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Abstract. The aerodynamic design optimization of an airfoil is carried out at a transitional low Reynolds
number in the framework of multi-ﬁdelity surrogate modeling. Two multi-ﬁdelity surrogate-based optimization
methodologies are proposed. The ﬁrst method involves the co-Kriging surrogate model with prediction-based
high-ﬁdelity model update strategy. The second method uses the Kriging model of the low-ﬁdelity function, and
subsequent co-Kriging modeling with high-ﬁdelity inﬁlls done using the gradient-free trust-region approach. The
high-ﬁdelity solutions are obtained by solving the Reynolds-averaged Navier-Stokes equations with the ﬂow
transition modeled by the c-Reh model. The low-ﬁdelity solutions are obtained by a panel code in conjunction
with the eN method. The proposed optimization methodologies are applied to two different objective functions in
the transitional low Reynolds number regime, namely, (i) maximization of lift coefﬁcient, and (ii) maximization
of endurance factor. Signiﬁcant improvements in each of the objective functions are obtained using both these
methodologies.
Keywords. Low Reynolds number ﬂow; laminar-turbulent transition; aerodynamic shape optimization;
surrogate modeling; trust-region method.

1. Introduction
The recent need for efﬁcient micro-air vehicles for
various applications has spurred research in low-Reynolds number aerodynamics. The developments in
small-scale wind turbines also necessitate research in
this Reynolds number regime. There has also been an
increased interest in developing bio-mimicking ﬂight
vehicles based on the successful evolution of smallsized natural ﬂyers. More recently, there has been a
requirement to operate small ﬂying vehicles for Mars
exploration. The low density and temperature of the
Martian atmosphere results in low Reynolds number
operation. All these applications point to the need for
an enhanced understanding of the aerodynamics of
low-Reynolds number ﬂows.
Consider a ﬁxed-wing micro-air vehicle ﬂight at a
steady velocity U?, and a characteristic length scale
(say, for example, the wing chord length) c, the ﬂight
Reynolds number Re : U?c/m, is typically of order
O(104–105) (m is the ﬂuid kinematic viscosity). In this
Reynolds number regime the aerodynamic performance
of conventional airfoils is deteriorated compared to
high Reynolds number operation. For example, the
*For correspondence

maximum sectional lift-to-drag ratio of conventional
airfoils drops by more than an order of magnitude at
Re * 105 [1].
At high Reynolds numbers, Re * 106, and when
there are no large disturbances in the freestream ﬂow,
a natural transition to turbulence occurs in the airfoil
boundary layer (Schlichting and Gersten [2]). The
transition onset generally occurs at the beginning of
the adverse pressure gradient and is triggered by the
ampliﬁcation of the Tollmien–Schlichting (TS) waves.
In the low Reynolds number regime the airfoil
boundary layer is laminar till the onset of pressure
recovery, unless artiﬁcially tripped. The laminar
boundary layer cannot withstand severe adverse pressure gradients and is prone to separate from the airfoil
surface. The separated shear layer, under certain conditions, undergoes transition to turbulence via the
Kelvin-Helmholtz instability mechanism, and could
reattach on the airfoil surface. The turbulent boundary
layer develops subsequently. In between the separation
and reattachment locations a laminar separation bubble
(LSB) is formed. At Re * 105, the LSB occupies
about 15–40% of the chord length and is termed the
long LSB [3]. Due to the presence of the LSB the
outer potential streamlines are displaced and the airfoil
pressure distribution is signiﬁcantly altered compared
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to inviscid ﬂow. The LSB also has a profound effect
on the airfoil stall characteristics. At high angles of
attack the bubble may even burst, leading to a sudden
fall in lift. The size and extent of the separation bubble
show extreme sensitivity to changes in airfoil geometry
and changes in ﬂow conditions like Reynolds number
or freestream turbulence intensity. These aspects of
low-Re ﬂows provide motivation for the design, control
and optimization for engineering applications.
Aerodynamic shape optimization was pioneered by
Hicks and Henne [4], and Jameson [5]. The optimization
procedures can be broadly classiﬁed as direct search, and
gradient- and non-gradient-based methods. In the latter
class, the genetic algorithms (GA) (Goldberg [6]) have in
particular gained importance due to their ability to converge to a global optimum. However, the computational
cost incurred with such approaches is high due to the large
number of function evaluations required to obtain the
optimal solution. This difﬁculty can be overcome by
resorting to surrogate-based optimization procedures. The
surrogate model is employed in lieu of expensive function
evaluation thereby reducing the cost of the optimization
process. Several aerodynamic shape optimization problems
require a large number of design variables and also the
solution of Navier–Stokes equations which pose heavy
demand on the computational resources. Thus the building
of the surrogate model itself can be demanding. These
methods were limited to two-dimensional problems, or ones
involving less number of design variables, or problems
using low-ﬁdelity simulation tools. There is, therefore, a
pressing need to develop methods to reduce the number of
high-ﬁdelity simulations while still handling high-dimensional problems.
Multi-ﬁdelity surrogate models are conceived to
overcome the drawbacks associated with single high-ﬁdelity surrogate-based optimization. High-ﬁdelity models
incorporate detailed ﬂow physics and are computationally expensive. Low-ﬁdelity models, on the other hand,
are cheaper to evaluate but at the cost of neglecting some
physical effects. As an example, in aerodynamics the
Navier–Stokes solutions are of the high-ﬁdelity class,
while the Euler solutions are of one level lower ﬁdelity
with the viscous effects being neglected. Multi-ﬁdelity
surrogate models take advantage of both the models by
incorporating a large number of low-ﬁdelity simulations
and a limited number of high-ﬁdelity evaluations. A
well-built and well-calibrated multi-ﬁdelity surrogate
model used in conjunction with GA optimizer should
offer a good balance between computational cost and
solution accuracy.
Various studies employing different optimization
techniques for aerodynamic design problems have
appeared in the literature. However, those employing
laminar-turbulent transition have been very limited.
This limitation seems to have stemmed from the lack
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of a robust laminar-turbulent transition prediction
model. Earlier research work employed viscous-inviscid coupling enabling the application of the classical
boundary-layer formulation. Laminar-turbulent transition was predicted either by the eN method (Smith and
Gamberoni [7], van Ingen [8]), transition onset functions (Arnal et al [9]) or ampliﬁcation factor transport
model (Coder and Maughmer [10]). Amoignon et al
[11], Driver and Zingg [12], Rashad and Zingg [13],
Han et al [14] employed the eN method and the solutions were then coupled to an optimization procedure.
Halila et al [15] used the ampliﬁcation factor transport
model in their adjoint-based optimization method.
More recently, the c-Reh transition model (c is the
intermittency and Reh is the Reynolds number based on
the boundary layer momentum thickness) was proposed
by Menter et al [16] which is correlation-based and
relies only on local boundary layer properties, thereby
making the method compatible with general-purpose
CFD codes. Only recently the c-Reh transition model is
being directly incorporated in high-ﬁdelity RANSbased optimization procedures [17–19].
In the present paper the aerodynamic shape optimization of an airfoil at a transitional low Reynolds number
is considered. Two multi-ﬁdelity surrogate-based optimization methods are proposed. Both the methods
employ high-ﬁdelity solutions obtained by the RANS
solutions incorporating the c-Reh transition model, and
low-ﬁdelity solutions obtained by a panel code with eN
transition criterion. In the ﬁrst method, the high-ﬁdelity
and low-ﬁdelity solutions are utilized to build a coKriging surrogate model. The prediction-based exploitation method is then used to update the surrogate model
with high-ﬁdelity inﬁll points thereby driving the method
to high-ﬁdelity optimality. In the second method, a
Kriging model is ﬁrst built using only low-ﬁdelity solutions. A trust-region is constructed around an optimum
predicted by the optimizer, and high-ﬁdelity solutions are
performed at select samples in this region. Then, coKriging surrogate model is constructed using both the
low- and high-ﬁdelity data, and a gradient-free trust-region method is applied to guide the method towards
high-ﬁdelity optimality. The two multi-ﬁdelity optimization methods are employed for two different objective
functions in the low Reynolds number transitional
regime, namely, (i) maximization of lift coefﬁcient Cl,
and (ii) maximization of endurance factor (Cl3/2/Cd),
subject to certain constraints. The present paper is
organized as follows. The multi-ﬁdelity optimization
methodologies are presented in section 2. The high- and
low-ﬁdelity computational procedures are detailed in
section 3. The aerodynamic shape optimization problems
are formulated in section 4. The results are reported and
discussed in section 5. Finally, the conclusions are given
in section 6.
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2. Optimization methodology
The aerodynamic shape optimization problem, in its most
general form, can be formulated as a nonlinear minimization problem as follows:
min fhf ðxÞ : x 2 D  R

p

ð1Þ

where fhf(x) is the high-ﬁdelity objective function deﬁned
by a p-vector of design variables and D is the design space.
The objective function represents the aerodynamic performance like the lift coefﬁcient Cl, or the drag coefﬁcient Cd,
for example. The optimization problem in eq. (1) may be
subject to certain explicit constraints like the bounds for the
design variables, and other equality and/or inequality constraints. In surrogate-based multi-ﬁdelity optimization
methods an approximation function fˆhf(x) is constructed
using the high- and low-ﬁdelity function evaluations and is
employed in lieu of the high-ﬁdelity objective function
fhf(x) in eq. (1).
Suppose that for the chosen p-dimensional problem,
the prediction of an expensive high-ﬁdelity function yhf:
Rp ? R is to be accomplished with the aid of an inexpensive low-ﬁdelity function ylf: Rp ? R. The high-ﬁdelity function is sampled at Xhf = [xhf(1), … , xhf(nhf)]T 
Rnhf 9 p with the corresponding responses being Yhf =
[yhf(xhf(1)), …, yhf(xhf(nhf))]T  Rnhf. Similarly, the low
ﬁdelity function is sampled at Xlf = [xlf(1), … , xlf(nlf)]T 
Rnlf 9 p, and their responses being Ylf = [ylf(xlf(1)), …,
ylf(xlf(nlf))]T  Rnlf. Note that, in general, nhf \\ nlf so as
to limit the number of high-ﬁdelity evaluations. We now
have the high-ﬁdelity (Xhf, Yhf) and low-ﬁdelity (Xlf, Ylf)
data sets in the vector space. Then, an approximation
model is developed using these data sets and used to
quickly predict the high-ﬁdelity response at any untried
location x  Rp. In the following sections, the two multiﬁdelity surrogate-based optimization procedures are
discussed in detail.

2.1 Co-Kriging method with prediction-based
exploitation
A number of surrogate modeling approaches have been
proposed for engineering design [20, 21]. Of these methods,
the Kriging models [22] have been particularly popular
with the aerodynamics design community. It is necessary to
ﬁrst brieﬂy review the Kriging process since the co-Kriging
modeling itself is based on the former.
If two design vectors xi and xj are close to each
other in the design space, in the Kriging modeling it is
assumed that the difference between their objective
function values is small. The statistical correlation
between two sets of random variables Y(xi) and Y(xj) is
given by
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Ri j ¼ Corr Y ðxi Þ; Y xj
!
d
X

m
¼ exp 
10hl kxil xjl  l

ð2Þ

l¼1

where hl and ml are the activity and smoothness parameters
of the lth variable, respectively, and are collectively termed
the hyperparameters of the Kriging model. They are
determined by maximizing the concentrated log-likelihood
function [23]. Using the hyperparameters, the Kriging
predictor is
y ðx Þ ¼ l^ þ rT R1 ðy  1 l^Þ

ð3Þ

where l is the optimal mean, r is the vector of correlations
between the unknown point x* and the previous sample
points xi.
In multi-ﬁdelity surrogate modeling the low-ﬁdelity data
is utilized by applying a correction process that accounts
for the differences between the low- and high-ﬁdelity data
sets. This correction process is greatly simpliﬁed if the
high-ﬁdelity sample locations are a subset of the low-ﬁdelity sample locations. Then, the correction process can be
calculated by the co-Kriging method [24, 25].
The large set of low-ﬁdelity data (Xlf, Ylf) is coupled with
a comparatively smaller set of high-ﬁdelity data (Xhf, Yhf) to
approximate the high-ﬁdelity response by multiplying the
low-ﬁdelity response with a scaling factor u, and a Gaussian process representing the two data sets as follows:
Zhf ðxÞ ¼ u Zlf ðxÞ þ Zd ðxÞ

ð4Þ

where Zlf(x) and Zhf(x) denote the local features of the lowand high-ﬁdelity responses, respectively, while Zd(x)
denotes a Gaussian process which represents the difference
between the low-ﬁdelity and high-ﬁdelity responses. There
are twice as many hyperparameters as in a standard Kriging
that are determined by maximizing the concentrated loglikelihood function. Using the hyperparameters, the coKriging predictor is
y^hf ðxÞ ¼ l^ þ cT C1 ðy  1 l^Þ

ð5Þ

where C is the covariance matrix and c is the vector of
covariances of the unknown points with the known points.
The surrogate model is an approximation of the true
function and it is worthwhile to enhance its accuracy by
further enriching it with high-ﬁdelity data points in a multiﬁdelity surrogate framework. In the prediction-based
exploitation method, at an optimum predicted by the optimizer a high-ﬁdelity computation is performed and the coKriging model is reconstructed. The model accuracy
improves near the optima and is again subject to the optimizer. By repeating this process the result quickly converges towards the high-ﬁdelity optimum. This procedure is
outlined in Algorithm 1.
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In the present study, a large sample of 150 airfoils is
generated using the space-ﬁlling Latin Hypercube Sampling (LHS) technique [26] and their objective functions are
evaluated using the low-ﬁdelity solver. 30 airfoil geometries are randomly chosen from the set of 150 airfoils (note
that Xhf  Xlf is an optimal space-ﬁlling subset generated
using an exchange algorithm) and the objective functions
are evaluated using the high-ﬁdelity solver. (The high-ﬁdelity and low-ﬁdelity solution procedures employed in the
present paper are discussed in detail in section 3). CoKriging surrogate model is constructed using these lowand high-ﬁdelity datasets. The quality of this surrogate
model is estimated by comparing its predictions with those
of an independent high-ﬁdelity dataset. This independent
high-ﬁdelity dataset was obtained from a separate computational study involving geometries not used in the construction of the surrogate model. The correlation coefﬁcient
r2 is estimated to be 0.870 which is considered reasonably
high. The surrogate model is subjected to genetic algorithm
optimizer and an optimum is obtained. This forms the ﬁrst
phase of the optimization process.
At the optimum predicted by the optimizer a high-ﬁdelity
computation is performed and the co-Kriging model is
reconstructed. The surrogate model is repeatedly subjected
to the GA optimizer from randomly chosen start points and
it is ensured that the resulting optima lies within a speciﬁed
tight tolerance. Further, as a measure of abundant caution a
steepest descent method is employed at the end of several
GA runs and it is found that the optima is indeed within the
speciﬁed tolerance. The approximate-gradient evaluation
technique implemented in MATLAB with fmincon, a builtin function for constrained minimization [27], is used as the
gradient-based optimizer. The numerical gradients are
evaluated internally by a ﬁnite-difference approximation by
perturbing each of the design variables. Therefore, only
after ensuring that the current optima is a promising basin
of attraction a high-ﬁdelity run is conducted and used as an
inﬁll point. The optimization procedure is repeated
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iteratively till convergence of the high-ﬁdelity objective
function. The convergence criterion e is deﬁned as

 
 
fk  fk1
  e

ð6Þ

 f
k1
where f*k-1 and f*k are the high-ﬁdelity responses of the last
two consecutive iterations. e is set to 10-2 in the present
study. This criterion is chosen based on our experiments
with optimization studies at low-Reynolds numbers. We
monitored the objective function values at each iteration
and also took a careful look at the resulting ﬂow ﬁelds
given the sensitivity to the geometric design variables as
discussed later in section 5.1. It is ensured that the proposed
algorithms exhibit good convergence.

2.2 Co-Kriging-based gradient-free trust-region
method
The key idea in the trust-region methods is to approximate
the objective function by an approximation function which
is successively minimized by regulating the step length
calculated by the trust region rules. The high-ﬁdelity
function in eq. (1) is replaced by a surrogate model, and at
iteration k, is solved in a trust region Tk as
min f^ðxk Þ : x 2 T k

ð7Þ

In classical trust-region methods, fˆ(x) is usually a secondorder Taylor series approximation. Such methods have been
proven to have excellent global convergence properties.
The extension of the trust-region method to surrogatemodeling framework was made by Alexandrov et al [28],
and to multi-ﬁdelity surrogate framework by Alexandrov
et al [29]. However, the application of this method requires
the derivatives of the objective and constraint functions.
This requirement limits the scope of applicability of this
method when the derivatives are difﬁcult to compute or are
unreliable or just simply not available. To overcome this

Sådhanå (2021)46:58
limitation a gradient-free trust-region method was recently
proposed by Long et al [30]. This method involves identiﬁcation of a promising point in the design space, the
construction of a trust region around this point, and the
shrinking or expansion of the trust region depending on
certain criterion. This process is repeated iteratively until
convergence.

In the present study, we propose to ﬁrst construct a
Kriging surrogate model using the low-ﬁdelity data and
subject it to the optimizer to obtain the optima. The initial
trust region sampling space is chosen to be 50% of the
design space centered around the current optima. The trust
region is now sampled and several points are selected in
this design space using LHS. High-ﬁdelity computations
are performed for these points. Now, a co-Kriging surrogate
model is constructed using both the low- and high-ﬁdelity
data and it is subjected to GA to obtain the new optima. A
high-ﬁdelity evaluation is done for this point. The objective
function
Df is ﬁrst calculated as
   improvement
 
f xk1  f xk . Then, the trust factor rk, and the trust
radius dk are calculated using eqs. (8) and (9), respectively:
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f xk1  f xk
Df
  ¼ 
;
rk ¼   
~
fk1  f~k
f xk1  f xk

8  
c1 xk  xk1  
>
>
 rk \r1
<
x  x ; dmax rk [ r2
min
c
2
k  k1
:
dk ¼  
x  x 
>

r

r
r
1
k
2
>
k
k1
:
dmin
rk \0

ð8Þ

ð9Þ

In eq.(9), r1 = 0.10, r2 = 0.75, c1 = 0.75 and c2 = 1.25 are
used. f xk is the present objective function value from the


surrogate and f xk1 is the previous objective function
value from the high-ﬁdelity code.
The current optima is chosen as the centre of trust region.
If Df [ 0, then the surrogate model can further decrease the
objective function and the trust radius is updated using
eq. (9). However, if Df \ 0, the surrogate model is not
predicting the true objective correctly, and the minimum
trust radius is set to 10% of the variable bounds. Within this
trust region further points are chosen by LHS and highﬁdelity evaluations are done. The co-Kriging model is
reconstructed using the newly appended high-ﬁdelity data
and subjected to GA. In this procedure, the model accuracy
improves due to the accumulation of a number of high-
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ﬁdelity data points around the current optima. By combining the trust-region approach with the co-Kriging model
the result converges towards the high-ﬁdelity optimum.
During the optimization process, it is ensured that the trust
region sampling space does not exceed the original design
space. An attractive feature of this method is that multiple
high-ﬁdelity runs can be made on a compute cluster consisting of several computer workstations thereby accelerating the optimization process. The optimization procedure
is outlined in Algorithm 2.
In the present study, the multi-ﬁdelity surrogate model is
used in conjunction with the trust-region method as follows. Firstly, the design space is sampled by LHS and 150
samples are chosen and their objective function values are
evaluated using the low-ﬁdelity code. A low-ﬁdelity surrogate model of the standard Kriging type is constructed
using the 150 objective function values. The quality of this
model is estimated using an independent data set consisting
of objective function values of 75 airfoils that are not used
in the construction of the surrogate model. The correlation
coefﬁcient r2 of the model is estimated to be 0.982. This
high value of r2 is an indication of the good predictive
capability of the surrogate model.
The low-ﬁdelity surrogate model is subjected to GA and
an optimal geometry, veriﬁed by several GA runs from
random initial points, is obtained. This geometry is chosen
as the current best design. At this stage the trust region
sampling space is chosen to be 50% of the initial design
space centered around the current best design. The reduced
space is now sampled using LHS and ten samples are
selected. High-ﬁdelity computations are done for these ten
airfoil geometries on multiple computing workstations.
Now, a co-Kriging surrogate model is constructed using
both the low- and high-ﬁdelity data sets and it is subjected
to GA to obtain the optimal geometry. Subsequent shrinking or expansion of the trust region is carried out according
to the rules listed in Algorithm 2, and high-ﬁdelity inﬁlls
are progressively appended to the co-Kriging surrogate
model. The procedure is repeated until the convergence
criterion deﬁned in eq. (6) is met.

3. Computational procedures
In this section the numerical procedures for obtaining the
high- and low-ﬁdelity solutions are discussed.

3.1 High-ﬁdelity computations
The steady, Reynolds-averaged Navier–Stokes equations
o
ðqui Þ ¼ 0
oxi

ð10Þ


o 
oP
qui uj ¼ 
oxj
oxi

o
oui
ouj
2
oul
þ
l
þ
 dij
oxj
3
oxj
oxi
oxl
o
0 0
qui uj
þ
oxj
ð11Þ
are solved numerically using the ﬁnite-volume methodbased computational code Fluent (version 15) [31]. In
eqs. (10) and (11), ui and ui’ are the mean and ﬂuctuating
velocity components, P is the pressure, q is the ﬂuid density
and l is the ﬂuid viscosity. The convective terms in the
momentum equations are discretized by the second-order
upwind scheme, and the viscous terms by the second-order
central differencing scheme. The pressure-based coupled
algorithm (Darwish et al [32]) is employed for pressurevelocity coupling leading to a good solution convergence
rate.
The Menter’s shear-stress transport (SST) k-x model
[33] is used for achieving turbulence closure. The model
equations are:

o
o
ok
ðqkui Þ ¼
Ck
ð12Þ
þ Gk  Yk þ Sk
oxi
oxj
oxj


o 
o
ox
qxuj ¼
Cx
þ Gx  Yx þ Dx þ Sx : ð13Þ
oxj
oxj
oxj
The c-Reh transition model [16] is employed for modeling
the laminar-turbulent transition process. The model equations are:

o 
quj c ¼ Pc1  Ec1 þ Pc2  Ec2
oxi

o
l
oc
þ
lþ t
oxj
rc oxj

o 
o
oReht
quj Reht ¼ Pht þ
rht ðl þ lt Þ
:
oxi
oxj
oxj

ð14Þ
ð15Þ

The transport equation for Reht is used to detect the transition onset point and also to capture the nonlocal effects of
freestream turbulence intensity and pressure gradient at the
boundary-layer edge. The transport equation for c is used to
trigger the transition locally. The intermittency function is
coupled with the SST k-x model to smoothly turn on the
turbulence production terms, leading to a fully turbulent
region downstream of the transition point.
Sufﬁcient care is taken in generating the grid and setting
up the computational procedure since the transitional low
Reynolds number ﬂows are known to be sensitive to the
grid, particularly, the near-wall and wake grid, the extent of
the farﬁeld domain, and the choice of boundary conditions.
We performed several numerical experiments to arrive at
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Figure 1. Computational domain.
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-2

-1.5

5c / 10c
10c / 20c
20c / 40c

-1

Cp

the optimal settings for the computations. The present
computations use a structured grid of C-H grid topology
around the airfoil. The radius of the computational domain
is 10c measured from the leading edge of the airfoil and the
domain extends 20c behind the leading edge of the airfoil;
c is the airfoil chord length. The computational domain
used in the present study is shown in ﬁgure 1. In order to
ensure that the extent of the farﬁeld boundary condition
does not inﬂuence the results we considered a larger
domain by extending to 20c/40c. We also considered a
smaller domain 5c/10c. Computations are performed for Re
= 50,000, freestream turbulence intensity Tu = 0.3% and a
= 6. The pressure coefﬁcient Cp distribution on the airfoil
for the three computational domains are plotted in ﬁgure 2.
It is seen that the results are indeed independent of the
domain size and therefore the 10c/20c domain is chosen for
computations as a tradeoff between domain size and computational cost. The near-wall y? value is less than 1 in all
the computations reported in the present paper. All calculations are carried out in double-precision arithmetic. The
numerical solution is said to be converged when the
residuals fall less than 10-6.
A systematic mesh sensitivity study is performed to
ensure that the results are independent of the number of
computational cells. Three different meshes are created
with 11,712 (coarse mesh, named M1, with 318 grid points
on the airfoil surface), 24,500 (medium, M2, 456) and
49,200 (ﬁne, M3, 640) cells. Computations are performed
for Re = 50,000, Tu = 0.3% and a = 6. This ﬂow case
exhibits a LSB on the upper surface. The pressure coefﬁcient, Cp, and skin friction coefﬁcient, Cf, distributions on
the airfoil for the three meshes are plotted (not shown here
for the sake of brevity) and are found to be convincingly
grid independent. The LSB is also accurately captured by
the three grids. Further, to quantify the discretization error
the Grid Convergence Index (GCI) [34] is calculated and
tabulated in table 1. Since the medium grid has a comparatively low value of discretization error it is chosen for all
subsequent computations. A close-up view of the mesh
surrounding the airfoil is shown in ﬁgure 3.
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Figure 2. Cp distribution on the airfoil for the three computational domains.

Table 1. Summary of grid independence study; Re = 50,000 and
a = 6.
Mesh
M1
M2
M3

No. of cells

Cl

GCI (%)

11,712
24,500
49,200

0.557
0.575
0.573

0.56
0.08

In order to enable a comparison of the present computational results with published experimental data, the ﬂow
conditions speciﬁed in Kim et al [35, 36] are imposed for
the computations. The conditions are Re = 48,000, Tu =
0.3% and a = 6. The freestream turbulence intensity of Tu
= 0.3% is chosen since it had been mentioned that the
experiments had been conducted in a wind-tunnel with Tu
\ 0.4%. The Cp distribution over the airfoil is compared
with the experimental results in ﬁgure 4. A good agreement
is obtained thereby validating the present computational
procedure. Further, the boundary layer separation,

Figure 3. Close-up view of grid surrounding the airfoil; shown
here is the G2 grid.
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Figure 4. Comparison of present computational results with
experiments; Re = 48,000 and a = 6̊.
10

3.2 Low-ﬁdelity computations
The low-ﬁdelity solutions are obtained using the XFLR5
panel code [38] which itself is based on the XFOIL code
[39]. This code employs the panel method and couples an
integral boundary-layer formulation for viscous effects. The
ﬂow transition is modeled using the simpliﬁed eN envelope
method in a two-step approach: ﬁrst the neutral stability
point is calculated, and then the approximate N factor
envelope is calculated [40]. In this method transition is said
to have occurred when the maximum local N factor exceeds
a pre-speciﬁed critical value Ncrit which is related to the
freestream turbulence intensity as follows:
N ¼ 2:13  6:18 log10 Tu:

ð16Þ

The boundary layer and transition equations are solved
simultaneously along with the inviscid equations by the
global Newton method. The van Ingen correlation, eq. (16),
and the Mack’s correlation [41] are nearly equivalent with

0.6

0.8

1

1

xs/c
xt/c
xr/c
10

0

Tu %

transition and reattachment locations are also in good
agreement with the experimental results.
It was mentioned in the Introduction section that the
airfoil aerodynamic characteristics are sensitive to freestream turbulence intensity. In order to assess the effect of
freestream turbulence intensity we performed a series of
computations varying Tu from 0.01 to 10% and the airfoil
Cp distributions are plotted in ﬁgure 5a. With increasing
freestream turbulence intensity, the ﬂow separation is
delayed. However, the ﬂow transition and reattachment
occur early; see ﬁgure 5b. Consequently, the length of the
separation bubble is reduced. These facts are also corroborated by the experiments of Istvan et al [37].

x/c
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Figure 5. Effect of freestream turbulence intensity on (a) Cp
distribution and (b) ﬂow separation, reattachment and transition
locations.

the former using base 10 logarithm and Tu in%, while the
latter uses natural logarithm and absolute value of Tu.
Further, both the correlations use the same experimental
data on transition on ﬂat plates with different freestream
turbulence levels [42]. The recent study of Morgado et al
[43] has found this method to perform well in low Reynolds
number ﬂows.
In the present study the ﬂow over NACA 0012 airfoil is
simulated using 100 panels for Re = 48,000, Tu = 0.3% and
a = 6. The resulting pressure distribution is compared with
the present CFD results and the experiments of Kim et al
[36] in ﬁgure 4. It is observed that the suction peak from the

Sådhanå (2021)46:58
panel code is higher compared to the CFD results. The LSB
is predicted to be small compared to the CFD and experimental results. The lift coefﬁcients evaluated from the lowand high-ﬁdelity computations are 0.658 and 0.572,
respectively, and the drag coefﬁcients are 0.026 and 0.032,
respectively. The panel method with boundary-layer coupling is attractive from the standpoint of aerodynamic
optimization since the aerodynamic properties can be
evaluated very quickly enabling a large number of such
simulations to be included in the optimization procedure.
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endurance factor (Cl3/2/Cd) are chosen as objective functions. The aerodynamic shape optimization problems are
formally posed in the nonlinear programming problem form
as follows:
1.
max

x 2 ½xl ; xu 

max

In order to demonstrate the optimization methodologies
discussed in section 2, an analytical test function proposed
by Forrester et al [25] is employed. The high-ﬁdelity test
function is given by yhf = (6x – 2)2 sin(12x – 4), x e [0, 1],
and the low-ﬁdelity function is given by ylf = A yhf ? B(x –
0.5) – C with A = 0.5, B = 10 and C = -5. The high- and the
low-ﬁdelity functions are evaluated at Xhf = {0, 0.2, 0.4,
0.65, 1} and Xlf = {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8,
0.9, 1}, respectively, and are plotted in ﬁgure 6a.
The standard Kriging with prediction-based exploitation
(labeled as Kriging PE), co-Kriging, also with predictionbased exploitation (labeled as co-Kriging PE), and ﬁnally
the co-Kriging with trust-region method (labeled as coKriging TR), with three high-ﬁdelity inﬁlls per iteration, are
applied to the analytical test function. The convergence of
the objective function for each of these methods is plotted
in ﬁgure 6b. It is reassuring to see all the three methods
converge to the global minimum of this function while not
being trapped in the local minima or oscillate around the
saddle point. The Kriging approach takes six high-ﬁdelity
updates to converge to the true minimum. However, both
the multi-ﬁdelity modeling approaches converge to the true
minimum in only two high-ﬁdelity update cycles demonstrating their advantage over the pure Kriging approach.
Further, the absolute error between the current optimum
and the theoretical global optimum of the test function is
plotted in ﬁgure 6c. It is seen that the error falls to 10-5 in a
rather monotonic and steeper manner with the trust-region
method. The convergence with the trust-region method is
quicker than the prediction-based exploitation approach
which is not entirely surprising since three high-ﬁdelity
inﬁlls are appended to the data set at every iteration.

4. Optimization problem formulation
Most ﬁxed wing micro-air vehicles or small unmanned air
vehicles are designed to maximize the endurance factor at a
given cruise speed, which beneﬁts from a high lift coefﬁcient [3, 44, 45]. Therefore, in the present study maximizing the lift coefﬁcient Cl, and maximizing the

f ðxÞ ¼ Cl

ð17Þ

2.
x 2 ½xl ; xu 

3.3 Veriﬁcation of the optimization methodologies
by an analytical test function

58

f ð xÞ ¼

Cl3=2 =Cd

subject to Cl

ð18Þ

Cl0

where the ﬁrst objective is to maximize the lift coefﬁcient Cl of the airfoil, and in the second it is to maximize
the endurance factor (Cl3/2/Cd). x are the design variables
of the airfoil, bounded by lower and upper bounds, xl and
xu, respectively. The inequality constraint in the second
optimization problem is set such that the lift coefﬁcient
is higher than the baseline case. In the present study an
explicit constraint on the minimum thickness of the
airfoil is not imposed; however, such constraints can be
incorporated in the present optimization framework. The
optimization problems are considered at a design point
of Re = 50,000, Tu = 0.3% and a = 4.

4.1 Geometry parameterization
The baseline geometry chosen for the present study is the
NACA 0012 airfoil. This airfoil is parameterized using
Bézier curves. These curves offer good representation of
the geometry and are found to be useful in aerodynamic
shape optimization problems [46]. A Bézier curve of order
m can be written as [47]:
m 
X
m
BðtÞ ¼
ð 1  t Þ m  1 t i Pi ; 0  t  1
i
i¼0

where Pi are the control points and

ð19Þ
m
i

are the binomial

coefﬁcients deﬁned as

m!
m
:
¼
i
i ! ðm  i Þ !

ð20Þ

The NACA 0012 airfoil is parameterized using twelve
control points as shown in ﬁgure 4. The coordinates of the
control points are determined by an optimization program
which minimizes the root-mean-square-error between the
baseline geometry and the Bézier curves. This resulted in a
very good representation of the NACA 0012 airfoil as
shown in ﬁgure 7 where the two geometries are indistinguishable from each other. The control points 1, 6, 7, and
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Figure 6. (a) Analytical test function and its high- and low-ﬁdelity representations, (b) convergence history of the objective function by
various methods, and (c) absolute error convergence.

12 are ﬁxed to ensure that the airfoil chord length is ﬁxed at
x/c = 1. Further, the control points 2 and 11 are ﬁxed to
maintain the leading edge curvature. This leaves six active
0.2

y/c

0.1

0

-0.1

-0.2
-0.2

NACA 0012 airfoil
Bezier representation

3

2

4

5

1, 12

control points for design optimization. The active control
points are allowed to move only in the y-direction. The
design space is deﬁned by extending the y-coordinates of
baseline control points by 1.5 times and contracting them
by 0.5 times, i.e., x  [0.5xbaseline, 1.5xbaseline]. The bounds
for each of the control points are also shown in ﬁgure 7. In
the optimization procedures, the design space is represented
in the D = [0, 1]p hypercube to avoid the design variable
scaling issues.

6, 7

11

9

10

0

8

0.2

0.4

x/c

0.6

0.8

4.2 Genetic algorithm optimizer

1

Figure 7. Bézier representation of NACA 0012 airfoil, the
control points and their bounds.

The genetic algorithm (GA) is an evolutionary global
search method that mimics biological evolution. In this
paper we employ the GA optimizer implemented in
MATLAB. An initial random population of 200 individuals
is chosen. The ﬁtness function (objective function) of each
of these individuals is evaluated using, in the present case,
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Figure 8. (a) Geometry and (b) streamlines, superimposed over contours of Cp, over airfoil 151 and airfoil 152.

the Kriging or co-Kriging model as appropriate. Highly ﬁt
individuals are chosen as elite children and are passed on to
the next generation. Further, new children are produced
using crossover and mutation operations. In the present
study the elite count is set to 0.05 times the population size,
and the crossover fraction is set to 0.8 (excluding the elite
children), and the remaining individuals are mutation
children. The GA is terminated when the average change in
the ﬁtness function value is less than 10-6.

Two representative airfoils, namely, airfoil 151 and airfoil 152 are considered. These airfoil geometries are
obtained by perturbing the baseline NACA 0012 airfoil; see
ﬁgure 8a. The airfoils 151 and 152 differ only slightly from
each other. Computations are performed for these airfoils

0.6

0.5

5. Results and discussion
0.4

5.1 Sensitivity of aerodynamic characteristics
to airfoil geometry
Cl

It was mentioned in the introduction section that the aerodynamic characteristics are sensitive to airfoil geometry,
Reynolds number and freestream turbulence intensity at
low Reynolds numbers. In our previous study (Pranesh et al
[48]), we thoroughly investigated the aerodynamic characteristics of the NACA 0012 airfoil in the (a, Re, Tu)
parameter space and several interesting conclusions had
been made including the intriguing phenomenon of negative lift at positive angles of attack. In what follows the
sensitivity to the airfoil geometry is particularly
demonstrated.

PE method
TR method
0.3
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Iteration
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Figure 9. Convergence histories of Cl for the two optimization
methods.
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Figure 10. (a) Optimal airfoils, (b) Cp distributions and (c) streamlines, superimposed over contours of Cp, for maximizing Cl objective
function.

for Re = 50,000, Tu = 0.3% and a = 4. Airfoil 151 has a Cl
of 0.542, and airfoil 152 has Cl = 0.369. It may be mentioned that the Cl of NACA 0012 airfoil is 0.458. Airfoil
151 has a LSB on the upper surface leading to an enhanced
Cl. However, airfoil 152 has a LSB and also a trailing edge
separation region with these being merged and forming a
large separated region covering almost the entire rear half
of the airfoil upper surface (ﬁgure 8b). This relatively large
separated region leads to a drastic drop in lift. This exercise
is instructive in highlighting the extraordinary sensitivity of
aerodynamic characteristics to airfoil geometry and

presents us a challenging case for aerodynamic shape
optimization at low-Re.

5.2 Maximization of lift coefﬁcient
Now, the results from the two optimization procedures are
discussed in detail. The ﬁrst objective function considered
is the maximization of Cl. The co-Kriging methods with
prediction-based exploitation (denoted as PE method
henceforth) and trust-region method (denoted as TR
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Figure 11. (a) Cf distribution on the upper surface of airfoils and (b) contours of intermittency for maximizing Cl objective function.

method henceforth) are initialized from the NACA 0012
airfoil as parameterized in ﬁgure 7. The convergence histories are plotted in ﬁgure 9. The baseline and optimal
airfoils and their pressure distributions are shown in

ﬁgure 10a and b, respectively. The optimal proﬁles are
slightly thicker than the baseline airfoil with the maximum
thickness being 12.41 and 12.65%, respectively, for the
optimal airfoils obtained by the two methods. The
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Table 2. Aerodynamic coefﬁcients and LSB characteristics of
NACA 0012 and optimal airfoils for maximizing Cl objective
function.
Airfoil

Cd

Cl

(x/c)s (x/c)t (x/c)r LLSB

NACA 0012
0.458 0.0258
Optimal airfoil PE 0.541 0.0276
Optimal airfoil TR 0.533 0.0275

0.24
0.21
0.20

0.69
0.61
0.65

0.79
0.70
0.73

0.55
0.49
0.53

18

15

3/2

( Cl / Cd )

12
PE method
TR method

9

6

gain in Cl from the higher pressure on the lower surface
also. The streamlines over these airfoils, superimposed over
contours of Cp, are shown in ﬁgure 10c. The LSB on the
airfoils is clearly seen in the streamline plots. The optimal
airfoils have a small recirculation region near the trailing
edge on the lower surface.
The separation, transition and reattachment locations
denoted as (x/c)s, (x/c)t and (x/c)r, respectively, are evaluated from the Cf distributions on the airfoil upper surface in
ﬁgure 11a and are tabulated in table 2. The distance from
the separation to reattachment points is the length of the
separation bubble, denoted as LLSB. The ﬂow separation is
found to occur earlier for both the optimal airfoils, with the
separation occurrence being earliest in the optimal airfoil
by the TR method. The ﬂow transition occurs at x/c = 0.69
for the baseline NACA 0012 airfoil while it occurs slightly
early for the optimal airfoils. The ﬂow reattachment also
occurs earlier for the optimal proﬁles. It is also observed
that the length of the LSB is shorter for the optimal proﬁles.
The contours of intermittency c are plotted in ﬁgure 11b. c
= 0 indicates laminar ﬂow, whereas c = 1 indicates fully
turbulent ﬂow. These contours show that the ﬂow transition
has indeed occurred slightly earlier on the upper surface for
the optimal airfoils. The boundary layer is laminar on the
lower surface for all the three airfoils.
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5.3 Maximization of endurance factor
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Figure 12. Convergence histories of (Cl3/2/Cd) for the two
optimization methods.

maximum thickness is at 35.2% chord location. In order to
increase the Cl, both the optimal airfoils have picked up
camber during the optimization process. The maximum
camber for the optimal airfoil by PE method is 0.73%
occurring at 17.12% chord location from the leading edge.
The maximum camber for the optimal airfoil by TR method
is lower at 0.32% and is at 12.08% chord location. The Cl
improvement is 18% for the optimal airfoil by the PE
method, whereas the improvement is about 16.3% by the
TR method. It is interesting to note that the Cd of the
optimal airfoils are within 18 drag counts of the baseline
airfoil. Despite this increase in Cd, due to the higher values
of Cl, the lift-to-drag ratio (Cl/Cd) of the two optimal airfoils are 10.3% and 9.1%, respectively, higher than the
baseline airfoil.
The pressure plateau observed in the Cp distribution for
all the three airfoils is indicative of the laminar part of the
LSB. The LSB is of the long-bubble type since the bubble
length is about 50% of the airfoil chord length. There is a
small increase in suction peak of the optimal airfoils. The
suction pressure on the airfoil upper surface is enhanced for
the optimal airfoils resulting in higher Cl. There is a small

The maximization of endurance factor (Cl3/2/Cd) is considered next. The NACA 0012 airfoil is used as the initial
airfoil (ﬁgure 7) for both the optimization methods. The
convergence histories are plotted in ﬁgure 12. The optimal
airfoils obtained from these procedures are plotted in ﬁgure 13a; the baseline airfoil is also plotted for comparison.
The maximum thickness of the optimal airfoils are 9.6 and
9.2% by the PE and TR methods, respectively. The maximum thickness of the airfoil is at 25.8 and 30.2%, respectively. The upper surface of both the optimal airfoils are
very similar to the NACA 0012 airfoil. However, the lower
surface has shifted towards the chord line leading to thinner
sections. Consequently, the pressure distribution on the
upper surface is nearly identical for the three airfoils, while
a difference is noted only on the lower surface as can be
seen in ﬁgure 13b. The enhanced pressure distribution on
the lower surface leads to an increase in Cl and the reduced
thickness leads to a decrease in Cd. Thus the EF of the
optimal airfoils are higher than the baseline. The
improvements in the EF are 38.3% and 32.7%, respectively,
by the two methods. The contours of Cp, superimposed with
the streamlines, are shown in ﬁgure 13c. All three airfoils
have a LSB on the upper surface.
The Cf distribution on the airfoil upper surface is plotted
in ﬁgure 14a. The separation, transition and reattachment
locations are evaluated from these plots and are tabulated in
table 3. The boundary layer separation is seen to occur early
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Figure 13. (a) Optimal airfoils, (b) Cp distributions and (c) streamlines, superimposed over contours of Cp, for maximizing (Cl3/2/Cd)
objective function.

for both the optimal airfoils. Interestingly, the ﬂow transition and subsequent reattachment occurs at nearly the same
location for the three airfoils. The LSB is seen to be the
longest for the optimal airfoil obtained by the TR method
due to early separation. Further, the contours of intermittency are plotted in ﬁgure 14b to give a qualitative indication of the transition locations.
The computational cost comparison of the two optimization procedures is summarized in table 4. The time

taken per low-ﬁdelity sample evaluation is 2 min. This
includes the airfoil geometry preparation in .dat ﬁle format,
analysis in the low-ﬁdelity code, and extraction and writing
of the objective function values. All these activities are
automated. It takes 40 minutes for one high-ﬁdelity sample
evaluation on a workstation with 16 GB RAM, Intel i5
processor (3.10 GHz). This time includes airfoil geometry
creation and grid generation (automated using script ﬁles in
the meshing software), CFD analysis (automated using
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Figure 14. (a) Cf distribution of the upper surface of airfoils and (b) contours of intermittency for maximizing (Cl3/2/Cd) objective
function.
Table 3. Aerodynamic coefﬁcients and LSB characteristics of NACA 0012 and optimal airfoils for maximizing (Cl3/2/Cd) objective
function.
Airfoil
NACA 0012
Optimal airfoil PE
Optimal airfoil TR

Cl

Cd

(Cl3/2/Cd)

(x/c)s

(x/c)t

(x/c)r

LLSB

0.458
0.550
0.537

0.0258
0.0245
0.0247

12.01
16.61
15.94

0.24
0.19
0.15

0.69
0.69
0.67

0.79
0.78
0.77

0.55
0.58
0.62

32.7

journal ﬁles in the ﬂow solver), and extraction of the
objective function values. It is seen from table 4 that the
time taken for initial surrogate model construction is 1500
minutes for the PE method, whereas it is only 300 minutes
for the TR method since the latter does not involve any
high-ﬁdelity evaluations at this stage. The TR method
requires high-ﬁdelity evaluations only during the inﬁlling
stage. Though both the PE and TR methods take similar
CPU times, the wall-clock time is substantially lower with
the latter method since multiple new inﬁll sample points are
chosen and CFD analysis performed on multiple workstations. In the present optimization problems there is more
than a fourfold beneﬁt with the TR method.

12.01
460

15.94

16.3
38.3
0.458
12.01
420
1900

1900
–
150
TR

*The ten high-ﬁdelity inﬁlls per cycle are computed simultaneously on multiple workstations.

10 (9 4 cycles)*
300

1500
1900
10 (9 3 cycles)*
10
300
1500
Maximizing
Cl3/2/Cd

TR
PE

2
–
30
150
150

40

1900
10
1500
LF
2
HF
30
LF
150
PE
Maximizing
Cl

Method

CPU time taken per
sample evaluation
(minutes)

HF
40

CPU time taken for initial
surrogate model build
(minutes)
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No. of
initial
samples
Objective
function

Table 4. Summary of the optimization methods.

0.533
16.61

0.458
1900

0.541

18.1
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No. of HF
inﬁlls

Total CPU
time
(minutes)

Wall-clock
time
(minutes)

Baseline
value

Optimal
value

%
improvement
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A co-Kriging surrogate modeling approach with predictionbased high-ﬁdelity model update strategy, and a co-Kriging
modeling approach with gradient-free trust-region high-ﬁdelity model update strategy were proposed in this paper for
aerodynamic shape optimization at low Reynolds numbers.
These methods have advantages of reducing the design lead
time and also providing high-ﬁdelity design information
early in the design process. A large number of low-ﬁdelity
evaluations using the panel method with eN criterion for
transition prediction and a lesser number of high-ﬁdelity
evaluations using the RANS method with c-Reh transition
model were employed in the optimization process.
The two optimization methodologies were applied to a
challenging case of aerodynamic shape optimization at low
Reynolds number involving ﬂow transition where the
aerodynamic properties were extremely sensitive to airfoil
geometry. Two different objective functions were considered: (i) maximization of lift coefﬁcient, Cl, and (ii) maximization of endurance factor, Cl3/2/Cd. For maximizing Cl
study, the Cl improvements achieved were 18% and 16.3%,
respectively, by the two methods. The improvements in the
endurance factor were 38.3% and 32.7%, respectively. It
was seen that both the methodologies resulted in similar
optimal geometries and performance improvements thereby
lending conﬁdence in these procedures. The multi-ﬁdelity
optimization approaches have been shown to be promising
for design optimization at transitional low Reynolds
numbers.

List of symbols
c
Cd
Cf
Cl
Cp
D

Airfoil chord length (m)
Coefﬁcient of drag
Skin friction coefﬁcient
Coefﬁcient of lift
Pressure coefﬁcient
Design space
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f
k
LLSB
m
ml
n
N
p
P
r
Re
rk
T
Tu
U?
ui
ui’
x
X
(x/c)r
(x/c)s
(x/c)t
Y
y
y?

Objective function
Turbulence kinetic energy (m2/s2)
Length of laminar separation bubble
Order of Bézier curve
Smoothness parameters
Number of samples
Disturbance ampliﬁcation rate
Number of design variables
Pressure (Pa)
Correlation coefﬁcient
Reynolds number
Trust factor
Trust region
Turbulence intensity (%)
Freestream velocity (m/s)
Mean velocity components (m/s)
Fluctuating velocity components (m/s)
Design vector
Vector of design variables
Reattachment location
Separation location
Transition location
Vector of objective function values
Objective function value
Non-dimensional normal distance in wall units

Greek Symbols
a
c
dk
e
h
hl
l
m
q
v
x

Angle of attack (deg.)
Intermittency
Trust radius
Convergence criterion
Momentum thickness (m)
Activity parameters
Fluid viscosity (Pa-s)
Fluid kinematic viscosity (m2/s)
Fluid density (kg/m3)
Initial trust region radius
Speciﬁc dissipation rate of turbulence kinetic energy
(1/s

Subscripts
hf
lf

High-ﬁdelity
Low-ﬁdelity
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