature-related power-law exponent n and a temperature overshoot is
seen for n ¼ 0; also, the corresponding thermal boundary
layer becomes smaller with n. Figure 11 displays that both
thermal boundary layer and temperature diminish with
Prandtl number. Similar to suction/injection parameter, the
enhancement in the middle portion of boundary layer is
minor when it is compared with that near the surface and
near the free stream.
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Figures 12 and 13 display the variations of local skinfriction coefﬁcient Cf Re1=2
related to surface drag force for
x
the parameters K, S with /. From ﬁgure 12, it may be
observed that skin friction increases with K and /. From
ﬁgure 13, it is realized that Cf Re1=2
rises gradually with
x
mass suction/injection parameter. Also, from Figures 12
and 13 it is conﬁrmed that for Cu-H2O nanoﬂuid ﬂow,
surface drag force is larger as compared with Ag-H2O
nanoﬂuid and this difference is more for mass injection.
Figures 14–18 present the variations in local Nusselt
) with / for various values of K, S, Ec,
number (Nux Re1=2
x
n, and Pr. The local Nusselt number is related to wall heat
transfer rate. Figure 14 reveals that Nusselt number
diminishes with / and K. Figure 15 depicts that heat
transfer rate increases with mass suction/injection. Figure 16 shows that the Nusselt number decreases with Ec.
From Figures 17 and 18, it is found that Nux Re1=2
x
increases with n and Pr. Physically larger Pr values accelerate convective mode of heat transfer, which is proportional to Nusselt number; hence it is augmented. In
addition, these ﬁgures also reveal that heat transfer rate for
Cu-H2O nanoﬂuid is higher than Ag-H2O nanoﬂuid [3].

5. Conclusions
The laminar boundary layer ﬂow of water-based nanoﬂuids
through a diverging channel in a porous medium with
suction/injection has been addressed. The transformed
nonlinear ODEs are solved numerically with MATLAB
build solver ‘‘bvp4c’’. The main outcomes of the investigation are outlined as follows:
• The boundary layer ﬂow (without separation) in a
diverging channel for Newtonian nanoﬂuid in suitable porous medium is possible without any type of
condition on suction/injection parameter (i.e., boundary layer separation can be controlled by considering
porous medium and nanoparticles).
• The velocity ﬁelds for both nanoﬂuids (Cu-H2O and
Ag-H2O) increase with K and mass suction parameter
(S [ 0), whereas they decrease with / and mass
injection parameter (S \ 0).
• The temperature proﬁle inside boundary layer
increases with /, K, Ec, and mass injection Sð\0Þ,
whereas it reduces with mass suction Sð [ 0Þ, n, and
Pr.
• The local skin-friction coefﬁcient, i.e. the surface drag
force, increases with /, K, and mass suction Sð [ 0Þ,
while the opposite behavior is witnessed for mass
injection Sð\0Þ.
• The rate of heat transfer increases with mass suction
Sð [ 0Þ, n, and Pr, whereas it diminishes with /, K,
mass injection Sð\0Þ, and Ec.
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• The surface drag force and wall heat transfer rate for
Cu-H2O nanoﬂuid are more than those for Ag-H2O
nanoﬂuid.
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Abbreviations
A1
Cf
Ec
f
k
k0
K
L
n
Nux
p
Pr
Q
qw
Rex
S
T
T0
Tw
T1
u,v
U
U0
vw
x, y

Nanoparticle parameter
Skin-friction coefﬁcient
Eckert number
Dimensionless velocity
Variable permeability
A constant
Permeability parameter
Characteristic length
Power-law exponent
Local Nusselt number
Pressure
Prandtl number
Volume ﬂow rate
Wall heat ﬂux
Local Reynolds number
Suction/injection parameter
Temperature
Constant depending upon thermal properties
Temperature at the surface
Ambient temperature
Velocity components along, respectively, x- and yaxes
Free-stream velocity
Characteristic velocity
Suction/injection velocity
Cartesian coordinate measured along the surface and
normal to it, respectively
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Berücksichtigung der Reibungswärme bei laminaren Keilströmungen mit veränderlicher Temperatur und Normalgeschwindigkeit entlang der Wand; Int. J. Heat Mass
Transf. 11(4) 655–673
Schlichting H and Gersten K 2000 Boundary layer theory,
8th; Revised Springer, Berlin

