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Abstract. The problem of attaining energy efﬁciency in distributed systems is of importance, but a general,
non-domain-speciﬁc theory of energy-minimal scheduling is far from developed. In this paper, we classify the
problems of energy-minimal scheduling and present theoretical foundations of the same. We derive results
concerning energy-minimal scheduling of independent jobs in a distributed system with functionally similar
machines with different working and idle power ratings. The machines considered in our system can have
identical as well as different speeds. If the jobs can be divided into arbitrary parts, we show that the minimumenergy schedule can be generated in linear time and give exact scheduling algorithms. For the cases where jobs
are non-divisible, we prove that the scheduling problems are NP-hard and also give approximation algorithms
for the same along with their bounds.
Keywords. Scheduling; energy efﬁciency; approximation algorithms; distributed systems; computational
complexity.

1. Introduction
Energy is a precious resource of the current industrial
economy. We present a generalised theory for energy-efﬁcient ofﬂine scheduling in this paper, which does not go
into domain-speciﬁc issues or technologies. Our work is
applicable to systems whose machines are similar in their
capabilities but can have different working and idle power
consumptions. The speeds at which machines can execute
tasks can be different from one another, but are not timevarying, i.e., each machine operates at the same speed
whenever working. All machines are connected to one
another, so that a job from one machine can be transferred
to any other machine. Machines and jobs to be executed are
independent, and hence any job can be executed in any
order on any machine. The theorems and algorithms given
in the paper are relevant to all applications that satisfy the
assumptions and the system model presented, irrespective
of the domain or technology used. For example, scheduling
in IoT devices, any job shop scheduling problem, any
factory where there are several machines of similar capabilities and work is to be assigned to some of those
machines such that the job is done using minimum energy,
and many more. Given a set of interconnected machines
and independent jobs, our results specify the allocation of
jobs on the machines so that the total power consumption of
*For correspondence

the system is minimised. We classify the problems as
follows.
1. Identical speeds, divisible jobs: This is discussed in
Section 5.1a, where we derive results to prove that it can
be solved in linear time and give an algorithm for the
same.
2. Identical speeds, non-divisible jobs: This turns out to be
NP-hard, as shown in Section 5.1b. We give an
approximation algorithm that gives a solution within a
bound of 43.
3. Different speeds, divisible jobs: In Section 5.2a we give
results and an algorithm to ﬁnd the minimum-energy
schedule.
4. Different speeds, non-divisible jobs: This is also NPhard. We give an approximation algorithm in Section 5.2b that gives a result within a bound of 1 þ
pﬃﬃﬃ
3=3  1:5773 times the optimal.
We derive results (for divisible jobs) that serve as an upperbound to maximum achievable efﬁciency—because a system with divisible jobs can always have higher efﬁciency as
compared with system with non-divisible jobs [1]. In the
present paper we deal with theoretical aspects of energyminimal scheduling, deriving results that can guide the
design of scheduling algorithms for systems. On any given
schedule, if the conditions indicated in the results are satisﬁed then that schedule is energy-minimal. Likewise, the
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results can also indicate when a system of machines would
be inherently wasteful of energy and can thus guide more
energy-efﬁcient system designs. Machines not in use are
not assumed to be switched off, but do consume power. We
have deliberately allowed that machines do not get switched off when not in use, given the reality of machines in
many domains. The situation where a machine does get
switched off is merely a special case where the idle power
of that machine is zero.
The remainder of the paper is organised as follows.
Related work is mentioned in Section 2. The system model
along with the notation used and the motivation is presented in Section 3. Section 4 discusses the precedence of
machines. The proposed algorithms along with their bounds
are given in Section 5. Finally, Section 6 describes the two
types of measures commonly used for energy efﬁciency in
systems and shows that they are incompatible.

2. Related work
In energy-minimal scheduling, as opposed to classical
makespan scheduling, there are additional parameters (energy speciﬁcations) that come into picture and hence it is
inherently more complex than makespan scheduling.
Agrawal and Rao [2] show that energy-efﬁcient scheduling
is strictly harder than makespan scheduling. Though there
has been a lot of work done in the ﬁeld of scheduling, the
prime focus of general works on scheduling [1, 3–5] has
been to optimise objectives related to time—such as
makespan, earliness, and avoidance of tardiness.
Existing literature dealing with scheduling for energy
reduction generally focuses on speciﬁc domains, such as
communication networks, embedded systems, and high
performance computing [6–11]. Pouwelse et al [12] give a
heuristic for energy priority scheduling for variable voltage
processors. Bambagini et al [13] use the combination of
ofﬂine-DVFS and online-DPM (dynamic power management) techniques to reduce energy consumption in
embedded systems. Some recent anthologies deal with
energy efﬁciency in computing systems at various scales
(processors to data centers) [14, 15].
In the domain of microprocessor power management and
energy saving, some prior work uses speed scaling and
power-down techniques [16, 17]. Irani et al [18] have given
algorithms for power savings by putting the system on sleep
state while idle and varying the speeds at which jobs are
run. Augustine et al [19] suggest optimal power-down
strategies with more than one low-power state. Bansal et al
[20, 21] use another technique called speed scaling. Bansal
et al [22] have given a tighter bound for the YDS algorithm
given by Yao et al [23] and proved that their BKP algorithm is cooling-oblivious. Bansal et al [20, 21] consider an
arbitrary power function of speed, for speed scaling.
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Arunarani et al [24] present a comprehensive survey of task
scheduling strategies and the associated metrics suitable for
cloud computing environments. Juarez et al [25] have given
dynamic energy-aware scheduling for parallel task-based
application in cloud computing. Gu et al [26] investigate
the energy cost minimisation problem in edge computing.
They jointly consider the task allocation, service migration,
and energy scheduling and give a relaxation-based heuristic
algorithm to reduce energy consumption.
There are some studies of scheduling whose theoretical
developments can help in energy-efﬁcient scheduling too.
One such is divisible job theory, which studies methods
involving the continuous and linear modeling of partitionable communication and computation jobs for parallel
processing [27–32]. There is also some prior work concerning scheduling for multiple criteria [33–37].
The theoretical framework and classiﬁcation of energyminimal scheduling problems as considered here is not
discussed in or derivable from any of these papers. The
theoretical framework proposed is thus a necessary addition
to existing and ongoing work focusing on heuristic
approaches to energy-efﬁcient scheduling, and also complements technology-speciﬁc approaches to energy reduction such as DVFS [38–40].

3. System model
As in other scheduling problems, we have a set of interconnected machines and a set of jobs that are to be executed
using the machines. We presume that all machines are
connected in such a way that a job can be transferred from
any machine to any other machine without any energy
dissipation. Jobs are independent and hence can be executed in any order and on any machine. We consider two
types of jobs: divisible and non-divisible. There can be two
types of systems as well, based on the speeds of the
machines in the system: one in which all machines run at
the same speed (even though their power ratings may be
different), and the other class in which machines run at
different speeds. Thus, based on the type of job and the type
of system, we have four classes of scheduling problems.
The notation used is indicated in table 1.
The energy consumed by a machine can be calculated
given the power consumption by the machine in the
working state, and the duration for which the machine
works. Since the power rating of a machine is energy
consumed per unit time, it is in principle possible to calculate the energy consumed by any machine over a given
time duration by integrating the power consumption over
time [41]. Machines may continue to consume energy even
when not working, i.e., when idle. It is also to be noted that
in many systems like data centers it is not a simple matter to
shut off machines, even when they are not given any job.
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Table 1. Notation.
Symbol

Meaning
Total energy consumption of system with
m machines and jobs distributed to r machines
Makespan of the system
Set of all machines c1 ; c2 ; . . .; cm
Working set of machines (all others being idle)
Number of machines on which jobs are
distributed
Power consumption in working state by
machine ci
Power consumption in idle state by machine ci
The sum of the idle power of all the machines
Speed (throughput of work per unit time) of
machine ci (ﬁxed throughout its working tenure)
Time spent in working state by machine ci
Time spent in idle state by machine ci
Amount of work given to machine ci
Set of jobs p1 ; p2 ; . . .; pn
Weight of job pj
Total working time of all the jobs

Em;r
T
C
R
r
lðci Þ
cðci Þ
C
tðci Þ
sðci Þ
jðci Þ
wðci Þ
P
wðpj Þ
W

The expression for the energy consumed in a system of m
machines can be given as the sum of the energies consumed
by all machines:
E¼

m
X
½lðci Þsðci Þ þ cðci ÞðT  sðci ÞÞ:

ð3:1Þ

i¼1

The general energy equation can be formed by replacing
iÞ
sðci Þ with wðc
tðci Þ , and after simpliﬁcation
E¼

m 
X
wðci Þ
i¼1

tðci Þ


ðlðci Þ  cðci ÞÞ þ cðci ÞT :
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5. For the model in which the speed of all machines is the
same, one unit of work takes one unit of time for
execution irrespective of the machine on which it is
executed.
The aim is to schedule a set of jobs on the given set of
machines such that the energy consumption of the system
E given by (3.1) and (3.2) is minimised.

4. Precedence of machines
In Section 4 we ﬁrst ﬁnd the precedence of machines, i.e.,
the order in which they should be assigned work. This
precedence helps determine which machines should be
allotted work and how much, to reduce the overall energy
consumption of the system. With differing power speciﬁcations of machines, it stands to reason that it may be
advantageous to prefer some machines over others in doing
jobs. The problem of ﬁnding relative distribution of work
among machines can be broken into two parts:
• Given the set of m machines, which subset of machines
should be allowed to work and which should remain
idle for all times during the makespan?
• What should be the distribution of work among the
working machines?
There are no restrictions on the jobs except that the total
load is considered to be W. This means that the results
derived in this section are applicable to all types of systems.
As the case where machines have identical speeds has
already been presented elsewhere [42], we derive results for
the case where they can have different speeds.

ð3:2Þ

We assume the following in our system:
1. All jobs are independent, i.e., there are no precedence
constraints between jobs. Hence there is no idle time
(gap) for a machine between the execution of two jobs,
i.e., T ¼ maxi sðci Þ
2. In the cases where jobs are divisible, the divisibility of
jobs means that jobs can be arbitrarily divided and
assigned to any machine.
3. All machines stay on for the duration of the makespan of
the whole set of jobs.
4. For the model in which the speed of all machines is the
same, all machines are indexed in increasing order of the
differences of their working power and idle power, i.e.,
lðci Þ  cðci Þ  lðcj Þ  cðcj Þ8i; j where 1  i  j  m. For
the model where machines can have different speeds the
machines are indexed in an order such that the ﬁrst
i ÞþC
machine is the one with smallest lðci Þcðc
and
tðci Þ
afterwards machines are indexed in non-decreasing order
Þcðci Þ
, where 1  i  m.
of lðcitðc
iÞ

4.1 Systems with different speed machines
In this subsection, we use following results from our previous paper [42] to develop a theory for systems in which
machines can have different speeds.
Lemma 4.1 Given lðck Þ  cðck Þ  lðcl Þ  cðcl Þ, then for
energy optimality of the system, sðck Þ  sðcl Þ 8k; l, where
1  k  l  m.
Theorem 4.2 When r  1 machines are working, for
machine cr to be given work (i.e., sðcr Þ 6¼ 0) and result in
reduced energy consumption, the following must hold:
r1
X
½ðlðci Þ  cðci Þ  lðcr Þ þ cðcr ÞÞsðci Þ
i¼1

þ sðc1 Þ

m
X

cðci Þ [ 0:

i¼1

Theorem 4.3 If we give jobs to r [ 1 machines (where r
is number of working machines), then for minimum energy
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consumption, the distribution of jobs on all r machines
should be equal and given by Wr .
Let us assume that work is assigned to only a subset R
out of m machines, where jRj ¼ r. Hence
sðci Þ [ 08i 2 R

and

sðck Þ ¼ 08k 62 R:

Em;r ¼

X

½ðlðci Þ  cðci ÞÞsðci Þ þ

m
X

cðci ÞT:

ð4:2Þ

i¼1

i2R

Here the makespan T is deﬁned as
T ¼ maxðsðci ÞÞ8i 2 R:
P
Putting the value of m
i¼1 cðci Þ ¼ C in (4.2) gives
X
½ðlðci Þ  cðci ÞÞsðci Þ þ CT:
Em;r ¼
i2R

ð4:3Þ

ð4:4Þ

Lemma 4.4 If all the work is assigned to one machine ci ,
i.e., jRj ¼ 1 and R ¼ fci g, then for energy minimality this
i ÞþC
.
should be the machine with minimum lðci Þcðc
tðci Þ
Proof Since all the work is assigned to only one machine
W
ci , the makespan is T ¼ sðci Þ ¼ tðc
. Substituting these
iÞ
values of R, T, and sðci Þ in (4.4), we get
ð4:5Þ

Since W does not depend on machines, to minimise energy
consumption Em;1 , we need to choose ci for which
lðci Þcðci ÞþC
is minimal.
h
tðci Þ
As mentioned in Assumption 4 in Section 3, we order
the machines such that the ﬁrst machine is with minimum
lðci Þcðci ÞþC
. Hence here i ¼ 1, and the ﬁrst machine is given
tðci Þ
work in this case.
Now before moving on to ﬁnd out which other machines
should be included in the working set, we formulate the
amount of work that should be given to each machine in the
working set.
Lemma 4.5 If we give jobs to a set R of machines, then
for minimum energy consumption, the working time of all r
machines should be equal and given by P W tðc Þ.
i2R

T¼P

W
:
i2R tðci Þ

i

Proof We prove this by induction. If the working time for
all machines in set R is equal, then

ð4:6Þ

ð4:7Þ

Using (4.6) and (4.7) in (4.4) gives
P

i Þ  cðci ÞÞ þ C
i2R ðlðc
P
:
Em;r ¼ W
i2R tðci Þ

ð4:8Þ

Basis: As the basis step of induction, we show (4.8) and
hence Lemma 4.5 holds for jRj ¼ 1. Substituting R ¼ fci g
in (4.8) gives
Wðlðci Þ  cðci Þ þ CÞ
:
tðci Þ

This is the same as (4.5). Thus it has been shown that basis
step of induction holds.
Induction step: We show that if (4.8) holds for jRj ¼ r,
then it also holds for jR0 j ¼ r þ 1. This means if we include
another machine in the working set R to minimise the
energy consumption, then all the machines in the new
working set R0 should work for equal amount of time.
Mathematically, the new makespan should be given by
Trþ1 ¼ P

W

i2R0

tðci Þ

:

ð4:9Þ

For ease of representation, let
X
X
pr ¼
ðlðci Þ  cðci ÞÞ þ C&qr ¼
tðci Þ:
i2R

Wðlðci Þ  cðci Þ þ CÞ
:
¼
tðci Þ

8i; j 2 R:

From (4.3)

Em;1 ¼

Our aim is to ﬁnd the set R for which Em;r is minimal. We
ﬁrst consider the question: if all the work has to be assigned
to only one machine, then which one would that be? We
present the answer in Lemma 4.4 of Section 4.

Em;1

W
i2R tðci Þ

sðci Þ ¼ sðcj Þ ¼ P

ð4:1Þ

With a little rearrangement of (3.1) and using (4.1) in (3.1),
we have

(2021) 46:46

i2R

Now (4.8) can be written as
Em;r

 
pr
¼W
:
qr

Let the working time of machine crþ1 be sðcrþ1 Þ. The
updated working time of all machines in set R becomes
Trþ1 ¼

W  sðcrþ1 Þtðcrþ1 Þ
:
qr

ð4:10Þ

We can assume sðcrþ1 Þ  Trþ1 , because if it is not the case
then we swap machine crþ1 with any other machine in R
that makes the assumption true; since sðcrþ1 Þ  Trþ1 , the
new makespan of the system becomes Trþ1 . Using these
values in (4.4) gives
Em;rþ1 ¼ pr Trþ1 þ ðlðcrþ1 Þ  cðcrþ1 ÞÞsðcrþ1 Þ:
Substituting Trþ1 from (4.10) gives
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W  sðcrþ1 Þtðcrþ1 Þ
¼pr
qr
þ ðlðcrþ1 Þ  cðcrþ1 ÞÞsðcrþ1 Þ
¼Em;r  sðcrþ1 Þ


pr tðcrþ1 Þ
 ðlðcrþ1 Þ  cðcrþ1 ÞÞ
qr

Em;r  Em;rþ1 ¼sðcrþ1 Þ


pr tðcrþ1 Þ
 ðlðcrþ1 Þ  cðcrþ1 ÞÞ :
qr
ð4:11Þ
Since the energy consumption should decrease by the
addition of machine crþ1 to the working set, i.e.,
Em;r  Em;rþ1 [ 0, the R.H.S. of (4.11) has to be positive.
Since time cannoth be negative, both the sub-terms
i
sðcrþ1 Þ and

pr tðcrþ1 Þ
qr

positive. The term

h

 ðlðcrþ1 Þ  cðcrþ1 ÞÞ

pr tðcrþ1 Þ
qr

must be
i
 ðlðcrþ1 Þ  cðcrþ1 ÞÞ is inde-

pendent of working time. Hence, to maximise
Em;r  Em;rþ1 , we need to maximise sðcrþ1 Þ. As we know
the maximum value of sðcrþ1 Þ ¼ Trþ1 , using this in (4.10)
and after simplifying, we get
Trþ1 P

W

i2R0

tðci Þ

:

This shows that (4.9) is true. Hence our induction step is
also proved. This completes the proof that all the machines
in the working set should be working for equal amount of
time for minimal energy consumption.
h
Using Lemma 4.5, the energy consumed by the system
when machines in set R are working is given by
P

Þ  cðci ÞÞ þ C
i2R ðlðc
Pi
Em;r ¼ W
:
i2R tðci Þ
Since our goal is to ﬁnd the relative distribution of work,
we can assume with no loss of generality that the total work
is one unit to make the representation simpler:
P
ðlðci Þ  cðci ÞÞ þ C
:
Em;r ¼ i2R P
ð4:12Þ
i2R tðci Þ
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energy consumption than the previous set. In theorem 4.6,
we specify the conditions under which a set can be
expanded.
Theorem 4.6 If a machine cj has to be included in the
working set of machines R, then the following condition
must be satisﬁed:
P
Þ  cðci ÞÞ þ C
lðcj Þ  cðcj Þ
i2R ðlðc
Pi
[
:
ð4:13Þ
tðcj Þ
i2R tðci Þ
Proof After a little re-arrangement in our condition (4.13), we get
P
Þ  cðci ÞÞ þ C
i2R ðlðc
Pi
tðci Þ
P i2R
ðlðci Þ  cðci ÞÞ þ C þ lðcj Þ  cðcj Þ
P
:
[ i2R
i2R tðci Þ þ tðcj Þ
Let R0 be the new set formed after including cj in R.
P
Þ  cðci ÞÞ þ C
i2R ðlðc
Pi
tðci Þ
P i2R
ð4:14Þ
ðlðc
0
i Þ  cðci ÞÞ þ C
[ i2R P
:
i2R0 tðci Þ
The left hand side of (4.14) gives the energy consumption
by working set R. The right hand side of (4.14) gives the
energy consumption when machine cj is included in the
original working set. Hence the energy consumption of the
new set is lower when the condition (4.13) is satisﬁed. h
Theorem 4.6 gives the condition in which a machine
could be included in the working set to reduce energy
consumption of the system. However, there can be many
machines that satisfy this condition. Theorem 4.7 speciﬁes
which machine should be given preference for inclusion in
the working set.
Theorem 4.7 Given any two machines cj and ck that
qualify to be included in working set R according to
Theorem 4.6, i.e.
lðcj Þ  cðcj Þ pr
\
tðcj Þ
qr

ð4:15Þ

lðck Þ  cðck Þ pr
\ ;
tðck Þ
qr

ð4:16Þ

and
It can be noted here that irrespective of machines being of
identical or different speeds, the machines in the working
set should be working for equal amount of time for minimal
energy consumption.
We already found which machine to give work to if only
one machine can be assigned work. Now, if we want to give
jobs to two machines, then we do this only if the energy
consumed when two machines are used is less than the
energy consumption with just one machine. The same
principle applies whenever we want to expand the working
set of machines. The new expanded set must have lower

for minimal energy consumption, machine cj should be
chosen over ck if tðcj Þ [ tðck Þ and
lðcj Þ  cðcj Þ lðck Þ  cðck Þ
\
:
tðcj Þ
tðck Þ

ð4:17Þ
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Proof Given the condition (4.17), we would like to derive
energy equations from it. Multiplying the denominators of
both sides in (4.17), we get
ðlðcj Þ  cðcj ÞÞtðck Þ
\ðlðck Þ  cðck ÞÞtðcj Þ:

ðlðcj Þ  cðcj ÞÞ  ðlðck Þ  cðck ÞÞ
tðcj Þ  tðck Þ
ðlðcj Þ  cðcj ÞÞ
:
\
tðcj Þ

 pr tðcj Þ þ pr tðck Þ\0:

pr þ lðcj Þ  cðcj Þ
pr þ lðck Þ  cðck Þ
[
:
qr þ tðcj Þ
qr þ tðck Þ

ð4:24Þ

The optimal working set of machines contain ck , i.e.
pr þ lðcj Þ  cðcj Þ þ lðck Þ  cðck Þ
qr þ tðcj Þ þ tðck Þ
pr þ lðcj Þ  cðcj Þ
:
\
qr þ tðcj Þ
Proof

ð4:25Þ

From (4.23), we have
lðck Þ  cðck Þ pr
\ :
tðck Þ
qr

ð4:20Þ

ð4:26Þ

Multiplying with tðck Þðlðck Þ  cðck ÞÞ on both sides, we get

Adding (4.18) and (4.20), we get
ðlðcj Þ  cðcj ÞÞqr  ðlðck Þ  cðck ÞÞqr  pr tðcj Þ þ pr tðck Þ
þ ðlðcj Þ  cðcj ÞÞtðck Þ  ðlðck Þ  cðck ÞÞtðcj Þ\0:
ð4:21Þ

lðck Þ  cðck Þ pr þ lðck Þ  cðck Þ
\
:
tðck Þ
qr þ tðck Þ

pr þ lðcj Þ  cðcj Þ þ lðck Þ  cðck Þ
qr þ tðcj Þ þ tðck Þ
pr þ lðcj Þ  cðcj Þ
:
\
qr þ tðcj Þ

ð4:22Þ

In (4.22) the left hand side gives the energy consumption of
the system when machine cj is included in the working set
R, while the right hand side gives the energy consumption
of the system when machine ck is included. The energy
consumption is lower with machine cj in comparison with
machine ck and hence machine cj would be given
preference to be included in working set. (NB: after
including cj in R, the condition given in Theorem 4.6 is
checked again).
h
In Theorem 4.7, we considered the special condition
tðcj Þ [ tðck Þ. However, there can be cases where

lðcj Þcðcj Þ
Þcðck Þ
\ lðcktðc
tðcj Þ
kÞ

but tðcj Þ  tðck Þ. In certain cases, it
may be possible that choosing machine ck over cj would be
more energy efﬁcient. These special cases are fairly rare;
hence, we would like to use Theorem 4.7 for the rest of our
analysis. However, we prove here that even if we choose cj
before ck while forming our working set, ck would be
deﬁnitely included in the working set later on.
Theorem 4.8 Given any two machines cj and ck that
qualify to be included in working set R according to
Theorem 4.6, i.e.

ð4:27Þ

Combining (4.24) and (4.27) and adding ðpr þ lðcj Þ 
cðcj ÞÞðqr þ tðcj Þ to both sides and solving, we have

Now adding and subtracting pr qr in (4.21), we get
pr þ lðcj Þ  cðcj Þ pr þ lðck Þ  cðck Þ
\
:
qr þ tðcj Þ
qr þ tðck Þ

ð4:23Þ

where tðcj Þ\tðck Þ and

ð4:19Þ

From (4.15) and (4.19), we get
ðlðcj Þ  cðcj ÞÞqr  ðlðck Þ  cðck ÞÞqr

lðcj Þ  cðcj Þ lðck Þ  cðck Þ pr
\
\
tðcj Þ
tðck Þ
qr

ð4:18Þ

By adding and subtracting ðlðcj Þ  cðcj ÞÞtðcj Þ in (4.18), we
get

(2021) 46:46

Since the energy consumption by including machine ck is
lower than with just machine cj , machine ck is always in the
working set.
h
For the rest of our paper we stick to Theorem 4.7 for
ﬁnding precedence of machines as the case explained in
Theorem 4.8 is rare and does not affect our analysis. When
we put Lemma 4.4 and Theorem 4.7 together, we get the
order in which machines get preference to be allotted work.
This order is the same as mentioned in Assumption 4 in
Section 3. Combining Lemma 4.4, Theorem 4.7, and
Assumption 4, we can state the following.
Corollary 4.9 If the machines are indexed in such an
order that the ﬁrst machine is the one with smallest
lðci Þcðci ÞþC
and later machines are in increasing order of
tðci Þ
lðci Þcðci Þ
tðci Þ ,

and if the working set contains r machines, then
for minimal energy consumption R ¼ fc1 ; c2 ; . . .; cr g,
where each machine in this set works for an equal amount
of time.
Using the Corollary 4.9, (4.12) can be re-written as
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Em;r ¼ W

Þ  cðci ÞÞ
i¼1 ðlðc
Pri
i¼1 tðci Þ
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þC

;
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ð4:28Þ

which gives the energy consumption of a system with total
work W.
From (4.28) we see that energy is dependent on work W,
but Theorems 4.6 and 4.7 show that ﬁnding the number of
working machines (the value of r) from the given set C of
machines is independent of work W. Hence the scheduling
decisions do not depend upon the quantum of the work
given to the system.
In Section 4, we found the precedence among machines
for allotting work based on their energy and speed speciﬁcations. The results derived in Section 4 are applicable for
handling any class of jobs, which means that the precedence of machines remains the same irrespective of whether the jobs are divisible, non-divisible, or whether they
have precedence constraints. In the next sections we consider different classes of systems based on types of jobs.

5. Algorithms and complexity
Depending upon the jobs to be executed, systems can be
classiﬁed into many categories as already mentioned in
Section 3. In the current section we analyse the complexity
of scheduling problems for these various types of systems
and give scheduling algorithms for the same. We ﬁrst
analyse systems with identical speed machines and then
move ahead to those with different speeds.

5.1 Systems with identical speed machines
Section 4 gives results that govern the scheduling of systems with identical speed machines. Given the total amount
of work and energy speciﬁcations of machines, we can ﬁnd
the numbers of machines that have to be assigned work
using results of the Section 4. Algorithm 1 is an implementation of those results.
Algorithm 1 takes the number of machines, the working
power and idle power ratings of the machines, and the total
work to be done as inputs, and gives the value of r, i.e., the
number of working machines, as output. The machines are
indexed in the precedence order given by Assumption 4 in
Section 3. Now we apply binary search to ﬁnd the value of
r, such that we get the minimal energy value of the system.
Algorithm 1 is based on the previously given results. The
computation complexity of Algorithm 1 is Oðm log mÞ.

We now ﬁnd the complexities of scheduling problems,
and give algorithms for divisible and non-divisible jobs.
5.1a Divisible jobs: In this case we are given a set P of jobs,
where these jobs can be arbitrarily broken into any number
of smaller jobs and these smaller jobs can be executed in
parallel on different machines. We make this assumption of
divisibility to simplify the analysis, and consider the energy
consumption overhead in the division of jobs to be nil.
Since the jobs are divisible they can be trivially distributed
over r machines with makespan T, where r and T are given
by Algorithm 1.
Hence, the minimal energy of a system with divisible
jobs can be calculated using (5.1):
"
#
r
m
X
X
lðci Þ þ
cðci Þ :
ð5:1Þ
Em;r ¼ T
i¼1

i¼rþ1

Using Algorithm 1 and (5.1), we can ﬁnd the energy of the
system.
We now analyse the complexity of scheduling non-divisible jobs.
5.1b Non-divisible jobs: Given the set P of non-divisible jobs
and the time required to execute job pj on a machine with unit
speed wðpj Þ, our aim is to distribute the set P of jobs among
the given set C of machines so that energy consumption is
minimised. From Lemma 4.5 it is evident that whichever
machines are chosen to work, they should work for an equal
amount of time to achieve energy minimality. However, it is
not straightforward or sometimes even possible to distribute
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work in such a way when jobs are non-divisible. We prove
that it is an NP-hard problem to calculate the minimal-energy
schedule when the jobs are not divisible.
Proposition 5.1 In a system where machines have identical speeds and jobs are non-divisible, computing the
energy-minimal schedule is NP-hard.

(2021) 46:46

From Theorem 4.3, it is evident that work should be
distributed equally if possible to the working machines.
Hence, with a possibly increased makespan, the number of
working machines might get decreased and given by (5.4).
Also, it is evident that the working set of machines is given
h
by Ro ¼ fc1 ; c2 ; . . .; cro g.

Proof Given a ﬁnite set of positive numbers and another
positive number called the goal, to ﬁnd the subset whose
sum is closest to the goal is well known as the classical
subset-sum problem [43].
It can be written mathematically as follows: given n
natural numbers ai and a target number B, we are asked to
ﬁnd an S  f1; 2; . . .; ng with
X
ai ¼ B:
ð5:2Þ
i2S

This is reduced to our problem. Let r denote the number of
machines that are given work and T be the makespan
according to Algorithm 1. Since all machines have identical
speed, the scheduling problem is to make exclusive subsets
Pi from set P such that the sum of work in set Pi is T, i.e.,
X
wðpj Þ ¼ T 8i; 1  i  r:
ð5:3Þ
j2Pi

In the current scenario, the set of positive numbers fwðpj Þ :
j 2 Pg has to be distributed in subsets Pi such that sum of
each subset is the positive number T. For each subset (Pi ;
i  r), this problem of ﬁnding the exclusive subsets Pi can
be seen as the classical subset-sum problem. Since the
subset-sum problem is NP-hard [43], and the subset-sum
problem is reduced to our problem, energy-minimal
scheduling of jobs in a system where jobs are non-divisible
is also NP-hard.
h
Since ﬁnding the energy-minimal schedule is NP-hard,
we develop an approximation algorithm to ﬁnd energy-efﬁcient schedules. Though we strive to achieve the makespan given by Algorithm 1 for divisible jobs, in a system
with non-divisible jobs it is not always possible to achieve
it. We state the result that speciﬁes the ideal makespan To
and working set of machines Ro for energy minimality of a
system with non-divisible jobs.
Lemma 5.2 Given a system with identical speed machines and a set P of jobs with longest job of length wðpmax Þ,
the makespan is given by To ¼ maxðT; wðpmax ÞÞ and the
working set of machines Ro ¼ fc1 ; c2 ; . . .; cro g where
 
W
ro ¼
:
ð5:4Þ
To
Proof It is not possible to have a makespan lower than
wðpmax Þ, since jobs cannot be divided. Also, if we take To to
be less than T, we cannot have an energy-minimal schedule.
Hence for energy minimality, To ¼ maxðT; wðpmax ÞÞ.

It is not always possible to keep each machine working
till time To . Some machines might work for more than To
and some might get less than that because of non-divisibility of jobs. Lemma 4.1 shows that the amount of work
should be in decreasing order by the machines’ indices.
Taking all this information into consideration we have
devised Algorithm 2, an approximation algorithm that is an
adaptation of list-scheduling, in order of non-decreasing
processing times for energy-minimal scheduling of nondivisible jobs.
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In Algorithm 2, we index the machines in non-decreasing
order of the difference of their working power and idle
power. Jobs are indexed in non-increasing order of their
weight. Initially, r idle machines are considered for the jobs
to be done. First, r jobs are chosen and given to each
r machines such that each machine has one job.
Now, to distribute the remaining n  r jobs to the
machines, we follow a sequential process. The weighted
sum of jobs on each machine is calculated, and the next job
is assigned to the machine in which the value is the lowest.
The same process is repeated until all jobs are assigned to
one or the other machine or sets. Next, we index the
machines in non-increasing order of their total weights. We
assign the jobs of set i to machine ci . Now, the working
times of all the machines are calculated. Hence we can
calculate the makespan, which is the maximum working
time of all the machines.
The approximation algorithm 2 is inspired by Graham’s
algorithm [44], which arranges a set of independent nondivisible jobs on identical speed machines such that the
makespan is minimum. We made some changes in the
algorithm to mould it for different power speciﬁcations of
machines. We now calculate the bound on deviation from
ideal energy consumption due to approximation.
Theorem 5.3 The maximum possible ratio of energy
consumption using Algorithm 2 to the ideal energy consumption is given by
ð4  1  1ÞC
E max
:
¼ 1 þ Pro 3 3ro
Eo
i¼1 ðlðci Þ  cðci ÞÞ þ C

E ¼ðlðcj Þ  cðcj Þ  ðlðck Þ  cðck ÞÞÞ
ro
X
ðlðci Þ  cðci ÞÞTo þ CT  :
þ

ð5:10Þ

i¼1

Now
since
j\k,
we
have
lðcj Þ  cðcj Þ  ðlðck Þ  cðck ÞÞ  0. To compute the bound
we look for the case where E is maximum. This occurs
when
lðcj Þ  cðcj Þ  ðlðck Þ  cðck ÞÞ ¼ 0:

ð5:11Þ

Using (5.11) in (5.10), we get
E max ¼

ro
X

ðlðci Þ  cðci ÞÞTo þ CT  :

ð5:12Þ

i¼1

Now according to [44], the bound on makespan is given by
T 4
1
¼ 
:
To 3 3ro

ð5:13Þ

Using this bound in (5.12), and after simplifying, we get
!
ro
X

ðlðci Þ  cðci ÞÞ þ C
E max ¼ To
i¼1
ð5:14Þ


4
1
þ To C 
1 :
3 3ro
Substituting the values, we get

ð5:5Þ

Proof From (3.1), if all the ro machines work for an equal
amount of time To , the energy consumption is given by
ro
X
Eo ¼ To ½ ðlðci Þ  cðci ÞÞ þ C:
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ð5:6Þ

i¼1

E max To ð
¼
Eo

Pro

i¼1 ðlðci Þ

 cðci ÞÞ þ CÞ þ To C 43  3r1o  1
Pr o
To
i¼1 ðlðci Þ  cðci ÞÞ þ C
ð5:15Þ

Cð43  3r1o  1Þ
E max
:
¼1 þ Pro
Eo
i¼1 ðlðci Þ  cðci ÞÞ þ C

ð5:16Þ

From Algorithm 2, the energy consumed is given by
E ¼

ro
X
ðlðci Þ  cðci ÞÞs ðci Þ þ CT  :

ð5:7Þ

i¼1

Assume that the algorithm gives such s i that all machines
other than cj and ck are allotted work equal to To .
Mathematically
s ðcj Þ ¼ To þ ;

s ðck Þ ¼ To  

ð5:8Þ

where j\k  ro , and
s ðci Þ ¼ To

8i 6¼ j; k;

i  ro :

ð5:9Þ

Since j\k, according to our algorithm s ðcj Þ [ s ðck Þ and
hence   0. Using these values from (5.8) and (5.9)
in (5.7) and simplifying, we get

In the worst case the values of working power and idle
power are equal, i.e., lðci Þ ¼ cðci Þ8i, so the bound is given
by
Cð43  3r1o  1Þ
E max
4
1
¼ 
¼ 1 þ Pro
:
3 3ro
Eo
i¼1 ðlðci Þ  cðci ÞÞ þ C
If ro is very large, i.e., when ro ! 1, then
E max 4
¼ :
3
Eo

ð5:17Þ

Equation (5.16) gives the lower bound of inefﬁciency of
our algorithm and (5.17) gives the upper bound.
We now move ahead to analyse the class of scheduling
problems in which machines can have different working
speeds.
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5.2 Systems with different speed machines
In Section 5.2, along with power speciﬁcations of machines
we also consider the speeds of machines to be different and
give algorithms for both divisible jobs and non-divisible
jobs. In Section 4.1, we proved various results that govern
the scheduling of systems with different speed machines.
Using these results Algorithm 3 ﬁnds the set of machines
that should be assigned work for the energy-minimal
scheduling when the machines of the system have different
speeds.
Algorithm 3 takes the number of machines, the working
power, idle power, and speeds of the machines, and the
total work to be done as inputs and gives the value of r, i.e.,
the number of working machines, as output. In the algorithm we ﬁrst index the machines in their precedence order,
as given in Assumption 4 in Section 3. Then to calculate
the value of r, we check the condition in (4.13) from
Theorem 4.6. Then from the given values of total work to
be done and the computed value of number of machines, we
calculate the makespan. The algorithm also computes the
amount of work that has to be given to the respective
machines. The complexity of Algorithm 3 is Oðm log mÞ.
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division/breaking of jobs overhead to be nil. In this scenario
the jobs can be trivially distributed over r machines such
that machine ci gets wðci Þ amount of work (as speciﬁed by
Algorithm 3). The energy consumption of such a system
with divisible jobs is given by


m 
X
wðci Þ
wðci Þ
þ cðci Þ T 
E¼
lðci Þ
:
ð5:18Þ
tðci Þ
tðci Þ
i¼1
Clearly the scheduling of divisible jobs can be done using
Algorithm 3, which is a linear-time algorithm.
5.2b Non-divisible jobs: We ﬁrst prove that scheduling nondivisible jobs for energy optimality on a system with
machines having different speeds is an NP-hard problem.
We then give an approximation algorithm for the same.
Proposition 5.4 In a system where machines have different speeds and jobs are non-divisible, computing the
energy-minimal schedule is NP hard.
Proof

Given the subset-sum problem
X
ai ¼ B:
i2S

ð5:19Þ

If the amount of work wðci Þ that has to be assigned to
machine ci is given by Algorithm 3 we need to make
exclusive subsets Pi from set P such that the sum of work
in set Pi is wðci Þ, i.e.,
X
wðpj Þ ¼ wðci Þ 8i; 1  i  r:
ð5:20Þ
j2Pi

As also discussed with Proposition 5.1 the subset-sum
problem, which is NP-hard [43], is in the form of this
problem.
Since ﬁnding the energy-minimal schedule is NP-hard, we
develop an approximation algorithm to ﬁnd energy-efﬁcient
schedules. It is possible that due to size of the jobs, the ideal
makespan speciﬁed by Algorithm 3 cannot be achieved. In
Lemma 5.5 we specify the best achievable makespan.
Lemma 5.5 Given a system of machines with different
speeds and a set P of jobs with the longest job of length
wðpmax Þ and speed of the fastest machine given by tmax , the
best possible achievable makespan is given by


w
To ¼ max T; max
ð5:21Þ
tmax
where T is given by Algorithm 3.
We now ﬁnd the complexity of the scheduling problems,
and give algorithms for divisible and non-divisible jobs.
5.2a Divisible jobs: In this case, jobs can be arbitrarily
broken into any number of smaller jobs and these smaller
jobs can be executed in parallel on different machines. Also
we consider the energy consumption overhead due to

Proof If there is a job that cannot be completed within T,
then irrespective of the arrangement of jobs, we increase
the best achievable makespan To to accommodate that
biggest job. The biggest job cannot be completed any earmax
lier than wtmax
. Also, any schedule with makespan lower than
T should be suboptimal. Hence
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wmax
To ¼ max T;
:
tmax

2m
:
mþ1
h

Algorithm 4: Approximation algorithm for energyeﬃcient scheduling of the system when the speeds
of machines are diﬀerent.
input : Number of machines (m), working power of machines
(μ(ci )), idle power of machines (γ (ci )), speed of machines
(υ(ci )), total work to be done (W), , ψ(p j ), ro , T o
output: Makespan (T ), energy (E)
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

for i = 1 to m do
μ(ci ) γ (ci )
A(i)
;
υ(ci )
end
sort A(i) in non-decreasing order;
for j = 1 to n do
B( j)
ψ(p j ) ;
end
sort B( j) in non-increasing order ;
tempi
0;
for j = 1 to n do
for i = 1 to ro do
ψ(p j )
tempi
υi +tempi ;
end
assign p j to ci , where ci has min(tempi ) ;
end
T
max τ(ci );
w(ci )
w(ci )
m
E
i=1 [μ(ci ) υ(ci ) +γ (ci )(T
υ(ci ) )].

W
 To :
i¼1 tðci Þ

ð5:23Þ

Given this bound on makespan, we derive the bound on the
energy consumption of our algorithm.
Theorem 5.6 When the speeds as well as the power
speciﬁcations of the machines are different, and when jobs
are non-divisible, then the maximum possible ratio of
energy consumption using Algorithm 4 and ideal energy
consumption is given by
E max
2ro
:

Eo
ro þ 1

ð5:24Þ

Proof The energyPconsumption for an ideal schedule is
o
given by Eo ¼ To ð ri¼1
lðci Þ þ CÞ.
Since we do not know which machines are working for
time more than To and which ones less than To , for the
upper bound we assume that all
are working for
P machines
o
T  max . Hence, E max ¼ T  max ð ri¼1
lðci Þ þ CÞ.

Pr o
lðci Þ þ C
E max T  max

Pro i¼1
¼
ð5:25Þ
Eo
To
i¼1 lðci Þ þ C
E max T  max
¼
:
Eo
To

ð5:26Þ

T  max
2ro
:

To
ro þ 1

ð5:27Þ

By (5.23)

If the makespan is increased then there can be possible
reduction in number of working machines. The ideal
number of working machines ro is given by the minimum
number of machines that satisfy
Pr o
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ð5:22Þ

Using this ro as input we present Algorithm 4, which seeks
to distribute jobs amongst machines with different speeds
such that the machines will work for an equal amount of
time.
In Algorithm 4 we ﬁrst index the machines in non-decreasing order of the ratio of the difference of working
power and idle power, to the speed of the machine. We also
index the jobs in non-increasing order of their weights.
Now we take a job at a time and ﬁnd which machine it
would ﬁnish ﬁrst, based on the speed of the machine; then
we assign the job to that particular machine. Similarly the
process is repeated till all the jobs are assigned to machines.
Now the working time of all machines is calculated, and the
maximum working time of all machines is the makespan.
Algorithm 4, being an approximation algorithm, may not
achieve the exact To , but it is within certain bounds.
The bound for the makespan as given by Gonzalez et al
[45] of such LPT (largest processing time) schedules is

From (5.26) and (5.27), we get
E max
2ro
:

Eo
ro þ 1

ð5:28Þ
h

This bound increases with number of machines in system
and reaches 2 asymptotically. Kovács [46] gives a tighter
pﬃﬃﬃ
bound for the LPT makespan of 1 þ 3=3  1:5773. As
the bound on energy depends on makespan in our algorithm, the worst-case bound for our algorithm is also
pﬃﬃﬃ
1 þ 3=3  1:5773.

6. Energy efﬁciency: incompatible measures
There can be two measures for assessing the energy efﬁciency of a system of machines: one, to consider the total
energy consumed by the system to complete some work;
and the second, to consider the fraction of the energy
consumed by machines in the system to do work over the
total energy consumed in the system.
The ﬁrst measure gives a sense of the energy required by
the system per unit work produced, and the second measure
indicates how much of the energy consumed by the system
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actually goes into work and how much is idle (non-working) consumption by the system. We hold that the ﬁrst
measure, energy per unit work, is the more meaningful one
(as it can lead to lowered overall energy consumption while
completing some amount of work).
Our analysis clearly indicates that these two measures of
energy efﬁciency are incompatible, in the sense that they
cannot be simultaneously optimised for arbitrary systems.
To see why, we may consider (4.28) for the total energy of
the system. In (4.28), if we put cðci Þ ¼ 0 8i; 1  i  m, then
the working energy is given by
r
X
i¼1

i
h
W
lðci Þ Pr
:
i¼1 tðci Þ

ð6:1Þ

Dividing (6.1) by (4.28), we get the following for the ratio
of the working energy to total energy:
Pr
i¼1 lðci Þ
Pr
:
ð6:2Þ
ðlðc
i Þ  cðci ÞÞ þ C
i¼1
This in turn simpliﬁes to
Pr
Þ
i¼1 lðc
Pr
Pmi
:
lðc
Þ
þ
i
i¼1
i¼rþ1 cðci Þ

ð6:3Þ

Considering (6.3) shows that the ratio of the working energy
to total energy can be optimised only by increasing the value
of r, i.e., when r ¼ m, but this violates Theorem 4.2, which
tells us that for minimum total energy consumption, the value
of r may not be necessarily be equal to m.
Thus a system running in such a way as to consume the
least possible energy while completing some work will not
always be most efﬁcient in terms of the second measure, as
the energy consumption by the idle machines can be signiﬁcant. Conversely, if we seek to optimise the system
performance by the second measure and reduce the idle
consumption of machines, the overall energy consumption
to do the work is not always minimised.
The data center energy efﬁciency metric called Power
Usage Effectiveness (PUE) [47], an industry standard recommended by the U.S. Environmental Protection Agency
under its Energy Star program,1 is an energy efﬁciency
measure of the second kind, as it considers only the ratio of
the total energy to the working energy. It is thus not a
surprise that the PUE comes with its share of controversy
and criticisms [48].
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