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Abstract. Single Linkage algorithm is a hierarchical clustering method which is most unsuitable for large
dataset because of its high convergence time. The paper proposes an efﬁcient accelerated technique for the
algorithm for clustering univariate data with a merging threshold. It is a two-stage algorithm with the ﬁrst one as
an incremental pre-clustering step that uses the farthest neighbour principle to partially cluster the database by
scanning it only once. The algorithm uses the Segment Addition Postulate as a major tool for accelerating the
pre-clustering stage. The incremental approach makes it suitable for partial clustering of streaming data while
collecting it. The Second stage merges these pre-clusters to produce the ﬁnal set of Single Linkage clusters by
comparing the biggest and the smallest data of each pre-cluster and thereby converging faster in comparison to
those methods where all the members of the clusters are used for a clustering action. The algorithm is also
suitable for fast-changing dynamic databases as it can cluster a newly added data without using all the data of the
database. Experiments are conducted with various datasets and the result conﬁrms that the proposed algorithm
outperforms its well-known variants.
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1. Introduction
Dealing with a gigantic data set is a serious challenge
envisaged by experts in the ﬁeld of data science. The main
problem in this ﬁeld is not only collecting this high volume
of data but also about how to process these data in a limited
time and memory. The existing database management
systems and machine learning tools being no more capable
of handling this huge volume of data, it is highly essential
to develop a powerful tool to extract information from it.
Clustering [1] is a widely used data mining tool that
helps in handling a large volume of data by partitioning the
entire dataset into small groups and thereby providing some
information about the unlabelled data. Clustering ﬁnds
major applications in various ﬁelds like information technology, medical and biological domains, image analysis,
space research, etc. [2, 3]. It groups a dataset into a set of
disjoint subsets called clusters based on the similarity
between the patterns in the dataset. These clusters help in
ﬁnding the hidden correlation and patterns among the data
thereby making the analysis faster. Clustering is not a
speciﬁc algorithm but can be achieved by various methods
that differ signiﬁcantly in their deﬁnition of similarity. The
ﬁve major Clustering approaches are partitional,
*For correspondence

Hierarchical, Density-Based, Grid-Based and Model-Based
methods [4, 5]. A Partitioned clustering technique usually
needs an a priori speciﬁcation of the number of clusters and
provides only these speciﬁed numbers of clusters. Therefore a strictly correct speciﬁcation of the Cluster number is
required by the partitional clustering to yield good clusters.
Hierarchical clustering, unlike partitional methods, gives a
clear representation of cluster structure by producing a
single nested hierarchy of clusters without any a priori
speciﬁcation of the cluster number. This hierarchy in the
form of a tree called Dendrogram provides an intuitive way
to study the relationship among the produced clusters.
However, it cannot undo a clustering action once a merging
or splitting is done. Density-based Clustering is done based
on the notion that clusters in the data space are the regions
of high density separated from each other by regions of low
point density. This clustering approach is highly suitable in
identifying noise and outliers but fails to detect clusters of
varied densities. In Grid-based clustering, the data space is
quantised into grids (ﬁnite number of cells) and the clustering action is performed on this quantised space.
Although ﬁnding a suitable grid size is a challenging task,
Grid Clustering is well-known for its fast processing time.
In “Model-based clustering”, the data are considered as
being created by a model or a distribution function and it
tries to recover that model from the data. The algorithm has
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limited use because of its complex nature. Thus every
clustering algorithm uses a different deﬁnition of similarity
with some advantages and disadvantages. Therefore a
Clustering algorithm suitable for one application may
provide an erroneous result for some other kind of
applications.
The Hierarchical clustering algorithm is a widely used
tool in various biological applications like phylogeny
reconstruction [6], protein structure prediction [7], analysis of genomic data [8], etc. Hierarchical Clustering
algorithms are further classiﬁed depending on the deﬁnition of distance used for ﬁnding the intercluster separation. This separation evaluates the similarity between
clusters and is a major deciding factor for merging clusters. Single Linkage method is one such Hierarchical
clustering algorithm which merges clusters based on their
minimum inter-cluster distances. This algorithm ﬁnds
applications in various domains like in bioinformatics as a
preclustering step for clustering biological molecules to
speed up the entire technique by a large extent [7], in
bibliographic information retrieval like clustering journal
titles into specialities based on citation [9], in health
research like clustering leading death causes in South
Africa based on the death count caused by each of the
diseases [10], etc. Thus, although the Single Linkage
algorithm ﬁnds major applications in various domains, a
major disadvantage of the algorithm is its high time
complexity of O(n3) which makes it unsuitable for clustering large databases [11]. This algorithm uses all the
data elements every time while taking a clustering decision and hence is also computationally expensive in those
applications where new data get frequently added to an
already existing large database. The motivation thus
originated in making Single Linkage algorithm suitable for clustering large as well as dynamic databases by
reducing its convergence time to a much lower value in
comparison to the existing variants. However, our algorithm is only limited to univariate clustering i.e., clustering data based on a single variable.
The novelty of the proposed algorithm:
a) The algorithm unlike some of its well-known variants
does not require the entire dataset in advance to initiate
the algorithm.
b) It avoids computing the pair-wise distance between all
the data to take a clustering decision and hence saves a
lot of time by avoiding the computation of distance
matrix, unlike the other methods as discussed in
section 2. Thus this method is highly suitable for
handling large data volume.
c) The pre-clustering phase being an incremental one may
be proved beneﬁcial for partial clustering of streaming
data along with its collection.
d) The algorithm speeds up the convergence to a large
extent without compromising the quality of clusters
under any circumstances.
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e) The algorithm can cluster a newly added data to an
existing database without using the entire dataset. Thus,
the proposed method is suitable for fast-changing
dynamic databases.
The remaining paper is structured as follows: section 2
gives the background and related work of this study, section 3 explains the proposed algorithm, sections 4 and 5
describe the effect of threshold on the quality of clusters
and the convergence time of the algorithm, respectively.
Section 6 summarizes the effect of the ordering of the input
data on the clustered output and section 7 shows the
advantage and disadvantage of the algorithm. Section 8
contains the experimental results and the conclusions and
future scopes of the research are provided in section 9.

2. Hierarchical clustering algorithms
The Hierarchical clustering algorithm is also known as
connectivity based algorithm which merges “objects” to
“clusters” in the form of a nested hierarchy based on the
distance between them [12]. Depending on the way of
cluster formation, there are two types of Hierarchical
clustering algorithms, Agglomerative Hierarchical clustering algorithm or AGNES (agglomerative nesting) and
Divisive Hierarchical clustering algorithm also known by
DIANA (divisive analysis) [13].
Agglomerative (bottom-up) clustering algorithm initially
considers every data as a single cluster and goes on merging
the nearest pair of clusters unless and until all the objects
are grouped into a single cluster.
Divisive (top-down) hierarchical clustering considers all
the objects to be a member of a single cluster. It then goes
on splitting larger clusters into smaller ones until and unless
all the objects are separated into clusters of size unity.
Hierarchical Clustering algorithm computes the distance
between all the clusters to ﬁnd the pair of most similar
clusters. Depending on the deﬁnition of this ‘distance’,
different linkage methods have been proposed and a linkage
method most suitable for an application may yield poor
clusters for other applications. The Lance-Williams dissimilarity update formula is a very convenient formulation
in ﬁnding the distance between a cluster ‘a[b’ from any
other object or cluster ‘c’ as given by,
dða [ b; cÞ ¼ ai dða; cÞ þ aj dðb; cÞ þ bdða; bÞ
þ c jdða; cÞ  dðb; cÞj
where αi, αj, β, γ are the criterion of agglomeration.
There are various linkage methods [11] but here we will
discuss only the Single Linkage Method [14, 15] related to
our work.
Single Linkage (SL) method also called the minimum
distance or nearest neighbour method considers the distance
between two clusters as the distance between the closest
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members of those clusters. The Lance and William
dissimilarity update formula for SL algorithm uses αi =0.5,
αj =0.5, β=0, γ=−0.5, thereby providing d(a ∪ b, c)=min(d
(a, c),d(b, c)).

2.1 Related work
Classical SL algorithm uses a proximity matrix to store n2/2
proximities (assuming the matrix to be symmetric) where
‘n’ is the number of data points [16, 17]. The overall time
complexity of this algorithm if done in a naı̈ve way is thus
O (n3) [11]. R. Sibson gives an algorithm of O (n2) time
complexity and O (n) space complexity for Single Linkage
clustering which is an improvement upon the naı̈ve O (n3)
implementation of SL algorithm [18, 19]. As Minimum
Spanning Tree (MST) can be closely linked with SL
algorithm, Gower and Ross (1969) proposed a method of
computing single-link clusters using MST [18, 20]. This
method requires an O (n2) effort for computing a dissimilarity matrix to create the MST. All these algorithms
require the entire dataset in advance and are computationally expensive in case of a huge volume of data. Jin et al
presented a method of Distributed Single Linkage Hierarchical Clustering (DISC) which breaks the original problem
into a set of overlapped subproblems and solving each
subproblem separately to get an overall solution [21]. To
speed up the method, this algorithm uses parallelization
schemes. Rehn et al proposes a novel GPGPU implementation of hierarchical clustering for one-dimensional data
with space complexity
of O (n) and worst-case time com 2
n
plexity of O t , where ‘t’ is the number of threads the
GPU can run in parallel [22]. It uses the unique characteristic of one-dimensional data to maximise speed up by
increasing the level of parallelism and also to reduce
memory requirements. However, a limited amount of GPU
memory is a serious drawback of this algorithm.
The proposed algorithm without using any parallelism
technique can bring down the complexity of Single Linkage
clustering for univariate or one-dimensional clustering
below O(n2) with space complexity of O(n) and hence is
highly suitable for clustering large datasets.

3. Proposed algorithm
The proposed algorithm is a two-stage method where the
ﬁrst stage involves a pre-clustering algorithm followed by
the second stage which produces the ﬁnal clusters.

3.1 Pre-clustering algorithm
The algorithm has been divided into two clustering methods. At the ﬁrst stage, the algorithm uses an incremental
pre-clustering technique that partially clusters the input
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data by scanning the dataset only once. The algorithm uses
the farthest neighbour method which assigns an input data
to a cluster only when the maximum distance of the data
from the cluster lies within the user-speciﬁed threshold. In
other words, data can be assigned to a cluster if the member
of the cluster furthest from the data lies within the threshold
limit.
The algorithm assigns the ﬁrst input data as the smallest
object of the ﬁrst cluster. Here a data gets a title of the
smallest and biggest based on its magnitude. The next step
is to ﬁnd the position of the next data with respect to the
ﬁrst data in the magnitude scale. Here, the magnitude scale
refers to a one-dimensional scale with the magnitude
increasing in the upward direction. In other words, a data
larger in magnitude from another will always lie above the
later on the magnitude scale. The lowest and highest
position of a cluster refers to the magnitude of the smallest
and the biggest object of the cluster on the magnitude scale
on that instant. If a data is found to lie below or at the
lowest position of the ﬁrst cluster then its distance from the
biggest object of the cluster is estimated. This provides the
maximum distance of the data from the cluster. If the
cluster is of size unity then its distance is computed from
the smallest object of the cluster. If the calculated distance
is found to be within the threshold limit then assign the data
as the new smallest object of the cluster. The algorithm
when places a data to the position of the smallest object of a
cluster does not erase the previous smallest object rather
reassigns it as the biggest object of the same cluster if the
cluster is of size unity else assigns it a member of the same
cluster with its position on magnitude scale somewhere
between the magnitude of the current smallest and biggest
object of the cluster. If the data lies far away from the
threshold distance of the smallest object of the ﬁrst cluster
then compare the data with the second cluster if available.
While comparing an input data to a cluster if the data is
found to lie above or at the highest position of the cluster on
the magnitude scale, then the data is assigned as the biggest
object of that cluster if its distance from the smallest object
of the cluster is within the threshold limit. The previous
object at the highest position of the cluster is then assigned
to any vacant intermediate (between the highest and lowest)
position of the cluster. This is because any error in
assigning (based on magnitude) the members of a cluster
between its lowest and highest position will not affect the
maximum intracluster distance of that cluster unless and
until the two farthest objects are not disturbed. If the
position of data on the magnitude scale is found to be above
the highest position of the cluster but not within the
threshold distance from the lowest position then the data
will be compared in the same way with the next cluster if
available. Thus the cluster always has its smallest and
biggest object within the threshold distance which in turn
conﬁrms the distance between all the other members of the
clusters within this predeﬁned threshold. So, at any stage of
comparison if a data is found to lie anywhere between the
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biggest and smallest object of the cluster on the magnitude
scale, then the data will be assigned directly to that cluster
without doing any kind of distance computation. This
speeds up the algorithm much more as it saves the cost of
distance computation for those data which lies somewhere
in between the two members of a cluster at the extreme
ends of its magnitude scale. A data if cannot be assigned to
any existing cluster is assigned as the smallest member of a
new cluster. The process continues unless and until all the
data points are clustered.
The pre-clustering algorithm follows a priority rule for
comparison. A cluster that forms earlier gets higher priority
of being compared with a data. So if there are three clusters
and all are formed following the order (1st→2nd→3rd)
then the ﬁrst cluster will get the foremost chance of being
compared with a data followed by the second and third
clusters respectively. So, all the existing clusters will get
priority of being compared with an input data according to
their order (on the time scale) of formation. But if during
this process a data gets merged with an existing cluster then
it will not be compared to any more clusters and the entire
process will start newly with the next data point. If we
consider a Pre-cluster as a chain of data then the smallest
and the biggest object of this chain denote the edges of the
chain. Figures 1–4 illustrate the pre-clusters on a one
dimensional (1D) magnitude scale with the magnitudes of
the data increasing vertically upwards.
a) Objects A and B denote the biggest and smallest object
of cluster C1 respectively. Similarly, objects C and D
denote the biggest and smallest objects of cluster C2
respectively.
b) B and D are the ﬁrst entry of cluster C1 and C2,
respectively.
c) All other intermediate objects are within the threshold
distance from the two extreme ends of their corresponding clusters on the magnitude scale.

d) All the members of C1 are above C2 on the magnitude
scale. In other words, all the members of C1 are of
higher magnitude than those of C2.
e) ζ is the user-deﬁned threshold.
Case 1:
Let us consider that a data x′ has arrived somewhere
between the largest and the smallest member of C1 as
shown in ﬁgure 1.
There may come two subcases under case 1:
a) C1 has formed before C2
Say a new data x′ appears which is Δd distance above B.
As the data lies between the two extremes (highest and
lowest) positions of cluster C1 so it will be merged to C1
and there is no need to compute its distance from any other
members of the cluster.
b) C1 has formed after the formation of C2
The data x′ will be compared to C2 before being compared to C1.
C  D ¼ ζ  e;

e can range from 0 to ζ:

ð1Þ

A  B ¼ ζ  e0 ;

e0 can range from 0 to ζ:

ð2Þ

x0  B ¼ Dd;

Dd\ζ:

ð3Þ

As C2 has formed before C1, so B must be compared with
C2 before being compared to C1. Figure 1 shows that the
members of C1 are above C2 on the magnitude scale, hence
the maximum distance of B from C2 is the distance between
B and the smallest object of C2. As B has been assigned to
C1, so the maximum distance of B from C2 must be[ζ else
it would have been assigned to C2.
B  D [ ζ ¼ ζ þ Q;

Q [ 0:

ð4Þ

2?4 gives,
A  D [ ζ ¼ 2ζ þ Q  e0 :

ð5Þ

A  x0 ¼ ζ  e0  Dd

ð6Þ

2 − 3 gives,

5 − 6 gives,
x0 D ¼ 2ζ þ Q  e0 ζ þ e0 þ Dd ¼ ζ þ Q þ Dd

Figure 1. Pre-cluster chains with a new data b/w edges of the
upper chain.

ð7Þ

Equation (7) shows the maximum distance of x′ from C2
is more than ‘ζ’ distance away and hence x′ cannot be
merged with C2. So it will be next checked with C1 and as
the data is found to lie between its two extreme values so it
will get merged with C1. So the formation of clusters as
shown in ﬁgure 2 is not possible.
Case 2:
Let us consider that a data x′ has appeared somewhere
between the largest and the smallest member of C2 as
shown in ﬁgure 3.
a) C1 has formed after the formation of C2

Sådhanå (2021)46:45

Page 5 of 15

Figure 2. Pre-clusters sharing the same space on the magnitude
scale.
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Figure 4. Pre-clusters sharing the same space on the magnitude
scale.

Thus we see that formation of clusters sharing the same
region (marked by dashed lines) on magnitude scale as
shown in ﬁgures 2 and 4 is not possible using this preclustering algorithm.
Equations (1) and(4) give,
CD¼ζe
BD¼ζþQ
Figure 3. Pre-cluster chains with a new data b/w edges of the
lower chain.

So here C2 will get the ﬁrst chance of being compared
with x′ before C1. As x′ lies between the two extreme
positions of C2 so it will get merged with C2 and there is no
need to compute its distance from any other members of C2.
b) C2 has formed after the formation of C1
As C1 has formed before C2 so x′ will get compared with
C1 before C2. Figure 3 shows that ‘C’ has been assigned to
C2 but not C1 because the maximum distance of ‘C’ from
C1 must be greater than the threshold.
So;
Again,
)

A  C ¼ ζ þ Q;

Q [ 0:

ð8Þ

C  x0 ¼ Dd;

Dd\ζ:

ð9Þ

A  x0 ¼ ζ þ Q þ Dd:

ð10Þ

Equation (10) implies that the maximum distance of x′
from C1 is more than ζ and therefore it will not get merged
to C1. So the formation of clusters as shown in ﬁgure 4 is
not possible. Now, C2 comes next in the priority list of
being compared to x′.
As x′ lies somewhere between the lowest and the highest
position of C2 so it will get merged to C2 instantly.

Therefore,
BC¼Qþe
As mentioned previously, Q can get any value above
‘0’and ‘e ’ can range from 0 to ζ.
∴
BC¼Q

for

B  C ¼ Q þ ζ for

e¼0
e ¼ ζ:

ð11Þ
ð12Þ

If Q\ζ for e ¼ 0 then B−C\ζ implying the minimum
inter-cluster distance to be less than ζ. Equation (5) shows
the maximum inter-cluster distance to be greater than ζ.
A Single Linkage algorithm merges clusters if the minimum distance between them is within the threshold limit.
Using the pre-clustering algorithm we are forming clusters
whose maximum inter-cluster distance is above the
threshold limit. But those clusters having minimum intercluster distance within the threshold limit should get
merged to form ﬁnal Single Linkage clusters. The second
step of the algorithm serves that purpose, to provide ﬁnal
clusters identical to that provided by the Classical Single
Linkage Clustering algorithm.
3.1a Steps of the Single Linkage pre-clustering (SLP)
algorithm:
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3.1b Accelerated Single Linkage pre-clustering (ASLP)
algorithm
The proposed pre-clustering algorithm can be computationally expensive while dealing with large datasets. The
distance computation part of a data from clusters is the
most computationally expensive part of the algorithm,
hence to reduce the convergence time of the algorithm the
distance computation part has been further modiﬁed as
follows (ﬁgure 5).
If we are given two data points on a line segment A and
C then a data B lies on the line segment AC only if the data
points satisfy the equation AB?BC=AC. This is the wellknown Segment Addition Postulate (SAP) and is the main
principle behind the ASLP algorithm which has reduced the
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Figure 5. Illustration of segment addition postulate.

necessity of calculating a lot of distances without affecting
the ﬁnal output. It instead of calculating the distance
between A and C, uses previously computed distances AB
and BC to ﬁnd the distance between A and C and thereby
converging earlier but without hampering the cluster
quality.
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The above pseudo-code shows only the distance computation part of the algorithm shown in 3.1a. An array is
maintained which stores only the longest intracluster distance (max_dist_Cj) for any cluster Cj.
Whenever an input data is compared to a cluster Cj,
instead of computing the maximum distance of the data
from the cluster we can use the SAP as shown in the
pseudo-code above. Every time after assigning an input
data to a cluster Cj, the max_dist_Cj in the array for that Cj
will be updated with the current maximum intracluster
distance (Max_distance) of that cluster. The array is formed
and updated hand in hand while forming the clusters and
hence do not need any extra distance computation to calculate the longest intracluster distances.
3.1c Time and space complexity of the Accelerated preclustering algorithm (ASLP):
If ‘m’ be the clusters provided by the pre-clustering
algorithm and ‘n’ be the total number of data points, then
the pre-clustering algorithm will continue unless and until
all the data points are scanned. To ﬁnd the maximum
number of distance computations for forming ‘m’ clusters
we have made two assumptions,
a) Firstly ‘m’ clusters of size unity are formed.
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b) All the remaining n-m data will be assigned to the mth
cluster.
For each input data, the loop of comparing it to a cluster
will rotate unless and until the data is assigned to any
cluster or as a new cluster. If there are ‘m’ clusters formed
by the pre-clustering algorithm then the maximum distance
computations will be ‘Z’ where,
Z ¼ 1 þ ½1 þ 2 þ 3 þ 4 þ                ðm  1Þ
þ ðn  mÞðmÞ
ð12Þ
¼ 2nm  m2  m þ 2=2

ð13Þ

The ﬁrst ‘1’ in equation (12) denotes the time taken to
assign the ﬁrst input data as a new cluster. The second term
denotes the number of distance computations to form ‘m’
clusters where all ‘m’ clusters are singletons. The 3rd term
denotes the number of distance computations required to
assign all other remaining data points to the mth cluster.
So the time complexity of the algorithm is O (mn) where
‘n’ is the total number of data points. The space required to
store these ‘m’ clusters having ‘n’ data points and the
maximum intracluster distances is O(n) and O(m),
respectively.
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3.2 The second stage of the algorithm
The second stage of the algorithm is based on the principle
of Sibson’s method but with certain modiﬁcations. It simply maintains two arrays Av and Ad storing the nearest
neighbours of each cluster and the corresponding distances
respectively. A distance matrix (always symmetric) as
shown in ﬁgure 6 is computed to create this Av, Ad array
where each column and row of the distance matrix is
assigned to the largest and smallest member of each cluster
and each element in a column gives the minimum distance
of that cluster from the cluster at the corresponding row.
Here Ci_max and Ci_min refer to the elements having the
maximum and minimum value of the Cluster Ci respectively. We always need to ﬁnd the minimum inter-cluster
distance so d21 =min [dist (C2_max, C1_min), dist (C2_min,
C1_max)]=min [dist (C2, C1)].
3.2a Steps of the algorithm
1. An ‘m9m’ distance matrix as shown in ﬁgure 6 is
computed to ﬁnd the nearest neighbour of each cluster
where ‘m’ denotes the number of clusters provided by
the pre-clustering algorithm.
2. The distance matrix is scanned column-wise (except the
diagonal elements) to ﬁnd the nearest neighbour of the
cluster corresponding to that column and to ﬁnd the
distance from that neighbour. This is done to create the
Av and Ad array.
3. Single Linkage algorithm merges clusters with at least
two data points (one from each cluster) lying within the
threshold limit. Hence we will go on scanning the Ad
array unless and until we get the two closest neighbours
lying within the threshold distance. If two such neighbours are found then merge them and go to step 4 else go
to step 8.
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4. After every merging, the min–max of the merged cluster
is reqd to be adjusted. Update the column of the distance
matrix corresponding to that merged cluster as shown in
ﬁgure 7 to ﬁnd the minimum distance of that merged
cluster from the other clusters. There is no need to
update the other columns as those distances are already
computed and are stored in the Ad array.
5. Update the Av and Ad array corresponding to that
merged cluster by scanning the column of the distance
matrix corresponding to that merged cluster.
6. Scan the Ad array again to ﬁnd the closest neighbours
within the threshold limit. If such neighbours are found
then merge them and go to step 7 else go to step 8.
7. Repeat from step 4, unless and until the minimum
distance between all the clusters surpasses the threshold.
8. Output the ﬁnally formed clusters with all of their
members.
3.2b Algorithm used to scan a column of the distance matrix
to ﬁnd the nearest neighbour:
To ﬁnd the nearest neighbour of a cluster we need to scan
the column of the distance matrix corresponding to that
cluster to ﬁnd the smallest of all the distances in that column. To ﬁnd the smallest of all the distances we can sort
the distances of that column in ascending order and can
choose the smallest one as the nearest neighbour distance.
But this process requires a time complexity of O (dlogd)
where‘d’ denotes the total number of distances to be sorted.
Hence the idea for ﬁnding the minimum element in an array
[23] is used here, which requires a time complexity of
O (d) to ﬁnd the smallest of ‘d’ distances. The algorithm
has a space complexity of O (1) as it requires only a single
location for storing the ‘dﬁrst’ value and is updated at every
iteration.
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f. If all of the input data points are such that they can be
merged into a single cluster for the given threshold, then
step ‘d’ and ‘e’ will repeat for ‘m − 2’ times. This is
because step ‘a’ to ‘c’ has already performed the ﬁrst
merging of the entire process. Therefore to execute all
the steps from ‘a’ to ‘f’, the algorithm requires O (m2)
time where ‘m’ is the number of clusters provided by the
pre-clustering algorithm.

Figure 6. Distance matrix to be created to form the Av, Ad array.

Figure 7. Distance matrix created with a merged cluster.

3.2c Time complexity of the algorithm:
a. The distance matrix in step 1 of section 3.2a is computed
with the ‘min’ and ‘max’ values of all the clusters provided by the pre-clustering algorithm. Hence if ‘m’
clusters are provided, the distance matrix computation
requires O (m2) distance computations.
b. Scanning each column of the distance matrix to ﬁnd the
nearest neighbour of each cluster requires O (m) time
complexity. The total time complexity to scan the entire
(m9m) distance matrix is thereby O (m2).
c. The Ad array for the ﬁrst time will contain ‘m’ distances
corresponding to ‘m’ nearest neighbour of ‘m’ clusters.
Scanning the entire Ad array will require O (m) time to
ﬁnd the two closest neighbours within the threshold
distance.
d. Adjusting the min-max of the merged cluster requires O
(1) time at every step.
Updating and scanning the column of the distance matrix
corresponding to that merged cluster requires O
(m) time. This step ﬁnds the nearest neighbour of the
merged cluster and is required to update the location of
the Av and Ad array corresponding to that merged
cluster.
e. At every iteration, the Av, Ad array contains one member
lesser than the number of members it holds at the
previous iteration. This is because, at each iteration, two
clusters are getting merged into a single cluster. Thus,
for every iteration after the ﬁrst one, the value of ‘d’
should be less than ‘m’. Scanning the Ad array to get the
neighbours within threshold distance requires O (d) time
where‘d’ is the number of distances present in the Ad
array at that instant.

3.2d Space complexity of the algorithm
The algorithm requires maintaining two arrays each of
size ‘m’ that tells the nearest neighbour of each cluster and
the corresponding distances respectively. The algorithm
computes the distance matrix only for the ﬁrst time and it
does not require storing the distances as the distance
between a cluster and its nearest neighbour is already
present in the Ad array. It only updates a single column of
the distance matrix whenever a merging is done. Thus the
algorithm requires O (m) space complexity.

3.3 Total time and space complexity of the twostage algorithm
The time complexity of the pre-clustering stage and the
ﬁnal stage are O(mn) and O(m2) respectively. As ‘m’ is
always less than ‘n’ (unless and until all the clusters are
singletons), hence the total time complexity is O(mn).
The Pre-clustering step requires O(n) space to store all
the ‘m’ clusters and the maximum intra-cluster distance of
each cluster. The space complexity of the Second stage is,
O (m) as explained in section 3.2d. Unless and until all the
clusters are singletons ‘m’ is less than ‘n’, hence the total
space complexity of the algorithm is O (n).

4. Effect of threshold on the quality of the clusters
Cluster Cohesion measures the degree of association
between the members of a cluster, or in other words, it
measures the compactness of clusters. Therefore a high
value of cohesion is desirable for good quality clusters [24].
To measure the cohesion, the sum of squared error (SSE)
method is a very useful technique which is done by doing
the sum of the square of all the distances between the
objects of a cluster and the mean value of that cluster. The
cohesion of cluster increases with a decrease in the value of
SSE.
SSE ¼

c
X

ðxi  lÞ2

i¼1

Here ‘l’ refers to the mean of all objects in a cluster, and
‘c’ refers to the total number of objects in a cluster.
If the cohesion of the dataset is high then the algorithm
yields compact clusters. With an increase in threshold value
probability of merging a distant data to a cluster increases
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thereby decreasing the internal quality (compactness) of the
clusters. Thus the relation between SSE of a cluster with the
user-deﬁned threshold and cluster’s cohesion is given by,
SSE / Threshold /

1
Cohesion

Figure 11 shows the variation of cluster number with the
threshold. The histograms in ﬁgures 9 and 10 show the
maximum distance between two data in the Gaussian
datasets [25]. If the threshold reaches this maximum distance level, the pre-clustering output will also result in a
single cluster accommodating all the data within it as
shown in ﬁgure 11 for the Gaussian datasets. However, this
property is true for any kind of dataset irrespective of its
nature. This might be the most undesirable result in most
applications. Hence, the choice of threshold must be
application dependent and an improper speciﬁcation of the
threshold may yield improper clustering results.
It should be noted that the proposed algorithm always
provides identical clusters as that by the original Single
Linkage algorithm for any threshold, and the effect of
threshold on the quality of clusters is not only a disadvantage of our algorithm but of all the clustering algorithms
in data mining.

5. Effect of threshold on convergence time
of algorithm
Increasing the value of threshold increases the size of the
pre-clusters provided by the pre-clustering algorithm. This
is because with increasing threshold more and more input
data are likely to get accommodated in a cluster. This, in
turn, decreases the cluster quantity at its output as more and
more data points are getting merged to the existing clusters
thereby decreasing the chance of formation of new clusters.
Thus increase in threshold decreases the value of ‘m’ as
shown in ﬁgure 11 which in turn decreases the overall
convergence time of the algorithm due to the dependency
of time complexity of the algorithm on ‘m’ as shown in
section 3.3.

6. Effect of the ordering of the input data
on the cluster quality
All incremental algorithms are affected by the ordering of
the input data points and so is our proposed pre-clustering
algorithm. Let us consider two 
sets of pre-clusters P1 ¼
fC1 ; C2 ; . . .. . .; Cn g and P2 ¼ C10 ; C20 ; . . .. . .; Cn0 . The
pre-clusters follow the property of max_intracluster_dist\=ζ, but in some cases, there is a possibility of
min_intercluster_dist\=ζ. So the second stage merges two
clusters if the min_intercluster_distance\=ζ to form Single
Link Clusters. Any two data x and x’ are neighbours if they
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follow the criterion of |x−x′|\=ζ. If x ∈ Ci and x′ ∈ Cj and
x, x′ are neighbours, the second stage merges Ci and Cj as
their min_inter_cluster_dist\=ζ. The same rule also holds
for Π2 when x ∈ Ci′ and x′ ∈ Cj′. The ordering of the input
data points can only vary the distribution of the data in the
pre-clusters but the ﬁnal stage irrespective of their distribution merges two clusters if they have two neighbours,
one in each cluster. Thus even if P1 6¼ P2 , it follows that
the ﬁnal clustering result remains unaffected and satisﬁes
the criterion of min _intracluster dist and min _intercluster_dist to be within and greater than ‘ζ’ respectively.

7. Advantages and disadvantages of the algorithm
a. Clustering a frequently updated database:
In today’s world, the size of the dataset is not only
increasing but they are also dynamic. Databases containing
records of ﬁnancial transactions, public records of birth/
death registrations are all dynamic as they get updated with
time. Clustering such database is a challenge as they get
frequently updated and the cluster structure changes with
each inclusion and deletion of data from the database. The
proposed algorithm uses an incremental pre-clustering
method that does not require the entire dataset in advance
and hence is suitable in those cases where data in the
database is getting added incrementally. Therefore the
algorithm can partially cluster the data points along with
collecting them. In case of frequently updated database, our
algorithm will just increase the size of the Av, Ad array to
include the newly added data point and will ﬁnd the cluster
nearest to the data and its distance from it (ﬁgure 8).
As mentioned previously C1, C2, …, C5 denotes clusters
although in the Av array we are not including all the
members of the clusters but only the objects at the edges of
each cluster. If a new data d_new is added in the database
then its nearest neighbour can be obtained by computing
the minimum distance of d_new from all the cluster edges
provided by the Pre-clustering phase or because of any
previous merging. Here we see C5 is the nearest neighbour
of d_new and d4 is the distance between them. After creating the Av, Ad array the Ad array will be searched unless
and until we ﬁnd two closest clusters lying within the
threshold distance from each other. If two clusters are

Figure 8. Arrays containing the nearest neighbours and the
corresponding distances.
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found to be in the threshold limit, then they will be merged
and the process of creating the Av, Ad array will repeat as
explained in section 3.2a. Thus here we are clustering a
new data point to some existing clusters without using all
the data points of the cluster making the process faster and
easier.
b. Clustering large data volume:
The proposed algorithm does not use all the dataset to do a
clustering action and hence is more suitable than all those
methods that require creating a dissimilarity matrix to initiate the action. The proposed method has brought down the
time complexity of the SL algorithm much less than O(n2)
as ‘m’ is less than ‘n’ if at least a single cluster of size
greater than unity is formed by the pre-clustering phase. It
thus outperforms Classical, Sibson’s and MST approaches
of the SL algorithm in case of clustering large data volume.
In addition to that, the use of SAP in the pre-clustering
phase speeds up the pre-clustering part to a large extent as
conﬁrmed by experimental results.
Thus the proposed algorithm is beneﬁcial for clustering
large data volume and especially where parallelization
schemes cannot be applied to achieve higher speedups.

noted that ‘m’ should always be less than ‘n’ if at least a
single cluster of size more than unity is formed. Therefore
the convergence time of the algorithm should always be
lesser than those methods where distance matrix computation is necessary for at least once. Besides, the use of
Segment Addition Postulate in the pre-clustering phase is
also likely to speed up the process in all cases. Hence with a
good choice of threshold, the advantage of the proposed
method can be obtained under all circumstances.
f. Limitation of the algorithm:
The major disadvantage of the algorithm is its inapplicability for bivariate or multivariate data clustering. The
concept of highest and lowest position of a cluster used in
the pre-clustering algorithm is true for univariate data
analysis. This is because for multivariate data an input data
Table 1. Experimental dataset.
Dataset
Gaussian dataset-1 [25]
Gaussian dataset-2 [25]
Distillate ﬂowrate [27]

No of instances

Type of attribute

10,000
40,000
44,640

Real
Real
Real

c. Streaming data clustering:
The algorithm does not require the entire database in
advance and since the pre-clustering phase is an incremental one so it is suitable for partial clustering of the
incoming data alongside the collection. The ﬁnal clustering,
however, is done at the second stage when the pre-clustering phase is over. However, the receiving speed of the
incoming data must match with its processing speed to
avoid data loss. Although techniques have been adopted in
this algorithm to speed up the Pre-clustering phase, proper
front end electronics must be set up to synchronise the
system if required.
d. Uncompromised Cluster quality:
To compare the quality of clusters provided by two algorithms we have used a very popularly used method called
Rand Index [26]. Rand Index is a very useful tool for
comparing the clustering results of two different algorithms
when applied to the same dataset. Its value ranges between
0 to 1 with ‘0’ referring to no similarity and ‘1’ referring to
100% Similarity. To ensure that the proposed algorithm
provides identical clusters as that by the Conventional SL
algorithm, we have used Rand Index on the Clustering
results and the Rand Index of ‘1’ proves that the ﬁnal
quality of the clusters produced by our algorithm is not
affected by the speeding up process adopted by our method.
e. Speeding up is dataset independent:
It has been proved that the time complexity of the algorithm
is reduced to O (mn) with ‘n’ being the number of data
points and ‘m’ is the number of pre-clusters. This is true for
any kind of dataset irrespective of its volume and type.
Although the number of pre-clusters may vary, it should be

Figure 9. Histogram of the Gaussian dataset-1.

Figure 10. Histogram of Gaussian dataset-2.
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Table 2. Comparative performance report of ASLP and SLP algorithm when applied on varying large datasets.
Distance computations (in millions)
Data set
Gaussian dataset-1

Gaussian dataset-2

Distillate ﬂowrate

Time (in Sec)

Threshold

SLP

ASLP

SLP

ASLP

R.I

0.001
0.005
0.01
0.05
0.1
0.001
0.005
0.01
0.05
0.1
0.1
0.5
1
2
3

21.0
7.01
3.91
0.85
0.42
134.36
33.23
17.29
3.66
1.89
114.35
36.75
19.87
10.23
6.69

12.5
3.7
2.02
0.43
0.21
71.88
16.92
8.72
1.83
0.95
64.64
19.65
10.47
5.3
3.4

504.09
157.94
85.90
15.56
9.69
2932.72
711.606
374.105
81.174
42.084
2532.529
800.820
430.454
217.985
142.068

439.939
132.32
71.49
12.08
7.89
2606.042
580.464
304.546
65.597
33.867
2435.691
665.287
361.420
184.70
118.924

1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0

cannot be compared to another data based on a single
variable as more than one attributes are describing the
pattern of that data at a time. Hence, although the algorithm
proves itself highly beneﬁcial for clustering large input
volume but can only be applied for clustering data based on
a single variable.

8. Experimental results
Figure 11. Variation of cluster number with the threshold at the
ASLP output.

To show the advantage of the proposed algorithm we have
implemented the SLP, ASLP, proposed algorithm and the
distance matrix method using C language(ChIDE

Table 3. Comparative performance report of the proposed algorithm and the distance matrix method when applied on datasets of
varying size.
Distance computations (millions)
Dataset
Gaussian dataset-1

Gaussian dataset-2

Distillate ﬂow rate

Time (mins)

Threshold

Distance matrix

Proposed algorithm

Distance matrix

Proposed algorithm

R.I

0.001
0.005
0.01
0.05
0.1
0.001
0.005
0.01
0.05
0.1
0.1
0.5
1
2
3

49.99

33.64
6.22
2.89
0.49
0.23
128.22
21.24
10.05
1.90
0.96
88.19
22.23
11.41
5.67
3.60

73.57

40.02
7.01
3.87
1.378
1.192
127.90
17.98
8.82
2.28
1.72
76.35
15.88
8.40
4.57
3.23

1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0

799.98

996.342

1177.37

1470.94
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Figure 12. Number of distance Computations vs. data size for
distillate ﬂowrate data with ζ=0.1.

Compiler) and executed on a PC with Intel® core(TM)
i3-6006U CPU @ 2Ghz processor, 8 GB RAM and 64 bit
OS. To show its effectiveness over different datasets, we
have implemented the design on two Gaussian datasets and
a large real-world dataset as shown in table 1. Figures 9 and
10 exhibit the distribution of the data of the Gaussian
datasets in histogram format. Table 2 shows that the ASLP
algorithm outperforms the SLP method as the former converges in a shorter time doing lesser distance computations.
As the time complexity of our algorithm depends highly on
the pre-clustering output, hence ﬁgure 11 shows the variation of the pre-clustering output drawn from the Gaussians
and the real-world data with the threshold. Table 3 shows
that our algorithm outperforms all those methods where
distance matrix computation is required as the distance
matrix computation itself requires computing much more
distances than that required by our entire algorithm making
the latter to converge faster. Figure 12 shows the speeding
up of ASLP technique with variable data size and the effect
is seen to get more pronounced with increasing data volume. The convergence time of the algorithms is calculated
by taking an average of 1000 computations for each case to
increase accuracy. To compare the cluster quality provided
by the two algorithms, we have used Rand Index (R.I) on
the clustering results and the R.I of ‘1.0’ in all cases of
tables 2 and 3 implies that the clustering result is not
affected by the speeding process and is identical to that
provided by original Single Linkage algorithm.

9. Conclusions and future scope
The paper presents a two-stage, partially incremental Single
Linkage algorithm that does not need the entire database in
advance and is only applicable for univariate data analysis.
The ﬁrst stage of the algorithm forms a Dendrogram of preclusters using the farthest neighbour method and the second
Stage produces nearest neighbour clusters by merging these
chains of pre-clusters depending on the distance between
the edges of the adjacent chains. The proposed algorithm
although have an incremental stage but the ﬁnal result
remains independent of the ordering of the input data,
unlike other incremental algorithms. The proposed

algorithm without sacriﬁcing the quality of clusters
decreases the time complexity to a much lower value in
comparison to its well-known variants as conﬁrmed by
experimental results. A threshold is an important criterion
of Single Linkage algorithm as an increase in threshold
value decreases both the quantity and quality (compactness)
of clusters by absorbing distant data to the already available
clusters. Hence it is the sole responsibility of the user to
choose a correct threshold to get a good quality of clusters.
Future work includes modiﬁcation of the algorithm for
reducing its space complexity, making it suitable for multivariate data clustering and to see its performance for
streaming data clustering. In this paper, we have not considered the effect of the deletion of data from a database.
Hence, another potential research work may include the
study in the change of the cluster structures with deletion of
data from the database.

Nomenclature
Symbol
Description
∪
Union
αi, αj, β, γ Agglomeration Criterion in Lance William
Formula
n
The total number of input data
ζ
User-deﬁned threshold
Cluster set
Ɗ
Input Data Set
m
Total number of Preclusters
l
Mean of all objects in a cluster
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