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Abstract. The infectious diseases with a viral origin are of signiﬁcant worldwide concern. In recent times,
pandemics are creating havoc across the entire globe. This paper presents a constructive analysis of a new
mathematical concept that will help the medical authorities to predict and to take controlling measures. In this
work, we use ordinary ﬁrst-order differential equations and compartmental model analysis for calculation of
infection rate, transmission rate, and reproduction number of the patients. A new Advanced Susceptible-Exposed-Infectious-Recovered model has been introduced, which has greater accuracy of the reproduction number.
The prediction of mode of disease transmission demonstrates the performance characteristics of the proposed
model.
Keywords. COVID-19; coronavirus; Advanced Susceptible-Exposed-Infective-Recovered model;
environmental compartment.

1. Introduction
COVID-19 (CoronaVirus Disease 2019) is caused by a new
strain of coronaviruses having viral origin. It is spreading
rapidly across the world and has been declared a pandemic.
Coronaviruses are a family of viruses that have spikes
protruding from their surface and are contagious in nature.
These viruses contain essential protein packages surrounding the genetic material. According to a survey report
the ﬁrst human coronavirus (HCoV) was isolated in the
year 1937 [1] but, later in the year 1965, the virus got its
name as coronavirus due to its ‘‘crown’’-like appearance
when seen under an electronic microscope.
On 31st December 2019 a new strain of coronavirus
(n-CoV) was ﬁrst identiﬁed as the cause of COVID-19
outbreak that emerged in the city of Wuhan, Hubei provinces, China, thereby making Wuhan as the original epicentre of this novel coronavirus outbreak. SARS-CoV 2
(Severe Acute Respiratory Syndrome—CoronaVirus 2)
proteins are the viruses responsible for COVID-19, the
nomenclature being done by World Health Organization
(WHO) on 11th February 2020. There have been remarkable progresses on SARS-CoV 2 treatment; however
*For correspondence

complete eradication of COVID-19 is still out of reach,
though many solidarity trials of different drugs are being
practiced. Introduction of a new mathematical model can be
considered as one of the ways to ﬁt the need of the hour. In
the absence of a successful vaccine, mathematical modeloriented interventions can be considered as an alternative
strategy for reducing the infection burden.
In recent years, several mathematical models have been
proposed for infectious diseases [2–6]. These models
helped the medical authorities in predicting the dynamics
and behavior of infectious diseases. In [2] the authors have
computed the crucial epidemiological model parameters for
prediction of the spread of SARS-CoV 2 outbreak. It was
concluded that imposing social distancing can help minimize the spread of this pandemic. In [3] authors have
presented a compartmental mathematical model but have
not used environmental compartment as proposed in this
paper. This compartment will signiﬁcantly affect the cause
for this pandemic. In [5] authors have used four coupled
non-linear ordinary differential equations (ODEs) for
detection of leukaemia/lymphoma virus. They compute
sensitivity indices of the reproductive numbers, which
measure the initial disease transmission. However, their
model used four compartments only. Wu et al [7] suggested
a SEIR (Susceptible-Exposed-Infectious-Recovered) model
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for COVID-19. In this model authors describe the transmission dynamics as well as reproduction number of the
disease, which comes out to be 2.68.. Tang et al [8] analyzed an individual-level epidemiological status and disease
control strategies for COVID-19. Read et al [9] proposed
their model based on the data ﬁtting of simple SEIR
components. According to this model, authors assume
Poisson-distributed daily time increments and report the
reproduction number of the disease as 3.1. Zhu et al [10]
proposed another model with an additional concept of deep
learning algorithms. In this model, the authors analyzed the
potential hosts and the impact of the deadly SARS-CoV 2.
The estimated outputs of this model deviate from the
originally recorded data, which is the major drawback of
this model. In [35, 36] the authors simulate and predict the
model, thereby concluding the oscillatory dynamics of
COVID-19 in future. The paper also states the strategies to
control the long-term impact of the disease. According to
the state-of-the-art of COVID-19 mathematical models, it is
observed that the calculation of disease transmission
number and reproduction number does not match the
mathematical model and actual data because the environmental component is not used in the model. In our present
model we propose an additional new compartment for the
coronavirus concentration in the environmental reservoir,
which gives a greater accuracy of the reproduction number
and prediction of the mode of disease transmission.

1.1 Our motivation and contributions
In this paper, we propose a mathematical model that is
capable of calculating reproduction number and is able to
predict the mode of transmission of COVID-19. According
to state-of-the art of COVID-19 [11–15] authors have
mainly used ordinary ﬁrst-order differential equations and
compartmental model analysis (CMA) for calculation of
transmission rate and reproduction number, but such
methods suffer from low accuracy. In this work we propose
an Advanced Susceptible-Exposed-Infectious-Recovered
(ASEIR) model in which we introduce additional compartments, namely quarantined (Q), diagnosed (J), and the
environmental reservoir (V). The inclusion of the environmental compartment into the model affects the reproduction number to a great extent, thereby increasing the
accuracy of the quantiﬁcation.
In order to formulate the control strategies, our major
contributions are as follows:
a) Knowing the severity of the pandemic by calculating
basic reproduction number.
b) Prediction of the graph of the infectious patients and its
comparison to the reported graph.
c) Prediction of the mode of transmission of the disease.
The remaining paper is arranged as follows. In the next
section, we present assumptions and problem statement of
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our proposed model. The proposed ASEIR model is discussed in section 3. Section 4 presents numerical simulations. Finally, the conclusions with future research
directions are provided in section 5.

2. Mathematical formulations
The intensity of an infectious disease outbreak can be
predicted with the help of basic reproduction number ðR0 Þ
as mentioned earlier. For the characterization of a disease
as pandemic or for any large publicized outbreaks, this
concept is essential. R0 estimations have been an important
part during the 2003 SARS pandemic [16] and 2012 MERS
[17] outbreak along with 2014 Ebola epidemic [18] in West
Africa. The category of disease depends on value of R0 as
[19, 20] follows:
8
normal ifR0  1
<
disease ¼ epidemic if1\R0  1:5
ð1Þ
:
pandemic otherwise:

2.1 Deﬁnitions and assumptions
Many scientists and epidemiologists are still busy in ﬁnding
the vaccines and drugs for treatment of the current pandemic disease. Therefore, it is necessary for the mathematicians to formulate certain estimations and control
strategies for the same. Mathematical modeling is one way
of analyzing the pandemic through various pandemiological characteristics and the basic reproduction number.
2.1a Deﬁnitions: According to the available data of
COVID-19, we categorize the people into seven compartments, as follows:
• Susceptible. This compartmental characteristic
includes people who are healthy but vulnerable to the
disease. These people can get infection when they
come in close contact with the exposed and infected
patients. They can also be infected through animal-tohuman transmission. In our proposed model, it is
denoted by SðtÞ.
• Exposed. This compartmental characteristic includes
people who are under the incubation period of about 14
days, after being affected by SARS-CoV 2. During this
time, they are capable of infecting others (possibly
with very low infectivity). They are asymptomatic and
gradually show symptoms after the incubation period.
In our proposed model, it is denoted by EðtÞ.
• Infectious. This compartmental characteristic includes
people who got the infection either through the direct
contact with other infected patients or through wildlife
transmission. They show strong infectivity and are
symptomatic. Yet they are not quarantined. Here, it is
denoted by IðtÞ.
• Quarantined. It includes that fraction of population
who have been infected by the disease, but are
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asymptomatic. They are kept isolated and are not yet
diagnosed by the medical authorities. In the proposed
model it is represented by QðtÞ.
• Diagnosed. This compartmental characteristic includes
people who have been infected, and are under proper
medical supervision. During this stage, some of the
patients die and some recover. In the proposed work, it
is denoted as J ðtÞ.
• Recovered. This compartment describes people who
recover from the disease and now fall into the
susceptible compartment again. There may be chances
that one person can be attacked by this disease for
more than once. In our proposed model, it is
represented by RðtÞ.
• Environment. It is an additional proposed compartment that we have introduced in our work, in order
to quantify the severity of the disease more
precisely. In this compartment, the exposed and
infected individuals are mainly responsible for the
spread of coronavirus in the atmosphere. Then either
through direct contact or through animal-to-human
transmission, these viruses spread into the susceptible compartment’s people. In our work, we have
denoted this compartment as VðtÞ.
2.1b Assumptions: In order to reduce the complexity of the
equations and to analyze the situation more clearly we
assume following:
• In a country or a territory, the distribution of population is homogenous.
• The total population in a country remains constant. The
numbers of new births and deaths are not taken into
consideration during the pandemic. This means deaths
are only due to the disease.
• Climatic interference is rejected since the spread of
COVID-19 due to climatic change is not mentioned
anwhere.
• All the direct contacts by the exposed and infected
patients with the susceptible ones (neglecting contact
with other compartmental people) are capable of
transmitting infection.
A schematic diagram representing the ﬂow of people in
various compartmental parameters is given in ﬁgure 1.

3. The proposed ASEIR model
In this section, we present the proposed ASEIR model in
detail. Initially, we discuss the initial conditions taken for
calculation. Further, we have used ODEs and calculated
the infection and transition matrix. Finally, the calculation of reproduction number predicts the severity of
disease. These steps are detailed in the following subsections.
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3.1 Initial conditions
The initial conditions used in this work are as follows:
(a) Parameters b1 ðtÞ; b2 ðtÞ; and b3 ðtÞ are all positive,
non-increasing functions such that the reduction of
transmission rates is well determined by the higher
values of E; I; and V components. We have considered two cases:
(1) b1 ðtÞ [ 0; b2 ðtÞ [ 0; b3 ðtÞ [ 0
(2) b01 ðtÞ  0; b02 ðtÞ  0; and b03 ðtÞ  0 where b0ðtÞ denotes
the derivative of the function bðtÞ.
(b) At time t ¼ 0 susceptible parameter is denoted by Sð0Þ,
which is equal to lk, and rest of the compartmental
parameters are equated to 0.

3.2 Calculation of infection and transition matrix
We describe the transmission dynamics of the COVID19 outbreak, using the following differential equations:
 
9
dS
>
¼ g  b1 SE  b2 SI  b3 SV  lS >
susceptible rate
>
>
dt
>
 

 >
>
>
>
dE
eþk
>
¼ b1 SE þ b2 SI þ b3 SV 
exposed rate
þl E>
>
>
>
dt
a
>

 >
 
>
>
>
dI
k
d
>
¼ E  l1 þ þ l I >
infectious rate
>
>
dt
a
a
>
>
 

 >
=
dQ
e
h
¼ E
þl Q
quarantined rate
>
dt
a
a
>
>
 
>
>
dJ
d
h
>
>
¼ I þ Q  ðc þ l2 ÞJ >
diagnosed rate
>
>
dt
a
a
>
>
>
 
>
>
dR
>
recovery rate
¼ cJ  lR >
>
>
>
dt
>
>
 
>
>
>
dV
;
environmental rate
¼ n1 E þ n2 I  rV >
dt

ð2Þ
where all the model parameters are deﬁned in table 1.
In this system of equations, the term a represents the
incubation period between the infection in an individual and the onset of symptoms. It is important to note
that we always divide a with the fractions of people
who are either infected or exposed to the viruses. This
is done to get the daily information of affected
individuals.
In this set of equations, the compartmental parameters
producing infection are E; I; and V only since people
under other compartments are either vulnerable to
infection (but not infected) or under proper guidance of
medical authorities. Hence with the help of the infection
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Figure 1. The distribution of Indian population in various compartments of ASEIR model.

Table 1. Biologically relevant parameters of India: deﬁnitions and values.
Sl no.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
17.

Model parameters
g
r
b1 ð0Þ
b2 ð0Þ
b3 ð0Þ
l
l1
l2
a
c
n1
n2
e
k
h
d
m

Biological deﬁnitions

Estimated parameter values

Inﬂux rate of the population.
3436.69 per day
Rate of removal of virus from the environmental reservoir.
1 per day
Transmission constant between susceptible and exposed.
1.86 9 10–8 per person per day
Transmission constant between susceptible and infected.
0.32 910–8 per person per day
Transmission constant between susceptible and environment. Fit to data
Natural death rate.
4.88 9 10–3 per day = 7.309%
Death rate of infected patient.
1.86910–4 per day = 2.877%
Death rate of diagnosed patient.
2.89 9 10–4 per day = 4.477%
Incubation period between infection and onset of symptoms. 2–14 days = 7 days (mean)
Rate of recovery of diagnosed patients.
1 out of 250 per day = 61.98%
Rate of shedding of viruses by exposed.
Fit to data
Rate of shedding of viruses by infected.
10–9 per person per day per ml
Transmission rate from exposed to quarantined compartment. 0.42
Transmission rate from exposed to infected compartment.
0.51
Transmission rate from quarantined to diagnosed compartment. 0.60
Transmission rate from infected to diagnosed compartment.
0.90
Positive adjusting coefﬁcient of the transmission rates.
Fit to data

components, i.e. E; I; and V, we can ﬁnd the infection
matrix ðF Þ and the transition matrix ðT Þ of the COVID19 disease as

2

b1 ð0ÞS0
ðF Þ ¼ 4 0
0

b2 ð0ÞS0
0
0

3
b3 ð0ÞS0
0 5;
0

Sources
[27]
[23]
[24]
[28]
–
[21]
[22]
[29]
[23]
[23]
–
[36]
–
–
–
–
–

ð3:1Þ
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2

eþk
6 a þl
6
ðT Þ ¼ 6
4 k
n1

3
0
d
l1 þ þ l
a
n2

2

07
7
7:
05
r

ð3:2Þ

Next, the severity of the disease is described by calculating the reproduction number. This number will determine the devastating impact of the disease on a country or a
territory.

6
6
6
6
6
61
6

) augðT Þ ¼ 6
60
60
6
6
6
6
4

ð4:1Þ
Now we need to make the left side of the augmented
matrix as the identity matrix and the right side will be
required for inverse transition matrix.
3
2
1
0 0
7
6
eþk
7
6
þl

7
6
a

7
61
0
0
k

7
6
d
1 07

6
augðT Þ ¼ 6  0 l1 þ þ l 0  e þ k
7

7
6
a
þl

7
60
a
n2
r
7
6
n1
6
0 17
5
4
eþk
þl
a


0 
0 
r

1
eþk
þl
a
k



eþk
d
þ l l1 þ þ l
a
a
n1
eþk
þl
a

0
1
d
l1 þ þ l
a
0

1
d
l1 þ þ l
a
n2
d
r l1 þ þ l
a


0

7
7
7
7
07
7
7
7:
7
7
7
7
17
7

r5

3

2

In a country or a territory, the severity of any disease
is known by its reproduction number. Basically, the
term ‘‘reproduction number’’ deﬁnes the total secondary infections caused by a single infected patient.
Mathematically it refers to spectral radius of next
generation matrix, formed by matrix multiplication of
infection matrix and inverse of transition matrix
ðFT 1 ) [12].
Initially, we begin with calculation of inverse transition
matrix. In order to ﬁnd the inverse, we need to ﬁrst calculate its augmented matrix as

2
3

eþ k


þ
l
0
0
 1 0 07
6 a

6
7
d
augðT Þ ¼ 6 
 0 1 0 7:
4  k
5
l1 þ þ l 0 
 0 0 1

a

 n
n2
r
1

6
6
6
6
61
0
6

) augðT Þ ¼ 6
1
60
6  0 n2
6
6
6
4


0 
0 
1

3
0

Therefore, the inverse of the transition matrix is the right
side of the augmented matrix with left side as the identity
matrix:

3.3 Calculation of basic reproduction number

2

0
1
0

1
eþk
þl
a
k



eþk
d
þ l l1 þ þ l
a
 a
d
n1 l1 þ þ l þ kn2
a



eþk
d
þ l l1 þ þ l
r
a
a
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3
07
7
7
7
7
07
7
7
7
7
7
17
5

T 1

1
eþk
6
6
þl
6
a
6
k
6 


6
d
6 eþk
þ l l1 þ þ l
¼6
6
a
 a
6
6
d
6 n1 l1 þ þ l þ kn2
6
a
6 


4 eþk
d
r
þ l l1 þ þ l
a
a

0
1
d
l1 þ þ l
a
n2


d
r l1 þ þ l
a

0

7
7
7
7
07
7
7
7:
7
7
7
7
17
7
r5

ð4:2Þ
We know that the reproduction number R0 is the spectral
radius of the next generation matrix. This implies
R0 ¼ qðFT 1 Þ, where q is spectral operator.
2
6
) R0 ¼ 4

b1 ð0ÞS0

b2 ð0ÞS0

b3 ð0ÞS0

0
0
0
0
2
1
6
eþk
6
þl
6
a
6
6
k
6 


6
d
6 eþk
6
þ l l1 þ þ l
6
a
a
6


6
6 n l þ d þ l þ kn
6
1
2
1
a
6 


6
4 eþk
d
þ l l1 þ þ l
r
a
a
) R0 ¼

0
0

3
7
5

0
1
d
l1 þ þ l
a
n2


d
r l1 þ þ l
a

3
07
7
7
7
7
07
7
7
7
7
7
7
7
17
7
7
r5


 

b ð0ÞS0 n l þ d þ l þ kn2
b1 ð0ÞS0
b2 ð0ÞS0 k

 þ 3 eþk 1 1 a d

þ eþk
eþk
d
r a þ l l1 þ a þ l
a þl
a þ l l1 þ a þ l

ð4:3Þ
) R 0 ¼ R 1 þ R2 þ R3 :

ð4:4Þ

Comparing Eqs. (4.3) and (4.4), we get
) R1 ¼
) R2 ¼ eþk
a

b1 ð0ÞS0
eþk
a þl

b2 ð0ÞS0 k


þ l l1 þ da þ l

ð4:5Þ
ð4:6Þ
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b3 ð0ÞS0 n1 l1 þ da þ l þ kn2



:
) R3 ¼
d
r eþk
a þ l l1 þ a þ l

Sådhanå
ð4:7Þ

These reproduction numbers quantify the severity level
of an epidemic. Here, R1 denotes the impact of the disease
due to the transmission of coronavirus from exposed to
susceptible individuals; R2 denotes the measure of severity
of COVID-19 on the susceptible due to the infected individuals; and R3 measures the contribution of the environment on the susceptible. The summation of all the three
reproduction numbers collectively determines the severe
impact of COVID-19 on a country or a territory.

4. Numerical simulations
For the purpose of numerical simulations, we applied our
proposed mathematical model on Indian database. We have
taken the daily data from WHO [30], ICMR [34], and other
ofﬁcial resources in order to verify our model. For the sake
of numerical simulations, we need to assume certain
functions for the transmission rates mentioned in our
model. We all know that according to the stability analysis
the severity quantiﬁcation and the transmission rates must
be positive and non-decreasing and hence our assumed
functions should be non-decreasing.
Let us assume the following functions:
9
b1ð0Þ >
>
>
) b1 ð E Þ ¼
>
1 þ mE >
>
b2ð0Þ =
ð5Þ
) b2 ð I Þ ¼
1 þ mI >
>
>
>
b3ð0Þ >
>
;
) b3 ð V Þ ¼
1 þ mV
where b1 ð0Þ; b2 ð0Þ, and b3 ð0Þ are positive constants representing the optimum values of the transmission rates, and
m is a positive coefﬁcient used for adjusting the values of
the transmission rates.

(2021) 46:85

patients are taken from the WHO ofﬁcial link [23, 32].
Generally it is analyzed that the incubation period of the
disease is from 2 days to 14 days and hence we have taken
its mean value, i.e. 7 days for the simulation. On an average
1 out of 250 conﬁrmed patients of COVID-19 recovers per
1
day, implying that the recovery rate of a patient is c ¼ 250
per day [23, 33]. In India, the government is working sincerely and is more active in isolation of the infected
patients. Also due to their proper diagnosis, the probability
of spreading the coronaviruses into the environment by an
infected individual is very less. Therefore, we have considered the virus shedding rate from an infected individual
ðn2 Þ to be negligible [36]. Still the viruses get into the
environmental reservoir from the exposed individuals, in
spite of creating awareness by the government and many
private agencies. All the model parameters along with the
transfer rate constants between the compartments are
shown in a tabular form in table 1. In other models the
environmental compartment is not taken into consideration,
which shows a large impact on the susceptible members.

4.2 Initial conditions and estimation of the model
parameters
In the proposed method now we have three model parameters, b3 ð0Þ; n1 ; and m, that are yet to be determined. For
their estimation let us ﬁt the model to the reported data of
India [23] from the ﬁrst corona positive case found in
Kerala, i.e. on 30th January 2020, to 2nd July 2020 using
the polyﬁt function in Non-Linear Least Squares method.
According to the reported data as on 30th January, we are
given the initial conditions in table 2. Here the initial susceptible population is considered as the net population of
the country, including the migrants [18, 25, 26].
The unknown parametric values can now be estimated
using the initial condition, data, and the assumed function
in Eq. (5). We have tabulated the parameters and their 95%
conﬁdence intervals in table 3. The Normalized Mean
Square Error (NMSE) for the data ﬁtting is simulated as
0.0006.

4.1 Proposed model calibration
For India we simulated our model for the epidemic period
starting from the ﬁrst COVID-19 positive case (on 30th
January 2020) in Kerala to 2nd July 2020, i.e. over a period
of 155 days. We used the data from various government
resources of the country. As per the government report,
during these 155 days, 532687 migrants were present in
India [18, 25–27]. According to research works coronaviruses can stay active in the environment for a few hours
to several days [23], and we assume that the rate of removal
of virus from the environment (r) is 1 per day. The transmission constants from exposed and infected patients are
taken from a recent study [15, 28]. The natural death rate
and the death rates of the infection-induced and diagnosed

Table 2. Initial conditions of the model parameters.
Model parameters

Initial values

Sð0Þ
Eð0Þ
I(0)
Q(0)
J(0)
Rð0Þ

13586631
0
1
0
0
0
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Table 3. Estimation of model parameters by Non-Linear Least
Squares method.
Unknown parameters
b3 ð0Þ
n1
m

Fitting value
0.78 9 10
1.93
1.07 910–4

–8

95% conﬁdence intervals
(0,4:067  108 )
(0,19.003)
(0.668910–4,1.169910–4)

4.3 Basic reproduction number calculation
We have estimated the unknown model parameters so
far. Now, based on the ﬁtting values of these parameters, let us calculate the individual reproduction
numbers R1 ; R2 ; and R3 and sum them up to know the
average reproduction number of India. Using Eq. (4.5),
we get the value of R1 as 1.51. Similarly, using
Eqs. (4.6) and (4.7), we obtain R2 and R3 as 0.84 and
1.22, respectively. Therefore, according to Eq. (4.4),
the basic reproduction number ðR0 Þ for the pandemic
sums up to 3.57. As discussed, the value of R0 quantiﬁes the severity of any epidemic. Since the value of
R0 is 3.57, this shows that the disease still has severe
impact mainly on the susceptible individuals [29].
Also, we have individually evaluated the values of R
due to transmission of coronavirus from exposed-tosusceptible, infected-to-susceptible, and from the
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environment. Note that highest infections spread from
the exposed individuals because they are asymptomatic, and alternatively the infected patients spread
least infections to the susceptible, thereby validating
our model. Also, one should not miss the signiﬁcant
contribution of the environment in spreading the
infection. This proves that environment can be a major
mode for the transmission of the disease.

4.4 Reported vs. predicted curves of infectious
patients
According to the reported data of WHO, the total number
of infectious cases and the death tolls are raising exponentially all across the globe. US is the worst hit of this
disease, crossing one lakh death cases within a few
months. In this aspect, India has controlled the situation
to a great extent. However, still the rate of infectious
growth is higher compared with the recovery rate. Figure 2 shows the reported cumulative conﬁrmed cases of
COVID-19 in India till 2nd July 2020 [30, 31]. From the
curve, we can see that there is an exponential rise in the
number of conﬁrmed cases of the disease during these
155 days.
Now with the help of this curve and the functions that we
have deﬁned in equation (5), we have predicted a graph for
a total of 400 days using MATLAB and compared the same

Figure 2. Cumulative infectious cases of COVID-19 in India between 30th January 2020 and 2nd July 2020.
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Figure 3. The actual plot (in dots) vs. the predicted plot (in line) of the cumulative infectious cases of COVID-19 in India.

Table 4. Performance comparison with state-of-the-art.

Paper
Sarkar et al [2]
Khajanchi and Sarkar
[36]
Proposed model

Mathematical
model
SARIIqSq
SAIUQR
ASEIR

RMSE
value

NMSE
value

187.465
29.984

0.0391
0.0084

15.289

0.0006

to the recorded curve. Figure 3 shows the comparison of
our predicted curve and the reported curve.

4.5 Comparison with state-of-the-art
In this section, we compare the performance of the proposed mathematical model to those of other mathematical
models on the basis of Root Mean Square Error (RMSE)
and Normalized Mean Square Error (NMSE).
RMSE is deﬁned as the measure of accuracy of the ﬁtting
data. It is given by
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Pn
2
i¼1 ðOðiÞ  PðiÞÞ
RMSE ¼
:
ð6Þ
n

The NMSE of the model output prediction is deﬁned as
Pn
ðOðiÞ  PðiÞÞ2

ð7Þ
NMSE ¼ Pn i¼1 Pn
i¼1 OðiÞ
i¼1 PðiÞ
where n indicates the overall size of the observed data,
O(i) represents the daily conﬁrmed COVID-19 cases, and
P(i) deﬁnes the predicted data. Values of the NMSE that are
close to 0 denote better model performance. NMSE is a
measure of the spread between observed and predicted
quantities.
The state-of-the-art models used for comparison in this
paper are as follows:
• SARIIqSq – Mathematical model proposed by Sarkar
et al [2],
• SAIUQR –Mathematical model proposed by
Khajanchi and Sarkar [36].
The performance of the proposed mathematical model is
compared in terms of RMSE values and NMSE values, in
table 4 and ﬁgure 4, respectively. From table 4 and ﬁgure 4
it is evident that the proposed model achieves lower RMSE
value as well as NMSE value in comparison with other
existing models, i.e. 15.289 and 0.0006, respectively.
Therefore, we can say that the proposed ASEIR model

Sådhanå

(2021) 46:85

Page 9 of 10

85

as the basis of the entire calculation. If, in future, some
climatic conditions affect the spreading rate of the disease,
then we can apply it in the proposed model and evaluate
accordingly. In the proposed model, we assume homogenous distribution of population across the countries and
their territories. For achieving better accuracy we ignore the
assessment of number of deaths and births during our calculation, which can be extended to spatial level where we
can divide the territory into smaller segments. The recorded
data about the number of COVID-19 patients are volatile.
Hence, we can improve our theoretical result and the
comparison can become more efﬁcacious once we get
accurate data about the infected people on the basis of
ample evidence.
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