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Abstract. This research work examines the stability of long semi-elliptical tunnels in purely cohesive and
cohesionless soils. The support pressure (ri) required to apply along the tunnel periphery by means of lining and
anchorage system has been evaluated using lower bound limit analysis with ﬁnite elements and second-order
conic programming technique (SOCP). The results are presented in terms of normalized support pressure as (i)
ri/cv0 in purely cohesive soil for different combinations of cD/cv0 and ac and (ii) ri/cD in cohesionless soil for
different combinations of /v and a/ considering different values of 2h/D and H/D of tunnel where h, D and H
are height of tunnel, width of tunnel and soil cover depth of the semi-elliptical tunnel, respectively; cv0, /v and c
are soil undrained shear strength of cohesive soil in vertical direction at the ground level, peak vertical friction
angle of cohesionless soil and unit weight of all type of soils, respectively; ac and a/ are anisotropy factors in
cohesive and cohesionless soil, respectively.
The value of ri/cv0 has been observed to increase with an increase in cD/cv0 and ac. The value of ri/cD increases
with a decrease in /v and increase in a/ . The increase in aspect ratio of tunnel proﬁle (2h/D) causes an increase
in normalized support pressure in both purely cohesive and cohesionless soils. The effects of increase of
undrained shear strength in isotropic purely cohesive soil on the stability of tunnel have also been studied. The
support pressure is observed to decrease with increase in nonhomogeneity of cohesive soil. The combined effect
of soil anisotropy and linearly increasing undrained shear strength may reduce the required magnitude of ri/cv0
in comparison with the value of ri/cv0 in isotropic homogeneous cohesive soil, especially for H/D [ 1.
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1. Introduction
The rapid growth of urbanization gives birth to challenges
of creating space for fulﬁlling the increased infrastructural
demands. Therefore the usage of underground space
through tunnelling has become a popular alternate way to
meet requirement of land. Tunnels not only provide an
efﬁcient and smooth passage of trafﬁc and railways but also
create transportation infrastructures through mountainous
terrain and are used for sewerage systems. Numerous
studies were carried out to assess the stability of tunnels
based on (i) 1-g small-scale and large-scale centrifuge
model tests [1–3], (ii) ﬁnite-difference analysis using
FLAC2D [3], (iii) upper and lower bound theorems of limit
analysis [4–21] and (iv) ﬁnite-element analysis [22–24].
Study on impact of tunnel on the capacity of single pile was
also carried out by conducting small-scale model tests and
using PLAXIS 2D [25]. The aforesaid research works
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concluded that the tunnel stability is a function of its aspect
ratio, soil cover depth ratio and shear strength parameters of
soil. Although circular tunnels are easier to construct in
view of excavation, non-circular tunnels like rectangular/
square shaped have gained high interest due to maximum
useable space. In the present research, support pressure
required for peripheral stability of a semi-elliptical shaped
tunnel has been investigated for a combination of soil cover
depths and shear strength parameters. This type of tunnels
may be adopted for multi-lane passage of trafﬁc ﬂow like
Figueroa Street Tunnels in Los Angeles, California, USA.

2. Problem deﬁnition
A semi-elliptical tunnel of width D and crown height
h measured from its ﬂoor is placed at a depth H below the
ground surface in soil as shown in ﬁgure 1(a). The length of
the tunnel is assumed to be very large compared with its
width to maintain the plane-strain condition. The soil mass
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Figure 1. (a) Schematic diagram of the problem with stress boundary conditions, (b) typical ﬁnite-element mesh for /v = 0° and H/D =
3 and (c) a typical segment along tunnel periphery. Comparison between values of ri/cv0 of present analysis with available results in
literature for circular tunnel for /v = /h = 0o for (d) cD/cv0 = 2.6, ac = 1 and (e) ac = 1.

is considered to follow Mohr–Coulomb yield criterion and
an associated ﬂow rule. Since the shear strength of saturated cohesive soil in undrained condition is lower and the
shear strength of dry cohesionless soil is higher among all
types of soils, two different types of soils, namely saturated
cohesive soils in undrained condition and dry cohesionless
soil, are chosen in the present analysis to study the effect of
soil anisotropy on peripheral support pressure of the semielliptical tunnel. Moreover, shear strength of normally
consolidated clay and slightly over-consolidated clay is
found to increase with the depth below the ground surface

as reported by Bishop [26]. Therefore the effect of nonhomogeneity of saturated cohesive soil in undrained condition is also studied in the present analysis. Finally the
peripheral support pressure is estimated for the semi-elliptical tunnel in anisotropic and nonhomogeneous clay in
undrained condition. Table 1 presents all information about
the different analyses conducted with the different parameter values.
The stability analysis of tunnel in anisotropic soil has
been carried out following a systematic method as proposed
by Veiskarami et al [27]. The approximate variation of

/v ¼ 20  45 , with an interval of 5 /v ¼ 20  45 , with an interval of 5
a/ ¼ 1
a/ ¼ 1:5 and 2

ð1aÞ
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For normally consolidated isotropic clay, the soil cohesion increases with depth as



qac D
cv0

Non-homogenous
condition
Homogenous
Condition

c ¼ ch þ ðcv  ch Þ sin2 x

where (cv, tan /v) and (ch, tan /h) are shear strength
parameters of soil in vertical and horizontal directions,
respectively, tan /v [ tan /h, cv [ ch and x is the angle
between major principal stress direction and the horizontal
axis where 0 B x B 90°.
The degree of anisotropy has been presented by anisotropy factors ac and a/ deﬁned as follows:



Isotropic (homogeneous)
Non-homogenous
condition
Homogenous
condition

Anisotropic
Isotropic
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shear strength parameters (c, tan /) in any direction x can
be presented as



Cohesionless soil (c = 0)
Fully saturated clay under undrained condition
Soil type

Table 1. Details of the soil type and the analysis.
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cv0
þ qy
ac

ð1dÞ

where ch0 and cv0 are deﬁned as soil cohesion at ground
surface in horizontal and vertical directions, respectively, q
is the rate of change of soil cohesion with depth and ch is
soil cohesion in the horizontal direction at a depth y from
the ground surface.
For anisotropic and nonhomogeneous undrained cohesive soil, ﬁrst the undrained cohesions (ch) in horizontal
direction at different depths are estimated using equation
(1d) and then considering the degree of anisotropy of the
soil (ac) the undrained cohesion (cv) in vertical direction is
estimated at different depths using equation (1c). Thereafter
the undrained shear strength parameter c along the major
principal plane for undrained cohesive soil is calculated
using equation (1a), performing lower bound ﬁnite-element
limit analysis and an iteration technique described in
section 4.
However, the study of the increase or decrease in shear
strength of cohesionless soil with depth is not in the scope
of the current manuscript.

3. Domain, stress boundary conditions and ﬁniteelement mesh
The problem domain with the boundary conditions is presented in ﬁgure 1(a). The entire soil domain is symmetric
about an axis passing through the centre of the domain and
coinciding with vertical y-axis. Therefore, only one half of
the total domain, i.e. NJKM, has been chosen for present
analysis. Size of the domain is chosen in such a way that
yielded elements do not touch the boundaries KM and MN
and increase in domain size cannot cause any further
change in ri. The horizontal (Lr) and vertical (Di) dimensions of the domain vary from (i) 8D to 24D and (ii) 6D to
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18D, respectively, depending upon the values of H/D, cD/
cv0 and /v. The normal and shear stresses are zero at ground
surface. The shear stresses are zero at all the edges along
the boundary JK. The domain is discretized into threenoded triangular elements. Typical ﬁnite-element mesh for
/v = /h = 0° and H/D = 3 is presented in ﬁgure 1(b) where
N, El and Dc are the number of nodes, elements and stress
discontinuity edges, respectively.

rn1 ¼ rn3 ; s1 ¼ s3 and rn2 ¼ rn4 ; s2 ¼ s4

4. Analysis
The present analysis is carried out using lower bound limit
analysis with ﬁnite elements as proposed by Sloan [28] and
second-order conic programming (SOCP) following
Makrodimopoulos and Martin [29]. Although different
researchers [30, 31] proposed nonlinear programming in
numerical lower bound limit analysis till the beginning of
twenty ﬁrst century, the usage of SOCP became popular
later [17–20]. The nodal stresses (rx, ry, sxy) are adopted as
basic unknown variables, which vary linearly throughout
the elements according to
rx ¼

3
X
j¼1

N j rxj ; ry ¼

linear equality constraints with the usage of shape functions
of triangular elements described in equation (2a).
Statically admissible stress discontinuities are permitted
by ensuring continuity of normal (rn) and shear (s) stresses
along each common edge shared by two adjacent triangular
elements. If E1 and E2 are two adjacent elements and node
pairs (1,3) and (2,4) lie along the interface of elements E1
and E2, then the discontinuity equilibrium condition can be
satisﬁed by employing following equation 4:

3
X
j¼1

N j ryj

and sxy ¼

3
X

j
N j sxy
ð2aÞ

j¼1

where Nj is the shape function at jth node and can be
expressed as


N j ¼ 2j1Aj a j þ b j x þ k j y , aj = Akl, b j = yk–y, kj = xl – xk
and
2
3
1 x1 y1
A ¼ 4 1 x2 y2 5:
ð2bÞ
1 x3 y3
Akl is the area covered by the corner nodes k and l of a
triangular element and the origin of the Cartesian co-ordinate system (x–y) whereas j, k and l are the three nodes of a
triangular element oriented in a counter-clockwise
direction.
The lower limit of normalized support pressure is
obtained by maximizing the collapse load under active
collapse state in the statically admissible stress ﬁeld, which
is constructed by satisfying element equilibrium equations,
stress discontinuity equilibrium conditions along the edges
of discontinuity, stress boundary conditions along the
boundaries and yield criterion at every node. The following
element equilibrium equations are satisﬁed in each element
of the soil domain:
orx osxy
osxy ory
þ
¼ 0 and
þ
¼c
ox
oy
ox
oy

ð3Þ

where c is the unit weight of soil. The differential equations
of equilibrium conditions can be converted into sets of

ð4Þ

where (rn1,s1), (rn2,s2), (rn3,s3) and (rn4,s4) are normal and
shear stresses at nodes 1, 2, 3 and 4, respectively. In this
case, nodes 1 and 2 belong to E1 and nodes 3 and 4 belong
to E2.
Additional equality constraints are imposed to ensure the
normal stresses acting along the tunnel periphery to be
uniform. In ﬁgure 1(c), the segment sq along the tunnel
periphery is shown comprising node 2q–1 and 2q. The
normal stresses acting on nodes 2q–1 and 2q can be
expressed in terms of (rx(2q–1), ry(2q–1), sxy(2q–1)) and (rx(2q),
ry(2q),sxy(2q)) as
rnð2q1Þ ¼ rxð2q1Þ sin2 h1 þ ryð2q1Þ cos2 h1
 sxyð2q1Þ sin2h1 and
rnð2qÞ ¼ rxð2qÞ sin2 h2 þ ryð2qÞ cos2 h2  sxyð2qÞ sin 2h2 : ð5aÞ
The additional constraint imposed to ensure the uniformity of normal stresses acting on all the edges along the
tunnel periphery can be deﬁned as
rn1 ¼ rn2 ¼ rnð2q1Þ ¼ rnð2qÞ ¼ . . . ¼ rnð2TpÞ

ð5bÞ

where q implies a particular edge number and Tp represents
total segments present along the tunnel periphery.
The Mohr–Coulomb yield criteria with tensile stress as
positive can be described as
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 
2 



rx  ry þ 2sxy  2c cos /  rx þ ry sin / :




ð6aÞ

Assuming conic variables
sx ¼

 0:5 rx  ry , sxy ¼ sxy
and sy ¼ c cos /  0:5 rx þ ry sin /, Mohr–Coulomb
yield criterion is converted into a second-order conic constraint as
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2x þ s2xy  sy :

ð6bÞ

The relationship between basic stress variables and conic
variables at ith node is
  
 

½ASOCP  ri þ xiSOCP ¼ biSOCP

ð6cÞ
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:
;
0
In this method the active collapse load (Qu) is calculated
by numerically integrating the vertical components of discrete forces as shown in equation 7:

Qu ¼

Tp
X
q¼1

lsq
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compressive in nature. Thus the minimum lining pressure
can be calculated as
ri ¼

fggT f xg
:
perimeter of the tunnel  unit length perpendicular to xy plane

ð9Þ

Positive value of ri implies that support pressure is
required to apply along the tunnel periphery whereas negative value of ri implies that the tunnel is stable under
active collapse state of failure.
The stability analysis for the tunnels embedded in anisotropic soil is performed using an iterative method [27].
The shear strength parameters are updated at every iteration
according to the direction of major principal stress obtained
in the previous iteration at every node in the domain using
equations (1a)–(1b). The iteration procedure has been
continued until the convergence criteria as stated in equa-

rxð2q1Þ sin2 ðh1 Þ þ ryð2q1Þ cos2 ðh1 Þ  sxyð2q1Þ sinð2h1 Þ þ rxð2qÞ sin2 ðh2 Þ þ ryð2qÞ cos2 ðh2 Þ  sxyð2qÞ sinð2h2 Þ
2

!

¼ fggT f x g
ð7Þ

where Tp is the total number of segments along the tunnel
periphery, sq is the length of qth segment in ﬁgure 1(c) and l
is the out-of-plane thickness of the segment. The qth segment has two end nodes (2q–1) and 2q inclined at angles h1
and h2 with horizontal axis, respectively; {g} is the vector
of objective function coefﬁcients having units of area. After
assembling the various equality and inequality constraints,
the tensile load {g}T{x} is maximized as stated by the
following canonical form:
maximizefggT f xgor minimizefggT f xg




subject to Aequality f xg ¼ Bequality

ð8bÞ

f ð xÞ  0

ð8cÞ

ð8aÞ

where

n
o
f xgT ¼ r1x r1y s1xy r2x r2y s2xy . . .rNx rNy sNxy s1x s1y s1xy s2x s2y s2xy . . .sNx sNy sNxy
, [Aequality] is the global coefﬁcient matrix of equality
constraints comprising element equilibrium, discontinuity
equilibrium, uniformity of support pressure conditions and
stress boundary conditions and global [ASOCP], {Bequality} is
global vectors that appear on the right hand side of all
equality constraints and f ð xÞ  0 is Mohr–Coulomb yield
criterion as shown in equation 6b.
The minimum lining pressure should be equal to and
opposite of the maximum collapse pressure and thus

tions (10a)–(10b) are achieved.
Qn  Qn1
e
kQt1 k
ln/  ln1
/
lnc  ln1
c
e

e
or
t1
lc
lt1
/

ð10aÞ

ð10bÞ

where Qn and Qn-1 are the collapse load at nth and (n–
are vectors of
1)th iterations, respectively; lnc and ln1
c
soil cohesion at all nodes at nth and (n–1)th iterations,
are vectors of friction coefﬁrespectively; ln/ and ln1
/
cient (tan /) at all nodes at nth and (n–1)th iterations,
respectively; the convergence tolerance e is assumed to
be 1%. For cohesive soil, convergence can be achieved
in a few iterations whereas for cohesionless soil a good
number of iterations are required to achieve convergence. Moreover, for cohesionless soil, although theoretically the value of c is zero in each iteration a very
small value of c is chosen in such a way that c/cD =
0.00001.
A code in MATLAB [32] has been developed for the
present analysis. MOSEK [33] available as a toolbox in
MATLAB [32] is popular to solve SOCP [17–21]. Thus, for
the optimization purpose, MOSEK [33] available as a
toolbox in MATLAB [32] is used.
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5. Results and comparison
5.1 Comparison of present result
There is no study reported in literature on peripheral stability of semi-elliptical tunnels. Hence, for validation purpose, the mesh of the semi-elliptical tunnel has been
extended for circular opening to compute the values of ri/
cv0 in purely cohesive soil with ac = 1 and qD/cv0 = 0.
Variation of ri/cv0 for circular tunnel has been compared
with the results provided by (i) Mair [2], Davis et al [4] and
Wilson et al [8] for cD/cv0 = 2.6 and H/D = 1–3 in ﬁgure 1(d) and (ii) Wilson et al [8] for cD/cv0 = 0–4 and H/D
= 1–7 as presented in ﬁgure 1(e). Figure 1(d) shows that the
difference between experimental results [2] and present
analysis is very less at all H/D except at H/D = 2, which is
close to 15%. The results obtained from present analysis are
4–12% lower than the solutions reported by Davis et al [4].
The present solutions are close to the lower bound solutions
reported by Wilson et al [8].

5.2 Variation of normalized peripheral support
pressure for tunnel in isotropic homogeneous soil
The normalized peripheral support pressure (ri/cv0) for
stability of semi-elliptical tunnel in isotropic and homogeneous cohesive soil is presented in ﬁgures 2 and 3 for
different combinations of (i) H/D = 1–7 with an interval of
2, (ii) 2h/D equal to 0.5, 1 and 1.5 and (iii) cD/cv0 = 1–5
with an interval of 1 where ac ¼ 1 and qDac =cv0 ¼ 0. The
magnitude of ri/cv0 increases with an increase in cD/cv0 for
any combination of H/D and 2h/D. For an example, with an
increase in cD/cv0 from 4 to 5, the increases in the value of
ri/cv0 are (a) 52.84% and 48.82% for 2h/D = 0.5 (in ﬁgure 2(a)) and 1.5 (ﬁgure 2(c)), respectively, at H/D = 1 and
(b) 32.12% and 31.33% for 2h/D = 0.5 (in ﬁgure 3(d)) and
1.5 (in ﬁgure 3(f)), respectively, at H/D = 7. The value of
ri/cv0 also increases with an increase in H/D when other
parameters remain unchanged. It implies that higher support pressure is required with increase in self-weight of
cover soil. The increase in aspect ratio of tunnel proﬁle (2h/
D) can cause an increase in the required value of ri/cv0. For
an example, for the tunnel in saturated clay with cD/cv0 = 5
in undrained condition, due to an increase in (a) 2h/D from
0.5 to 1, the increases in the value of ri/cv0 are 12.22% and
3.62% for H/D = 1 (in ﬁgures 2(a) and 2(b)) and 7 (ﬁgures 3(d) and 3(e)), respectively, and (b) 2h/D from 1 to
1.5, the increases in the value of ri/cv0 are 18.00% and
3.77% for H/D = 1 (ﬁgures 2(b) and 2(c)) and 7 (ﬁgures 3(e) and 3(f)), respectively.
For cohesionless soil, the normalized support pressure ri/
cD is presented in ﬁgures 4 and 5 for (i) H/D = 1–7 with an
interval of 2, (ii) /v = 20°–45° with an interval of 5° and
(iii) 2h/D = 0.5, 1 and 1.5. The ﬁgures show that the value
of ri/cD decreases with an increase in /v. Since the shear
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strength of soil increases with increase in soil friction angle
the requirement of support pressure to resist collapse
decreases. It has also been observed that the required ri/cD
increases with increase in H/D keeping /v unchanged and
the rate of increase in ri/cD is found to be higher at lower
value of H/D. For an example, for 2h/D = 1 and /v = 25o
(i) the value of ri/cD increases from 0.44 to 0.56 due to
increase in H/D from 1 to 3 in ﬁgures 4(b) and 4(e),
respectively, whereas (ii) the value of ri/cD increases from
0.58 to 0.59 due to increase in H/D from 5 to 7 in ﬁgures 5(b) and 5(e), respectively. However, for higher values
of /v, the increment in ri/cD is very small. Similarly, the
magnitude of ri/cD increases with an increase in 2h/D. For
an example, for tunnel at H/D = 5 in cohesionless soil with
/v = 20o, the value of ri/cD at (a) 2h/D = 0.5 is 0.90 (in
ﬁgure 5(a)), (b) 2h/D = 1 is 0.94 (in ﬁgure 5(b)) and (c) 2h/
D = 1.5 is 1.03 (in ﬁgure 5(c)).

5.3 Variation of normalized peripheral support
pressure for tunnels in anisotropic homogeneous
soil
For undrained cohesive soil, the effect of soil anisotropy on
the magnitude of ri/cv0 is studied for different values of ac
= 1, 1.5 and 2 and presented in ﬁgures 2 and 3 for different
combinations of H/D, 2h/D and cD/cv0. The increase in ac
can increase the required value of ri/cv0 when cD/cv0, H/D
and 2h/D remain unchanged. It is noted that for a tunnel
with particular 2h/D and cD/cv0, the rate of increase in ri/
cv0 due to increase in ac decreases with an increase in H/D.
For an example, for a tunnel with 2h/D = 1 and cD/cv0 = 4,
when ac increases from 1 to 1.5 the increases in ri/cv0 are
22.76% and 4.65% for H/D = 1 (in ﬁgure 1(b)) and 7 (in
ﬁgure 3(e)), respectively. Therefore it can be concluded
that the effect of anisotropy is very low for tunnels
embedded at higher depths. Similarly, for a tunnel with
particular H/D and cD/cv0, the rate of increase in ri/cv0 due
to increase in ac decreases with increase in 2h/D. For an
example, for H/D = 3 and cD/cv0 = 5, due to an increase in
ac from 1 to 1.5 the magnitude of ri/cv0 increases by 7.6%
for 2h/D = 0.5 in ﬁgure 2(d) and 7.09% for 2h/D = 1.5 in
ﬁgure 2(f). The rate of increase in ri/cv0 due to an increase
in ac decreases with an increase in cD/cv0. For an example,
for the tunnel with 2h/D = 1 and H/D = 3, the increases in
ri/cv0 as observed in ﬁgure 2(e) are 15.38% and 7.47% for
cD/cv0 = 3 and 5, respectively. Thus effect of soil anisotropy is prominent in stiffer clay.
For cohesionless soil, the effects of soil anisotropy, a/ ,
on the normalized support pressure ri/cD are studied for (i)
H/D = 1–7 with an interval of 2, (ii) /v = 20°–45° with an
interval of 5°, (iii) 2h/D = 0.5, 1 and 1.5 and (iv) a/ = 1, 1.5
and 2 and presented in ﬁgures 4 and 5. The results show
that the stability of tunnel decreases with an increase in a/
keeping other parameters unchanged. For a tunnel with
particular 2h/D, due to increase in a/ the rate of increase in
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Figure 2. Variation of ri/cv0 with cD/cv0 for tunnel embedded in homogenous cohesive soil (qDac =cv0 = 0) at H/D = 1 with (a) 2h/D =
0.5, (b) 2h/D = 1 and (c) 2h/D = 1.5; and at H/D = 3 with (d) 2h/D = 0.5, (e) 2h/D =1 and (f) 2h/D = 1.5.

ri/cD increases with an increase in H/D. For an example,
for the tunnel with 2h/D = 1 in soil with /v = 25°, due to
increase in a/ from 1 to 1.5, ri/cD increases by 24.58% for
H/D = 1 (in ﬁgure 4(b)) and 47.75% for H/D = 7 (in ﬁgure 5(e)). This shows that the effect of anisotropy is more
signiﬁcant in case of tunnels embedded at higher H/D in
cohesionless soil. The increase in 2h/D can also increase
the value of ri/cD. For an example, for the tunnel in soil
with /v = 25° and a/ = 1.5 located at H/D = 5, the value of
ri/cD is (i) 0.77 for 2h/D = 0.5 (in ﬁgure 5(a)), (ii) 0.83 for
2h/D = 1(in ﬁgure 5(b)) and (iii) 0.96 for 2h/D = 1.5 (in
ﬁgure 5(c)).

5.4 Variation of normalized peripheral support
pressure (ri/cv0) for tunnels embedded in isotropic
nonhomogeneous undrained cohesive soil
The effects of linear increase of the undrained shear
strength for normally consolidated clay on the magnitude of
ri/cv0 for ac = 1 and qDac =cv0 equal to 0.25, 0.5 and 1 are
presented in Table 2. It is observed that for a particular 2h/
D, H/D and cD/cv0, ri/cv0 decreases with an increase in
qDac =cv0 due to increase in undrained shear strength of
clay with depth. For an example, for the tunnel with 2h/D =
1 located at H/D = 3, ac = 1 and cD/cv0 = 5, ri/cv0 decreases

19
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Figure 3. Variation of ri/cv0 with cD/cv0 for tunnel embedded in homogenous cohesive soil (qDac =cv0 = 0) at H/D = 5 with (a) 2h/D =
0.5, (b) 2h/D = 1 and (c) 2h/D = 1.5; and at H/D = 7 with (d) 2h/D = 0.5, (e) 2h/D = 1 and (f) 2h/D = 1.5.

from 9.19 to 6.79 due to an increase in qDac/cv0 from 0.25
to 0.5. In Table 2 the rate of change in ri/cv0 due to increase
in qDac/cv0 is noted to reduce with an increase in cD/cv0 for
any combinations of H/D, 2h/D and qDac/cv0. For an
example, for the tunnel with 2h/D = 1 at H/D = 1 in isotropic cohesive soil with ac = 1, the value of ri/cv0
decreases by 47.94% and 15.89% for cD/cv0 = 3 and 5,
respectively, due to increase in qDac =cv0 from 0 to 0.25. It
implies that the effect of linear increase in shear strength on
ri/cv0 is less prominent in very soft soil. The rate of

decrease in ri/cv0 due to increase in qDac/cv0 is found to
increase with an increase in H/D for any value of cD/cv0.
For an example, for the tunnel with 2h/D = 1 and soil with
cD/cv0 = 5, ac = 1, the value of ri/cv0 decreases by 21.99%
and 29.45% for H/D = 3 and 7, respectively, due to increase
in qDac =cv0 from 0 to 0.25. It indicates that the increase in
nonhomogeneity of soil greatly reduces the requirement of
support pressure for tunnels located at higher depths. For
any values of H/D, cD/cv0 and /v a semi-elliptical tunnel
(2h/D B 1.5) requires lesser support pressure (ri/cv0) than
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Figure 4. Variation of ri/cD with /v for tunnel embedded in cohesionless soil at H/D = 1 with (a) 2h/D = 0.5, (b) 2h/D = 1 and (c) 2h/
D = 1.5 and at H/D = 3 with (d) 2h/D = 0.5, (e) 2h/D = 1 and (f) 2h/D = 1.5.

the support pressure required for circular and square tunnels
of same diameter/width, which may be due to the fact that
the amount of soil mass removed for the construction of a
semi-elliptical tunnel for 2h/D B 1.5 is less in comparison
with the circular and square shaped tunnels. For instance,
for the tunnel embedded in isotropic homogeneous purely
cohesive soil at H/D = 3 and cD/cv0 = 3, the magnitudes of
ri/cv0 for semi-elliptical tunnel with 2h/D = 1.5, circular
and square tunnels are 5.94 (present analysis), 6.1 [8] and
6.62 [10], respectively.

5.5 Variation of normalized peripheral support
pressure (ri/cv0) for tunnels embedded
in anisotropic and nonhomogeneous undrained
cohesive soil
On one hand, due to the anisotropic nature of cohesive soil
the magnitude of required normalized peripheral support
pressure (ri/cv0) increases with an increase in degree of
anisotropy (ac) as illustrated in section 5.2. On the other
hand the shear strength of normally consolidated clay and

19
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Figure 5. Variation of ri/cD with /v for tunnel embedded in cohesionless soil at H/D = 5 with (a) 2h/D = 0.5, (b) 2h/D = 1 and (c) 2h/
D = 1.5 and at H/D = 7 with (d) 2h/D = 0.5, (e) 2h/D = 1 and (f) 2h/D = 1.5.

slightly over-consolidated clay increases with depth [26]
and it reduces the required magnitude of ri/cv0 in isotropic
nonhomogeneous cohesive soil, which is discussed in section 5.3. In this section the change in ri/cv0 in anisotropic
and nonhomogeneous cohesive soil is studied to illustrate
the combined effect of soil anisotropy and nonhomogeneity
on the required value of ri/cv0. The results of ri/cv0 in
anisotropic and nonhomogeneous cohesive soil are presented in Table 2 for different values of H/D, cD/cv0, qDac/
cv0 and ac. It is noted that in general, the magnitude of ri/
cv0 in anisotropic and nonhomogeneous clay is lower than
that in isotropic homogeneous clay. For an example, for the
tunnel at H/D = 3 in undrained clay with cD/cv0 = 5, the
magnitude of ri/cv0 decreases from 10.91 in isotropic

homogeneous clay (ac = 1, qDac/cv0 = 0) to (a) 10.32 in
anisotropic (ac = 2) and nonhomogeneous soil (qDac/cv0 =
0.25) and (b) 9.76 in anisotropic (ac = 1.5) and nonhomogeneous soil (qDac/cv0 = 0.25). This trend is noted mainly
for (i) H/D C 3 and all values of 2h/D, cD/cv0, qDac/cv0 and
ac and (ii) a few cases of H/D = 1 with higher value of
qDac/cv0 and lower values of ac. It can be inferred that
although only soil anisotropy reduces the stability of tunnels embedded at H/D C 3, the consideration of linear
increase of undrained shear strength of soil can reduce the
effect of anisotropy on the required magnitude of support
pressure. However, for H/D = 1, ri/cv0 in isotropic homogeneous cohesive soil is observed to be lower than the value
of ri/cv0 in anisotropic nonhomogeneous soil with (a) qDac/

15.12

29.41

5

19.98

5

3

9.7

3

0.84

- 0.17

- 0.55

1

1

11.79

10.91

5

30.48

15.8

1.22

21

10.38

5.33

4.73

- 1.12

3.53

3

3.14

5

1.12

- 1.42

0.97

3

- 1.25

1

1

- 1.18

1

0.5

31.63

16.57

1.65

22.12

11.09

0.25

12.83

5.94

- 0.74

4.16

1.44

- 1.20

1.5
0.25
0.5
1
0.25
0.5
1
0.25
0.5
1
0.25
0.5
1
0.25
0.5
1
0.25
0.5
1
0.25
0.5
1
0.25
0.5
1
0.25
0.5
1
0.25
0.5
1
0.25
0.5
1
0.25

qDac/cv0
- 1.57
- 1.95
- 2.68
0.58
0.19
- 0.55
2.73
2.34
1.58
- 3.77
- 6.09
- 10.7
2.38
0.05
- 4.56
8.53
6.20
1.59
- 5.82
- 10.92
- 21.07
4.32
- 0.78
- 10.93
14.47
9.36
- 0.79
- 7.91
- 16.28
- 32.97
6.24
- 2.14
- 18.83
20.40

1

2

1

1.5

2

1

1.5

ac
2

- 1.09 - 0.86 - 1.77 - 1.16 - 0.86 - 1.82 - 1.11 - 0.77
- 1.41 - 1.16 - 2.25 - 1.55 - 1.21 - 2.4
- 1.58 - 1.16
- 2.03 - 1.72 - 3.2
- 2.34 - 1.89 - 3.49 - 2.48 - 1.93
1.07
1.31
0.59
1.22
1.52
0.78
1.52
1.87
0.74
1.02
0.06
0.80
1.16
0.14
1.02
1.45
0.12
0.44 - 0.93
0.00
0.46 - 1.07
0.07
0.65
3.24
3.50
2.97
3.62
3.93
3.43
4.21
4.58
2.91
3.19
2.43
3.19
3.56
2.76
3.68
4.12
2.27
2.62
1.39
2.36
2.84
1.48
2.69
3.27
- 2.55 - 2.00 - 3.54 - 2.21 - 1.58 - 3.20 - 1.82 - 1.16
- 4.44 - 3.70 - 5.91 - 4.10 - 3.28 - 5.60 - 3.70 - 2.80
- 8.20 - 7.09 - 10.63 - 7.84 - 6.59 - 10.37 - 7.43 - 6.05
3.61
4.16
2.84
4.17
4.79
3.41
4.82
5.49
1.71
2.45
0.45
2.27
3.11
0.98
2.91
3.83
- 2.05 - 0.95 - 4.27 - 1.49
2.62 - 3.81 - 0.84
0.53
9.76
10.32
9.19
10.57
11.21
10.07
11.51
12.20
7.86
8.61
6.79
8.65
9.48
7.60
9.56
10.49
4.10
5.21
2.05
4.87
6.20
2.77
5.77
7.20
- 3.92 - 3.03 - 5.33 - 3.32 - 2.42 - 4.74 - 2.70 - 1.76
- 8.13 - 6.83 - 10.36 - 7.37 - 6.01 - 9.63 - 6.56 - 5.10
- 16.49 - 14.40 - 20.36 - 15.43 - 13.18 - 19.33 - 14.25 - 11.82
6.24
7.13
5.03
7.05
7.97
5.86
7.94
8.89
2.02
3.33 - 0.01
2.99
4.36
0.95
4.05
5.52
- 6.35 - 4.25 - 10
- 5.08 - 2.79 - 8.77 - 3.66 - 1.26
16.39
17.31
15.37
17.44
18.42
16.50
18.62
19.61
12.17
13.49
10.32
13.37
14.73
11.56
14.69
16.17
3.80
5.91
0.32
5.28
7.56
1.81
6.94
9.41
- 5.31 - 4.08 - 7.21 - 4.49 - 3.26 - 6.39 - 3.66 - 2.40
- 12.24 - 10.34 - 15.34 - 11.06 - 9.13 - 14.19 - 9.89 - 7.85
- 26.03 - 22.83 - 31.51 - 24.17 - 20.81 - 29.72 - 22.27 - 18.77
8.85
10.08
7.17
9.88
11.15
8.21
10.97
12.27
1.91
3.80 - 0.96
3.30
5.23
0.39
4.72
6.77
- 11.89 - 8.67 - 17.14 - 9.82 - 6.45 - 15.16 - 7.68 - 4.18
23.00
24.22
21.50
24.29
25.61
22.84
25.65
27.02

1.5

ac

ac

2h/D
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7

5

3

1

H/D cD/cvo

2h/D = 1

2h/D = 0.5

Nonhomogeneous undrained clay with different ac

Isotropic and homogeneous undrained clay (ac = 1, qD/cv0 =
0)

ri/cv0

Table 2. Variation of ri/cv0 for tunnel embedded in anisotropic nonhomogeneous purely cohesive soil.
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1.5
19.35
6.93
1.5
17.67
4.54

5.6 Proximity of the stress state to yield
For isotropic soil, i.e. cv = ch in purely cohesive soil and tan
/v = tan /h in cohesionless soil, the proximity of the stress
state at a point with respect to shear failure is presented in
terms of a ratio a/d where a = (rx–ry)2 ? (2sxy)2 and d = 4c2
in purely cohesive soil and d = {–(rx?ry)sin /}2 in
cohesionless soil. The plots of proximity of the stress state
to failure are presented in ﬁgure 6. The ratio of a/d
becomes unity at any point where shear failure has occurred. For all non-yielding points, a/d B 1. Figures 6(a, b)
present the stress contour plots, which illustrate that the size
of the plastic failure zone decreases with an increase in qD/
cv as the shear strength of the soil increases with depth for
tunnels embedded in isotropic nonhomogeneous cohesive
soil. Moreover, it is noted that in homogeneous clay soil
with uniform undrained shear strength, the failure zone has
covered both the roof and ﬂoor of the tunnels whereas in
clay soil where shear strength increases with depth the
plastic failure zone can cover only the roof of the tunnel as
shown in ﬁgure 6(b). Figures 6(a, c) show that the size of
plastic zone increases with an increase in soil cover depth
of tunnel. For cohesionless soil, the plastic failure zone
covers only the roof of the tunnel as shown in ﬁgures 6(d)–
(f). No failure occurs below the tunnel ﬂoor for any value of
soil friction angle. The size of the plastic failure zone
increases with increase in aspect ratio of tunnel (2h/D) as
indicated by ﬁgures 6(d, e) and it decreases with an
increase in soil friction angle, /v, as shown in ﬁgures 6(e,
f).

1

1.5

cv0 = 0.25 for all values of 2h/D, cD/cv0, qDac/cv0 and ac
and (b) qDac/cv0 = 0.5 for (i) all 2h/D and cD/cv0 = 1 and 3
and ac = 2, (ii) 2h/D = 0.5 and 1 for cD/cv0 = 5 and ac = 2.
For an example, for H/D = 1, due to increase in qDac/cv0
from 0 to 0.25, the values of ri/cv0 increase from (i) 4.16 at
ac = 1 to 4.58 at ac = 2 for 2h/D = 1.5 and cD/cv0 = 5 and
(ii) 3.14 at ac = 1 to 3.24 at ac = 1.5 for 2h/D = 0.5 and cD/
cv0 = 5.

0.5

6. Conclusions

H/D cD/cvo

Table 2 continued

qDac/cv0
0.5
1

1
12.00
- 4.69

1.5
16.06
2.26

2
17.98
5.49

1
13.35
- 2.84

ac
ac
2h/D

2
19.62
7.91

1
14.99
- 0.58

ac

2h/D = 1
2h/D = 0.5

Isotropic and homogeneous undrained clay (ac = 1, qD/cv0 =
0)

ri/cv0

Nonhomogeneous undrained clay with different ac

2h/D = 1.5

2
21.41
10.47

19

The normalized support pressures for different values of 2h/
D and H/D are obtained for tunnels in purely cohesive soil
for different combinations of cD/cv0, ac and qDac/cv0 and
for tunnels in cohesionless soil for different combinations
of /v and a/ . The increase in aspect ratio of tunnel (2h/D)
can cause a decrease in the stability of tunnel located in
both purely cohesive soil and cohesionless soil. The magnitude of required ri/cv0 in cohesive soil increases with (i)
an increase in H/D, cD/cv0, ac and (ii) a decrease in shear
strength parameter qDac/cv0. The magnitude of ri/cD in
cohesionless soil is found to increase with (i) an increase in
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Figure 6. Proximity of the stress state to failure for smooth tunnel embedded in isotropic soil with (a) 2h/D = 1, H/D = 3, /v = /h = 0°,
cD/cv = 3, qD/cv = 0, (b) 2h/D = 1, H/D = 3, /v = /h = 0°, cD/cv = 3, qD/cv = 0.5, (c) 2h/D = 1, H/D = 5, /v =/h = 0°, cD/cv = 3, qD/cv =
0, (d) 2h/D = 0.5, H/D = 3, / = 20°, cv0 = ch0 = 0, (e) 2h/D = 1.5, H/D = 3, / = 20°, cv0 =ch0 = 0 and (f) 2h/D = 1.5, H/D = 3, / = 35°, cv0
= ch0 = 0.

H/D and a/ and (ii) a decrease in /v. However, the increase
of ri/cD is very less for /v C 35°. The increase in ac and a/
implies that the shear strength in horizontal direction is
quite less than that in vertical direction, so the stability of
tunnel decreases and requirement of support pressure
increases. In anisotropic nonhomogeneous cohesive soil the
magnitude of required ri/cv0 is lower than that in isotropic
homogeneous cohesive soil for H/D C 3 and a few cases of
H/D = 1. The maximum reduction in ri/cv0 is noted at H/D

= 7 and 2h/D = 0.5 in anisotropic nonhomogeneous soil
with ac = 2 and qDac/cv0 = 1. The semi-elliptical tunnel (2h/
D B 1.5) requires less support pressure in comparison with
the circular and square shaped tunnels of same diameter/
width, D, embedded in same soil keeping H/D unchanged
in all the three cases. The solutions obtained in the present
work are expected to be useful to determine the support
pressure for the stability of semi-elliptical tunnel in wide
ranges of soils.
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