 Indian Academy of Sciences

Sådhanå (2021)46:34
https://doi.org/10.1007/s12046-020-01545-5

Sadhana(0123456789().,-volV)FT3](012345
6789().,-volV)

Tolerance analysis and yield estimation using Monte Carlo simulation
– case study on linear and nonlinear mechanical systems
PRADEEP K SINGH*

and VAIBHAV GULATI

Department of Mechanical Engineering, Sant Longowal Institute of Engineering and Technology,
Longowal 148 106, India
e-mail: pkschauhan@gmail.com; vabby372@gmail.com
MS received 30 April 2020; revised 7 October 2020; accepted 11 November 2020
Abstract. Dimensions of individual components give rise to a critical dimension in an assembly, called the
assembly dimension(s) or the assembly response(s). This concept is applicable to any engineering system. Thus,
a variation in the individual dimension/characteristics directly affects the assembly response or the performance
of the system. The random assembly of the individual dimensions gives rise to a statistical distribution of
assembly response. Tolerance analysis is the estimation of resultant variation of the assembly response, for a
given set of tolerances associated with individual dimensions, and the functional relationship between the
individual dimensions and the assembly response. Several methods for tolerance analysis have been reported
over the decades. The Monte Carlo simulation still remains the benchmark approach for testing of the precision
obtained by any other method. This paper presents two case studies to explore the insight of the methodology for
tolerance analysis. The ﬁrst case study is on a linear assembly while the second one is the nonlinear assembly.
Three sub-studies considering (a) uniform distribution, (b) normal distribution, and (c) beta distribution, of
individual dimensions have been attempted in each of the two cases. Further, in each sub-study, the tolerance
analysis and the yield estimation has been carried out for the worst-case criteria, followed by analysis of the
estimated yield due to reduction of assembly tolerance. The results have been presented in the form of histograms for all 2 9 3 9 3 cases.
Keywords.
simulation.
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1. Introduction
The assembly dimension (or the assembly response) is the
critical characteristics resulting from the assembly of a set
of individual (constituent) dimensions. Thus, a variation in
the individual dimension/characteristic directly affects the
assembly response or the performance of the system. A
random assembly of the individual dimensions gives rise to
a statistical distribution of the assembly response. Tolerance analysis is nothing but the estimation of the resultant
variation of the assembly response, for a given set of tolerances associated with individual dimensions, and the
functional relationship between the individual dimensions
and the assembly response. If the limits of variation of the
assembly response are set, the random assemblies falling
within the limits are considered to be the successful
assemblies while those falling beyond the limits are called
failed assemblies. The fraction of the successful assemblies
to all the assemblies produced is called yield. The concept
has been presented in ﬁgure 1.
*For correspondence

Several methods for tolerance analysis have been
reported in literature. Two basic approaches, viz. the worst
case and the root sum square (RSS), have been quite popular for their simplicity. Both the approaches have their
own merits and demerits for application. The worst case or
the method of extremes is based on highly pessimistic
assumption that all the dimensions in a dimension chain
attain extremities on the same side of the variation simultaneously. Thus this approach yields unreasonably wide
variation in assembly dimension, predicting huge rejection
due to failure to meet assembly tolerance. On the other
hand, the RSS or simple statistical method is based on an
idealistic assumption that the process distribution of all the
constituent dimensions is normal with their mean centered
at the nominal value. Thus this approach yields a narrow
assembly tolerance, predicting unreasonably high yield of
successful assembly. Thus, neither of these two approaches
is useful in tolerance analysis for assembly design.
Tolerance analysis is an important step in the overall
tolerance design of an engineering assembly [1]. Thus a
number of ‘‘derived and advanced approaches’’ have been
proposed for prediction of variation in assembly dimension
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presents relatively complex two case studies to explore the
insight of the methodology for tolerance analysis. The ﬁrst
case study is on a linear assembly while the second one is
the nonlinear assembly. Three sub-studies considering
(a) uniform distribution, (b) normal distribution, and
(c) beta distribution, of individual dimensions, have been
attempted in each of the two cases. Further, in each substudy, the tolerance analysis and the yield estimation has
been carried out for the worst-case criteria, followed by
analysis of the yield estimation due to reduction of
assembly tolerance. The studies depict the (i) nature of
distribution of assembly response, (ii) effect of distribution
of individual dimensions on the assembly yield, and (iii) the
effect of variation of the speciﬁed tolerance for assembly
response on the assembly yield.

Figure 1. Tolerance analysis of mechanical assemblies [1, 2].

2. Literature review
and the yield of successful assembly, over the decades. A
brief list of these approaches, applicable to the problems
involving different level of complexities, has been presented in table 1. These methods can be classiﬁed based on
the complexities of the problems for their application, as
(a) the complexities in process distribution and (b) the
complexities in assembly response function. Among all
these the Monte Carlo simulation approach is applicable to
both the categories, i.e., this approach is applicable to both
the linear and nonlinear assembly response functions as
well as the normal and non-normal process distributions.
The Monte Carlo simulation is based on random sampling
of the individual constituent dimensions to produce a virtual assembly. This approach directly yields the distribution
of the assembly response, which makes it more useful. With
careful design of simulation experiments, the predicted
results have been reported to be quite precise.
The Monte Carlo simulation has been the benchmark
approach for testing of the precision obtained by any other
method. A case study on tolerance analysis and yield estimation using Monte Carlo simulation for a two-component
linear assembly has already been reported [2]. This paper

Several studies on tolerance design of mechanical assemblies considering various aspects have been reported over
the decades. The topic has been so important that many
text/reference books have also been published in the subject
area [3–5]. Several highly exhaustive review papers have
also appeared on this topic. A few include Chase and
Greenwood [6], Wu et al [7], Chase and Parkinson [8],
Kumar and Raman [9], Gerth [10], and Singh et al [11].
The review presented by Hong and Chang [12] is the most
comprehensive one covering various aspects on tolerancing
research. Singh et al [1] seems to be a good compilation
fully dedicated to tolerance analysis. Cao et al [13] and
Ramnath et al [14] appear to be the quite recent reviews
reported on the subject matter. The review presented in this
section has systematically been arranged under four subheadings, including the recent developments in the ﬁeld.

2.1 Early application of Monte Carlo simulation
Several authors attempted the tolerance analysis of engineering assemblies using Monte Carlo simulation. The
earliest studies reported in literature appear in early 1960s.

Table 1. Derived and advanced methods for tolerance analysis.
Based on complexities in process distribution
Non-normal process distribution
Correction factor approach
Mansoor’s static mean shift model
Gladman’s dynamic mean shift model
Desmond’s probabilistic mean shift model
Combination of basic approaches
Finite range PDF and numerical convolution
Monte Carlo simulation

Based on complexities in assembly response function
Linearization of the response function
Tukey’s extended Taylor series approximation
Hasofer–Lind reliability index method
Evans’ numerical integration method
Experimental design method
Finite range PDF and numerical convolution
Monte Carlo simulation
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Knappe [15] attempted simulation of the Crank-slider
mechanism, and made use of 700 samples for the study.
Corlew and Oakland [16] presented the simulation studies
for setting dimensional tolerances in the ‘‘pneumatic time
relay’’ assembly, and adopted the sample size based on
observation of the simulated results. Distler [17] attempted
two simulation studies for system tolerance – voltage
divider and compensation network, and made use of a
sample size 500 for both the cases. This way the simulation-based analysis became popular in tolerance analysis of
engineering assemblies.

2.2 Monte Carlo simulation in complex tolerance
design problems
Tolerance analysis is the inner loop in the iterative process
of tolerance allocation. A few authors attempted the use of
Monte Carlo simulation for tolerance analysis while
attempting tolerance allocation. In general, the authors
attempted the assembly problems involving multi-design
function and/or nonlinear design function. A few authors
have also considered geometrical tolerances and kinematic
adjustments in formulation of the assembly response
function.
Lee and Johnson [18] attempted optimal tolerance allocation using genetic algorithm (GA). Constraints on
assembly yield have been estimated through Monte Carlo
simulation. Two case studies: (i) 4 linear design functions
with 8 design variables and (ii) 4 linear design functions, 2
nonlinear design functions, and 12 design variables have
been presented. Simulation studies in both the problems
have been made using 10,000 samples. Exploring the possibility of use of the simulation with truncated sample size,
a set of sample size ranging from 10 to 30,000, has been
tested for accuracy of the simulated yield. The algorithm
successfully obtained a good solution, with a sample size
100, even in the noisy environment.
Gao et al [19] attempted tolerance analysis of a set of
mechanical assemblies involving size tolerances, geometric
tolerances, and kinematic adjustments. The direct linearization method (DLM) and modiﬁed simulation method
has been used for tolerance analysis of seven 2D and one
3D assemblies with implicit design functions. The modiﬁcation in the conventional approaches is necessary to
accommodate kinematic assembly constraints. The vectorloop-based assembly tolerance modeler has been used. The
effect of sample size on the accuracy of the Monte Carlo
simulation has also been explored. Monte Carlo simulation
with a sample size of 1,00,000 assemblies has been established as the reference value for each sample problem. The
results for assembly variations obtained by the DLM are in
close agreement with those obtained using Monte Carlo
approach, with relative error in the range 0.007–0.48%. The
rejects predicted (on both the limits) by the DLM are also
good approximations to the simulated results, except for the
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one-way clutch (nonlinear) assembly possibly because of
the mean shifts and skewed distribution.
Varghese et al [20] proposed a two-step method: (a) A
new probability distribution called the Finite Range Probability Density Function (FRPDF), to model non-normal
manufacturing data. Modeling the process data to the new
probability distribution involves the estimation of the distribution parameters to the actual process data. (b) Application of the numerical convolution to determine the
distribution of the assembly dimension. This technique can
readily handle distributions of any type, and the linear and
nonlinear tolerance accumulation. Case studies for linear
assembly having 2–7 dimensions were attempted using the
proposed method, method of moments, and Monte Carlo
simulation with an average of 200,000 runs for each
assembly conﬁguration. The yield predicted by different
methods shows that the proposed method is more accurate
than the method of moments, and faster than the Monte
Carlo simulation.
Lin et al [21] presented optimal assembly tolerance
allocation model, making use of the Monte Carlo simulation for estimation of assembly tolerance(s) and the yield.
Effect of sample size and replications in simulation has also
been attempted. The authors presented 3 case studies:
(i) tolerance analysis of a simple 5-component linear
assembly, and obtained assembly tolerance and yield using
a sample size of 5000, (ii) optimal tolerance allocation in a
5-dimension gearbox, and simulated the assembly tolerance
and obtained yield through simulation using a sample size
of 5000 in each iteration, and (iii) optimal tolerance allocation in an assembly involving 4 linear design functions
with 8 design variables, and simulated the assembly tolerance and obtained yield through simulation using a sample
size of 2000 in each iteration. Here it appears that the
authors realized that the sample size for example problem 2
was too high, and even smaller sample size (2000) could be
sufﬁcient to yield useful results for the more complicated
example problem 3.
Kao et al [22] attempted optimal tolerance allocation
using sequential quadratic programming (SQP). Here the
constraint functions formulated as the reliable region (deﬁned by design and tolerances to assure reliable performance of the assembly) have been estimated through Monte
Carlo simulation. Two case studies earlier discussed by Lee
and Johnson [18] have been analyzed. Simulation studies in
both the problems have been made using 10,000 samples,
the same sample size as adopted by previous authors.
However, in this study, the authors also tested the accuracy
of the simulated yield making use of a much bigger sample
size.

2.3 Miscellaneous studies
This group of studies on tolerance analysis presents
improvement in the Monte Carlo simulation approach,
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useful application to assembly yield improvement, and
tutorial problems to various engineering problems.
Cvetko et al [23] presented a set of new metrics for
assessment of the accuracy of the variation analysis methods. Errors due to sample size have been estimated for the
ﬁrst four moments of the resultant distribution and the
predicted rejects. A nonlinear assembly has been attempted
for tolerance analysis, extracting the design function
equations using vector loop model. The Monte Carlo
spreadsheet program ‘‘Crystal Ball’’ has been used for the
study. Effect of sample size on the four statistical moments
has been studied taking initial sample size 20,000 and
doubling successively to over one billion. A study with
1000 replications of simulation with 10,000 sample size has
also been presented. The distribution of %error in PPM
rejects has been studied. Subsequently four error measures
for each of the four moments of a distribution have been
presented. The error measures are non-dimensionalized in
terms of the distribution variance raised to an appropriate
power. The standard moment error for each of the four
moments decreases as Hn (sample size).
Gerth and Hancock [24] presented a case study on tolerancing-based analysis of the cause of poor product performance, determination of new speciﬁcations and process
settings. The air-gap between the armature core and the
magnet/shunt in a DC motor has been studied, for current
draw performance. This design improvement study is driven by comparison of the true system performance with
intended system performance in terms of speciﬁcations,
followed by rigorous analysis. Tolerance analysis has been
attempted using worst case, statistical, and Bender-correction approaches. Monte Carlo simulation has also been used
for tolerance analysis through VSA 2.2, utilizing the
existing production data. A procedure for compensatory
tolerancing for determining the appropriate tolerances on
individual components, considering ease of design modiﬁcation, has also been presented.
Rausch et al [25] made use of the 3DCS Variation
Analyst to demonstrate the application of the 3D Monte
Carlo tolerance analysis in prefabrication and offsite construction. This study qualitatively differs from manufacturing environments in terms of scale on various counts.
This is a case study of modular construction having a rigid
base frame, roof frame, and a set of columns connecting the
two through bolted joints. Assembly conﬂicts, assessment
of probability of rework, and process evaluation for optimization of the assembly have been attempted. The input
dimensions are normally distributed, with ±3r (r is the
standard deviation). On the basis of acceptable alignment
for the pin (bolt)-hole assembly, the varying degree of
rework has been quantiﬁed. A sample size of 10,000 has
been taken to simulate the probability of rework. The distribution of the response variable appears to be Pearson
Type-1, a generalized beta distribution. The result shows
that the base connections experience a low degree of
rework while the roof connections experience a high degree
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of rework. In another experiment, production of holes
through CNC Water Jet machining has been considered to
obtain tighter position and size tolerances. With the modiﬁed tolerances, the simulated results yield absolutely no
high degree of rework. Also, the low degree of rework got
drastically reduced.

2.4 Recent developments
The following discussion presents recent studies, developments, and research trend in application of Monte Carlo
simulation in tolerance design.
Zhou et al [26] introduced the number theoretic method
using a very small number of sampling points as compared
with that required for the straight forward Monte Carlo
simulation, to tolerance analysis. Also a sequential algorithm based on the number theoretic method, denoted by
SNTO, has been proposed to handle the nonlinear constraints for tolerance synthesis. The authors attempted a
case study on the tolerance design problem having 4 linear
design functions, 2 nonlinear design functions, and 12
design variables [18]. In the process of tolerance analysis
and synthesis, the spec yield was 95%. The Monte Carlo
simulation was performed using 20000 sampling points to
estimate the yield precisely. The numbers of the number
theoretic net (NT-net) are 101 and 521, respectively, to
calculate the yield and optimize tolerance. Although there
is little difference from the results obtained by earlier
studies, the cost and yield have shown reduction and
improvement, respectively. Considerable reduction in
computational effort has also been observed.
Huang et al [27] proposed the NT-net approach to tolerance design and circuit performance simulation. The
sampling strategy of the proposed method provides better
convergence over the straight forward Monte Carlo
approach, and thus reduces the computational effort and the
variability. Case studies with 5 different design response
functions, including dual-ampliﬁer bandpass ﬁlter design
and a 4-bar mechanism, have been presented. Results
indicate a 90–95% reduction of computation effort with
signiﬁcant improvement in accuracy. The sample size for
the NT-net approach is about 5–10% of that of the MCbased method to achieve the same level of accuracy. The
proposed approach shows much more consistent and
stable results, while the Monte Carlo method shows larger
random ﬂuctuations. Additionally, the NT-net approach
seems to be as versatile as the Monte-Carlo-based method.
Fangcai et al [28] attempted tolerance allocation to a
nonlinear assembly problem, to minimize the ratio of the
manufacturing costs (tolerances costs) to the risk (probability of fulﬁllment of geometrical requirements). The
Monte Carlo simulation and GA have been adopted for
solution of the problem. A case study (hyperstatic mechanism) has been presented to demonstrate the usefulness of
the proposed approach.
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Tsai and Kuo [29] presented a novel approach for tolerance analysis of engineering assemblies based on statistical moments. Distributions of dimensions of parts are ﬁrst
transferred into statistical moments, to obtain the tolerance
stack-up in turn. The statistical moments (variance, skewness, and kurtosis) are then mapped back to probability
distributions to obtain the resultant tolerance of the
assembly. The proposed method is applicable to even the
non-normal distributions of individual dimensions. Simulated results show that tail coefﬁcients of different distributions with the same kurtosis are close to each other for
normalized probabilities between -3 and 3. That is, the tail
coefﬁcients of a statistical distribution can be predicted by
the coefﬁcients of skewness and kurtosis. The predicted
resultant tolerances of the two studies appear to be very
close to those obtained using the Monte Carlo simulation
for 1,000,000 samples. The proposed method is much faster
in computation with higher accuracy than conventional
statistical tolerance methods, for both symmetrical and
unsymmetrical distributions, particularly when the required
probability is between ±2r and ±3r.
Huang [30] researched on estimation of the equivalent
sample size (ESS) for the NT-net method, a quasi-Monte
Carlo approach. This approach has been found to be useful
in statistical tolerance design due to better computation
efﬁciency over the traditional Monte Carlo approach.
Combinatorial theory and the solution of occupancy problem have been used for estimating ESSs of Monte Carlo
and NT-net methods. Here, equivalent means the sample
sets are equally representative in the design space. The ESS
has been validated by (a) relative error upper bounds estimation using Chebyshev polynomial and (b) a comprehensive case study with various functions. Three design
functions, viz. polynomial, trigonometric–polynomial
mixed, and inverse trigonometric, and two probability
distributions, viz. uniform and normal, have been used in
the case studies. The results appear to be quite encouraging
in favor of the NT-net approach, although the ESS appears
to vary with the sample size and the conﬁdence level. With
increase in (Monte Carlo) sample size, or with increase in
conﬁdence level, the NT-net becomes more efﬁcient, with
relative reduction of the ESS. With this method, about 1/10
of the Monte Carlo sample size yields an equivalent
accuracy for estimating the ﬁrst two moments for Monte
Carlo sample size 10,000 and conﬁdence level 0.95.
Yan et al [31] presented tolerance analysis of mechanical
assemblies using Monte Carlo simulation. Geometric tolerances (form, orientation, location, and runout) have also
been considered in addition to size tolerances. A nonlinear
assembly has been attempted for tolerance analysis considering normal distribution for individual dimensions. First
four moments (mean, standard deviation, skewness, and
kurtosis) of distribution of the assembly response have been
obtained for 10,000 samples. As the four moments are
variables themselves, their values have been obtained as the
respective mean values.
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Corrado and Polini [32] presented the integration of
manufacturing signature in tolerance analysis through
Jacobians and torsors. A study on 2D tolerance analysis
approach considering geometric deviations has been discussed. The Skin Model concept has been used for handling
geometric variations. Monte Carlo simulation has been
used for 50,000 runs, based on statistical stability of results,
and statistical analysis has been carried out in Minitab
software. The normality of the resultant distributions has
been evaluated/conﬁrmed by means of the Anderson–Darling test.
The aforementioned review of research reveals the
importance of the Monte Carlo simulation approach in
tolerance analysis and yield estimation, not only just as a
methodology but also a benchmark approach to check the
precision of results obtained from other approaches.

3. Monte Carlo simulation - important issues
The concept of Monte Carlo simulation is based on
stochastic sampling technique. As the dimensions obtained
from various manufacturing processes are random in nature
with a deﬁnite pattern, this approach can be useful to study
an engineering assembly for statistical tolerance analysis.
This random sampling approach is simple and straight
forward to estimate the variation in the assembly response.
It is applicable to both the linear and nonlinear assembly
response functions, and the normal and non-normal process
distributions. The systematic procedure for statistical tolerance analysis through the Monte Carlo simulation has
been illustrated in ﬁgure 2. The important issues in application of this approach are (a) choice of probability density
function representing the distribution of independent
dimensions, (b) length of simulation run, i.e. sample size,
and (c) output data analysis. A brief discussion on these
issues is given here.

3.1 Choice of probability density function
Choice of probability density function to represent statistical distribution of input variables governs the precision of
the simulated results. Several probability density functions
have been presented by He [33] to represent statistical
distribution of the manufactured dimensions, based on
earlier reported literature. In fact different manufacturing
processes, under various conditions, may yield different
distribution of dimensions. That is why a single distribution cannot represent distribution of dimensions in all
cases. The shape of the distribution generally varies from
rectangular (uniform) to approximately normal, with a
ﬁnite range. When nothing is known about the distribution of dimensions, a uniform distribution can be considered as a rough estimate [34]. The normal distribution
with centered mean is a highly optimistic assumption, but
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Figure 2. Tolerance analysis using Monte Carlo simulation [1].

has been quite popular in research. The beta distribution
with suitable choice of parameters can represent any
shape from rectangular to the normal distribution with a
ﬁnite range. Thus, these three probability density functions have been considered to represent the statistical
distribution of manufactured dimensions in this study. The
parameters of the beta density function have been selected
arbitrarily, just for demonstration of the simulation
methodology.

3.2 Length of simulation run (sample size)
In all statistical problems the fundamental principle is
‘‘the larger the sample size, the more precise the results,
enabling more precise conclusions’’. The simulation-based
tolerance analysis is a typical problem to estimate the
mean and range of variation of the assembly dimension(s), and proportion of the population occurring
between the speciﬁed tolerance limits. However, all the
response variables are themselves random in nature and
are associated with some uncertainty. In general the random error, i.e. standard deviation of the simulated
response variables, is inversely proportional to the square
root of the sample size [18]. Thus, for acceptable precise
simulated results, the length of simulation run has to be
sufﬁciently large, to cause statistical stability in
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simulation. Early studies on tolerance analysis and yield
estimation have been attempted with the number of simulations (sample size) based on experience and observation of the experts [15–17]. Several authors analyzed the
effect of sample size on the precision of simulated results
[18, 19, 23].
With the progress of research on simulation and
statistics, estimating a suitable sample size was realized.
Hahn [35] presented a detailed note on estimation of the
sample size for the simulation study. In assembly design
problems, the estimation of assembly yield is identical to
the standard statistical problem of estimating the parameter p of a binomial distribution from the proportion of
‘‘successes’’ in n independent trials of an experiment.
From normal approximation of the binomial distribution,
the estimated smallest sample size for the Monte Carlo
simulations can be obtained using Equation (1) for np and
nð1  pÞ  5.
Sometimes it might be advantageous to conduct some
preliminary Monte Carlo trials to obtain an estimate p,
which would then be used to determine the additional
number of trials required. After the simulation, the results
may be used to obtain the 100ð1  aÞ% conﬁdence interval
(CI) to contain the true value p using Equation (2). The
resulting CI will differ somewhat from the pre-speciﬁed
allowable error ± E around p̂ because of the difference
between p and p̂.
p^ð1  p^Þ 2
zð1aÞ
2
E2


p^ð1  p^Þ 1=2
CI ¼ p^  zð1aÞ
2
n
n¼

ð1Þ
ð2Þ

E: Maximum allowable error in estimating the assembly
yield (parameter) p
1–a: Desired probability or conﬁdence level that the
estimated sample yield (proportion) p̂ does not differ from
population yield p by more than ± E
^ Sample yield (initial estimate) of p.
p:
z(1–a/2): The (1–a/2) quantile of a standard normal distribution corresponding to the target error a
Instead of estimating the yield, the variation in the
assembly dimensions can also be simulated by estimating
the true mean (l) as the response variable of interest. The
usual estimate is the calculated sample mean Y of the
Monte Carlo trials. The estimated smallest sample size for
the Monte Carlo simulations can be obtained using
Equation (3).
The adequacy of this expression depends on how close
the estimate r’ is to the true (population) standard deviation
r. The formula for the 100ð1  aÞ% CI, to contain the true
value l, can be obtained using Equation (4). The resulting
CI will differ somewhat from the pre-speciﬁed allowable
error ± E around l, because of the difference between r’
and r.
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E2 ð12Þ

 02 1=2
r

CI ¼ Y  zð1aÞ
2
n

ð3Þ
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mean), in 500 simulations. Details of the simulation
experiments and the simulation statistics along with estimation of the CI have been presented in the next section.

ð4Þ

E: Maximum allowable error in estimating parameter l
1–a : Desired probability or conﬁdence level that the
estimated mean Y does not differ from l by more than ± E
r’: Sample standard deviation
z(1–a/2): The (1–a/2) quantile of a standard normal distribution corresponding to the target error a
It is important to note that both Equations (1) and (3)
make use of an initial sample size arbitrarily to obtain
initial value (sample yield) p^ and sample standard deviation
r’, respectively. Also Equations (2) and (4) yield the
100ð1  aÞ% CI, which does not ensure containing the
population mean of the output variable. In short, no method
is available to yield a closed form value to the estimated
sample size even for a simpliﬁed simulation model; rather it
is obtained in an iterative manner, with a suitable assumption for initial sample size. For complicated cases involving
nonlinearities and multiple design functions, the estimation
of sample size becomes more difﬁcult with increased
uncertainty for the simulation study [34]. Perhaps for this
reason, the researchers normally avoid using the formulaebased sample size and attempt observation-based
simulation.
Another common practice followed in simulation studies
has been the use of multiple replications to reduce the
random error in response variable. This approach is deﬁnitely necessary for the problems involving statistically
dependent response variables, such as the waiting time in
the queuing systems. As the tolerance analysis in assembly
of discrete components yields the independently and identically distributed (IID) random response – assembly
dimension and the yield, the use of multiple replications
can be avoided. Thus, if the sample size is sufﬁciently
large, the mean value and the range of variation of
assembly dimension are expected to yield statistically
stable results, which are independent of initial seed value
[21]. However, there has been a practice of using multiple
replication to ensure stability of the simulated results. Also,
selection of suitable sample size and analysis of effect of
sample size on simulated results has been an interesting
topic for research in tolerance analysis for assembly design.
In this study, two assemblies have been analyzed. The
sample size for various simulation studies has been estimated through observation on random variation of the mean
of assembly dimension. The variation of the assembly
dimension and the variation of mean both have been plotted
with the progress of simulation. Maximum variation in the
mean value is expected for the cases with uniform distribution of individual dimensions. However, even in these
cases, the mean value gets stabilized well within ±5% of
the speciﬁed tolerance value (i.e. very close to true/targeted

3.3 Output data analysis
In tolerance analysis, virtual assemblies are made though
simulation experiments. These virtual assemblies yield the
assembly dimension, which itself is a variable. Thus, with the
progress of simulation, the metrics of the values of assembly
dimension are obtained. The output data is used to obtain the
(i) mean of the assembly dimension, (ii) estimated variation,
(iii) standard deviation, (iv) number of successful/failed
assemblies (i.e. yield of successful assemblies), etc. It is
better to plot the mean of the assembly dimension along with
the simulated values of the assembly dimension. The plot of
simulated mean (with negligible variation) shows the stability of the simulated results. The mean and standard deviation of the simulated assembly dimension can be obtained
using Equations (5) and (6), respectively:
Pn
Yi

Y ¼ i¼1
ð5Þ
n
Pn
2
½Yi  Y
0
r ¼ i¼1
ð6Þ
n1
Estimation of the CI for conformity to mean is also
carried out using Equation (4). The CI presents a range of
plausible values for the population mean. If the population
mean or the targeted mean l lies within the CI, the simulated results are generally accepted. However, if the l does
not lie within the CI, following three possibilities arise:
The targeted mean of the output response has not been
properly set. Thus, a judicious resetting of the targeted
mean can be the solution.
Probability distribution of a few input dimensions might
have been skewed, resulting in signiﬁcant shift of the
sample mean. In this case, if the yield of successful
assembly is satisfactory, the simulated results can be considered satisfactory. Otherwise nominal value of one or
more individual dimensions will have to be reset judiciously, so as to bring the targeted mean within the CI, and
improve the yield.
The simulated results could not reach stability, possibly
due to small sample size. Thus, continued simulation with
sufﬁciently large sample size to ensure stability of simulated results may bring the targeted mean within the CI.

4. Case studies
Two example assemblies have been presented: (a) Bjorke
gearbox assembly and (b) spring assembly. The former is a
linear assembly, while the latter is a nonlinear one. All the
simulations have been performed using MATLAB 7.0.
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4.1 Bjorke gearbox assembly
In the gearbox assembly the critical design feature is the
assembly clearance (Y), expressed as Equation (7) (ﬁgure 3). Typical dimensional data has been presented in
table 2. For proper functioning of the assembly, Y must be
larger than zero to prevent jamming and smaller than a
speciﬁed value to restrict the axial movement of the gear
mounted hub.
Y ¼ X1 þ X 2  X 3  X 4  X 5

ð7Þ

According to the worst-case criteria the permissible tolerance on the assembly clearance (DY) is the sum of the
tolerances of the component dimensions (DXi, i = 1, 2,
…,5), regardless of whether the component dimensions are
added or subtracted to obtain the resultant dimension/
assembly response (Equation (8)). The assembly dimension
(Y) is assigned appropriate tolerance value by the product
designer based on either experience or company practices.
However, as far as the function of the assembly is concerned, tolerances can be assigned appropriately to the
dimensions of individual components as long as the variation of the assembly clearance (Y) does not violate the
design (functionality) requirements.
DY ¼ DX1 þ DX2 þ DX3 þ DX4 þ DX5

ð8Þ

4.1a Design of simulation experiments The design of simulation experiments involves (a) choice of probability
density function representing distribution of individual
dimensions and (b) length of simulation run, i.e. sample
size. In this study, three different statistical distributions –
uniform, normal, and beta distributions – have been

considered. The sample size has been estimated through
observation on random variation of the mean of assembly
 In general the mean of assembly dimension
dimension (Y).

(Y) shows random ﬂuctuations about the population mean
with smaller sample size, and slowly becomes almost
stable with sufﬁciently large sample size. Useful conclusions can be drawn with the stable state of simulated
results.
For the estimation of the sample size for simulation, a set
of 2000 samples for the set of dimensions (X1, X2, X3, X4,
and X5) has been generated in the speciﬁed tolerance range
following uniform distribution. The sample mean of the
 so obtained, becomes
simulated assembly clearance (Y),
almost constant within ±5% of the speciﬁed tolerance (i.e.
0.002) after a set of 356 samples. This is very close to the
true mean (ﬁgure 4). A similar condition is observed for a
set of 40 samples for the normal distribution. Almost
stable values of Y have been observed for a set of (around)
55 samples for beta distribution, of course with relatively
larger deviation from the targeted mean. For better precision of the results, the length of simulation run ðNsimulation Þ
should be sufﬁciently larger than the minimum estimated
 i.e.
sample size ðNestimated Þ to attain the stability for Y,
Nsimulation  Nestimated . Thus, in this study, the tolerance
analysis experiments have been attempted for 500 assemblies in all cases.
4.1b Tolerance analysis and yield estimation Tolerance
analysis experiments for assembly clearance (Y) have been
attempted for 500 assemblies. Histograms showing variation in the clearance have been drawn based on three input
distributions, viz. uniform, normal, and beta.
The tolerance analysis and yield estimation for the three
cases of speciﬁed tolerance on the assembly clearance
(0.250 ± 0.065, 0.250 ± 0.040, and 0.250 ± 0.025) have
been presented in table 3. The table covers all three distributions, viz. uniform, normal, and beta distributions, for
individual constituent dimensions. The parameters for beta
distributions X1 [beta (2, 3)], X2 [beta (3, 4)], X3 [beta (4,
3)], X4 [beta (4, 4)], and X5 [beta (5, 4)] have been selected
arbitrarily just to demonstrate the methodology. Estimation
of the CI for conformity of the mean value of assembly
dimension, for the aforementioned three distributions, for
the three values of conﬁdence levels 90%, 95%, and 99%
has been presented in table 4. Histograms showing distribution of each of the ﬁve constituent dimensions and
the assembly clearance have been presented in ﬁgures 5,
6, and 7 for uniform, normal, and beta distributions,
respectively.

4.2 Spring assembly

Figure 3. Gearbox assembly [3, 36].

The spring assembly represents a nonlinear assembly (ﬁgure 8). Here, two springs with spring constant K1 and K2 are
in series and a third spring with spring constant K3 is in
parallel with this series arrangement. The spring constants
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Table 2. Typical dimensional data for the Bjorke gearbox assembly.
Sl. no.
1
2
3

X1 ¼ X2

X3

X4 ¼ X5

Speciﬁed assembly clearance (Y)

5.000 ± 0.020
5.000 ± 0.020
5.000 ± 0.020

8.500 ± 0.015
8.500 ± 0.015
8.500 ± 0.015

0.625 ± 0.005
0.625 ± 0.005
0.625 ± 0.005

0.250 ± 0.065
0.250 ± 0.040
0.250 ± 0.025

Remarks on assembly tolerance
Worst case
Reduced tolerance
Reduced tolerance

Figure 4. Simulated and mean values of assembly clearance Y (uniform distribution).

K1, K2, and K3 are the independent variables, and the
equivalent spring constant of the assembly Kequivalent is the
assembly response. The assembly response function can be
expressed in the form of Equation (9). The typical values of
the independent variables and the speciﬁed tolerance on the
assembly response have been given in table 5. The actual
value of the equivalent spring constant must lie within the
permissible range (4.51–5.51), i.e. under worst case condition ‘‘4:51  Kequivalent  5:51’’.
Kequivalent ¼ K3 þ 

1
1
K1

þ K12

:

ð9Þ

4.2a Design of simulation experiment For the estimation of
sample size, a set of 2000 samples for each of the individual
springs was generated in the respective speciﬁed range
following the uniform distribution so as to obtain the
Kequivalent for the assembly. The sample mean of the simulated assembly response values ðKeq Þ, so obtained, becomes

almost constant within ± 5% of the speciﬁed tolerance (i.e.
± 0.025) after a set of 151 samples. This is very close to the
true mean (ﬁgure 9).
In the same way, the length of simulation run has been
estimated for simulation using the normal and the beta
distributions. The estimated sample size for the normal
distributions becomes 40, to obtain the stable mean value
assembly response. The sample size for the beta distributions appears to be ‘‘57’’ to produce almost stable results, of
course with relatively larger error. For better accuracy of
the results the length of simulation run ðNsimulation Þ should
be larger than the estimated sample ðNestimated Þ to attain the
stability for Keq , i.e. Nsimulation  Nestimated . Thus, tolerance
analysis has been attempted for 500 assemblies for all three
cases.
4.2b Tolerance analysis and yield estimation Tolerance
analysis experiments for equivalent spring constant have
been carried out for 500 assemblies. The statistics on tolerance analysis and yield estimation has been presented in

=
=
=

=
Mean (Y)
Standard deviation (r’)
=
Number of simulated assemblies
=
Number of successful assemblies (within the speciﬁcation limits)=
Number of failed assemblies (beyond the speciﬁcation limits) =
Yield
=
Reduced tolerance on assembly clearance Y (0.250 ± 0.040) Speciﬁed tolerance range = 0.290–0.210
=
Estimated variation
=
=

=
Mean (Y)
Standard deviation (r’)
=
Number of simulated assemblies
=
Number of successful assemblies (within the speciﬁcation limits)=
Number of failed assemblies (beyond the speciﬁcation limits) =
Yield
=
Reduced tolerance on assembly clearance Y (0.250 ± 0.025) Speciﬁed tolerance range = 0.275–0.225
=
Estimated variation
=
=

=
Mean (Y)
Standard deviation (r’)
=
Number of simulated assemblies
=
Number of successful assemblies (within the speciﬁcation limits)=
Number of failed assemblies (beyond the speciﬁcation limits) =
Yield
=

Description of parameters of distribution of assembly response

Worst case tolerance on assembly clearance Y (0.250 ± 0.065)Speciﬁed tolerance range = 0.315–0.185
Estimated variation

Response condition
0.130
=
0.3045–0.2026 =
0.1018
=
0.25008
=
0.018864
=
500
=
500
=
0
=
100%
=
0.080
=
0.3045–0.2026 =
0.1018
=
0.25008
=
0.018864
=
500
=
489
=
11
=
97.8%
=
0.050
=
0.3045–0.2026 =
0.1018
=
0.25008
=
0.018864
=
500
=
397
=
103
=
79.4%
=

Uniform

0.130
=
0.2770–0.2158 =
0.0612
=
0.25015
=
0.011084
=
500
=
500
=
0
=
100%
=
0.080
=
0.2770–0.2158 =
0.0612
=
0.25015
=
0.011084
=
500
=
500
=
0
=
100%
=
0.050
=
0.2770–0.2158 =
0.0612
=
0.25015
=
0.011084
=
500
=
486
=
14
=
97.2%
=

Normal

0.130
0.2704–0.2125
0.0579
0.24071
0.012267
500
500
0
100%
0.080
0.2704–0.2125
0.0579
0.24071
0.012267
500
500
0
100%
0.050
0.2704–0.2125
0.0579
0.24071
0.012267
500
450
50
90%

Beta

Distribution of individual dimensions/
characteristics

Table 3. Statistics, tolerance analysis, and yield estimation of the assembly for uniform, normal, and beta distributions of individual dimensions.
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Table 4. Conﬁdence interval for conformity of mean value (l = 0.250, n = 500).
Input PDF
Uniform
distribution
Normal distribution

Beta distribution

 Standard deviation (r’) CL 1 – a z a
Simulated mean (Y)
ð12Þ
0.25008
0.018864
0.90
1.65
0.25008
0.018864
0.95
1.96
0.25008
0.018864
0.99
2.58
0.25015
0.011084
0.90
1.65
0.25015
0.011084
0.95
1.96
0.25015
0.011084
0.99
2.58
0.24071
0.012267
0.90
1.65
0.24071
0.012267
0.95
1.96
0.24071
0.012267
0.99
2.58

table 6 for the three cases of speciﬁed tolerance on the
assembly response Kequivalent (5.01±0.50, 5.01±0.40,
5.01±0.25) for the three input distributions, viz. uniform,
normal, and beta. Estimation of the CI for conformity of the
mean value of assembly response, for the aforementioned
three distributions, for the three values of conﬁdence levels
90%, 95%, and 99% has been presented in table 7. The
histograms showing distribution of the equivalent spring
constant Kequivalent have been presented in ﬁgures 10, 11,
and 12, respectively, for uniform, normal, and beta distributions. The parameters for beta distributions have been
taken as K1 ½betað2; 3Þ; K2 ½betað3; 4Þ; andK3 ½betað4; 3Þ,
arbitrarily, just to demonstrate the methodology.

5. Discussion
Two case studies have been presented to explore the insight
of tolerance analysis using Monte Carlo simulation. The
ﬁrst case study is on a linear assembly while the second one
is the nonlinear assembly. Three sub-studies considering
(a) uniform distribution, (b) normal distribution, and
(c) beta distribution, of individual dimensions/characteristics, have been attempted in each of the two cases. Further,
in each sub-study, the tolerance analysis and the yield
estimation have been carried out for the worst-case criteria,
followed by analysis of the yield estimation due to reduction of assembly tolerance. Estimation of the CI for conformity of the mean value of assembly response, in all the
cases, for the three values of conﬁdence levels 90%, 95%,
and 99% has been presented.
The Monte Carlo simulation approach is the straight
forward one. It is equally convenient and effective to
handle the linear and nonlinear assembly response functions, and the normal and non-normal distribution functions of the individual dimensions. However, sincere
efforts are required in four steps to get useful simulated
results: (a) random sampling of individual assemblies,
(b) making virtual assembly, (c) carrying out tolerance
analysis and exploring statistical insight, and

Conﬁdence interval (CI) symmetrical about Y
[0.248688,
[0.248426,
[0.247903,
[0.249332,
[0.249178,
[0.248871,
[0.239805,
[0.239635,
[0.239295,

0.251472]
0.251734]
0.252257]
0.250968]
0.251122]
0.251429]
0.241615]
0.241785]
0.242125]

=
=
=
=
=
=
=
=
=

0.002784
0.003308
0.004354
0.001636
0.001944
0.002558
0.001810
0.002150
0.002830

(d) differentiating between the successful and the failed
assembly to obtain assembly yield. Selections of probability distribution of individual dimensions and the length
of simulation run are the important issues to get useful
results.
A detailed analysis of the data obtained through the
simulation experiments is necessary. The error analysis of
the simulated mean of the assembly response (Y and Keq )
has been presented in table 8. Similarly, data on the estimated variation and the standard deviation has been presented in table 9. The overall results on the estimated yield
(percentage) have been summarized in table 10. This data
has been extracted from tables 3 and 6 given in the previous section. From the histograms drawn in the previous
section and the summarized data, following points are
observed.
1. In the Bjorke gearbox assembly, when the individual
constituent dimensions are normally distributed, the
resultant assembly response also appears to be normally
distributed (Section 4.1b, ﬁgure 6). Even in cases where
the individual constituent dimensions are uniformly
distributed or beta distributed, the resultant assembly
response appears to be normally distributed (Section 4.1b, ﬁgures 5 and 7). This is obvious in accordance
with the central limit theorem. The input beta distribution also causes a signiﬁcant mean shift in the assembly
response.
2. In the spring assembly, although the central limit
theorem is not theoretically applicable, as in the case
of linear assemblies, the distribution of the assembly
response appears to be interesting (Section 4.2b, ﬁgures 10–12). When the individual constituent characteristics are uniformly distributed, the distribution of
assembly response appears to take the shape more or
less of a trapezoidal distribution. This may be possibly
because, a large number of sample points of the input
characteristics lie away from their mean value. When the
individual constituent characteristics are normally distributed, the assembly response appears to take the shape
more or less of the normal distribution. The input beta
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Figure 5. Histograms showing distribution of the individual dimensions X1, X2, X3, X4, X5 and the assembly clearance (Y) for uniform
distribution.

distribution also results in an almost similar shape, but
with a signiﬁcant mean shift.
3. The response parameters, viz. simulated mean of
assembly response (Y or Keq ), standard deviation (r’),
and yield of successful assembly, all are random in

nature. They follow a general trend, and are subject to
random error.

4. Table 8 shows that the simulated mean value (Y)
appears to be very close to the speciﬁed mean (nominal)
value (l), for all the three statistical distributions. This is
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Figure 6. Histograms showing distribution of the individual dimensions X1, X2, X3, X4, X5 and the assembly clearance (Y) for normal
distribution.

also visible in ﬁgures 4 and 9 for uniform distribution.
Absolute error between the speciﬁed mean and the
simulated mean values is very small. It is inappropriate,
rather insigniﬁcant, to calculate the %error based on the
speciﬁed mean value. Thus, tolerance-based %error has

been calculated. The %error is even less than 1.0 for
uniform and normal input probability density functions,
for both assemblies. However, it is relatively much
higher for the beta density function. This indicates that
the skewed nature of input beta density function results
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Figure 7. Histograms showing distribution of the individual dimensions X1, X2, X3, X4, X5 and the assembly clearance (Y) for beta
distribution.

in larger error in the simulated mean. Also, the %error in
case of Bjorke gearbox (linear) assembly appears to be
higher than that for the spring (nonlinear) assembly.
However, it may not be the case always; the nonlinear
assemblies may result in lower or higher %error
depending on the nature of assembly response function.

5. Table 9 shows that both the estimated variation and the
standard deviation values are the highest for the uniform
input density function, for both assemblies. This is
because a signiﬁcant number of sample points (input
dimensions) lie away from their nominal values. Also
the difference between the values corresponding to
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Figure 8. Spring assembly.

normal and beta density functions appears to be nominal,
but the pattern is quite interesting. For both assemblies
the values of estimated variation appear to be higher for
the normal density function than those for the beta
density function. However, the values of the standard
deviation show an opposite trend. Thus, although spread
of the points is more in case of normal density function,

34

the portion of sampled population lying away from the
mean value is more in case of beta density function.
6. The estimation of CI has been presented in tables 4 and
7 for the Bjorke gearbox and the spring assemblies,
respectively. The spread of CI (symmetrical about the
mean of the sampled assembly response values, Y or
Keq ) is the largest corresponding to the uniform distribution, and the smallest for the normal distribution. This
is because of the nature of distribution of sampled points
about the mean. In case of uniform density function the
largest number of sample points lie away from their
nominal values, while in case of normal density function
the largest number of points occupy position near the
nominal value. Also the width of CI increases with
increase in the conﬁdence level (1 – a) for a given
statistical distribution, for increase in the zð1aÞ value.
2

7. In Bjorke gearbox assembly the CI does encompass the
targeted mean of the assembly dimension for the ﬁrst
two cases – uniform and normal distribution of the
individual dimensions, but it does do so for the beta
distribution. Table 8 indicates that the absolute and the
%error between the targeted and the simulated mean

Table 5. Values of the spring constants K1, K2, and K3 and Kequivalent used in the simulation study.
Sl. no.
1
2
3

K1

K2

K3

2.4 ± 0.24
2.4 ± 0.24
2.4 ± 0.24

2.4 ± 0.24
2.4 ± 0.24
2.4 ± 0.24

3.81 ± 0.38
3.81 ± 0.38
3.81 ± 0.38

Speciﬁed assembly tolerance (Kequivalent )
5.01±0.50 (Worst case assembly tolerance)
5.01 ± 0.40 (Reduced assembly tolerance)
5.01 ± 0.25 (Reduced assembly tolerance)

Figure 9. Simulated and mean values of Kequivalent (uniform distribution).

=
=
=
=
Mean ðKeq Þ
Standard deviation (r’)
=
Number of simulated assemblies
=
Number of successful assemblies (within the speciﬁcation limits) =
Number of failed assemblies (beyond the speciﬁcation limits)
=
Yield
=
(5.01±0.40) Speciﬁed tolerance range = 5.41–4.61
=
Estimated variation
=
=
=
Mean ðKeq Þ
Standard deviation (r’)
=
Number of simulated assemblies
=
Number of successful assemblies (within the speciﬁcation limits) =
Number of failed assemblies (beyond the speciﬁcation limits)
=
Yield
=
(5.01±0.25) Speciﬁed tolerance range = 5.26–4.76
=
Estimated variation
=
=
=
Mean ðKeq Þ
Standard deviation (r’)
=
Number of simulated assemblies
=
Number of successful assemblies (within the speciﬁcation limits) =
Number of failed assemblies (beyond the speciﬁcation limits)
=
Yield
=

Description of parameters of distribution of assembly response

Reduced tolerance on assembly clearance Keq

Reduced tolerance on assembly clearance Keq

Worst case tolerance on assembly clearance Keq (5.01±0.50)Speciﬁed tolerance range = 5.51–4.51
Estimated variation

Response condition

Normal

1.00
= 1.00
=
5.4297–4.5365 = 5.3805–4.6400 =
0.8932
= 0.7405
=
5.0039
= 5.005
=
0.22843
= 0.12775
=
500
= 500
=
500
= 500
=
0
=0
=
100%
= 100%
=
0.80
= 0.80
=
5.4297–4.5365 = 5.3805–4.6400 =
0.8932
= 0.7405
=
5.0039
= 5.005
=
0.22843
= 0.12775
=
500
= 500
=
486
= 500
=
14
=0
=
97.2%
=100%
=
0.50
= 0.50
=
0.2704–0.2125 = 5.3805–4.6400 =
0.8932
= 0.7405
=
5.0039
= 5.005
=
0.22843
= 0.12775
=
500
= 500
=
318
= 480
=
182
= 20
=
63.6%
= 96%
=

Uniform

1.00
5.3665–4.7220
0.6445
5.0482
0.1382
500
500
0
100%
0.80
5.3665–4.7220
0.6445
5.0482
0.1382
500
500
0
100%
0.50
5.3665–4.7220
0.6445
5.0482
0.1382
500
463
37
92.6%

Beta

Distribution of individual dimensions/characteristics

Table 6. Statistics, tolerance analysis, and yield estimation of the assembly for uniform, normal, and beta distributions of individual dimensions.
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Table 7. Conﬁdence interval for conformity of mean value (l = 5.01, n = 500).

Input PDF
Uniform
distribution
Normal distribution

Beta distribution

Simulated mean
ðKeq Þ

Standard deviation
(r’)

5.0039
5.0039
5.0039
5.005
5.005
5.005
5.0482
5.0482
5.0482

0.22843
0.22843
0.22843
0.12775
0.12775
0.12775
0.1382
0.1382
0.1382

CL 1 – a zð1aÞ
2
0.90
1.65
0.95
1.96
0.99
2.58
0.90
1.65
0.95
1.96
0.99
2.58
0.90
1.65
0.95
1.96
0.99
2.58

Conﬁdence interval (CI) symmetrical about
Keq
[4.98704,
[4.98388,
[4.97754,
[4.99557,
[4.99380,
[4.99026,
[5.03800,
[5.03609,
[5.03225,

5.02076]
5.02392]
5.03026]
5.01443]
5.01620]
5.01974]
5.05840]
5.06031]
5.06415]

=
=
=
=
=
=
=
=
=

0.03372
0.04004
0.05272
0.01886
0.02240
0.02948
0.02040
0.02422
0.03190

Figure 10. Histogram for distribution of equivalent spring
constant Kequivalent (uniform distribution).

Figure 12. Histogram for distribution of equivalent spring
constant Kequivalent (beta distribution).

Figure 11. Histogram for distribution of equivalent spring
constant Kequivalent (normal distribution).

corresponding to the beta distribution are 0.00929 and
7.1462, respectively. This is much higher than the values
corresponding to the uniform and normal distribution of
individual dimensions. The parameters for beta distributions are X1 [beta (2, 3)], X2 [beta (3, 4)], X3 [beta (4,
3)], X4 [beta (4, 4)], and X5 [beta (5, 4)]. It is easier to
explore the insight of the distribution of assembly
response for the linear response function. The detailed
analysis of the distributions indicates that X4 has
symmetric distribution. Dimensions X2 and X3 have
equal but opposite skewness and thus balance each
other, i.e. do not cause mean shift in the simulated
response. However dimensions X1 and X5 have unequal
and opposite skewness, the former being more skewed
towards lover values while the latter is relatively less
skewed towards higher values. This unbalance of
skewness results in signiﬁcantly lower value of the
simulated mean of the response. Surprisingly, the Monte
Carlo simulation has been able to reﬂect the inﬂuence of
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Table 8. Speciﬁed mean (nominal value) vs. simulated mean.

Assembly
Gear box
assembly
Spring
assembly

Input
PDF
Uniform
Normal
Beta
Uniform
Normal
Beta

Speciﬁed (targeted)
mean (l)

Simulated mean (Y or
Keq )

Absolute
error

Speciﬁed
tolerance

%Error (based on
tolerance)

0.250
0.250
0.250
5.01
5.01
5.01

0.25008
0.25015
0.24071
5.0039
5.0050
5.0482

0.00008
0.00015
0.00929
0.0061
0.0050
0.0382

0.130
0.130
0.130
1.00
1.00
1.00

0.0615
0.1154
7.1462
0.61
0.50
3.82

Table 9. Estimated variation and standard deviation.
Distribution of individual dimensions/characteristics
Assembly
Bjorke gearbox assembly
Spring assembly

Parameter
Estimated variation
Standard deviation (r’)
Estimated variation
Standard deviation (r’)

Uniform

Normal

Beta

0.1018
0.018864
0.8932
0.22843

0.0612
0.011084
0.7405
0.12775

0.0579
0.012267
0.6445
0.1382

Table 10. Estimated yield (percentage) under different conditions.
Distribution of individual dimensions/characteristics
Assembly
Bjorke gearbox assembly

Spring assembly

Assembly dimension (Y)

Uniform

Normal

Beta

±
±
±
±
±
±

100
97.8
79.4
100
97.2
63.6

100
100
97.2
100
100
96

100
100
90
100
100
92.6

0.250
0.250
0.250
5.01
5.01
5.01

0.065
0.040
0.025
0.5
0.4
0.25

unbalance of the skewness of individual dimension. In
response function. It is quite possible to have the
such a situation the chances of the targeted mean to fall
targeted mean fall outside the CI, irrespective of the
within the CI are very rare, howsoever large the sample
sample size.
size for the simulation be taken.
9. The speciﬁed tolerance on the assembly response based
8. In spring assembly also the CI does encompass the
on the worst-case criteria results in 100% yield. As the
targeted mean of the assembly dimension for the ﬁrst
speciﬁed tolerance value is reduced, the yield deteriotwo cases – uniform and normal distribution of the
rates accordingly because of variation in fraction of
individual dimensions, but it does do so for the beta
successful assemblies. Tightening the assembly tolerdistribution. Table 8 indicates that the absolute and the
ances deﬁnitely results in a better precision of the
%error between the targeted and the simulated mean
assembly response, but causes a reduction in assembly
corresponding to the beta distribution are 0.0382 and
yield. The worst-case approach of tolerance speciﬁcation
3.82, respectively. Also, in this case the simulated mean
predicts unreasonably large tolerance on the assembly
(5.0482) appears to be higher than the targeted mean
response, and thus compels specifying very tight toler(5.01). The error is much higher than the values
ances on individual dimensions to keep the assembly
corresponding to the uniform and normal distribution
tolerance within reasonable limits. This approach is
of individual dimensions. It is not easier to explore the
normally not recommended.
insight of the distribution of assembly response for the 10. In case of normally distributed individual dimensions/
nonlinear response function, as presented for the Bjorke
characteristics, tightening of variation of the assembly
gearbox assembly earlier. Deﬁnitely, the signiﬁcant error
response results in smaller loss to assembly yield;
occurs because of the skewness of the distribution of
however, with other distributions of individual dimenindividual dimensions and the nonlinearity of the
sions, the assembly yield suffers relatively more loss.
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This happens due to the central tendency of the normal
distribution, putting more assemblies near the mean. The
uniformly distributed individual dimensions cause the
maximum reduction in the assembly yield.
11. In Bjorke gearbox assembly, with beta-distributed
individual dimension, the speciﬁed assembly dimension
0.250 ± 0.065 and 0.250 ± 0.040, the yield of the
successful assembly is 100%, and the simulation study is
acceptable. However, for speciﬁed assembly dimension
0.250 ± 0.025, the yield of the successful assembly is
90%. If this value of yield is not acceptable the mean
value of individual dimension(s) will have to be
manipulated in a judicious manner, to cause shift in
simulated mean towards higher value. This is expected
to improve the yield.
12. In spring assembly, with beta-distributed individual
dimensions, the speciﬁed assembly dimension 5.01 ±
0.5 and 5.01 ± 0.4, the yield of the successful assembly
is 100%, and the simulation study is acceptable.
However, for speciﬁed assembly dimension 5.01 ±
0.25, the yield of the successful assembly is 92.6%. If
this value of yield is not acceptable the mean value of
individual dimension(s) will have to be manipulated in a
judicious manner, to cause shift in simulated mean
towards lower value. This is expected to improve the
yield. However, this manipulation is a relatively difﬁcult
exercise compared with that for a linear response
function.

6. Concluding remarks
This paper presents two case studies on tolerance analysis and yield estimation using Monte Carlo simulation.
The ﬁrst case study is on a linear assembly while the
second one is the nonlinear assembly. Three sub-studies
considering (a) uniform distribution, (b) normal distribution, and (c) beta distribution, of individual dimensions/characteristics, have been attempted in each of the
two cases. CI for conformity of the mean has been
estimated in all cases for 90%, 95%, and 99% conﬁdence
levels. Further, in each sub-study, the tolerance analysis
and the yield estimation have been carried out for the
worst-case criteria, followed by analysis of the yield due
to reduction of the speciﬁed assembly tolerance. The
results have been presented in the form of histograms for
all 2 9 3 9 3 cases.
The work can further be extended to (a) more complex
problems for assemblies with large number of individual
constituent dimensions involving multiple response functions and interrelated dimension chains, (b) problems
involving geometrical dimensioning and tolerancing (GD &
T), (c) application of other (non-normal) probability density
functions for different individual dimensions at a time, and
(d) manipulation of mean values of individual dimensions
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to bring the targeted mean within the CI and improve the
yield, for nonlinear assemblies involving non-normal distributions, etc.
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