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Abstract. This paper presents a comparative study between lab-developed attraction-type levitation prototypes of two different objects with different geometries but, importantly, the same mass. Effects of continuous
geometry without sharp corners in spherical ball vis-a-vis that of the plate having sharp corners introduce
significant changes in the analysis, operation and set-up development arising out of this subtle but characteristic
geometric difference, which lead to change in configuration of field lines. This broadly reflects on the design,
finite-element analysis, modelling, stability analysis, fabrication and controller design. The challenges and
stepwise procedures in design and fabrication for this change from a spherical shape to cuboid shape for the
same mass of levitated object have been highlighted in this work. Inductance, force and current vs. air-gap
characteristics, etc. have been determined first using the proposed novel and simplified analytical formulation
and then using finite-element (FE)-analysis-based software packages. Particularly, specific permeance-based
approach originally proposed by Robert Pohl for inductor alternators having double saliency is extended here
successfully for analytical formulation that has not been adopted by other researchers. The proposed analytical
model can be used to obtain a sufficiently accurate design, starting from nominal ratings, and hence for building
the model geometry for the FEM analysis. The FEM analysis cannot be conducted unless one has the model
geometric dimensions. The results thus obtained have been verified by actual experiments too. Thereafter, the
mathematical models for control of the systems have been derived analytically. There exists a good agreement
between predicted and measured results. This implies that the system modelling is precise, which leads to
accurate design and implementation of controllers. Analog controllers have been designed, analysed, implemented and practically experimented upon with steady levitated position for both the systems.
Keywords. Specific permeance; lead compensator; electromagnetic levitation; analytical modelling;
electromagnetic analysis; electromagnetic coil.

1. Introduction
Use of levitation in varied and ever-increasing applications
has given renewed impetus to research efforts in the
direction of electromagnetic levitation [1, 2]. The major
advantage in such cases is the absence of contact friction,
leading to lesser heating of moving parts, resulting in
greater running efficiency. The common theme in all these
electromagnetic applications is the lack of mechanical
contact and hence the elimination of all, except aerodynamic, friction, leading to lesser power requirement for
propulsion, wherever applicable. This improves energy
efficiency, brings down maintenance costs and enhances the
useful life of the systems. There are many applications of
*For correspondence

levitation, e.g. levitated induction melting, magnetic bearing, levitated traction, etc. [3–6, 8–10]. A single-axis
attraction-type levitation prototype with design, analysis,
set-up fabrication and control has been presented in [11].
Sinha [12] has discussed the control of static electromagnetic suspension systems.
Electromagnetic levitation and propulsion for the levitated conveyance systems have been addressed by Ohashi
[13]. An attraction-type magnetic levitation system with
three AC electromagnets (EMs) has been investigated by
Khamesee et al [14]. However, no comparative study is
done for different geometries of the levitation prototypes.
A DC attraction-type levitation system has been presented
by Banerjee and Bhaduri [15]. However, a mechanical
restrainer is used and hence, no tilt-related issues in transverse directions have been addressed by the authors.
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Numerous researchers have presented a wide variety of
interesting investigations [16–25] and made significant
contributions in this area. However, no comparative study
of levitation for objects of different geometries but of same
material (steel) and mass is found anywhere in the existing
literature. The changes that arise in coil design, controller
design and set-up fabrication due to the change of geometry
of the object to be levitated are subtle and significant, yet
hardly investigated. A key point that may need to be made
here is that, in the absence of a more accurate analytical
model, it may not be possible for the designer to arrive at
the basic dimensions of the levitation apparatus. Even if a
more accurate finite-element method (FEM)-based analysis
is to be conducted using standard available software
packages, the basic requirement for the FEM software is
also the model geometry. Thus the model geometry for the
FEM analysis essentially needs a first level analytical
model for arriving at the basic dimensions depending on the
voltage, current, mass, etc. ratings of the desired application. The existing models are, as discussed earlier, found to
be either over-simplified (in case they are analytical) or
completely computation dependent and lack an analytical
feel (in case they tend to give accurate results).
In this work the afore-mentioned issue is addressed by
trying to develop an analytical approach that is not complex
but, in the presence of the suggested developed analytical
formulation, allows the designed to develop an insight on
the dependence between the model geometric dimensions
and ratings without the need for depending a little blindly
only on a computer programme/software. The results
obtained by such an analytical model are found to be
remarkably accurate. The FEM models can be employed
still, but for fine-tuning the existing dimensions to get better
perfection and accuracy only.
The other major point that is addressed here is that in the
prototypes the masses of the levitated objects are kept
same; as reported here, this approach is noteworthy and
promises to clearly bring out the effects that any change in
field spatial distribution/geometry can bring about in
practical performance-related aspects. Such a study is novel
in itself.
A very salient point might be worth sharing here
regarding the significance of the effect of thin cuboid
structures and the tilt introduced while levitating these
plate-like asymmetric objects. First of all, the real-life
levitation problems like those of maglev trains involve
levitation of essentially thin cuboid or plate-like structures
distributed throughout the lower surfaces of the maglev
bogies. Next, in real life it is impossible to ensure perfect
vertical levitation of the entire mass of such an extended
object like the bogie of a maglev train. Thus, issues of such
asymmetric plate-like objects need to be appropriately
addressed and their tilt issues accounted for in a closed-loop
controlled fashion for successful levitation every time.
Hence the criticality of the asymmetric object and the
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necessity for investigating its basic levitation principles
electromagnetically speaking have been discussed.
A review of the existing literature also reveals that
simplified but detailed analytical modelling of the positiondependent inductance, which is the key to the attractive
force developed in an attraction-type levitation set-up, is
usually not dealt with. Though a number of experimental
works are reported still almost no study on validation of
analytical, practical and simulation results is found,
let alone mention of the steps of fabrication and implementation of the set-up. Electromagnetic levitation set-up
fabrication also necessitates a precise parameter evaluation
and validation exercise, which is absent in the reported
literature. In this work all the parameters are first determined by proposing simplified analytical models following
methods originally due to Pohl [4, 7] and successfully
extended to similar levitation work by the present authors
[26] earlier too. Extending Pohl’s approach to circular/spherical ball geometry has been a novel venture of this
work and is not found anywhere else in the published literature. This in turn affects the approach in calculating the
levitation force as given by
i i 2
N 2 l0 w h
bz2
ð1Þ
aþ 2
4
2z þ bbz z
h
i
2
2
where the term N 4l0 w a þ 2z2bzþbbz is often represented by a
FðzÞ ¼

constant C in the published literature [12, 14, 15, 27]. In the
absence of an approach as adopted here, most authors have
treated it as a constant. The present method lays the
mathematical scope of force formulation wide open and
closer to the practical situations. This is a significant contribution of the present work.
This paper presents a comparative study on the design,
FEM-based analysis, system modelling, set-up fabrication,
control and experiments on two lab-developed levitation
prototypes where a spherical steel ball (mass 62 g, figure 1(a)) and a rectangular steel plate (mass 65 g to be
precise, figure 1(b)) have been successfully levitated. The
results of the proposed analytical model have been verified
against those obtained from FEM-simulation, and then

Figure 1. Two steel objects with different geometries.
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through actual experiments. The observed mutual agreement between the results from these methods is striking.
The stabilising analog controllers for these two different
set-ups have been designed, fabricated and implemented
and their performance has been simulated and then practically tested. A simple lead compensator has been designed
and implemented for the spherical ball levitation case but
for the plate, a two-loop controller has been implemented to
achieve stability. In this case, feedback sensors are implemented in all the directions across the plate. The salient and
in-principle distinction between the two prototypes lies in
the fact that the steel ball has spherical symmetry while the
steel plate is geometrically mutually asymmetric in the x 
y  z directions and has sharp geometric discontinuities at
the edges. This causes a basic difference of configuration
between the field patterns, which leads to essential differences in system models and control challenges. A point by
point comparative study of levitation for the two prototypes
has been also presented here.
The paper is organised as follows. Section 2 describes
the analytical formulation, FE analysis and parameter
evaluation of both the systems while section 3 presents the
system modelling. The system stability analyses are included in section 4. The experimental result and discussion
have been presented in section 5. Section 6 presents the
concluding remarks.
The next section deals with development of analytical
models. Hereinafter, in the text, simulations done using
FEM are mostly referred to as ‘‘FEM-simulated’’, calculations done using the novel proposed formulation are referred to as ‘‘calculated’’ and practical results are referred to as
‘‘practical’’, unless stated otherwise.

2. Analytical formulation
This section is aimed at developing simple yet detailed
analytical piecewise/zonewise continuous expressions for
the coil inductances, which are dependent on the position of
the levitated steel mass for the two different prototypes.
Thus, the effects of the basic differences in field patterns do
not get clouded by a lumped terminal inductance approach.
The differences in the spatial distribution of flux lines show
up appropriately in the x- and z-directions as movement in
the y-direction is restricted, in the absence of need for
propulsion studies presently. This important point may be
noted as one follows the appropriate formulations in the rest
of the text. The exercise is taken up first for the steel ball
case. Then the method is extended to the steel plate levitation system. The permeance modelling for the ball levitation system is characteristically different from that of the
plate system (figures 2, 3, 4 and 5) as there are no sharp
corners and edges due to the uniform and continuous
spherical geometry.
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One may be of the opinion that the effect of difference in
geometry will show up in the permeance. However the
major point remains that it is extremely difficult to arrive at
analytical continuous closed-form expressions for the permeances and hence the inductances. In the absence of such
expressions the designer shall not be able to obtain the firstlevel dimensions of the levitation apparatus through an
elementary hand-calculable approach. It was observed by
experts of magnetics calculations, in the early days of work
on magnetics in electrical apparatus, that methods like
conformal mapping, etc. were well suited to take care of
such field structure discontinuities. However for doubly
salient structures like the present ones, even conformal
mapping techniques get sufficiently more involved. The
work by Pohl [4] sought to address the same for an inductor
alternator [7, 24, 28]. His approach has been successfully
extended here, may be as a novel venture for attraction-type
levitation prototypes, with a view to achieve the aforementioned analytical definition.
a) For the steel ball
With reference to figures 2a–figure 3b, assuming that all
the flux generated by the EM passes through the ferromagnetic guide-way (figure 2b), the instantaneous coil
inductance may be expressed as
LðzÞ ¼

N
N2
UT ¼
¼ N 2 PT :
iðtÞ
RT

ð2Þ

The mechanical dimensions of the set-up are shown in
figures 1(a) and 3b. Here, is the number of turns of the
coil, i(t) is the instantaneous current through the coil, UT is
the total flux in the magnetic circuit, RT is the total
reluctance of the entire magnetic circuit, PT is the total
permeance, z is the air gap between electromagnetic coil
and ball, x is the total shift along horizontal line, x1 is the
the small deviation in x-direction, diameter of the ball (D) =
2.45 cm, diameter of the core (Dcore ) = 4.6 cm, Hy ¼ 13:1
cm, hy ¼ ðHy  DÞ=2 ¼ 5:325 cm, Hx ¼ 10:2 cm,
D

hx ¼ðHx  D  zÞ cm and width of the frame in a direction
perpendicular to the plane of the paper (w) = 4.6 cm.
The flux linkages at any instant can be written as
w ¼ Li ¼ N/:

ð3Þ

Using Kirchoff’s Voltage Law (KVL), the instantaneous
voltage across the magnet coil terminals is given by
v ¼ Ri þ

dw
:
dt

ð4Þ

Also, from mmf balance
/Fe RFe þ /air Rair ¼ Ni

ð5Þ

where the subscript ‘Fe’ holds for the iron parts. Considering no leakage of flux, /Fe ¼ /air ¼ / so that (4)
becomes
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Figure 2. Prototype for the levitation of steel ball (62 g).

Figure 3. Analytical modelling of the ball levitation prototype.

/ðRFe þ Rair Þ ¼ Ni:

ð6Þ

If the iron parts are unsaturated, then Rair [ [ RFe . For
such levitation mechanisms the relatively large air gap,
compared with electric machines and inductors, ensures
that the iron parts remain mostly unsaturated under usual
operating conditions. Hence, justifiably neglecting RFe , the
instantaneous coil inductance is written as

LðzÞ ¼

N
N2
UT ¼
¼ N 2 P air :
i
Rair

ð7Þ

Analytical determination of P air for different positions of
the ball is not simple. The authors have earlier [26] applied
a novel approach towards permeance evaluation originally
used by Pohl [4] for inductor alternators and later on by
others for SR machines [7, 24, 28]. In the following
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expected to affect the actual analysis or the numerical
results obtained therefrom in any significant way. In case
the ball shifts along a horizontal line to the left (or right),
say, w.r.t. the central vertical axis, the permeance may be
formulated as in the next sub-section. The steel ball is
considered to be infinitely permeable and hence a magnetically equipotential.

2.1 Analytical formulation of inductance
at a given vertical height but for shift
along horizontal line
Figure 4. An isometric view of the coil and the steel plate.

For a given vertical position z (measured from the EM coil)
let us assume that the ball is initially at the nominal position, i.e., on the central axis without any shift. The entire
flux distribution may be broken up into flux tubes (in a 2D
planar diagram, flux-bands) within different zones. Within
each of these zones the nature of flux lines is continuous.
The zones have been named as AB (zone 1-b), CD (zone 2b), EF (zone 3-b) and GH (zone 4-b). Hereinafter, in the
text, ‘‘b00 refers to the ball and ‘‘p00 to the plate.
Considering figure 3a, using specific permeance method
[4] for zone 1-b (taking x1 as the running variable), the
permeance (P 1 ) can be written as
P 1 ¼ 2l0

Z

ðDCore xÞ
2

0

px1 dx1
:
z þ x1 sin1 ðxD1 Þ

ð8Þ

Similarly, the permeance for zone 2-b (P 2 ) is given by
P 2 ¼ 2l0
Figure 5. Spatial plot of H vectors of the model at the operating
current of 0.55 A (FEM-simulated).

or

P 2 ¼ 2l0

Z
Z

D
2

0
D
2

0

px1 dx1
hx þ x1 sin1 ðxD1 Þ

ð9Þ

px1 dx1
:
ð7:75  zÞ þ x1 sin1 ðxD1 Þ

Again, permeance for zone 3-b (P 3 ) is given by
formulation the choice of the angle b (shown in figure 3a
and measured w.r.t. the horizontal line) is critical and is
guided by the original work by Pohl for ‘‘s=g00 ratios, which
is seemingly constant and is around 1.1 radian. A subtle
point needs to be made here. Unlike the other cases where
the authors have applied this method the ball has a smooth
(continuous) geometry, while the EM side has sharp corners
and hence discontinuities. Accordingly Pohl’s method,
though originally applied to doubly salient structures, has
been applied here only on the EM side of the flux lines, the
ball side of the flux lines being smooth (and hence traditional specific permeance concepts are applicable).
Referring to figure 3a, it may be appreciated that, in the
steady state the ball shall be levitated in some position
(operating point) as shown. Under such a condition the flux
lines are symmetric about the central axis and the vertical
flux tube is cylindrical since the iron part above the EM is
cylindrical though the rest of the frame is not cylindrical.
Due to the large iron permeance, such an assumption is not

P 3 ¼ 2l0

Z

D
2

0

or

P 3 ¼ 2l0

Z

D
2

0

px1 dx1
ðhy  xÞ þ x1 sin1 ðxD1 Þ
px1 dx1
:
ð5:325  xÞ þ x1 sin1 ðxD1 Þ

ð10Þ

Similarly, the permeance for zone 4-b (P 4 ) is given by
P 4 ¼ 2l0

Z

D
2

0

or

P 4 ¼ 2l0

Z

0

D
2

px1 dx1
ðhy þ xÞ þ x1 sin1 ðxD1 Þ
px1 dx1
:
ð5:325 þ xÞ þ x1 sin1 ðxD1 Þ

ð11Þ

Now, the total reluctance of the entire magnetic circuit
(RT ) becomes Rair = [R1 þ ðR2 k R3 k R4 Þ and total
permeance is P T ¼ P air ¼ R1T .
The inductance is thus given by LðzÞ ¼ N 2 PT . For each
value of z one can obtain L(z) characteristic, as shown in
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figures 6 and 7. One can clearly see that when the distance
between the ball and the magnet core increases, the permeance decreases (figure 8) and hence the reluctance
increases. Calculated inductance vs. x plots for different
values of z are shown in figure 14a.
From the FEM analysis and using curve fitting techniques, the polynomial function of inductance along x-direction (figure 14a) can be expressed as
Lx ¼ A þ Bx þ Cx2
dL
¼ ðB þ 2CxÞ
dx
i2 dL
restoring force ðFx Þ ¼ 
2 dx
¼ 

i2
ðB þ 2CxÞ
2

ð12Þ
Figure 8. Calculated permeance vs. air-gap height plot along
vertical line without any shift in x-direction for the ball.

ð13Þ

where A, B, C are constants at different z.
Calculated Fx vs. x plot at the nominal height is shown in
figure 14b. Also figure 14c and d shows, respectively, caldL
culated dL
dz vs. z plot and dx vs. x plot at the nominal height. For
the ball case there are no sharp corners or edges due to

continuous geometry. It can be observed that the effect of
restoring force is minor for spherical shaped object compared
with an asymmetric shaped object. This, like the continuity of
the dL
dx vs. x plot, is plausibly due to its continuous geometry.
b) For the steel plate
Next, the derivation of piece-wise continuous expression
utilising Pohl’s method [7, 26] is extended to the flat steel
plate case where mass of the plate is the same as that of the
steel ball. One may refer to figures 1(b), 12 and 13, where
the length of the plate (x) = 5.7 cm, the width of the plate
(w) = 4.3 cm, x1 is the the small deviation in x-direction and
z is the air gap between electromagnetic coil and plate.
Unlike spherical steel ball where no corner points exist, for
the steel plate case there are corner points and hence geometric discontinuities.

2.2 Analytical formulation of inductance
at different vertical heights without any horizontal
shift
Figure 6. Inductance vs. air-gap (L(z)) height plots for practical,
FEM-simulated and calculated cases for the ball prototype.

Considering figure 12, the flux flow area has been divided
into four zones (1–4).
Permeance for zone 1-p ðP 1 Þ can be written as
P1 ¼

l0 wa
:
z

ð14Þ

Again, permeance for zone 2-p ðP 2 Þ is given by
P 2 ¼ l0 w
¼ l0 w

Z
Z

b
2

0
b
2

dx1
ðz þ bx1 Þ
dx1

zð1 þ bz x1 Þ

b2
l w
b
¼ 0 lnð1 þ x1 Þ
b
z
0
l0 w 
b b
ln 1 þ
P2 ¼
:
b
z2
0

or
Figure 7. C (force constant) vs. air-gap height plots for practical,
FEM-simulated and calculated cases for the ball prototype.

Similarly, permeance for zone 3-p ðP 3 Þ is given by

ð15Þ
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P3 ¼

l0 w 
b b
ln 1 þ
:
b
z2

1 dL
FðzÞ ¼  i2
2 dz
i
N 2 l0 wi2 h a 
bb
or FðzÞ ¼
þ
z2
2z2 þ bbz
4
h
i i 2
N 2 l0 w
bz2
or FðzÞ ¼
aþ 2
4
2z þ bbz z

ð16Þ

For zone 4-p, ðP 4 Þ can be written as follows:
P4 ¼

l0 wa
:
z

ð17Þ

Now total reluctance ðRT Þ can be written as
RT ¼ Rair ¼ ðR1 k R2 Þ þ ðR3 k R4 Þ
or P T ¼ P air ¼

1
RT

ð18Þ

ð19Þ

Now, substituting PT in (19), inductance L(z) can be
derived as

Thus,

dL
dz

ð20Þ

can be derived as
i
dL
N 2 l0 w h a 
bb
¼
þ
:
dz
2
z2
2z2 þ bbz

ð23Þ

2

LðzÞ ¼ N 2 PT :


N 2 l0 w h a
bb i
þ ln 1 þ
LðzÞ ¼
:
2
z
2z

81

ð21Þ

The rate of change of energy stored in the magnetic circuit
is
"
#
dð12 Li2 Þ
1
di
2 dL
ð22Þ
:
Fz ¼ 
¼  2Li þ i
2
dz
dz
dz
The mechanical energy transferred is the sum of electrical
energy input and rate of change of energy stored in the
di
magnetic circuit. The term dz
is considered as zero at the
operating point as the current reaches a maximum.

is considered in most of the pubwhere LðzÞ ¼ N l0 wð2aþbÞ
2z
lished literature [12, 14, 15, 27] (total length x is 2a þ b and
width is w in figures 12 and 13), but here the authors have
considered L(z) derived from analytical modelling using
Pohl’s method, which matches with the practical force vs.
air gap plot (table 1).

2.3 Analytical formulation of inductance
for different horizontal shifts at given vertical
height
The expressions for different horizontal shifts at the same
height of levitation are included here for the sake of ready
reference [26]. However the evaluation of the same at
different heights is not discussed in [26] and is included
here due to its relevance in the present context.
Considering figure 13, the flux flow area has been divided into six zones (1–6).
Permeance for zone 1-p ðP 1 Þ can be written as
or,

P1 ¼

l0 w 
b 
ln 1 þ x :
b
z

ð24Þ

Again, permeance for zone 2-p ðP 2 Þ is given by
P2 ¼

l0 wa
:
z

ð25Þ

Similarly, permeance for zone 3-p ðP 3 Þ is given by

Now, substituting ð dL
dz Þ (21) in (22), we get

Table 1. A comparison on end results of conventional approach vs. proposed analytical approach.

Items

Conventional
approach

Total length (figure 1(b), 12)
Width (figure 1(b), 12)
L(z) (figure 12)

x ¼ 2a þ b
w

dL
dz

N

FðzÞ ¼  12 i2 dL
dz

N 2 l0 wð2aþbÞ
4

Force constant (C)

N 2 l0 wð2aþbÞ
4

L(z) for x=0 (figure 13 and (31))

N 2 l0 wð2aþbÞ
2z

F(z) at z0 ¼ 8 mm, i0 ¼ 0:45 A
(operating point)

FðzÞ ¼ 2:43 N

N 2 l0 wð2aþbÞ
2z
2

l0 wð2aþbÞ
2z2

 2
i
z

Proposed analytical approach
x ¼ 2a þ b
w
h
i

N 2 l0 w a
bb
þ
ln
1
þ
2z
z
2

h
i
2
 N 2l0 w za2 þ 2z2bb
þbbz

h
i
N 2 l0 wi2 a
bb
þ
2
2
4
z
2z þbbz
C can be plotted from
inductance plot (figure 16)
h
i

N 2 l0 w a
bb
2
z þ ln 1 þ 2z
FðzÞ  0:64 N (weight of the
65 g flat plate)
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P3 ¼

o
l0 w n
bb
ln 1 þ
x
b
z 2

Calculated restoring force for the displacement in x-direction
at the nominal height for the plate is shown in figure 26.
The calculated L(z), dL
dz , F(z) and force constant (C) are
compared to the results obtained by the conventional
approach (table 1), showing that calculated levitated force
at the operating point is exactly the same as weight of the
plate causing steady levitation at the operating point. The
current vs. air gap plot is also derived from the analytical
model for a required levitated force (F ¼ mg), an approach
hitherto not found in the literature on levitation. Such a plot
could be obtained only by using the simple analytical formulation proposed here. In the absence of such a formulation it cannot be obtained analytically.

ð26Þ

while for zone 4-p ðP 4 Þ, it can be written as
P4 ¼

o
l0 w n
bb
ln 1 þ
þx :
b
z 2

ð27Þ

Also, permeance for zone 5-p ðP 5 Þ can be expressed as
P5 ¼

l0 wða  xÞ
z

ð28Þ

while permeance for zone 6-p ðP 6 Þ is given by
P6 ¼

l0 w 
b 
ln 1 þ x :
b
z

ð29Þ

3. System modelling

Now total reluctance ðRT Þ can be written as
RT ¼ ðR1 k R2 k R3 Þ þ ðR4 k R5 k R6 Þ:

The force of attraction between the EM and the steel object
is given by [9]

ð30Þ

Similarly, inductance L(z) due to displacement of x in
transverse movement can be represented as
N2
LðzÞ ¼

h

alw
z

þ

h

b
bð xÞ
lwlnð1þ 2z Þ

alw
z

b

þ

þ lwðaxÞ
þ
z

lwlnð1þbxzÞ
b

ih

b
bð xÞ
lwlnð1þ 2z Þ

b

lwðaxÞ
z

þ

þ

lwlnð1þbxzÞ
b

2lwlnð1þbxzÞ
b

þ

þ

b
bð þxÞ
lwlnð1þ 2z Þ

b
bð þxÞ
lwlnð1þ 2z Þ

i

b

:

i

b

For x = 0.01 cm and z = 0.8 cm, LðzÞ ¼ 0.0652 H; this
matches with the general plots (e.g., figure 21) obtained
using this expression (say, at the chosen x = 0.01 cm and z =
0.8 cm). When x ¼ 0 (figure 13) we get the same expression, e.g. (2.3), derived for z-direction only (20). Figure 12
confirms that the proposed analytical formulation is reasonably accurate and all the calculated plots agree with the
practical and FEM-simulated results closely. Now
LðzÞ ¼


N 2 l0 w h a
bb i
þ ln 1 þ
:
2
z
2z

Fði; zÞ ¼ 

ð31Þ

Inductance (7) calculated from the proposed analytical
formulation is the same as the FEM-simulated results and
those obtained from practical tests are shown in figure 15. All
the results show good mutual agreement. Calculated and
FEM-simulated dL
dz vs. z plot are shown, respectively, in figures 17 and 18. Calculated inductance plots for the displacement in x-direction and FEM-simulated inductance
plots are shown, respectively, in figures 21 and 22. It is
observed that the plate becomes unstable at the operating
height for displacement of 11 mm in the x-direction, which is
shown in figure 21. Unlike the spherical ball where dL
dx is
continuous everywhere due to its continuous geometry, for
the plate one can observe a piecewise continuous function
between corner points. Figures 23 and 24 show, respectively, calculated and FEM-simulated dL
dx plot for displacement in the x-direction at the nominal height. Calculated dL
dx
vs. x plots at different z values are shown in figure 25.

 i 2
d1
LðzÞiðzÞ2 ¼ C
dz 2
z

ð32Þ

where the force constant C ¼ L02z0 ; z0 is the operating gap
and L0 is the inductance at the operating point (in the
presence of the levitated object). The system equation is
given as
m

d2 z
¼ mg  F
dt2

ð33Þ

where symbols have their usual significance. Now, substituting (32) in (33), we get
m

 i 2
d2 z
¼
mg

C
:
dt2
z

ð34Þ

The relation between air gap and current through the coil as
obtained practically is linear as shown in figures 27 and 28.
This is only for a constant mass of the levitated object but if
the non-linear plot (in dynamic case) of force vs. air gap (e.g.,
figures 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23,
24, 25 and 26) is considered then the current–air gap plot will
also be non-linear. The system equations are to be linearised
about a suitable operating point of ði0 ; z0 ; x0 Þ as the
mechanical dynamic of the system is non-linear. If we linearise for small perturbations then we can write the force
equation around the operating point as [25]
Fði; z; xÞjði0 ;z0 ;x0 Þ ¼ Fði0 ; z0 ; x0 Þ þ ði  i0 ÞFi ði0 ; z0 ; x0 Þþ
ðz  z0 ÞFz ði0 ; z0 ; x0 Þ þ

1
½ðz  z0 Þ2 Fzz ði0 ; z0 ; x0 Þþ
2!

2ðz  z0 Þði  i0 ÞFzi ði0 ; z0 ; x0 Þ þ ði  i0 Þ2 Fii ði0 ; z0 ; x0 Þ þ   
ð35Þ
where
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Figure 9. Calculated inductance vs. z plots at different x for the
ball.
Figure 12. Different permeance zones of the analytical model
for the steel plate without any shift in x-direction.

Figure 10. Practical and calculated force vs. air-gap height plots
at the operating current of 0.6 A for the ball.

Figure 13. Different permeance zones of the analytical model
for the steel plate with horizontal shift at a given vertical height.

The effect of such assumption will show up in the practical
set-up in terms of narrower tolerance bands around the
operating point both in the z- and x-directions. Presently the
case of horizontal shift is not being discussed in the system
modelling as this part of the work is part of a more involved
system modelling and control study and is, hence, kept out
of the scope of the present investigation.
Neglecting the higher order terms in the Taylor’s series
expansion of the force equation (35), (34) becomes
m
Figure 11. FEM-simulated force vs. air-gap height plot at the
operating current of 0.6 A for the ball.

i2 dL
force in z-direction ðFz Þ ¼ 
2 dz

ð36Þ

and

d 2 Dz
¼ Kz0 Dz  Ki0 Di
dt2

where

i2 dL
:
2 dx

ð37Þ

i20
z30

ð39Þ

i0
:
z20

ð40Þ

Kz0 ¼ 2C
Ki0 ¼ 2C

restoring force ðFx Þ ¼ 

ð38Þ

Taking the Laplace transform of (38), one gets
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DZðsÞ
ki
¼ 2 0
:
DIðsÞ
ms  kz0

ð41Þ

DZðsÞ implies Laplace transform of small variations in
position and DIðsÞ implies Laplace transform of small
variations in coil current. The negative sign in the transfer
function (TF) indicates that the object moves closer to the
coil with an incremental increase in the coil current.
The instantaneous flux linkage of the EM coil in dynamic
condition can be written as
w ¼ LðzÞi:

ð42Þ

Applying KVL as in (4) and substituting from (42) we get
v ¼ Ri þ LðzÞ

di
dLðzÞ
þi
:
dt
dt

ð43Þ

i dLðzÞ
dt

Neglecting
in (43), considering variation of L to be
negligible around the operating point as can be seen in
figures 6, 15 and considering the small perturbation terms,
we get
DvðtÞ ¼ RDi þ Lðz0 Þ

dDi
:
dt

Figure 15. Inductance vs. air-gap height plots for practical,
FEM-simulated and calculated cases for the plate prototype.

DIðsÞ
1
¼
:
DVðsÞ R þ sLðz0 Þ

ð44Þ
(a) For the steel ball

Taking the Laplace transform, we obtain

Figure 14. Calculated plots at the nominal height for the steel ball.
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Figure 16. C (force constant) vs. air-gap height plots for
practical and calculated cases for the plate prototype.

Figure 17. Calculated

dL
dz

81

Figure 19. Practical and calculated force vs. air-gap height plots
at the operating current of 0.55 A for the plate.

vs. z plot for the plate.

Figure 20. FEM-simulated force vs. air-gap height plot at the
operating current of 0.55 A for the plate.

Figure 18. FEM-simulated

dL
dz

vs. z plot for the plate.
Figure 21. Calculated inductance vs. x plot at different z for the
plate.

From the inductance plot figures 6 and 9, we can easily
observe that stable levitation is possible at a gap of 16 mm.
From current vs. air gap plot of figure 27, at the operating
point the coil current is 0.6 A. Hence, the operating point is
(i0 ; z0 ) = (0.6 A, 16 mm). The plots in figure 7 show how
the force constant C varies with respect to air gap when the

levitated steel object moves towards the coil from bottom.
The carefully evaluated (measured) practical force constant
is also verified against the calculated force constant. The
distances were measured from the bottom of the coil to the
top of the levitated object through painstaking trials after
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Figure 22. FEM-simulated inductance vs. x plot at the nominal
height for the plate.
Figure 25. Calculated

Figure 23. Calculated
plate.

dL
dx

dL
dx

vs. x plot at different z for the plate.

vs. x plot at the nominal height for the
Figure 26. Calculated restoring force for the displacement in xdirection at the nominal height for the plate.

Figure 24. FEM-simulated dL
dx vs. x plot at the nominal height for
the plate.

placing the object on an adjustable wooden platform. The
coil current was increased till the ball tended to get lifted
and was about to float. The practical force plot figure 10
was obtained by substituting the operating coil current

Figure 27. Practical and FEM-simulated plots of coil current vs.
air gap for the ball.

values of table 2 and force constant values from figure 7 in
(32).
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Table 2. Levitation prototype specifications of the two samples.
Items

Flat plate

Mass
Levitation EM force
Operating position
Coil current (figures 27 and 28)
L(z) at operating point (table 3)
Force constant
Coil Resistance
System gain
Sensitivity of the feedback sensor
Mechanical system dynamics

m
F
z0
i0
Lz0
C
R
K
B
G1 ðsÞ

Electrical dynamics

G2 ðsÞ

Position controller (lead compensator)

C1 ðsÞ

Current controller

C2 ðsÞ

Open-loop poles (plant)
Closed-loop poles (overall system)
Gain margin (overall system)

GM

The system parameters at the operating point are shown
in table 2. Substituting values from table 2 in (39)–(41) we
get kz0 = 12.99 and ki0 = 0.346 and the TF for the ball
levitation system becomes
DZðsÞ
5:58
5:58
¼ 2
:
¼
DIðsÞ
s  210
ðs  14:5Þðs þ 14:5Þ

ð45Þ

From the inductance plot shown in figure 6, we have chosen the inductance value Lðz0 Þ as 0.49 H at the operating
point (table 2). Now, the TF representing electrical
dynamics is
DIðsÞ
1
¼
DVðsÞ ð32 þ 0:49sÞ

ð46Þ

Steel ball

65 g
0.64 N
8 mm
0.55 A
63.5 mH
1.72 104 Hm
11 X
46
1 V/mm

62 g
0.6 N
16 mm
0.6 A
490 mH
7.95 105 Hm
32 X
5.58
1.35 V/mm

46
ðsþ56Þðs56Þ
1
ð11þ0:06sÞ
8ðsþ50Þ
ðsþ550Þ
8ðsþ450Þ
s

5:58
ðsþ14:5Þðs14:5Þ
1
ð32þ0:49sÞ
21ðsþ10Þ
ðsþ100Þ

–183, –56, ?56
50 þ i; 100  i3;
200 þ i; 600 þ i
62.7 dB

–65, –14, ?14
–12 ± i41, –133, –7

nil

66.7 dB

inductance value Lðz0 ; x0 Þ as 0.06 H at the operating point
from table 2. Now, the TF of electrical dynamics becomes
DIðsÞ
1
¼
:
DVðsÞ ð11 þ 0:0:06sÞ

ð48Þ

Hence, the mechanical dynamics of the system is of the
second order and the electrical dynamics of the system is of
the first order. Thus, the overall electromechanical system
is of the third order. The open-loop poles of the mechanical
and electrical dynamics for both the symmetric ball case
and the plate with sharp edges are shown in table 2. Both
the systems have one unstable pole in the TF of mechanical
dynamics (45, 47). The controllers have been designed

(b) For the steel plate
Similarly, for steel plate case, we can observe that
stable levitation is possible at the operating gap of 8 mm
(figure 15). From figure 28, it is found that at the operating
point the current 0.55 A. So, the operating point values are
(i0 ; z0 )  (0.55 A, 8 mm).
Substituting values from table 2 in (39), (40) and (41) we
get, kz0 = 203 and ki0 = 3. The TF representing air gap vs.
coil current dynamics for the plate levitation system
becomes,
DZðsÞ
46
46
¼ 2
¼
DIðsÞ
s  3123
ðs  56Þðs þ 56Þ

ð47Þ

From the inductance plot figure 15, we have chosen the

Figure 28. Practical and FEM-simulated plots of coil current vs.
air gap for the flat plate.
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Table 3. Practical, FEM-simulated and calculated inductance L(z) values at the operating position (corresponding to figures 6 and 15).
Object
Steel ball (@16 mm)
Flat steel plate (@8 mm)

Practical L(z)

Calculated L(z)

FEM-simulated L(z)

0.49 H
0.078 H

0.22 H
0.06 H

0.4 H
0.07 H

Table 4. Comparison of predicted and practical values for the two different levitation prototypes.
Object

Operating air gap (z0 )

Steel ball (figure 27)
Flat plate (figure 28)

Predicted
16 mm
Predicted
8 mm

Practical
13 mm
Practical
7 mm

Operating current (i0 )
Predicted
0.6 A
Predicted
0.55 A

Practical
0.45 A
Practical
0.43 A

Figure 29. Oscilloscopic records of coil current (0.45 A) while achieving stable levitation of the steel ball.

Figure 30. Oscilloscopic records of coil current (0.43 A) while achieving stable levitation of the rectangular flat plate.

81

Easier
Modelling in x- and y-directions
are required
Lead (outer) and PI (inner)
Difficult
Spirit level accuracy is required
Proximity (z), IR-LED (x, y)
Less
Higher
Higher
Harder
Easier
Difficulties in analytical modelling (figure 3a, 13)
System modelling (table 2)

Controller
Complexities in the controller design
Set-up Accuracy (figure 2a)
Feedback sensing
Parameter uncertainty
Ruggedness
Cost

7
8

9
10
11
12
13
14
15

Lead compensator
Easier
Required
LDR-bulb (z)
More
Slightly less
Slightly less

Lower
Less
Less
Lower
Good
More difficult
Higher
More
More
Higher
Better
Difficult

Two-loop controller is required for the plate
More robust controller is required for the plate
Asymmetric shaped object needs more precise set-up
Good sensitivity sensor is required for the plate
Difficult parameter evaluation for the spherical object
Aluminium-made frame is required for the flat plate
Cost is more for flat levitation system

using the classical control system techniques [29] discussed in the next section.

Operating current (table 4)
Leakage flux (figure 2b, 5)
Inductance at operating point (z0 ) (table 3)
GM of the overall system (table 2)
Closed-loop stability
Set-up fabrication (figure 2a)

Higher VA required for the spherical object
Lesser current required for the flat plate
Effect of restoring force is lesser for spherical ball
Stability is better for spherical object
Stability is better for the symmetric object
True mechanical zero set-up is required for the asymmetric
shaped object
Absence of ‘‘corner points’’ for the ball
Advantages of continuous geometry for the ball

Page 15 of 18

1
2
3
4
5
6

Steel ball (62 g)
Parameters
Sl. no.

Table 5. Comparative study of a ball and a flat plate levitation system.

Flat plate (65 g)

Remarks
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4. System stability analysis
Though investigations based on control systems are not the
focus of the present work, a brief stability analysis has
been presented in this section. This has been done for the
sake of ready reference, since the same is used for
designing the controllers utilised for stable levitation of the
experimental prototypes.
(a) For the steel ball
The
closed-loop
stable
poles
are
at
12  i41; 133; 7. It is also clear that using only one
controller it is possible to achieve good performance for
the ball levitation experiment. The closed-loop system has
a gain margin (GM) of 66.7 dB, which is very much
acceptable by classical control systems notions [29].
(b) For the steel plate
Similarly for the plate, the plant has one stable pole at
s ¼ 56 and an unstable pole at s ¼ 56. The closed-loop
stable poles are at 50 þ i; 100  i3; 200 þ i;
600 þ i. The TF of the desired lead compensator for an
operating 16 mm air gap is now given by Gc ðsÞ = 8ðsþ50Þ
ðsþ550Þ.
The controller has been designed and implemented using
dedicated hardware for the stabilisation of such an unstable and non-linear system.
The overall GM for both the set-ups chosen is  60 dB.
Both stability and system performance are better for the
steel ball compared with the flat plate (table 2) due to the
advantages of its symmetric geometry.

5. Experimental results and discussion
This section presents the comparison of parameters (calculated, FEM-simulated and practical) and experimental
waveforms obtained during stable levitation for both the
samples. An objective comparison (table 3) clearly shows
that the results from the proposed analytical formulation of
both these set-ups are in excellent agreement with the
practical results obtained by experiments on the fabricated
prototypes. From the analytical model the inductance
value is 0.06 H, while FEM-simulated and practical values
both are  0:07 H at the operating point (8 mm) for the
plate.
Similarly, for the ball levitation set-up the operating
point corresponding to z0 is 16 mm. There is good mutual
agreement between the results. The predicted and practical
operating points also match closely as enlisted in table 4.
The operating point of the steel ball has been changed
from predicted 16 mm to practical 13 mm. Accordingly,
the operating point for the steel plate has been changed
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Figure 31. Photographs of stable levitation of the spherical steel ball on the lab-developed prototype.

Figure 32. Photographs of stable levitation of the rectangular flat plate on the lab-developed prototype.

from 8 to 7 mm. It is observed that ruggedness is lesser for
the steel plate due to spirit level accuracy and true
mechanical zero set-up for the plate levitation prototype.
The authors have also obtained the force vs. air gap
profiles of both the levitation systems using different
methods. The results obtained from FEM-simulation and
those obtained from actual experiments are in excellent
agreement. This claim is justified by figures 10 and 11,
where figure 11 shows the FEM-simulated plot of the force
on the mass to be levitated as a function of air-gap separation while figure 10 shows the comparison between
practical and calculated values for the ball. Thus at the
operating point the FEM-simulated force value is almost
0.6 N while the practical value is also 0.6 N.
Similarly the force constant vs. air gap plot for the plate
is shown in figure 16, where the analytical and practical
values at the nominal separation are close in magnitude.

Also figure 19 shows the experimental force vs. air gap plot
and calculated plot. The FEM-simulated plot is shown in
figure 20; it clearly shows that the practical, calculated and
FEM-simulated values match closely where the practical
value is 0.64 N at the operating point and the FEM-simulated value is also  0.64 N for the plate.
For the ball set-up, the stable operating point is practically achieved for z = 13 mm though the predicted operating point is 16 mm. This is probably due to ingress of
stray light in the light bulb-LDR position sensing arrangement and due to other non-idealities of the same. The IRLED-based sensing mechanism was found to be more
precise. Also the plate set-up was brought up with more
precision with professionally fabricated mechanical support
arrangement while the ball set-up was completely developed in the lab. Hence, the stable operating point was 7 mm
while the predicted operating point was 8 mm for the plate
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levitation set-up. Table 2 indicates that the complexity
arises when the shape of the levitated object is changed.
Thus an additional inner current controller loop has been
incorporated for the plate to maintain the GM of  60 dB.
Further details on the effects of the change of geometry of
two equally massive objects on the control system aspects
and their fall-out are the topic of a separate detailed study
that is ongoing and has been kept out of the scope of the
present paper.
The transient and steady state responses of the coil current during stable levitation for the ball set-up are shown in
figure 29. The transient and steady state responses of the
plate levitation are shown in figure 30.

6. Conclusions
In this paper a thorough and comprehensive comparative
study (table 5) on different FEM-simulated, calculated and
practical aspects of levitation of a symmetric and an
asymmetric object of same mass has been presented. The
design and complete fabrication of two weighted analogcontroller-based-attraction-type
levitation
prototypes
(table 2) have been addressed where a spherical steel ball
and a rectangular steel plate have been successfully and
steadily levitated (figures 31 and 32). A novel analytical
approach has been extended to objects of different
geometries but of same mass. Calculated results are validated with the practical and FEM-simulated results for both
the objects. Tediously executed experiments along with
meticulously planned methods were carried out for
parameter evaluation and validation. The stabilising analog
controllers for these two different set-ups have been
designed, fabricated and implemented, and their performances have been simulated and then practically tested. A
point by point study in system modelling, controller
implementation and set-up fabrication for both the objects
has been presented. The levitation prototype specifications
for both the precise and robust set-ups are shown in table 2.
An exhaustive comparative study of objects of same
mass but different geometries has been presented in table 5.
It has been observed that higher VA required due to the
leakage flux is more for the ball. Analytical modelling and
parameter evaluation is also different for the ball due to the
absence of corner points/edges. Though the effect of
restoring force is lesser for the ball its stability aspect is
better due to the advantages of its symmetric geometry. It
has been also observed that set-up accuracy, (and precision), good sensitivity sensors (x, y, z-directions) and more
robust controllers are required for the plate having sharp
corners compared with the smooth ball. Design and
development of attraction-type levitation prototypes is
achieved in this work.
The present work uses classical control in the design of
the controllers. This paper also shows the effects of perturbations on performance for disturbances in the transverse

Page 17 of 18

81

direction for both the objects. The study is claimed to be a
significant addition to the existing knowledge-base on
attraction-type electromagnetic levitation with the following features:
1. An approach based on permeance function has been
adopted for parameter evaluation for both the set-ups
where the masses of the levitated objects were kept
same. This is noteworthy and thus clearly brings out the
effects that only a change in field spatial distribution/geometry can bring about in practical performance-related
aspects.
2. Both the attraction-type electromagnetic levitation setups have been fabricated in the laboratory where i) a
spherical steel ball and ii) a flat rectangular steel plate of
practically the same mass have been successfully
levitated.
In this work all the changes due to shape and dimensions
for same mass have been greatly enhanced and highlighted.
Tilt issues in transverse direction are the most significant,
critical and determining factor for the stability of the plate
levitation system. The complexities that arise in coil design,
controller design and set-up fabrication due to the change
of geometry of the object are investigated broadly. The
attractive force developed in an attraction-type levitation
set-up is derived from analytical model for both the transverse and the horizontal shift. In conventional approach the
force constant (C) is considered as a constant term but this
present method highlights the mathematical scope of force
formulation. In other words precise parameter evaluation,
e.g. inductance and force at dynamic condition in both
transverse and horizontal movements, is done. This may
also be considered as a significant contribution of the present work. As for the ball without sharp corners the lateral
displacement or vertical displacement is continuous while
for the plate having sharp corners, the expression is piecewise continuous between corner points due to geometric
discontinuities. Also substantial improvements in coil
design, parameter evaluation and set-up fabrication for the
geometric discontinuities have been studied in this work.
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