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Abstract. In thin shell buckling, geometric imperfections are important contributors to observed scatter in
experimentally determined postbuckling behavior. Buckling experiments with large shells are difﬁcult and
expensive to conduct, and hence the sample sizes of buckling tests reported in the literature are generally small.
To study statistical variability of buckling loads for a large number of notionally identical thin shells, we have
carried out 100 buckling experiments each for two thin shell geometries. One shell geometry is a dome-like shell
with a ﬂat base (a bowl), and the other is a truncated cone with a ﬂat base (a tumbler). The test shells are
industrially produced, inexpensive, made of stainless steel, and easily available in India as utensils for domestic
use. We provide detailed geometric and material characterization of these thin shell specimens. These shells
were compressed axially between rigid plates. Buckling for both shell geometries was elastoplastic in nature.
The experimental buckling load–displacement curves of 100 specimens for the bowl show variability in
buckling loads by a factor of two, and stable postbuckling response. The corresponding curves for 100 specimens of the tumbler show variations of as much as a factor 5, with many snap-throughs, and unstable postbuckling response for larger compressions. We present two sets of axisymmetric elastoplastic ﬁnite element
simulations of the tumbler, with both (a) tractions directly applied on a predetermined region and (b) through
contact with a rigid plate. The latter set of simulations show approximately twice as much sensitivity to
geometrical imperfections. Our results may guide new assessments of factors of safety in buckling, as laid down
in design codes, when there is a chance of such interactions between contact loading and geometry.
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1. Introduction
Uncertainty and associated risk in performance of structural
systems have been an area of active research (e.g., [1–3]).
In this paper we consider statistical variability in the
postbuckling behaviors of two small thin walled shell
structures.
Thin walled structures are important because they are
widely used in structural designs. Various technological
and economic factors, like the availability of high-strength
materials, high stiffness to weight ratio, cost optimization
pressures, and speciﬁc application areas like aerospace,
marine structures, automobiles, and nuclear reactors, have
led to widespread use of thin walled structures. There are
many thin walled substructures or components used in a
variety of engineering structures as well. In low-cost and
mass-produced thin walled structures, due to
inevitable imperfections, the variability in postbuckling
behavior remains imperfectly understood.
*For correspondence

von Karman and Tsien [4] ﬁrst showed that a large discrepancy can exist between the buckling load calculated
from linear shell theory and the actual buckling load of a
real structure with small imperfections. Babcock Jr. [5]
carried out initial-buckling tests on 34 cylindrical shells and
compared results to the theoretical buckling load. He
attributed the discrepancies observed to imperfections, end
constraints, and uncertain boundary conditions. In later
studies, the roles of plasticity, boundary conditions, and
residual stresses have been recognized in contributing to
variability in buckling loads. Detailed literature reviews of
shell buckling studies can be found in [6–8]. Details on
shell buckling experiments for various type of shell
geometries can be found in the book by Singer et al [9].
Several studies have appeared on probabilistic buckling
analysis [10–13]. Probabilistic buckling analysis for a space
structure is reported in [14]. Shell design procedures based
on probability-based buckling analysis have been discussed
in [15–17]. Experimental buckling data reported in these
studies have been valuable for validation and reliability
assessment of the theoretical developments therein.
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Recently, Lee et al [18] and Ifayefunmi [19] have carried
out buckling experiments on several different small thin
shell structures.
However, the sample sizes of shell buckling experiments
have generally been modest. To understand the statistical
variability and effect of various parameters on buckling
load it seems useful to conduct large number of experiments for a given geometry, say 100 experiments for
notionally identical shells. In such studies, for simplicity as
well as more precise control on experimental conditions,
relatively smaller shell specimens are attractive. As a step
in this direction, in this paper, we present 100 buckling
experiments each, for two different thin shell geometries, to
obtain a detailed statistical view of the buckling load–displacement curves of these thin shells. Our immediate goal
is to report on the variability observed, and our longer term
goal is to prompt detailed simulations that attempt to
quantify uncertainty and imperfection sensitivity in such
shells through detailed nonlinear ﬁnite element simulations.
Our test shells are compressed axially between rigid
plates using a universal testing machine. These shells are
industrially produced, inexpensive, made of stainless steel,
and easily available in India for common use. One shell is
dome-like with a ﬂat base (a bowl), and is stable after
buckling. The other is a truncated cone with a ﬂat base (a
tumbler), and has unstable postbuckling behavior. Figure 1
shows the test shells used in buckling experiments. Physical
dimensions of the tests shells are on the order of 10 cm and
the wall thickness is below 1 mm. The small size, easy
dimensional and material characterization, and low cost of
our test shells facilitate experiments in large numbers,
providing a detailed statistical picture that has not been
available so far. We anticipate that qualitative features of
the variability observed in the postbuckling behaviors of
these two shells may lead to improved understanding of
such behavior in other small shell structures in general.
We note that, since the sample size of experiments is
large, our test shells have small variations in geometric
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(height, diameter, thickness) and material parameters (yield
stress). We will duly report on these variations.
Among these variations, we have noted in particular that
large scatter in load–displacement plots can occur due to
interaction between contact loading and high geometric
curvature. To demonstrate, we have carried out two sets of
ﬁnite element analyses of the tumbler with varying radii in
the high-curvature region. In one case we have included the
contact nonlinearity, and in another case we have applied
the load as a surface traction on a predetermined region.
The former indeed shows greater sensitivity to geometric
imperfections.
The rest of this paper is organized as follows. A detailed
geometric, material, and microstructure characterization for
test specimens is presented in section 2. In section 3, buckling
test setup details and test results are presented. In section 4 we
present details and results of ﬁnite element modeling. Finally,
in section 5 we present some concluding remarks.

2. Test shell specimen details
2.1 Material characterization
Each set of shell specimens was obtained from a single
vendor in one single purchase. This effectively assures us
that all specimens are manufactured by the same process, in
the same factory, and within a short space of time. In
subsequent discussion, the specimens are considered as
notionally identical.
Chemical analysis based on optical spectroscopy1 for
both shell materials showed them to be similar to stainless
steel UNS S20430, an austenitic stainless steel with an FCC
crystal structure. Average chemical composition estimates
of the shells (two samples each) are given in table 1. X-ray
diffraction analysis showed that the crystal structure is FCC
(details omitted).

2.2 Geometric details
We now describe the geometry of the bowl and the tumbler.
First the proﬁles of several bowls were measured, initially by studying long focal length photographs and then
taking vertical cross sections (electrical discharge machining – EDM; see ﬁgure 2), and ﬁnally by external diameter
measurement using Vernier calipers. Wall thicknesses were
measured from cut specimens using a screw gauge. Figure 3 shows a schematic sketch of the bowl. The ﬁgure also
shows average measurements for six bowls; for individual
bowls, the dimension Z varied between 0.9 and 1.0 mm; the
dimension W of the ﬂat portion varied between 4.5 and 5.1
mm. Details of geometric measurements are presented in
table 2.
Figure 1. Specimen for experiments. The pen on the left is for
scale.

1

At Microlab in Chennai; see http://www.microlabchennai.com/
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Table 1. Chemical composition of shell specimens (2 decimal
places).

Table 2. Dimensions of bowls.
Specimen no.

Element (%)

Bowl

Tumbler

Carbon
Silicon
Manganese
Phosphorus
Sulfur
Chromium
Nickel
Copper

0.16
0.49
10.40
0.06
0.04
13.19
0.78
2.08

0.11
0.39
10.46
0.06
0.01
14.30
0.60
1.84
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1
2
3
4
5
6

W (mm)

Y (mm)

Z (mm)

4.47
4.69
5.10
4.81
4.53
5.02

3.35
2.80
2.86
3.26
2.70
2.70

0.90
0.82
0.94
1.02
0.89
0.90

Figure 2. Half cut bowls.

Figure 4. Proﬁle of bowls with thickness measurement locations.

Table 3. Bowl thickness measurements (mm).

Point
Point
Point
Point
Point
Point

Figure 3. Bowl specimen drawing (all dimensions are in mm).

The thickness of the bowl was measured at six locations
shown in ﬁgure 4. Table 3 shows measured values for ﬁve
bowls. Measurements were taken with a hand-held
micrometer with a notional least count of 0.001 mm;
however, due to small differences in contact conditions and
ratchet tightening, we think the actual error in measurement
may be somewhat larger, although less than 10 microns

1
2
3
4
5
6

Bowl 1

Bowl 2

Bowl 3

Bowl 4

Bowl 5

0.257
0.232
0.221
0.225
0.239
0.246

0.245
0.235
0.231
0.217
0.232
0.231

0.256
0.240
0.235
0.226
0.235
0.236

0.256
0.246
0.234
0.226
0.239
0.243

0.260
0.238
0.231
0.230
0.243
0.245

The geometry of the tumblers was relatively simpler.
Geometry parameters of 11 tumblers (diameter at top and
bottom, and height) were measured using Vernier calipers;
see table 4. Figure 5 shows the geometry with averaged
measured dimensions.
The wall thickness of the tumbler was measured at eight
locations as shown in ﬁgure 6. Tumbler thicknesses are
given in table 5. We observe that the wall thickness varies
with location, although the thickness variation is small
across specimens at any given location.
The yield strengths of the shell materials were evaluated
by routine tensile tests carried out on a universal testing
machine. Tensile specimens were prepared as follows. For
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Table 4. Dimensions of truncated conical shells.
Specimen no. Height (mm) Bottom dia. (mm) Top dia. (mm)
1
2
3
4
5
6
7
8
9
10
11

108.60
110.60
109.40
112.45
110.22
111.20
111.70
112.80
114.17
111.70
111.32

71.30
71.89
71.24
71.60
71.57
71.20
71.60
72.10
71.40
71.57
71.43

45.27
45.37
45.43
45.10
45.87
45.59
45.74
45.81
45.78
45.58
45.00

Figure 6. Proﬁle of tumblers with thickness measurement
locations.

Table 5. Conical shell thickness measurements (mm).

Point-1
Point-2
Point-3
Point-4
Point-5
Point-6
Point-7
Point-8

Figure 5. Mean proﬁle of the tumbler.

the bowls, EDM was ﬁrst used to cut out portions larger
than the ﬁnal specimens. The cut portions were not ﬂat, but
the radius of curvature was large. A ﬁxture with two ﬂat
plates was fabricated, with a cutout of test specimen
dimensions (ﬁgure 7). After clamping the cut portions in
the ﬁxture, EDM was used to cut out the ﬁnal test specimens. The slight bend in the test specimens straightened out
easily, and had a negligible effect on the estimated yield
strength. Specimens from the tumbler were easier to cut
(longitudinal direction; EDM; details omitted).
From simple tensile tests on three specimens from the
bowls, the yield stress corresponding to 0.2% plastic strain
was 830, 794, and 800 MPa.
Corresponding values from four specimens from the
tumblers gave yield stresses of 1321, 1219, 1465.6, and

Conical 1

Conical 2

Conical 3

Conical 4

0.482
0.270
0.266
0.254
0.263
0.383
0.461
0.670

0.507
0.275
0.254
0.248
0.264
0.382
0.463
0.673

0.488
0.253
0.246
0.240
0.258
0.399
0.465
0.663

0.536
0.267
0.265
0.247
0.260
0.381
0.472
0.680

1312.6 MPa. Note that these tensile test specimens were
from relatively thinner (and more work-hardened) portions
of the shells. The tops and bottoms of the tumblers had
greater wall thicknesses, and were therefore less stretched
and less work hardened.
Young’s modulus of the shell material was estimated
using a simple bending experiment, and found to be 207
GPa for both shells.

3. Buckling experiments
Buckling experiments were carried out at room temperature
on a universal testing machine (UTM). The shell specimen
was placed, open side down, on a ﬂat rigid circular plate at
the bottom, and a vertical compressive load was applied
through another ﬂat rigid plate at a constant displacement
rate. It was soon clear that the bowls had more regular
behavior than the tumblers. Accordingly, for subsequent
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Figure 7. Cutting procedure for tensile specimens from bowls.

tests, the displacement rate used for the tumblers was 1
mm/min, while for bowls the rate was 3 mm/min. Figure 8
shows the experimental setup for the bowl and tumbler
specimens. Speeded up (16 times) video of several buckling
tests is available at https://www.youtu.be/76KgjyJSg9I.
During the experiments, as may be seen in the video, the
bowls initially deform axisymmetrically until an initial
peak load is reached. Nonaxisymmetric buckling modes
appear later at the top of the bowl. Figure 9 shows an
intermediate stage for one bowl. The bowls continue to
deform in the same buckling mode in the postbuckling
regime as the load is increased. The depression in the
central region of the top of the bowl is not because there are
loads acting there. As the bowl is pressed between rigid
plates, loads act on the raised portion along the rim.
In the buckling of the tumblers, an axisymmetric
depression initially is formed at the top (see ﬁgure 10);
subsequently, an axisymmetric lateral bulge appears near
the top (watch the video); and ﬁnally, nonaxisymmetric
buckling occurs. This type of symmetry breaking bifurcation is not surprising. For example, in purely elastic buckling of a thin walled cylinder, a large number of such
bifurcations exist off a main axisymmetric solution branch;
see Wohlever and Healey [20] and especially ﬁgure 6
therein.
There is a signiﬁcant difference between the bowls and
tumblers. The bowls are stable postbuckling, and the tumblers are unstable. Figures 11 and 12 show load versus
displacement plots for the bowls and tumblers (100

Figure 9. Buckled bowl.

specimens each), respectively. To make the initial displacement point in the load–displacement curves uniform,
all the graphs were made to pass through the same point at a
load of 0.2 kN load for the bowl and 0.35 kN for the
tumbler. The relative difference in stability between the two
types of specimens is clearly seen. The experiments would
be visually more dramatic if the tests were load controlled
instead of displacement controlled; however, in displacement-controlled mode, intermediate points are obtained
more reliably.
In ﬁgure 11 (left) the scatter in the load–displacement
curves slightly exceeds a factor of 2, with an overall rising
tendency. This is stable behavior. In contrast the scatter is
about a factor of 5 for the tumblers, with an overall

Figure 8. Experimental setup.
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Figure 10. Left: Three stages of tumbler deformation. The
depression caused in the ﬂat base is due to plastic deformation
near the periphery. The light source was arranged to aid visibility
by reﬂection.

tendency to drop dramatically from intermediate maxima.
Both sets show behavior in the elastoplastic regime, which
is relevant to both small shells at ordinary temperatures and
large shells at elevated temperatures.
The scatter in load–displacement curves is represented
with l þ 2r and l  2r curves. Here l and r are, respectively, the mean and the standard deviation of all the loads
at a particular displacement. Figure 13 shows load–displacement plots along with l þ 2r and l  2r curves. For
computing l and r for tumblers, 96 curves were retained
and 4 curves that terminated early were discarded.
For the tumblers, the load–displacement curves show
clearly the need for care with structures that are unstable postbuckling. The load can rise to high levels (e.g.,
above 21 kN) or dip to relatively much lower levels (e.g.,

Figure 11. Load–displacement plots for the bowl. Left: Initial load–displacement plots. Right: Full load–displacement plots.
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Figure 12. Load–displacement plots for the tumbler. Left: Initial load–displacement plots. Right: Full load–displacement plots.
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4. Finite element analysis of the tumbler
As discussed earlier, the tumblers exhibit unstable postbuckling behavior and large scatter in load–displacement
plots. In this section we use ﬁnite element simulations to
show that a signiﬁcant portion of the large variability of
initial peak loads can be attributed to a geometrical interaction between the contact loading and variability in the
ﬁllet radius. We ﬁrst carry out elastoplastic analysis of the
tumbler under contact loading with a coefﬁcient of friction
0.3, for different ﬁllet radii. For comparison, we then also
carry out elastoplastic analyses of the tumbler under surface
traction loads for the same set of ﬁllet radii.

Displacement=0.5 mm.
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below 4 kN). Some of the load–displacement curves have
nearly vertical portions, which are traced easily in a displacement-controlled experiment but would cause a
dynamic snap-through event in a load-controlled experiment. Even in our slow experiments some specimens produced a ‘‘thud’’ like sound at an intermediate point,
indicating a small dynamic instability.
We now brieﬂy report on the nature of the underlying
distribution in loads attained at particular values of the
displacement in the load–displacement curves. Empirical
cumulative distribution function (CDF) plots of load for
speciﬁc values of displacement are shown in ﬁgures 14 and
15. Figure 14 shows the empirical CDF plots of loads at
displacements equal to 0.5, 1, 4, and 15 mm for bowls.
Similarly, empirical CDF plots of loads at displacements
equal to 1, 2, 4, and 8 mm are plotted for the tumblers in
ﬁgure 15. The CDF plots appear S-shaped. They may be
approximated as normal. The 1 mm plot for the tumbler
looks slightly asymmetrical, but is not conclusively different from normal based on a simple statistical test (details
not reported here).
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Displacement=15 mm.
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Figure 14. Empirical CDFs of loads at displacement 0.5, 1, 4,
and 15 mm for bowls.

Since the tumbler undergoes axisymmetric yielding
before undergoing a symmetry breaking bifurcation (as
amply demonstrated in the videos mentioned earlier), here
the tumbler is modeled using the axisymmetric solid element CAX4R in the commercial ﬁnite element package
ABAQUS. The tumbler dimensions considered for analyses
are averaged dimensions: see ﬁgure 5 and table 5. The ﬁllet
radius for both sets of analyses is allowed to vary from 1.8
to 3 mm. The element size chosen for the tumbler is 0.05
mm after mesh convergence studies (details omitted). As
we model the tumbler with axisymmetric elements, only the
initial part of the deformation is captured and subsequent
non-axisymmetric deformation modes are not captured.
Additionally we have used an elastic–perfectly-plastic
material model, which also restricts the validity of the

Figure 13. Red curves denote the mean and mean ± two standard deviations. Thin blue curves are actual load–displacement data. Left:
Conical tumbler. Right: Bowl.
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Figure 16. Finite element model of the tumbler and rigid plate.
The mesh in ﬁllet radius region is shown. The gap between the
plate and tumbler is enhanced for clear depiction.

Figure 15. Empirical CDFs of loads at displacement 1, 2, 4, and
8 mm for tumblers.

Figure 17. Finite element model of tumbler, highlighting the
loading region where a surface traction is applied in the downward
direction.

18

18

R=1.8 mm
R=2 mm
R=2.2 mm
R=2.4 mm
R=2.6 mm
R=2.8 mm
R=3 mm

14
12

16
14

Load (kN)

16

Load (kN)

simulation to the initial postbuckling regime because strain
hardening is not modeled.
The bottom edge of the tumbler is ﬁxed for both sets of
simulations. The elastic modulus of the tumbler is 200 GPa
in all cases. The yield stress is assumed to be 700 MPa to
match the overall average observed in experiments, and
geometric nonlinearity is included in the analysis.
In the ﬁrst set of analyses the top plate is modeled as a
rigid body and a vertically downward displacement rate is
imposed on it, at 1 mm/min. Contact is modeled between
the top plate and tumbler. Figure 16 shows the corresponding ﬁnite element model and mesh in the ﬁllet radius
region. The thickness variation is shown in ﬁllet region
mesh.
In the second set of analyses, surface traction in the
downward direction is applied on a narrow concentric
region of radius 21.25 mm and a width of 0.5 mm. The
applied load is then increased pseudostatically until the
load–displacement curve reaches zero slope. Figure 17
shows the ABAQUS model of the tumbler, showing the
loading region.
The simulation results are presented in ﬁgure 18.
Since the second set of simulations actually show
smaller variation in load–displacement curves, we present them on the left to provide a basis for comparison.
Figure 18 (left) shows the load–displacement plot of the
tumbler under surface traction with different ﬁllet radii.
It can be seen that peak load varies from 11.65 to 13.21
kN for the ﬁllet radii considered. Figure 18 (right) shows
the load–displacement plots for the tumbler under contact loading. Here the variation is approximately twice as
large for the same radii. The peak load varies from 11.15
to 17.10 kN. The contact-based simulation also runs
longer because of numerical algorithmic issues that are
not of interest here.
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Figure 18. The load–displacement plots for different ﬁllet radii.
Left: The load–displacement with surface traction. Right: The
load–displacement with contact loading.

Figure 19 shows the deformed shape of the tumbler for
ﬁllet radius 2.4 mm, to show that the loading does occur on
an annular region. It is just that, aided by the proximity of a
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may warrant reexamination of some parts of codes like
RCC-MR.
S, Mises
+7.000e+08
+6.420e+08
+5.841e+08
+5.261e+08
+4.682e+08
+4.102e+08
+3.522e+08
+2.943e+08
+2.363e+08
+1.784e+08
+1.204e+08
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5. Conclusions
Buckling of thin shell structures is a long-standing complex
problem. Large-sample buckling experiments on notionally
identical thin shell structures provide insight into statistical
variability of the postbuckling behaviors of such structures.
Towards this end 100 experiments each, for two different
shell geometries, have been reported in this paper. There is
large scatter in postbuckling behaviors. The scatter is about
a factor of 2 for the bowl, which shows stable postbuckling
response, and about a factor of 5 for the tumbler, which
shows unstable postbuckling response.
Axisymmetric ﬁnite element simulations of the early part
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