 Indian Academy of Sciences

Sådhanå (2021)46:90
https://doi.org/10.1007/s12046-021-01613-4

Sadhana(0123456789().,-volV)FT3](012345
6789().,-volV)

A novel improved hybrid approach for order reduction of high order
physical systems
ANKUR GUPTA1 and AMIT KUMAR MANOCHA2,*
1

Department of Electronics and Communication Engineering, Gaini Zail Singh Campus College of Engineering
and Technology, Maharaja Ranjit Singh Punjab Technical University, Bathinda, Punjab 151 001, India
2
Department of Electrical Engineering, Punjab Institute of Technology, Moga (A Constituent College of
Maharaja Ranjit Singh Punjab Technical University, Bathinda), Punjab 142 049, India
e-mail: ankurgarg2711@gmail.com; manocha82@gmail.com
MS received 30 August 2020; revised 22 November 2020; accepted 24 March 2021
Abstract. The paper presents a novel hybrid approach for the simpliﬁcation of higher order models to obtain
the lower order model. The proposed method presented in this paper is used to reduce the single and multivariable systems by amalgamation of pole clustering technique and genetic algorithm. The improved pole
clustering technique is achieved by Lehmer measure which is used to obtain the denominator of reduced model
and the coefﬁcients of reduced order numerator are obtained by genetic algorithm approach. To compare the
newly developed hybrid approach with the previous literature of model order reduction, relevant examples are
illustrated here. Three examples of single variable and one example of multivariable physical systems are tested
by using MATLAB 2017a software and its control system toolbox. The performance parameters like integral
square error, integral time absolute error, integral absolute error, overshoot, peak time, settling time and steady
state error are used. Gain margin and phase margin is also obtained from bode plot analysis to study the stability
measures of the reduced system. The comparative analysis shows that the proposed method performs far better
in achieving the reduced value of all mentioned errors, better approximation of time domain characteristics than
the previously developed techniques as reported in literature and hence helps to obtain more accurate reduced
approximation of higher scale physical systems.
Keywords. Clustering; Genetic algorithm (GA); Hybrid approach; Lehmer measure criteria; Model order
reduction (MOR); Modal dominance index (MDI); Stability.

1. Introduction
As all the control systems have actions in controlled
manner therefore the physical systems which are steered
through controlled actions are termed as control systems.
To study the complex physical systems, direct simulation of
physical systems is the most successful means so every
such system needs to be translated into its basic mathematical model. There is a challenge when the dimensions of
these mathematical models soar up and results in complex
models, which leads to increase in the storage level [1]. The
only possible solution to cope up with these categories of
physical systems is to have a lower model approximation
which has the same value of response characteristics as the
original system which results in reduced dimension, less
storage space and lowering the simulation time. The process to do this task is model order reduction (MOR). While
designing a large scaled system, we need to explore higher
order equations in order to know the characteristics and
*For correspondence

stability and correspondingly controllers are required to
improve the performance of the designed system. Hence
model order reduction is required to reduce the large-scale
systems that preserve the original characteristics of system.
Schilders [2] has shown many examples for these complex
systems which are computationally hard to study. As each
control system is described by its physical process so model
order reduction is applied almost in all the physical system
which justiﬁes the utilization of model order reduction
techniques. Many algorithms have been designed by various researchers to perform the task of model order reduction. The initial development of the MOR techniques was
based on the dominant pole retention in the reduced model
which possessed the feature that the reduced order
approximated model is always stable (unstable) when the
original large order model is stable (unstable). The further
study developed the methods based on the phenomenon that
time moments of the original system are equivalent to the
time moments of reduced approximation. This helped in
development of some new technique known as continued
fraction expansion [3] and PADE approximation [4] which
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used the concept of Markov’s parameter along with time
moments. Methods developed later on, have a limitation
that the dominant poles didn’t exist, so this method did not
work properly in case of irrational systems. The another
technique reduced the order of a large order system by
eliminating the poles or zero which were of larger magnitude and had low dominancy [5], hence resulted in the
development of stability equation method of order reduction, which further resulted in the reduction of overshoot.
Later, Moore [6] developed the technique of model order
reduction which introduced the concept of balancing and
hence resulted in the development of balanced reduction
method. This technique was based on the balancing of state
model equations on the basis of Kalman’s minimal realization theory. The balanced truncation technique was
further utilized by other researches to develop the new
techniques. The author [7] utilized the balanced truncation
technique to reduce the passive order RLCK circuits and [8]
utilized the form of balanced truncation using frequency
limited gramians for the reduction of descriptor systems.
The technique of balanced truncation helped further in the
development of other techniques like Hankel norm
approximation [9], balanced stochastic truncation [10, 11],
frequency weighted balanced realization [12] and [13],
Schur decomposition [14]. Scaled energy approximation
[15], factor division [16], projection formulation [17] were
the other techniques developed before the start of twenty
ﬁrst century and used in the later study to reduce different
types of systems. Sometimes these techniques possess a
limitation that the reduced model developed does not have
the same value of steady state response as that of original
large order system. The enhancement in the preexisting
least square method by scaling and frequency response
matching was presented in [18] which had the limitation
that the computation was very complex in this method. The
development of more techniques in ﬁrst decade of the
twenty ﬁrst century made the MOR more useful. In the
Krylov subspace [19] emerged as a promising technique
which involved the matching of moments at the higher
frequencies which was not done in previous techniques.
Mukharjee [20] obtained the reduced order approximation
of the large order system by the newly developed response
matching technique, which utilized the step response and
impulse response of the original system and reduced
approximation to obtain the parameters of the reduced
order approximation and obtained the integral square error
among the two. The main limitation of this technique was
that it could not be used for the MIMO systems. Villena
[21] developed a technique for MOR in which parameterized system was reformulated as a parallel interconnection
of transfer function with respect to the parameter variation.
The reduced system obtained by this method contained the
effect of each parameter depending on the structure preserving algorithms. These techniques may provide the
unstable reduced model which is the limitation of these
systems. In [22], the concept of stability was included along
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with the order reduction technique which was not considered much by previous techniques. An orthogonal projection based model order reduction technique was developed
which also considered the effect of stability without using
any extra numerical efforts using the concept of contractivity and matrix measure.
The later development of MOR utilized the concept of
mixed approaches in which denominator and numerator of
the large ordered system was reduced by different techniques of model order reduction. Parmar [23] obtained the
reduced approximation of large ordered system by factor
division algorithm and Eigen spectrum analysis to separately reduce the numerator and denominator respectively.
The utilization of soft computing techniques worked as an
added feature to perform the task of order reduction [24].
Vishwakarma [25] reduced the order of large order MIMO
system by using the concept of pole clustering for
denominator reduction and genetic algorithm technique for
numerator. Then [26] utilized the dominant pole retention
technique for reduction of denominator and numerator was
reduced by big-bang-big-crunch optimization algorithm.
After that [27] again combined the soft computing approach
along with the conventional MOR technique to obtain a
mixed approach of model order reduction. The advantage
of mixed approaches and soft computing techniques was
that the more accurate reduced order approximation was
obtained with least amount of integral square error among
the original large order system and reduced approximated
system. Many researchers [28–33], developed new techniques of model order reductions which were mixed
approaches based on the soft computing techniques. These
techniques helped in achieving more accurate approximation of the large order system by eliminating the steady
state error and by reducing the integral square error. The
model reduction can be applied in real time applications;
the real time use of model order reduction in the study of
electric drives is for accurate estimation of motor parameters [34].
Pole clustering technique is widely used as a reduction
technique for LTI (Linear Time In-variant) systems which
focuses on the use of non-dominant poles along with
dominant poles to form the reduced order approximation of
a plant. This technique helps to obtain the stability and
accurate responses of large scale system of a plant. Despite
of the large computational and mathematical procedure,
this technique provides a promising approximation of the
large ordered systems. By using this technique of pole
clustering with any other conventional technique to form a
mixed approach, the limitations are overshadowed by the
advantages of other conventional technique along with it.
Singh in [35] reduced the large order system by a mixed
approach using the concept of modiﬁed pole clustering.
After that, various researchers [36–41] also worked on the
development of modiﬁed pole clustering combined with
other conventional techniques to design mixed approaches.
The technique of pole clustering presented a modular
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approach in the ﬁeld of model order reduction. The concept
of modiﬁed pole clustering attracts to perform more
research in this area as this technique uses all poles of the
plant transfer function which is not possessed by other
techniques discussed so far. The proposed technique is a
mixed approach based on the concept of modiﬁed pole
clustering. The modiﬁed pole clustering technique is combined with the conventional technique of MOR which is
discussed in the methodology. There are two ways to represent the system, which has to be reduced by the MOR
technique [42]. The proposed methodology is applicable on
transfer function type representation of the higher order
system. The reduced approximation formed by the proposed method provides stability and zero steady state error
and also reduces the amount of overshoot occurring in the
original plant.
Remaining portion of the paper is categorized in various
sections. Section 2 deﬁnes the aim of the research study of
obtaining the reduced order approximation of the singlevariable and multi-variable large ordered LTI systems. In
proceeding section 3, the complete methodology to obtain
the approximated system is presented that is the termed as
proposed method. After that, section 4 is used to check the
feasibility of the proposed system with the help of some
examples. MATLAB 2017a simulation software is used to
evaluate the performance of original and reduced order
systems. The control system toolbox in the MATLAB
software provides the necessary library, i.e. pole(sys) to
perform this task. The proposed technique is also compared
with the techniques discussed in the literature and describes
the beneﬁt of the proposed technique. Conclusion and
future scope of the study carried out is outlined in the
section 5.

2. Problem identiﬁcation
The objective of the research is to obtain a reduced order
approximation of a large scaled LTI static or dynamic
system of a plant. This system can be either in SISO (Single
Input Single Output) or MIMO (Multi Input Multi Output)
form the technique of order reduction should be capable of
reducing the both types of system.
The transfer function of a jth order large scaled system
[43–46] can be given as:
Gj ðsÞ ¼

e0 þ e1 s þ e2 s2 þ       þ ek sk
f0 þ f1 s þ f2 s2 þ       þ fj s j

ð1Þ

Here in eq. (1) ‘Gj’ denotes the transfer function of the
large scaled plant in ‘s’ domain (Laplace domain). ‘e’
denotes the coefﬁcients in the numerator polynomial of
the transfer function and ‘f’ denotes the coefﬁcients of
denominator polynomial. The order of numerator polynomial is ‘k’ where as the order of denominator polynomial is ‘j’ which is also termed as the order of the original
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plant. It is also to be considered that the value of ‘k’ is
less than or equal to ‘j’ i.e. k B j to maintain the stability
of the plant.
Computational methods and techniques are then applied
on the system shown in eq. (1) to obtain a reduced order
approximated system which is equivalent to it and shows
the same behavioral characteristics and response as shown
by the original large ordered plant. This reduces the
computational cost of the plant involved in the analysis
and synthesis of it. The lower order approximation
obtained in eq. (2) after applying the reduction technique
is:
Tq ðsÞ ¼

g0 þ g 1 s þ g2 s 2 þ    þ gp s p
h0 þ h 1 s þ h2 s 2 þ    þ hq s q

ð2Þ

In eq. (2), ‘Tq’ represents the transfer function of ‘q’
order reduced approximation in ‘s’ domain with the
numerator coefﬁcients represented by ‘g’ and denominator
coefﬁcients represented by ‘h’. The order of the denominator equation is ‘q’ and that of numerator is ‘p’ which is
one less than the denominator orders. When the large scale
LTI system shown in (1) is of multi-variable type [47–49]
or MIMO type, then its transfer function is obtained as
shown in eq. (3).The MIMO system of order ‘j’ in eq. (3)
has a transfer function ‘Gj’ with ‘k’ number of inputs and ‘l’
number of outputs. The transfer function of each input/
output combination is given by ‘e’ which means that ‘e’ is
also a transfer function of ‘j’ order having ‘n’ numerator
polynomial and ‘D’ denominator polynomial. ‘ekl’ represents the transfer function for ‘kth’ input and ‘lth’ output.
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Reduction of all the polynomials occurring in eq. (3) into
a qth order reduced approximation is the objective of
research work such that all the characteristics and behavioral responses do not alter. The transfer function of
reduced order approximation after applying the proposed
method is written in eq. (4). Here, fkl is the transfer function
of each input/ output combination for ‘k’ input and ‘l’
output with m as numerator polynomial and ‘D’ as the
denominator polynomial. The number of input and output
remains same for the original and reduced model.
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The cluster center of each cluster is obtained and this
cluster center is termed as a pole of the reduced order
system. So, when there is ‘q’ number of clusters and each
cluster has one cluster center then there will be ‘q’ number
of poles of the reduced order system. The procedure can be
described as below:
3.1.a Obtaining modal dominance index: The procedure to
determine the modal dominance index [50] is the ﬁrst step
to obtain the reduced order denominator polynomial. The
complete procedure to obtain the MDI is explained as
follows:
1. Obtain the poles of the closed loop transfer function of
the plant from eq. (1) or (3) and factorize its characteristic equation to form eq. (5) so that poles can be ﬁnd
out.
Gc ðsÞ ¼ ðs  q1 Þ  ðs  q2 Þ  ðs  q3 Þ         ðs
ð5Þ
 qj1 Þ  ðs  qj Þ

3. Proposed methodology
The schematic of mixed approach of system reduction
methodology is described by the block diagram shown in
ﬁgure 1. The complete process of proposed reduction criteria to obtain the reduced order model is distributed in
three steps. These are described by the following
procedure:

2. Perform the partial fraction of the closed loop system of
eq. (1) or (3) after putting the factorized characteristic
equation obtained from eq. (5) and obtain the residues of
the closed loop system. The partial fraction expansion of
the large scaled system is shown in eq. (6), which is
evaluated as
GðsÞ ¼

3.1 Determination of the reduced order
denominator
The poles of the dynamic models describe the time
behavior and frequency behavior of that model. The poles
which are away from the s-plane imaginary axis don’t have
much impact on the behavior of the model so some model
reduction methods have neglected these poles. On the other
side, the poles which are nearer to the imaginary axis are
signiﬁcant and play a vital role to check the behavior of that
particular model, so these poles are the most important to
preserve in the order reduction methods. In the proposed
method, all the poles whether near or away from imaginary
axis are used to form the ‘q’ number of clusters containing
‘q’ number of poles. The poles are put into the cluster on
the basis of the MDI (Modal Dominance Index) of each
pole.

Re1
Re2
Re3
þ
þ
þ 
ðs  q1 Þ ðs  q2 Þ ðs  q3 Þ
Rej1
Rej
þ
þ
ðs  qj1 Þ ðs  qj Þ

ð6Þ

Here, ‘Re’ is the representation of residues of the large
scaled control system and ‘q’ is the representation of poles
which is a combination of real as well as complex valued
poles.
3. The obtained partial fraction expansion from eq. (6) is a
combination of both of the types of poles, real as well
as complex valued. So, the next process is to separate
the real and complex poles and their respective
residues.
2
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Figure 1. Schematic diagram of model order reduction procedure showing the basic steps to achieve the order reduction.

Considering that there is a total of ‘k’ real poles and ‘p’
complex conjugate pairs in eq. (6), the eq. (7) is obtained
after rearranging eq. (6) to complete the process. Eq. (7)
shows that there are ‘k’ number of real poles (q1,
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q2,……,qk) and ‘p’ number of complex conjugate pairs
of poles (qk?1, qk?1*, qk?2, qk?2*,…..,qk?p, qk?p*)
having a total of ‘2p’ number of complex poles in the
system. After rearrangement of the complex poles,
eq. (7) can be written as given in eq. (8).
Re1
Re2
Rek
þ
þ  þ
þ
ðs  q1 Þ ðs  q2 Þ
ðs  qk Þ
ðRekþ1 þ Rekþ1 Þs  ðRekþ1 qkþ1 þ Rekþ1 qkþ1 Þ
þ þ
ðs  qkþ1 Þðs  qkþ1 Þ
ðRekþp þ Rekþp Þs  ðRekþp qkþp þ Rekþp qkþp Þ
ðs  qkþp Þðs  qkþp Þ

GðsÞ ¼

ð8Þ
4. The next step in the process of obtaining the denominator of reduced approximation is to obtain Modal
Dominance Index (MDI). MDI signiﬁes the dominancy
of particular pole. The larger value of MDI means that
the pole is more dominant and the response of a system
largely depends on the pole which is more dominant. The
MDI is obtained from the pole and its corresponding
residue. It is to be kept in mind that the MDI of real and
complex poles must be kept separately.
For the real pole, MDI for mth pole can be denoted as;
Rem
; where m ¼ 1; 2; . . .; k
Mm ¼ 
qm

ð9Þ

Similarly, for nth complex pole, the value of MDI will be
Mn ¼ 

ðRekþe qkþe þ Rekþe qkþe Þ
2qkþe qkþe

ð10Þ

Where, e=1,2,…,p and n=k?2e-1,k?2e.
It should be clear that the value of MDI for both the
conjugate poles in a complex pole will be same.
5. Now, arrange the MDIs obtained from eq. (9) for real poles
and eq. (10) for complex poles in descending order. As it is
clear that the pole with the highest MDI is the most
dominant pole so it can be said that the poles are arranged in
the order of their decreasing dominancy. So the representation of the order of MDI for j number of poles in order of
decreasing value is given by eq. (11) which is written as:

 
  
jM1 j  jM2 j  jM3 j  jM4 j         Mj2   Mj1   Mj 

ð11Þ
From eq. (11) it is clear that M1is the most dominant pole
and Mj is the least dominant pole obtained from eq. (9) and
eq. (10). After arranging the MDIs as per eq. (11), the next
step is to form the clusters.
3.1.b Clustering of real poles: After obtaining the MDIs
related to all poles and then arranging them in the
descending order as shown by eq. (11), the next step is to
obtain the clusters of reduced order denominator
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polynomial on the basis of sequence of MDIs. The number
of the cluster is chosen according to the order of the
reduced system. The order of reduced system is equal to the
number of clusters. The poles in clusters must be chosen in
a manner that the cluster centers must be as close to the
origin as possible. If the cluster is not chosen properly, then
the error between original and reduced system increases. It
is considered here that all the poles of original higher order
system are real and hence in other terms, the large ordered
system to be reduced doesn’t have any complex pole. The
process to form the denominator polynomial will be as:
1. For the ‘qth’ order reduced system, we have to make ‘q’
number of clusters. These ‘q’ clusters are formed from the
order of MDI as in eq. (11). The pole with largest MDI is the
most signiﬁcant pole and it is taken to form the ﬁrst cluster
along with some other poles which are consecutive to it. The
second cluster constitutes MDI which comes next after the
ﬁrst cluster has ended and the process continues so on to
form the ‘q’ number of clusters. While making the cluster,
the following points are required to be considered:
a) No two clusters can have the same pole
b) Each cluster should have at least one pole
c) No cluster can have repeated poles
Let us consider that the reduced system to be obtained is of
third order then the total numbers of clusters which are to be
formed are three. Now consider that the ﬁrst cluster has the
most signiﬁcant pole having MDI (M1) as per eq. (11), second
cluster must start with the second MDI (M2) (as per the order of
MDIs in eq. (11)) and can contain consecutive poles of eq. (11)
with MDI (M3, M4, M5) and moving further third cluster
should start with next consecutive pole having MDI (M6) and
contain all the remaining poles up having MDI (M6-Mj).
2. Each cluster has one or more poles. In case of a single pole
in the cluster the only pole will act as cluster center, but
when there is more than one pole in a single cluster then it
is required to obtain the cluster center by solving the
mathematical equation using all poles in the cluster. This
cluster center acts as the pole of the reduced order
denominator which is to be formed from the large order
system. The cluster center can be obtained by Lehmer
Measure Criteria [43] as shown by eq. (12). Lehmer criteria help to form the cluster center from the available
number of poles in the cluster. The cluster center obtained
from the Lehmer criteria gives the dominant poles of the
reduced order system. A Lehmer measure criterion is not
an optimal solution. The equation to obtain cluster center
by Lehmer criteria can be written as:
2 
3
k  k1
P
1
1
6 jq1 j þ
7
jqi j
6
7
ð12Þ
qc ¼ 6   i¼2k   7
4 1 2 P 1 k 5
jq j þ
jq j
1

i¼2

i
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Here qc is a representation of the cluster center. The real
poles of the large order system in the cluster are q1, q2, q3,
q4, ……, qk-1, qk. The q1 value is the pole with most
dominancy in the cluster. Where ‘k’ represents the total
number of poles contained in a single cluster.
3. Obtain the centers of the entire clusters from eq. (12) and
then from these cluster centers, obtain the qth order
reduced order approximated denominator polynomial,
which is shown in eq. (13) as:
Gq ðsÞ ¼ ðs  qc1 Þ  ðs  qc2 Þ  ðs  qc3 Þ         ðs
 qcq Þ
ð13Þ
The equation gives the reduced ‘q’ order reduced denominator polynomial which can be further used to obtain
reduced order numerator.
3.1.c Clustering of complex poles: When there are only
complex poles in the large ordered system, then the clusters
are formed by using these complex poles. Complex pole
has a real and an imaginary part and represented as ða þ ibÞ
and always exist with its conjugate pair ða  ibÞ. Again
here, deﬁning the order of MDI from eq. (11) helps to form
the ‘q’ clusters of ‘q’ order reduced approximation. The
clusters are formed in the same manner as described in the
previous section.
After clusters are formed, the next step involves ﬁnding
the cluster center for each cluster. The cluster center for the
real part and imaginary part will be calculated separately
for all the clusters containing complex poles.
1. The real part ac of cluster center for a cluster is
calculated and presented by eq. (14) which may be
deﬁned as:
2  P
p  p1 3
1
1
þ
jak j
7
6 ja1 j
k¼2
7
ð14Þ
ac ¼ 6
p  p 5
4  2 P
1
1
þ
ja1 j
jak j

the qth order reduced order approximated denominator
polynomial is determined as per eq. (16):
Gq ðsÞ ¼ ðs  ac1  ibc1 Þ  ðs  ac1 þ ibc1 Þ
ðs  ac2  ibc2 Þ  ðs  ac2 þ ibc2 Þ     

ð16Þ

ðs  acq=2  ibcq=2 Þ  ðs  acq=2 þ ibcq=2 Þ
The eq. (16) here gives the ‘q’ order reduced denominator polynomial for all complex poles which can be further used to obtain reduced order numerator.
3.1.d Clustering of poles (real as well as complex): When
the large order system has real as well as complex poles,
then obtaining the reduced order denominator is a little
difﬁcult task. For the task of obtaining the clusters:
1. The ﬁrst process involves the separation of MDIs related
to the real and complex poles and then arranging in the
descending order as shown in eq. (11)
2. It is to be considered that the real poles and complex
poles can’t occur in the same cluster. So separate clusters
are required to be obtained for both types of poles (real
and cluster).
3. The cluster center for the real poles is obtained from the
same process as discussed in step 2.
4. The cluster center for the complex poles is obtained in
the same way as discussed in step 3.
5. The reduced order denominator from the real and
complex clusters is obtained from the procedure followed in step 2 and step 3 is used to ﬁnd the ‘q’ order
reduced approximated denominator polynomial. The
approximated denominator polynomial of ‘qth’ order
for the combination is given by eq. (17) as follows:
Gq ðsÞ ¼ ðs  qc1 Þ  ðs  qc2 Þ         ðs  qck Þ
ðs  ac1  ibc1 Þ  ðs  ac1 þ ibc1 Þ     
ðs  acp  ibcp Þ  ðs  acp þ ibcp Þ
ð17Þ

k¼2

2. The Imaginary part bc of cluster center is determined by
the eq. (15) which is deﬁned as:
2  P
p  p1 3
1
1
þ
jbk j
7
6 jb1 j
k¼2
7
ð15Þ
bc ¼ 6
p  p 5
4  2 P
1
1
þ
jb1 j
jbk j
k¼2

Here it is assumed in eq. (14) and (15), that the total
number of poles in the particular cluster is ‘p’. The
complex pole ða1  ib1 Þ is assumed to have the largest
value of MDI as ordered in eq. (11) while making the
cluster.
3. Further, the centers of all clusters from eq. (14) for real
part and eq. (15) for imaginary part of complex cluster
center are obtained and then from these cluster centers,

So, the reduced order denominator polynomial obtained
from eq. (13), (16) & (17) is an exact approximation of the
original large ordered system and this approximated
denominator is used to obtain the reduced order numerator
by the technique as described in the next section. The most
interesting fact about this technique is that the reduced
denominator obtained from this technique includes the
effect of all the poles irrespective of all previous designed
techniques which designs a denominator with just dominant
poles. So this makes the proposed method the best
suitable method.

3.2 Determine the reduced order numerator
The reduced order denominator obtained from eq. (13), (16)
or (17) is used to determine the approximated numerator for
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the reduced ‘q’ order system. The approximated system
after getting the denominator is designed as shown in
eq. (2) which have unknown coefﬁcients of numerator and
a known denominator. These unknown coefﬁcients of
numerator are obtained from the previously used technique
Genetic Algorithm. A genetic algorithm (GA) is a method
[24, 25] of stochastic global searching which is made to
possess similar natural selection and evolution. GAs
employs an initial population for sampling the complete
answer space and then it uses natural selection process for
evaluating the multitude population which is dependent
upon the ﬁtness standards of individuals of the member of
population known as chromosomes for good approximation
of the optimal solution. The complete process utilizes a
number of generations for convergence, and a new population is created at each generation on the basis of the prior
generation’s level of ﬁtness. It is depicted from the basic
study of genetic algorithm that the maximum of applications of Genetic Algorithm has four basic aspects, namely,
ﬁtness function/selection, mutation, crossover, and objective function. Initial population is the beginning point of the
process, where a set of binary strings is referred to as
population or genotypes or chromosomes and every single
element forms the optimization problem’s potential solution. The alternation in the chromosomes should be done in
such a way so as to attain the optimized solution. In all the
algorithms which are based on stochastic, it is observed that
there exists a tradeoff amongst exploitation (ﬁnding the
solution on the global minimum) and exploration (sampling
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of solution space). In Genetic Algorithm, the major role is
on the crossover operator for the exploitation and mutation
operator for exploration. The crossover operator is
employed like an exploitation tool which collects parts of
two parent chromosomes which are already ‘‘good’’, carrying the aim to produce young one which is nearing to the
global minimum. By utilizing only crossover in a Genetic
Algorithm, it is possible that it gets trapped within the local
minimum. In encoding binary digits, it is found that the
mutation operator employs inversion of bits for completion
of the task. Every gene, independently of others, is altered,
mainly having a probability of 1 L, where length boundary
of the population size and the length of the chromosome
determine L. The mutation probability is generally quite
low as the major requirement is diversity maintenance
within the population and to ensure that there is no premature convergence of the solution. A way to decode
binary string has also been devised which are carried
through chromosomes in a physical solution. Index 0
indicates that the state would be removed, and 1 indicates it
would be kept. The proposed methodology used real coded
genetic algorithm, which is a double vector type
population.
The population size chosen is 50. The initial population
is in the range [-9999, 10001] and is created randomly.
Scaling function is rank type and selection is stochastic,
while mutation and crossover are constraint dependent. The
process of proposed reduction is depicted in ﬁgure 2 which
shows that how the different steps are followed to obtain

Figure 2. Block diagram showing the proposed methodology for reduction of a large scale model into a lower model of same
performance characteristics.
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the reduced order model from a large-ordered plant transfer
function.
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4.5 Peak overshoot or Overshoot
The maximum deviation in the output above the steady
state value is termed as peak overshoot.

4. Results and discussion
To test the feasibility of the proposed technique, models
given in the previous literature are reduced by applying the
proposed method and the system of larger order is reduced
to a smaller one. The obtained system from proposed
reduction method is then compared with the system
obtained by previously evolved techniques and the results
are plotted on the basis of their step response.
To check the accuracy of proposed method, the reduced
model obtained is compared against original large order
system and previously developed techniques by calculating
the following performance parameters:

4.1 Integral square error (ISE)
The sum of square of error over the entire period of time is
termed as integral square error and its mathematical
expression is shown by eq. (18) as follows:
Z
ISE ¼ ½yðtÞ  yq ðtÞ  dt
ð18Þ

4.6 Rise Time
The time taken by the response to attain the 90% value of
the ﬁnal steady state value is termed as rise time.

4.7 Settling Time:
The time taken by the response to reach the steady state
value and ﬁnally remain in the tolerance band is termed as
settling time.
The symbols y(t) and yq(t) in eq. (18), (19) & (20) are the
response of original system and qth order reduced system.
The proposed technique is applied to four different physical
systems given in their transfer function form and then their
responses are compared and illustrated by the step response
and bode plot representations.
These physical systems are as under:
Example 1: Initially consider a 6th order SISO system
given in the literature by [28, 31, 43, 49, 51]. The 6th order
system is given as:
G6 ðsÞ ¼

4.2 Integral time absolute error (ITAE)
The sum of absolute error multiplied by time over entire
interval is termed as integral time absolute error. The
mathematical form of this error is shown in eq. (19) as:
Z


ITAE ¼ t  yðtÞ  yq ðtÞ  dt
ð19Þ

4.3 Integral absolute error (IAE)
The sum of absolute error over the complete interval of
time is termed as integral absolute error. The mathematical
from is given by eq. (20) as:
Z


IAE ¼ yðtÞ  yq ðtÞ  dt
ð20Þ

4.4 Steady state error
The amount of error in between the original system and
reduced system after the steady state is reached is termed as
steady state error.

2s5 þ 3s4 þ 16s3 þ 20s2 þ 8s þ 1
2s6 þ 33:6s5 þ 155:94s4 þ 209:46s3 þ 102:42s2 þ
18:3s þ 1
ð21Þ

The system given in eq. (21) is to be reduced by the
proposed methodology to obtain a 2nd order reduced
approximation which fulﬁlls all the conditions and preserve
the value of all parameters deﬁned in the original system.
This original system is a SISO (Single input single output)
system having 6 poles at the locations: q1= -0.1, q2=
-0.2, q3= -0.5, q4= -1.0, q5= -5.0, q6= -10.0. The ﬁrst
process to reduce the model order is to obtain the corresponding MDI of each pole.M1=11.002 is the value of MDI
for pole q1, and M2=0.8435, M3=0.0974, M4=0.0772,
M5=0.0559, M6=0.0222 are the value of MDIs for the poles
q2, q3, q4, q5, q6 respectively. These MDIs are then
arranged in the descending order from eq. (11) for obtaining the signiﬁcant poles. The descending order of MDIs is
as
j11:002j [ j0:8435j [ j0:0974j [ j0:0772j [ j0:0559j [ j0:0222j
) jM1 j [ jM2 j [ jM3 j [ jM4 j [ jM5 j [ jM6 j

ð22Þ
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Eq. (22) shows the order of MDIs for obtaining the
cluster. Now, the original system is to be reduced to a
system of 2nd order, so the total numbers of clusters which
are to be made from the six poles is two in number. The
clusters are to be made from the original system’s poles on
the basis of eq. (22). According to this, ﬁrst cluster is made
up of only ﬁrst pole q1 with the highest MDI M1, so the
value of ﬁrst cluster center is qc1= -0.1. The second cluster
contains all the remaining ﬁve poles q2= -0.2, q3= -0.5,
q4= -1.0, q5= -5.0, q6= -10.0. After putting the value of
these poles in eq. (12) (having the value of k=5, and most
signiﬁcant pole is q2), the cluster center obtained for this
cluster is qc2= -0.2032.
So from these two cluster centers, the reduced order
denominator can be calculated from eq. (13) as:
D2 ðsÞ ¼ ðs þ 0:1Þ  ðs þ 0:2032Þ
¼ ðs2 þ 0:3032s þ 0:02032Þ

ð23Þ

This reduced order denominator as shown in eq. (23) is
further used to obtain the reduced order numerator. The
reduced order numerator will be of order one less than
reduced order denominator. So the approximated reduced
system of 2nd order can be given as:
TðsÞ ¼

as þ b
s2 þ 0:3032s þ 0:02032

ð24Þ

The reduced order system obtained in eq. (24) has the
unknown coefﬁcients a and b, which are to be calculated
from stochastic iterative method genetic algorithm by taking the Integral square error as the ﬁtness function which is
to be minimized to obtain the more accurate reduced order
approximation of the original 6th order system. So, after
applying the genetic algorithm the value of the coefﬁcients
a and b are 0.0951 and 0.0203 respectively with 135 iterations. The population size of 50 is taken for the process
with constraint dependent crossover and mutation, selection
is stochastic uniform, and scaling function is rank type.
The population type used is double vector with total
number of generations equal to 200 acting as stopping
criteria. The stochastic iterations of the genetic algorithm
are plotted in ﬁgure 3, which clearly describes the value of
coefﬁcients and best value of ﬁtness function i.e. integral
square error.
Hence, the reduced order system obtained from the
proposed methodology is given as:
TðsÞ ¼

0:0951s þ 0:0203
s2 þ 0:3032s þ 0:02032

Figure 3. Best ﬁtness and best coefﬁcients calculation from the
genetic algorithm for the system of example 1. The value of best
ﬁtness from the ﬁg. is 0.00114 and best individual coefﬁcient
values are x(1) = 0.0951 and x(2) = 0.0203.

approximated 2nd order system. From the step response
behavior in ﬁgure 4, it can be checked that the reduced
approximated system obtained from the proposed method
follows exactly same path as that is of the original 6th order
system. So according to the graphical representation, the
proposed method is the best suited to obtain the reduced
order approximation of the 6th order large system. The
various time domain performance parameters that can be
obtained for the comparative analysis of the original and
reduced approximation are presented in table 1. From
table 1, it can be suggested that the value of all the time
domain performance parameters viz. rise time, settling
time, overshoot is almost same in the original 6th order and

ð25Þ

The performance of system in eq. (25) is checked and
compared with the original system of eq. (21) with the help
of step response of the two systems to compare on the basis
of time domain performance characteristics and the bode
plot is drawn to check the stability of the system. Also, the
errors are calculated to check the accuracy of the

Figure 4. Step response curve for 6th order system of example 1
and its reduced approximation of 2nd order obtained by proposed
technique of model order reduction.
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Table 1. Comparison of the time domain performance parameters among original 6th order and reduced 2nd order system obtained
from proposed method in example 1.
Parameters
System
Original System
Reduced System

Rise Time (Sec.)

Settling Time (Sec.)

22.7109
22.3432

40.0475
39.5771

Over-shoot (%)

Steady State error

0
0

–
0

Table 2. Amount of error in between the original 6th order system and reduced 2nd order system obtained from proposed methodology
in example 1.
Errors
System

Integral Square Error (ISE)
nd

Reduced 2

order System

Integral Time Absolute Error (ITAE)

Integral Absolute Error (IAE)

2.86

0.17

-3

1.2 9 10

the reduced 2nd order system obtained from proposed
methodology. Also the value of steady state error in the
reduced system obtained is zero which makes the reduced
system stable. Hence based on step response characteristics
of ﬁgure 4 and table 1, the reduced system can be said to be
as a good approximation of the 6th order system represented
in eq. (21).
It is a necessity to check the accuracy of the obtained
approximated system on the basis of other errors which are
also a prime requisite to obtain the good approximation.
The amount of error occurring in the reduced system
obtained from the proposed methodology is given in
table 2, which shows that the amount of error among the
original 6th order system of eq. (21) and the reduced 2nd
order system obtained from proposed methodology in
eq. (25) is very less and on this basis; we can suggest that
the proposed methodology is the best suited for the
reduction of the 6th order SISO system as shown in eq. (21).
To check the feasibility of a MOR technique, it is
required that the applied reduction technique must have
minimum changes in the parameters which are obtained
and justiﬁed from ﬁgure 4 and table 1. The reduced system
obtained must be accurate as justiﬁed from table 2. Moreover, it should be kept in the consideration while applying
the order reduction technique that the margins related to the
stability must be within the limits even after reduction of
the system from a higher order to the lower order. These
margins can be justiﬁed by bode plot comparison of the
original system in eq. (21) and the reduced system obtained
in eq. (25). The comparative bode plot to justify the margins is given in ﬁgure 5, which shows the bode plot of the
original and reduced system and indicates that the reduced
system removes the unnecessary peaks occurring in the
original system and makes the response ﬂat and reduced

Figure 5. Bode plot diagram showing the comparison among the
original 6th order system of example 1 and its reduced 2nd order
system obtained from proposed technique.

system preserves the value of gain margin and phase margin as that in the original system. The value of gain margin
and phase margin for both the systems obtained from bode
plot analysis is shown in table 3, which shows that the value
of gain margin and phase margin for both of the system is
same hence it can be concluded that the reduction of the 6th
order system of eq. (21) by the proposed methodology
didn’t alter the margin and hence possess stability in the
reduced system.
Comparative Analysis: A comparative analysis of the
proposed technique and previously developed techniques is
performed. Figure 6 shows the step response comparison of
various techniques.
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Table 3. Gain margin and phase margin in between the original
6th order system and reduced 2nd order system obtained from
proposed methodology in example 1.
Parameters
System
Original System
Reduced System

Gain Margin (db)
Inf
Inf

Phase Margin (degree)
-180
-180

90

previously derived techniques can be performed on the
behalf of certain performance parameters which can help us
to check the competency of the proposed technique. This
comparison is depicted in table 4, where the performance of
the proposed technique is judged on the basis of the performance parameters viz. integral square error, integral
time absolute error, integral absolute error, peak overshoot,
rise time, settling time and steady state error.
The study of table 4 clearly shows that the amount of
integral square error is 0.0012 for the proposed technique
which is least among all the previous techniques with
minimum value of integral time absolute error with a value
2.86 and integral absolute error value 0.17. So, it can be
observed that the value of all the errors for the reduced 2nd
order system obtained from proposed method is a minimum
value. While studying the time domain performance characteristics, the value of overshoot is zero, rise time and
settling time of the system derived from the proposed
technique is the most similar to the original system as
compared to the other techniques. Also, the amount of
steady state error for the system derived is zero. So, all the
performance parameters used for the comparison are providing the best values for the proposed technique, which
justify that the proposed technique is best among all the
techniques as discussed in the comparative analysis.
Example 2: The system for the reduction is chosen and
shown in eq. (26) is used in the literature [35, 37]:
19:82s7 þ 429:26156s6 þ 4843:8098s5 þ 45575:892s4
G8 ðsÞ ¼

þ241544:75s3 þ 905812:05s2 þ 1890443:1s þ 842597:95
s8 þ 30:41s7 þ 358:4295s6 þ 2913:8638s5 þ 18110:567s4
þ67556:983s3 þ 177383s2 þ 149172:19s þ 37752:826

ð26Þ

Figure 6. Comparison of step response curve of the original
system and reduced system obtained by proposed technique and
previous literature for example 1.

The ﬁgure 6 shows that the response of the proposed
technique and previous literature techniques are almost the
same and follows the same path as followed by the original
large order system. There is a very small difference among
the step response of the proposed system and the previously
derived techniques. The highlighted portion shows that the
response of the original system is having an interrupted
peak at the start of process which is not beneﬁcial for any
system to be stable. This peak is removed by the proposed
technique and the response gets ﬂattened after reduction.
The comparison of the proposed technique and other

The higher order system of eq. (26) is to be reduced by
the proposed methodology to obtain a 4th order reduced
approximation which fulﬁlls all the conditions and preserve
the value of all parameters deﬁned in the original system.
This original system is a SISO (Single input single output)
system having 8 poles at the locations: q1= -0.46, q2=
-0.75, q3= -2.2?3.6i, q4=-2.2-3.6i, q5=-0.35?6.8i,
q6= -0.35-6.8i, q7= -8.5, q8= -15.6
The ﬁrst process of model order reduction is to obtain the
corresponding MDI of each pole, which are obtained in this
case as: M1=11.9 is the value of MDI for pole q1, and
M2=8.81, M3=0.341, M4=0.341, M5=0.324, M6=0.324,
M7=1.04, M8=0.576 are the value of MDIs for the poles q2,
q3, q4, q5, q6, q7, q8 respectively. These MDIs are then
arranged in the descending order as per eq. (11), for
obtaining the signiﬁcance of poles. Now, the original system is to be reduced to a system of 4th order. So, the total
numbers of clusters which are to be made from the eight
poles are four in number. These clusters are to be made
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Page 12 of 24

Sådhanå (2021)46:90

Table 4. Comparison of proposed technique with previous techniques for example 1.
Reduced Order Transfer
Function

Technique
Original System
Proposed Method
Prajapati & Prasad
[49]
Tiwari & Kaur [43]
Sikander & Prasad
[31]
Huang et al [28]
Singh et al [51]

ISE

ITAE IAE

–
0:0951sþ0:0203
TðsÞ ¼ s2 þ0:3032sþ0:02032
0:0913sþ0:0209
TðsÞ ¼ s2 þ0:3066sþ0:0209

–
–
0.0012 2.86
0.0021 3.77

TðsÞ ¼ s20:4809sþ0:6396
þ6:1070sþ0:6393
8sþ1
TðsÞ ¼ 101:0101s
2 þ18:3sþ1
TðsÞ ¼ s2 0:0961sþ0:0046
þ0:1342sþ0:0046
5:6402sþ1
TðsÞ ¼ 87:3752s
2 þ15:9402sþ1

–
0.17
0.23

Rise Time
(sec.)

Settling Time
(sec.)

Steady state
error

0
0
0

22.71
22.34
22.27

40.04
39.57
39.22

–
0
0

0.0270 13.68 0.80
0.0251 26.32 1.04

0
0.29

20.62
21.75

37.21
34.10

0.04
0.01

0.0609 77.22 2.04
0.0771 42.95 1.81

1.79
0.87

19.29
20.79

28.75
30.68

0.23
0.001

from the original system’s poles. The reduced order
denominator is derived in eq. (17) because here the original
system has real as well as complex poles. Here, we take
ﬁrst cluster which is made up of only ﬁrst pole q1 with the
highest MDI M1, so the value of ﬁrst cluster center is qc1=
-0.46. The second cluster contains all the remaining three
real poles q2= -0.75, q7= -8.5 and q8= -15.6. After
putting the value of these poles in eq. (12) (having the value
of k=3, and most signiﬁcant pole is q2 due to its largest
MDI among all three), the cluster center obtained for this
cluster is qc2= -0.759. The third and fourth pole of reduced
order denominator is complex which is obtained from the
cluster formed by q3, q4, q5, q6.
So, the cluster formed is having the cluster center
obtained from eq. (14) and eq. (15) as qc3,4= -0.396±4.3i.
So from these four cluster centers, the reduced order
denominator can be calculated from eq. (17) as:
D4 ðsÞ ¼ ðs þ 0:46Þ  ðs þ 0:759Þ  ðs þ 0:396 þ 4:3iÞ  ðs þ 0:396  4:3iÞ
¼ ðs4 þ 2:01s3 þ 19:96s2 þ 23:01s þ 6:511Þ

ð27Þ
so, this reduced order denominator as obtained in eq. (27)
is further used to obtain the reduced order numerator. The
reduced order numerator will be of order one less than
reduced order denominator. So, the approximated reduced
system of 4th order can be given as:
TðsÞ ¼

Overshoot
(%)

as3 þ bs2 þ cs þ d
s4 þ 2:01s3 þ 19:96s2 þ 23:01s þ 6:511

ð28Þ

The reduced order system obtained in eq. (28) has the
unknown coefﬁcients a, b, c, d which are to be calculated
from stochastic iterative method genetic algorithm by taking the Integral square error as the ﬁtness function which is
to be minimized to obtain the more accurate reduced order
approximation of the original 8th order system. So after
applying the genetic algorithm the value of coefﬁcients a,
b, c and d are 14.9, 26.3, 267 and 145 respectively after 168
iterations. The population size of 50 is taken for the process
with constraint dependent crossover and mutation, selection
is stochastic uniform, and scaling function is rank type. The

Figure 7. Best ﬁtness and best coefﬁcients calculation from the
genetic algorithm for the system of example 2. The best value of
integral square error from the genetic algorithm is 0.532 and best
individuals are x(1) = 14.9, x(2) = 26.3, x(3) = 267 and x(4) = 145.

population type used is double vector with total number of
generations equal to 400 acting as stopping criteria. The
stochastic iterations of the genetic algorithm are plotted and
shown in ﬁgure 7 which clearly describes the value of
coefﬁcients and best value of ﬁtness function i.e. integral
square error.
Hence, the reduced order system obtained from the
proposed methodology is given as:
TðsÞ ¼

s4

14:9s3 þ 26:3s2 þ 267s þ 145
þ 2:01s3 þ 19:96s2 þ 23:01s þ 6:511

ð29Þ

The performance of the system in eq. (29) is checked and
compared with the original system with the help of step
response of the two systems, on the basis of time domain
performance characteristics and the bode plot is drawn to
check the stability of the system. Also, the errors are calculated to check the accuracy of the approximated 4th order
system. From the step response behavior in ﬁgure 8, it can
be checked that the reduced approximated system obtained

Sådhanå (2021)46:90

Page 13 of 24

Figure 8. Step response curve for 8th order system of example 2
and its reduced approximation of 4th order obtained by proposed
technique of model order reduction.

from the proposed method follows exactly same path that is
followed by the original 8th order system and also removes
unwanted spikes occurring in the large ordered system
before reaching the steady state. So according to the
graphical representation, the proposed method is the best
suited to obtain the reduced order approximation of the 8th
order large system. The various time domain performance
parameters, that can be obtained from the comparative
analysis of the original and reduced approximation is given
in table 5, which suggests that the value of all time domain
performance parameters viz. rise time, settling time, overshoot are almost same in the original large ordered and the
reduced order system obtained from the proposed

90

methodology. Also the value of steady state error in the
reduced system obtained is zero which makes the reduced
system stable. Hence based on step response characteristics
of ﬁgure 8 and table 5, the reduced system can be said to be
a good approximation of the 8th order system of eq. (26).It
is a necessity to check the accuracy of the obtained
approximated system on the basis of other errors which are
also a prime requisite to obtain the good approximation.
The amount of error occurring in the reduced system
obtained from the proposed methodology is given in
table 6.
Table 6, shows that the amount of error among the
original 8th order system of eq. (26) and the reduced 4th
order system of eq. (29) obtained from proposed methodology is very less and on this basis; we can put forward that
the proposed methodology is the best suited for the
reduction of the 8th order SISO system.
Now, it is required that the applied reduction technique
must have the minimum changes in the parameters which is
obtained and justiﬁed from ﬁgure 8 and table 5; the reduced
system obtained must be accurate which is justiﬁed from
table 6. Moreover, it should be kept in consideration while
applying the order reduction technique that the margins
related to the stability must be within the limits even after
reduction of the system from a higher order to the lower
order. These margins can be justiﬁed by bode plot comparison of the original 8th order system and the reduced
system obtained after applying proposed method. The
comparative bode plot to justify the margins is given in
ﬁgure 9, which shows that the bode plot among the original
and reduced system removes the unnecessary peaks which
occurs in the original system and makes the response ﬂat
and reduced system preserves the value of gain margin and

Table 5. Comparison of the time domain performance parameters among original 8th order and reduced 4th order system obtained from
proposed method in example 2.
Parameters
System
Original System
Reduced System

Rise Time (Sec.)
3.894
3.872

Settling Time (Sec.)
7.575
7.221

Over-shoot (%)

Steady State error

0
0

–
0

Table 6. Amount of error in between the original 8th order system and reduced 4th order system obtained from the proposed
methodology on example 2.
Errors
System
Reduced System

Integral Square Error (ISE)
0.534

Integral Time Absolute Error (ITAE)
11.20

Integral Absolute Error (IAE)
1.894

90

Page 14 of 24

Sådhanå (2021)46:90

Figure 9. Bode plot diagram showing the comparison among the
original 8th order system of example 2 and its reduced 4th order
system obtained from proposed technique.

Table 7. Comparison of gain margin and phase margin in
between the original 8th order system and reduced 4th order system
obtained from proposed methodology on example 2.
Parameters
System
Original System
Reduced System

Gain Margin (db)
Inf
Inf

Phase Margin (degree)
29.776
90.833

phase margin as that in the original system. The value of
gain margin and phase margin for both the systems
obtained from the bode plot analysis is shown in table 7.
Table 7 shows that the value of gain margin for both of
the system is same and phase margin of both the systems
has positive value, hence it can be revealed that the
reduction of the 8th order system of eq. (26) by the proposed
methodology doesn’t alter the stability and hence proposed
methodology possess the stability in the reduced system
obtained.
Comparative Analysis: The comparative analysis is
performed to check the effectiveness of the proposed
technique in comparison with the previously developed
techniques. This comparison is illustrated in ﬁgure 10,
which shows that the response of the proposed technique
and previous literature techniques is almost same and follows the same path as that of the original large order system. There is very small difference among the step response
of the proposed system and previously derived techniques.
The step response shows that there are spikes in the original
system response before attaining the ﬁnal value which is
followed by almost all the previous techniques but these
spikes are removed in the proposed system. The highlighted
portion shows that the response of the original system and

Figure 10. Comparison of step response curve for the original
system and reduced system obtained by proposed technique and
previous literature for example 2.

reduced system derived by other previous literature technique is having spikes which are not beneﬁcial for any
system to be stable. These spikes are removed by the proposed technique and the response gets ﬂattened after
reduction by proposed technique.
The comparison of the proposed technique and other
previously derived techniques can be performed on the
behalf of certain performance parameters which can help us
to check the competency of the proposed technique. This
comparison is depicted in table 8, where the performance of
the proposed technique is judged on the basis of the performance parameters viz. integral square error, integral
time absolute error, integral absolute error, peak overshoot,
rise time, settling time and steady state error. The study of
table 8 clearly shows that the amount of integral square
error is 0.534 for the proposed technique which is least
among all the previous techniques with minimum value of
integral time absolute error and integral absolute error. The
value of all errors for the reduced 4thorder system is of
minimum vale as achieved from the proposed method.
While studying the time domain performance characteristics, the value of overshoot is zero, rise time and settling
time of the system derived from the proposed technique is
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Table 8. Comparison of the proposed technique with previous techniques for example 2.

Technique
Original
System
Proposed
Method
Tiwari &
Kaur [37]
Singh et al
[35]
Hankel [9]

Reduced Order Transfer Function
–

ISE ITAE IAE
–

Settling Time
(sec.)

Steady state
error

3.894

7.575

–

0

3.872

7.221

0

3
þ66:6793s2 þ648:0825sþ357:0496 1.766 8.345 2.829
TðsÞ ¼ 0:1613s
s4 þ1:91s3 þ47:56s2 þ56:35sþ16

0.002

3.84

7.68

0.003

3
þ30:2549s2 þ757:2845sþ1436:5 8.558 16.899 5.736
TðsÞ ¼ 19:824s
s4 þ10:28s3 þ26:56s2 þ143:8sþ64:37

0

3.87

7.33

0.002

þ31:67s þ622:7sþ51:28
TðsÞ ¼ s410:22s
þ1:296s3 þ46:79s2 þ32:74sþ2:29

0

3.97

13.10

0.092

3

3

2

2

–

Rise Time
(sec.)

0

14:9s þ26:3s þ267sþ145
TðsÞ ¼ s4 þ2:01s
3 þ19:96s2 þ23:01sþ6:511

–

Over-shoot
(%)

0.534 11.20 1.894

1.759 70.496 6.146

quite similar to the original system as compared to the other
techniques. Also the amount of steady state error for the
system derived is zero which makes the proposed technique
best among all the technique discussed in the comparative
analysis.
Example 3: Next example is consisting of the system with
10th order transfer function of SISO type [23, 35, 39, 52] as
shown in eq. (30) as follows:
G10 ðsÞ ¼

N10 ðsÞ
D10 ðsÞ

ð30Þ

Where, N10 ðsÞ ¼ 5:407e19 and
D10 ðsÞ ¼ s10 þ 1800s9 þ 1:37e6 s8 þ 5:76e8 s7 þ 1:45e11 s6
þ2:27e13 s5 þ 2:14e15 s4 þ 1:15e17 s3 þ 3:13e18 s2 þ 3:24e19 s
þ5:407e19

TðsÞ ¼

s2

1:996s þ 37:3
þ 20:34s þ 37:33

ð32Þ

The population size of 50 is taken for the process with
constraint dependent crossover and mutation, selection is
stochastic uniform, and scaling function is rank type. The
population type used is double vector with total number of
generations equal to 200 acting as stopping criteria. The
stochastic iterations of the genetic algorithm are plotted and
shown in ﬁgure 11, which clearly describes the value of
coefﬁcients and the best value of ﬁtness function i.e. integral square error. The performance of system of eq. (32) is
checked and compared with the original system with the
help of step response of the two systems on the basis of
time domain performance characteristics and the bode plot
is drawn to check the stability of the system. Also the errors
are calculated to check the accuracy of the approximated
2nd order system.
From the step response behavior in ﬁgure 12, it can be
checked that the reduced approximated system obtained

This system (30) has to be reduced to a 2nd order
equivalent approximation. The system is having a total of
10 number of poles which are written as q1= -2.04, q2=
-18.3, q3= -50.13, q4=-95.15, q5=-148.85, q6=
-205.16, q7= -257.21, q8= -298.03, q9= -320.97, q10=
-404.16. After clustering, the reduced 2nd order denominator obtained is having two cluster centers as qc1= -2.04,
qc2= -18.3. So the reduced denominator can be given as:
D2 ðsÞ ¼ s2 þ 20:34s þ 37:33

ð31Þ

This reduced order denominator of eq. (31) is further used
to obtain the reduced order numerator. The reduced order
numerator will be of order one less than reduced order
denominator. The reduced order system has the unknown
coefﬁcients which are to be calculated from stochastic
iterative method genetic algorithm by taking the Integral
square error as the ﬁtness function which is to be minimized
to obtain the more accurate reduced order approximation.
After applying the genetic algorithm the reduced order
approximation obtained is as shown in eq. (32) after 72
iterations.

Figure 11. Best ﬁtness and best coefﬁcients calculation from the
genetic algorithm for the system of example 3. The best value of
integral square error from the genetic algorithm is 7.094 9 10-05
and best individuals are x(1) = -1.996 and x(2) = 37.3.
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Figure 12. Step response curve for 10th order system and its
reduced approximation of 2nd order obtained by proposed
technique of model order reduction on example 3.

from the proposed method follows exactly same path that is
followed by the original large order system. So according to
the graphical representation, the proposed method is best
suited to obtain the reduced order approximation of the 10th
order large system. The various time domain performance
parameters that can be obtained for the comparative analysis of the original and reduced approximation are given in
table 9, which suggests that the value of all time domain
performance parameters viz. rise time, settling time, overshoot are almost same in original large ordered and reduced
order system obtained from the proposed methodology.
Also, the value of steady state error in the reduced system
obtained is zero which makes the reduced system stable.
Hence based on step response characteristics of ﬁgure 12

and table 9, the reduced system can be said as a good
approximation of the 10th order system (30). The accuracy
of the obtained approximated system is checked on the
basis of other errors which are also a prime requisite to
obtain the good approximation. The amount of error
occurring in the reduced system obtained from the proposed
methodology is given in table 10, which shows that the
amount of error among the original 10th order system and
the reduced 2nd order system in eq. (32), obtained from
proposed methodology is very less and on this basis; we can
suggest that the proposed methodology is best suited for the
reduction of the 10th order SISO system (30).
The gain margin and phase margin can be justiﬁed by
bode plot comparison of the original system and the
reduced system obtained by the proposed method. The
comparative bode plot to justify the margins is shown in
ﬁgure 13, which indicates that the magnitude plot of
reduced order system is almost same as that of original
system and there is some shifting in the phase plot but the
reduced system preserves the stability as the value of gain
margin and phase margin in the reduced system is of same
polarity as that in the original system. The value of gain
margin and phase margin for both the systems obtained
from the bode plot analysis is shown in table 11, which
shows that the value of gain margin for both of the system
is almost same and phase margin of the reduced system
preserves the stability, hence it can be concluded that the
reduction of the 10th order system by the proposed
methodology don’t alter the stability and hence proposed
methodology possess the stability in the reduced system
obtained.
Comparative Analysis: The comparison of the proposed
technique with previously developed techniques is shown
in ﬁgure 14. It shows that the response of the proposed
technique and previous literature techniques are almost

Table 9. Comparison of the time domain performance parameters among original 10th order and reduced 2nd order system obtained
from proposed method for example 3.
Parameters
System
Original System
Reduced System

Rise Time (Sec.)
1.088
1.085

Settling Time (Sec.)
2.028
2.011

Over-shoot (%)

Steady State error

0
0

–
0

Table 10. Amount of error in between the original 10th order system and reduced 2nd order system obtained from the proposed method
for example 3.
Errors
System
Reduced System

Integral Square Error (ISE)
-5

7.061 9 10

Integral Time Absolute Error (ITAE)
0.01

Integral Absolute Error (IAE)
0.007
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Figure 13. Bode plot diagram showing the comparison among
the original 10th order system of example 3 and its reduced 2nd
order system obtained from proposed technique.

Table 11. Gain margin and phase margin in between the original
10th order system and reduced 2nd order system obtained from
proposed method for example 3.
Parameters
System
Original System
Reduced System

Gain Margin (db)

Phase Margin (degree)

12.84
10.19

-180
Inf

same and follows the same path. There is a very small
difference among the step response of the proposed system
and previously derived techniques. The literature techniques show that the initial slope is different from that of
the original system. Also before attaining the ﬁnal value,
the proposed method produces the exact response of system
as that of original system but other literature techniques
have some deviation in the step response so not exactly

Figure 14. Comparison of step response of the original system
and reduced system obtained by proposed technique and previous
literature for example 3.

same system as that of original system is obtained by the
previous developed techniques discussed in literature. The
comparison of the proposed technique and other previously
derived techniques can also be performed on the behalf of
certain performance parameters which can help us to check

Table 12. Comparison of the proposed technique with previous techniques for example 3.

Technique
Original System
Proposed
Method
Tiwari and Kaur
[52]
Al-Dabooni et al
[39]
Singh et al [35]
Parmar et al [23]

Reduced Order Transfer
Function

ISE

ITAE IAE

TðsÞ ¼ s21:996sþ37:3
þ20:34sþ37:33

7.061 9 10-5 0.01

TðsÞ ¼ s22:092sþ38:08
þ20:34sþ37:33

0.0038

TðsÞ ¼ s22:0549sþ37:3859
þ20:3682sþ37:3857

Over-shoot
(%)

Rise Time
(sec.)

Settling Time
(sec.)

Steady state
error

0.007

0
0

1.088
1.085

2.028
2.011

–
0

1.006 0.195

0

1.085

2.011

0.02

7.470 9 10-5 0.0067 0.006

0

1.085

2.011

0

0
0

1.051
1.215

1.891
2.189

0
0

50:346sþ432:4174
0.002
TðsÞ ¼ s2 þ209:0177sþ432:4174
28:3902sþ647:6004
TðsÞ ¼ s2 þ359:999sþ647:6019 0.0015

0.02 0.029
0.0432 0.045
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the competency of the proposed technique. This comparison is depicted in table 12, where the performance of the
proposed technique is judged on the basis of the performance parameters viz. integral square error, integral time
absolute error, integral absolute error, peak overshoot, rise
time, settling time and steady state error.
The study of table 12 clearly shows that the minimum
amount of integral square error is 7.061 9 10-05 which is
obtained by the proposed technique. Also, the value of
integral time absolute error and integral absolute error is
minimum value for the reduced system obtained by proposed technique. So, the study reveals that value of all the

errors for the reduced 2nd order system obtained from
proposed method is minimum value. While studying the
time domain performance characteristics, the value of
overshoot and steady state error is zero, rise time and settling time of the system derived from the proposed technique is most similar to the original system which was not
achieved in the other techniques. So the comparative study
suggests that the proposed method helps to obtain the more
accurate reduced approximation of higher order model.
Example 4: An uncontrolled two-area thermal-thermal
(non-reheated) power system bearing the transfer function
as shown in eq. (33) as follows:

Figure 15. Best ﬁtness and best coefﬁcients calculation from the
genetic algorithm for the system of example 4. (a) The best value
of integral square error from the genetic algorithm for T11/D3 &
T22/D3 is 0.034 and best individuals are x(1) = -1.21, x(2) = -3.26
and x(3) = -4.279. (b) The best value of integral square error from
the genetic algorithm for T12/D3 & T21/D3 is 0.0083 and best
individuals are x(1) = 0.554, x(2) = -0.383 and x(3) = 0.001.

Figure 16. Step response curve for 7th order system and its
reduced approximation of 3rd order obtained by proposed
technique of model order reduction on example 4 (a) for T11/D3
& T22/D3. (b) T12/D3 & T21/D3.
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Table 13. Comparison of the time domain performance parameters among original 7th order and reduced 3rd order system obtained
from proposed method for example 4.
Parameters
System

Rise Time (Sec.)

n11 ðsÞ
D7 ðsÞ
ðsÞ
Reduced System TD113 ðsÞ
ðsÞ
Original System nD127 ðsÞ
ðsÞ
Reduced System TD123 ðsÞ
ðsÞ
Original System nD217 ðsÞ
ðsÞ
Reduced System TD213 ðsÞ
ðsÞ
Original System nD227 ðsÞ
ðsÞ
Reduced System TD223 ðsÞ

Settling Time (Sec.)

0.2978

Original System

Over-shoot (%)

7.885

Steady State error

52.875

0

0.3439

7.307

39.569

3.55 9 10-6

10.855

9.8045 9 106

-

9.132

8.19 9 10

0

10.855

9.8045 9 10

-

1.88 9 10

9.132

8.19 9 10

0

0.2978

7.885

52.875

-

0.3439

7.307

39.569

0

-4

1.88 9 10

-6

3.55 9 10

-4

4
6

4

Table 14. Amount of error in between the original 7th order MIMO system and reduced 3rd order system obtained from proposed
method for example 4.
Errors
System

Integral Square Error (ISE)

Reduced System
Reduced System
Reduced System
Reduced System



T11 ðsÞ
D3 ðsÞ
T12 ðsÞ
D3 ðsÞ
T21 ðsÞ
D3 ðsÞ
T22 ðsÞ
D3 ðsÞ

a ðsÞ
½G7 ðsÞ ¼ 11
a21 ðsÞ

Integral Time Absolute Error (ITAE)

0.0277

1.489

0.394

0.0084

0.946

0.239

0.0084

0.946

0.239

0.0277

1.489

0.394



1
a12 ðsÞ
n11 ðsÞ
¼
a22 ðsÞ
D7 ðsÞ n21 ðsÞ

n12 ðsÞ
n22 ðsÞ



ð33Þ
The equation for numerators is given as follows:
n11 ðsÞ ¼ 0:05ð25:5s6  792:927s5  8238:3552s4 
36006:2932s  102971:0717s  185724:7845s  132739:0367Þ
3

Integral Absolute Error (IAE)

2

n12 ðsÞ ¼ 0:05ð26:652s5 þ 732:9299s4 þ 5663:5499s3 þ
7912:2992s2  5205:6686s  0:41644Þ

And the denominator is written as follows:
D7 ðsÞ ¼ s7 þ 30:1s6 þ 295:8329s5 þ 1282:7525s4 þ 4963:0643s3 þ
10590:277s2 þ 18051:8717s þ 13273:862

As n11(s) =n22(s) and n12(s) =n21(s), so the system is
said to be symmetrical as depicted by Vasu (2019).
The above mentioned system in eq. (33) is a 2x2 MIMO
system of 7th order, hence having seven poles written
as: q1=-1.2376, q2=-0.9911?2.2618i, q3=-0.9911?

2.2618i, q4=-0.3802?3.1887i, q5=-0.3802?3.1887i, q6=
-13.0522, q7=-13.0677. The 3rd order denominator of
reduced system is hence obtained by proposed MOR
method and reducing the number of poles from 7 to 3, as
written by eq. (34) as follows:
D3 ðsÞ ¼ s3 þ 2:171s2 þ 7:976s þ 8:558

ð34Þ

Reduced order denominator of eq. (34) is further utilized
to obtain the coefﬁcients of new numerator employing GA
by taking ISE as the cost minimization function. The
population size of 50 is taken for the process with constraint
dependent crossover and mutation, selection is stochastic
uniform, and scaling function is rank type.
The population type used is double vector with total
number of generations equal to 300 acting as stopping
criteria. The stochastic iterations of the genetic algorithm
are plotted and shown in ﬁgure 15, which clearly
describes the value of coefﬁcients and best value of ﬁtness
function i.e. integral square error. The reduced order
system of 3rd order obtained after applying the genetic
algorithm is:
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Figure 17. Bode plot diagram for 7th order system and its
reduced approximation of 3rd order obtained by proposed
technique of model order reduction on example 4. (a) for T11/
D3 & T22/D3, (b) T12/D3 & T21/D3.

Figure 18. Comparison of step response of the original system
and reduced system obtained by the proposed technique and
previous literature for example 4 for (a) for T11/D3 & T22/D3.
(b) T12/D3 & T21/D3.

Table 15. Gain margin and phase margin in the original 7th order MIMO system and reduced 3rd order system obtained from the
proposed method for example 4.
Parameters
System
Original System
Reduced System
Original System
Reduced System
Original System
Reduced System
Original System
Reduced System

Gain Margin (dB)
n11 ðsÞ
D7 ðsÞ
T11 ðsÞ
D3 ðsÞ
n12 ðsÞ
D7 ðsÞ
T12 ðsÞ
D3 ðsÞ
n21 ðsÞ
D7 ðsÞ
T21 ðsÞ
D3 ðsÞ
n22 ðsÞ
D7 ðsÞ
T22 ðsÞ
D3 ðsÞ

Phase Margin (degree)

1.533

-19.268

1.058

-2.282

36.658

Inf

19.069

Inf

36.658

Inf

19.069

Inf

1.533

-19.268

1.058

-2.282
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Table 16. Comparison of the proposed technique with previous techniques for example 4.
Reduced Order Transfer
Function

Technique

ISE

ITAE IAE
-

Rise Time
(sec.)

Settling Time
(sec.)

Steady state
error

Original System -

-

52.875

0.2978

7.885

-

Proposed Method TðsÞ ¼ 3 1:21s2 23:26s4:279
s þ2:171s þ7:976sþ8:558

0.0277 1.489 0.394 39.569

0.3439

7.307

0

8.8

0.09

3.55 9 10

10.855

-

0.0084 0.946 0.239 8.19 9 104

1.88 9 10-4

9.132

0

6:054s2 þ84:81sþ0:002 8.543 14.945 5.89 6.86 9 106
TðsÞ ¼ s3 þ7:1445s
2 þ15:370sþ66:914

4.86 9 10-6

10.61

0.0052

n11 ðsÞ
D7 ðsÞ

-

Over-shoot
(%)

T11 ðsÞ
D3 ðsÞ

2
141:19s669:143 9.25
TðsÞ ¼ s335:76s
þ7:1445s2 þ15:370sþ66:914
Original System -

Vasu et al [53]
n11 ðsÞ
D7 ðsÞ

Proposed Method TðsÞ ¼ 3 0:554s2 0:383sþ0:001
s þ2:171s2 þ7:976sþ8:558
T11 ðsÞ
D3 ðsÞ

Vasu et al [53]


1
T11 ðsÞ
TðsÞ ¼
D3 ðsÞ T21 ðsÞ

T12 ðsÞ
T22 ðsÞ

4.75

94.8 45.054

-

-



T11 ðsÞ ¼ T22 ðsÞ ¼ 1:21s2  3:26s  4:279
T21 ðsÞ ¼ T12 ðsÞ ¼ 0:554s2  0:383s þ 0:001
D3 ðsÞ ¼ s3 þ 2:171s2 þ 7:976s þ 8:558

ð35Þ
ð36Þ
ð37Þ

Eqs. (36) and (37) are the equations of the reduced order
numerator and denominator respectively for reduced order
system of eq. (35) derived from proposed technique. The
original and reduced system’s step responses are compared
for all cases of the system. Figure 16 shows the comparison
of the reduced and original system’s step response and it
can be seen that there is a reduction in the overshoot and the
ﬁnal response is obtained at a rate which is comparatively
faster than the original system.
Figures 16 (a) and (b) show that the maxima of the
overshoot and undershoot are reduced for the reduced order
system making it highly advantageous. Table 13 shows the
comparative analysis of the performance indices in time
domain for a11(s) and a22(s), derived through the step
response. Here, it can be seen that both system’s rise time
are nearly the same whereas, a considerable reduction is
seen for the settling time of the reduced model. The value
of overshoot is lesser and the value of steady state error
becomes zero. In the case of a12(s) and a21(s) transfer
functions, the time domain performance parameters such as
rise time, settling time and overshoot are lesser after
reduction by proposed methodology. Therefore, it is
revealed from the analysis that the performance of the
reduced system is enhanced by applying the proposed MOR
technique. The value of error between the original and
reduced system is less as depicted in table 14 and hence
making it suitable to use reduced-order approximated system at the place of original system.

0.316

9.8045 9 10

6

-6

Figure 17 shows bode plot analysis of the higher and
reduced-order system and help to obtain the stability
analysis. It reveals that the same magnitude and phase
plot of the reduced system follows the same path as that
followed by the original system and hence the GM and
PM of both systems are obtained. Both the margins are
of the same polarity as shown in table 15. Therefore, the
original system’s stability is maintained in the reduced
system. Hence, the proposed method possesses the
advantage that the reduced system comes out to be stable.
Comparative Analysis: The step response based comparative analysis is performed in ﬁgure 18 to compare
original and reduced system obtained from proposed and
literature methods. For the ﬁrst transfer function a11(s)
and a22(s), the value of overshoot is a little more whereas
the steady state is reduced for proposed system as compared to the other systems used in the comparative analysis as shown in ﬁgure 18 (a). Also there are lesser
number of overshoot/ undershoot as compared to the
original system. For the second case of transfer function
a12(s) and a21(s), the settling time is decreased and
overshoot is increased to a small amount but its value is
smaller than the previously developed technique of literature. Hence, it is reveals that the steady state is reached
faster by proposed methodology. Table 16 shows the
comparative analysis of the performance parameters. It
can be seen from the table that the ﬁrst three rows for the
a11(s) and a22(s), the value of ISE is 0.027 which is lower
than other literature method. Moreover, IAE and ITAE
also possess least value in comparison to all the previously developed methods. Proposed method is favorable
because the overshoot value is lower than [53] and also
the original system. The settling time of the system of
proposed method is less and the rise time is a little more
which indicates that the proposed method would arrive at
the ﬁnal value prior.
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The proposed system for a12(s) and a21(s) have lowest
value of ISE which is 0.0084. It also has lowest ITAE and
ISE. The settling time and overshoot values is also
reduced. Overall, it can be seen that the value of overshoot and settling time reduces to a great extent which
makes the proposed system highly preferable. There are
various advantages of the proposed method over the
techniques developed in the literature, which are described
as:
1. Zero steady state error is achieved through the proposed
technique, which is an indicative that the ﬁnal value of
the original systems is retained in the approximated
system.
2. The value of overshoot is reduced considerably in the
reduced-order system therefore there are lesser oscillations in the system obtained by the proposed
methodology.
3. The settling time of the reduced system is less which
shows that the plant reaches its ﬁnal value in less time in
the reduced system.
4. There is utilization of all the poles of the initial system in
proposed method.
5. The usage of GA for obtaining the transfer function
provides parameters with optimized value forming a
system with higher accuracy.
6. The proposed methodology provides a stable system
preserving the characteristics of the original system.
Therefore, from the above discussion, it can be suggested
that the proposed methodology is highly suitable for model
order reduction.

5. Conclusion
The problem of order reduction of single variable and
multivariable systems is examined in this paper. The
reduction methodology discussed the way of implementing
the technique of modiﬁed pole clustering for obtaining
reduced order denominator and genetic algorithm is used
for the reduction of numerator polynomial. The proposed
approach enables to produce the reduced approximation by
maintaining the gain margin and phase margin of the
original system. This means that the stability is maintained
and overshoot is reduced, settling time is also reduced with
zero steady state error among the original and reduced
models. The obtained reduced system maintains the lower
value of integral square error, integral time absolute error
and integral absolute error to generate the more accurate
reduced system. The performance of the proposed method
is checked by the examples of single as well as multivariable systems and a comparative analysis is conducted with
the previously obtained techniques.This approach can be
extended in future to decrease the value of errors by considering more errors as ﬁtness function for genetic

Sådhanå (2021)46:90
algorithm or more than one error can be combined in the
same analysis so that more optimized results can be
obtained. The technique proposed here can also be extended to work on more examples to make the proposed
method more feasible.
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