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Abstract. Numerical solution of adhesive peeling problems presents signiﬁcant computational challenges.
This is due to the large peeling stresses that occur in the very narrow zone ahead of the peeling front. The
available literature offers solutions using either higher-order Lagrange-enriched ﬁnite-element (FE) or nonuniform rational B-spline (NURBS)-enriched FE strategies. However, no work that fully utilizes the intrinsic
advantageous features of isogeometric analysis and systemically explores the inﬂuence of NURBS discretizations exists on the adhesive peeling computations. Thus, the objective of the present work is to ﬁll this research
gap by carrying out a comprehensive and detailed isogeometric analysis of peeling problems and also to study
the effect of different classes of NURBS discretizations on the stability and accuracy of peeling contact
computations. In particular, higher-continuous and higher-order NURBS discretizations that are constructed
with different combinations of various isogeometric reﬁnement strategies are employed. In addition to this,
higher-order Lagrange discretizations are adopted to perform comparative assessment of various isogeometric
NURBS discretizations. The comparison is carried out in terms of accuracy, stability and computation cost for
peeling analysis. The obtained results demonstrate the advantages of the NURBS discretizations: higher-continuous NURBS discretization delivers an accuracy similar to that with the higher-order Lagrange discretization
at a much lower computational cost. Further, the higher-order NURBS discretizations signiﬁcantly improve the
stability and accuracy again at a lower computational cost as compared with higher-order Lagrange
discretizations.
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1. Introduction
Numerical simulation of the peeling process has received a
wide attraction due to its vast relevance in the many
engineering as well as in applied science applications
[1–11]. For example, in understanding the adhesive mechanism of various biological systems such as gecko pads
[2–8], elastic peeling of tape [9, 10] and bonded-joints [11],
etc. The simulation of the peeling problems presents signiﬁcant numerical challenges due to the localization of
large peeling (or tensile) stresses within the very narrow
zone ahead of the delamination front and large deformations [4–6, 12]. Unless a highly reﬁned mesh description is
chosen for the discretization of the peeling zone, the large
gradient of the stresses results in a sequence of oscillation
of global peeling load–deﬂection responses. Moreover, it
strongly affects the convergence of standard Newton–
Raphson (NR) iterations and can lead to the failure of the
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simulation [4]. Although the usage of a very small element
size mesh can be considered as the simplest strategy for
stable and realistic computational behaviour of the peeling
process. But, it is computationally inefﬁcient. On the other
hand, the application of local-reﬁnement strategy to the
interaction surface and the bulk encompassing the delamination zone can be a more efﬁcient computational alternative. However, their incorporation is not a
straightforward task.
As of now, to circumvent the need of using a very ﬁne
mesh for contact computations, different contact FE
enrichment strategies have been introduced, see the detailed
summaries by De Lorenzis et al [13] and Neto et al [14].
Sauer [4] proposed two different contact FE enrichment
strategies based on the incorporation of higher-order
Lagrange and cubic-order Hermite functions to improve the
accuracy of peeling contact computations at a ﬁxed mesh as
compared to standard FE-based formulation. The proposed
formulation is later extended to analyse the peeling
between the deformable bodies [15]. Agrawal and Gautam
[16] introduced a contact FE enrichment strategy using the
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ﬁfth- and seventh-order Hermite polynomial functions for
the evaluation of peeling contact integrals. Corbett and
Sauer [17, 18] presented a non-uniform rational B-spline
(NURBS)-enriched contact FE-based formulation that utilizes the intrinsic advantages of the NURBS within the
standard FE framework for the analysis of peeling contact
problems. Later, Maleki-Jebseli et al [19] presented a
hybrid isogeometric–FE-based discretization strategy that
exploits the inherent beneﬁts of the NURBS only to the
peeling contact zone. Apart from the above-described
methodologies for peeling computations, research efforts
have also been devoted to develop accurate and efﬁcient
NURBS-based discretization approaches for the analysis of
non-adhesive mechanical contact problems. In this regard,
Otto et al [20] presented a coupled FE–NURBS-based
discretization approach. Here an auxiliary NURBS layer is
tied to the FE discretized master contact body, leading to a
smooth contact surface. Recently, Agrawal and Gautam
[21] introduced a varying-order-based NURBS discretization method for isogeometric analysis (IGA) of large-deformation contact problems. In their approach, higher-order
NURBS is used for the evaluation of contact integrals while
the majority of the bulk domain is discretized with the
lower-order NURBS functions capable of representing the
complex geometry exactly.
With the available enrichment strategies for peeling
contact computations, although improved results are
obtained at a ﬁxed mesh resolution as compared with
standard FE discretizations, their incorporation requires
additional implementation efforts since different types of
polynomials are need to be integrated into each contact FE.
The concept of NURBS-based IGA technology was
introduced by Hughes et al [22] and has been adopted in
many ﬁelds since its inception. The key purpose of IGA
development was to unify the computer-aided design
(CAD) and the FE analysis processes into one framework to
bridge the gap between the two modules, see [23] for a
detailed description. It uses the same basis functions for the
approximation of the solution ﬁeld that were used for the
construction of CAD geometry. It is known that in the
context of computational contact mechanics, IGA provides
more stable, accurate and robust computations as compared
to standard C 0 -continuous FE discretizations, see e.g.
[24, 25] for isogeometric contact analysis and [26, 27] for
mixed-mode debonding problems. We refer to De Lorenzis
et al [13] for a comprehensive overview on the isogeometric contact analysis. The superior performance of IGA
as compared with FE discretization is due to the distinct
advantageous features inherent to its underlying NURBS
polynomial functions, i.e. non-negativity and desired
degree of inter-element continuity as well as variation
diminishing and convex hull properties. It has been shown
that apart from the integration of CAD, the use of highercontinuous representation of the geometry leads to
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signiﬁcant improvement in the analysis, see [13, 22, 28, 29]
and references therein.
However, to the best of authors’ knowledge, no work in
the literature has yet analysed the performance of IGA
technique for the computation of peeling contact problem
in a detailed and systematic manner. Additionally, the
effect of interpolation order as well as the inter-element
continuity of the NURBS discretizations on the peeling
computations remains unexplored.
This work, thus, motivated by the distinct intrinsic
advantages of the NURBS functions, presents a numerical
analysis of the stability and accuracy of the peeling computations using different classes of isogeometric NURBS
discretizations. In particular, the higher-continuous and
higher-order based NURBS discretizations are employed to
analyse their inﬂuence on the computation of peeling process. For this, different combinations of knot-insertion and
order-elevation based isogeometric reﬁnement strategies
are applied for their construction. In addition to this, the
linear, quadratic, and quartic orders of Lagrange-polynomial based FE discretizations are adopted to carry out a
comparative analysis. The comparison is made in terms of
the quality of the solution and the computational cost
associated with each discretization.
In the present paper, we extend the computational formulation of Sauer and Li [30, 31], which is based on a nonlinear continuum approach for the IGA of peeling problem.
The adhesive contact between the deformable body and the
rigid substrate is described using the van der Waals interactions, which are modelled using the Lennard-Jones
potential. An isotropic Neo-Hookean hyperelastic model is
used to describe the material behaviour.
The paper is structured as follows. In section 2, we
brieﬂy describe the key concepts of the NURBS functions
and the reﬁnement strategies. Section 3 presents the continuum formulation of the large deformation adhesive
contact in the context of NURBS discretized settings. In
section 4, the results are discussed. Finally, section 5 concludes the paper.

2. Introduction to NURBS
In this section, NURBS-based discretizations and the
reﬁnement strategies are brieﬂy reviewed. For a detailed
description on NURBS-based IGA, we refer to the original
works of Hughes et al [22].

2.1 NURBS discretizations
For a given knot vector N along the n parametric direction,
a pth order B-spline function is deﬁned using the following
Cox de Boor recursive relation [32]:
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One of the key advantages of adopting NURBS polynomials as a discretization choice is that many reﬁnement
algorithms can be applied in a straightforward manner to
capture the sharp variations in the solution ﬁeld, see [22].
Herein, we provide a brief introduction to the available
reﬁnement algorithms. The monograph by Cottrell et al
[23] can be referred for more details.
With the knot insertion reﬁnement algorithm, additional
knots are inserted into a given knot vector. With this, an
existing knot span, where the knot is inserted, splits into
two, thereby creating an additional element, see ﬁgures 2(b)–(c). The second option to reﬁne is the order
elevation strategy. In this the interpolation order of the
underlying NURBS function is raised from pi to piþj , due
to which existing knot entries are repeated by j times, see
ﬁgures 2(d)–(e). Therefore, the inter-element continuity of

The contact curve is a univariate boundary curve of a
NURBS constructed surface. Hence, in IGA, the

1
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2.2 NURBS reﬁnement strategies

i¼1 j¼1

0
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ð4Þ

where wi is the weight value associated with aPcontrol point
coordinate Xi . The weight function WðnÞ ¼ ni¼1 wi Bpi ðnÞ
is the weighted linear combination of B-spline functions
deﬁned over a patch. A composition of a knot vector and
the control points with their associated weight points forms
a patch. In the following, we drop the superscripts, i.e.
p and q, for the sake of brevity.

ð2Þ

p;q
Ni;j
ðn; gÞ Xi;j

Nip ðnÞ Xi

where Xi denotes the control points coordinates taken from
control point net Xi;j along the n parametric direction. Also,
Nip ðnÞ is a pth order of NURBS basis function deﬁned as
[32]

where p and q are the interpolation order of B-spline
functions deﬁned along the n and g parametric directions,
respectively. The weight value wi;j is associated with a
given control point net coordinate Xi;j . The weight function
for bivariate NURBS polynomial is deﬁned as Wðn; gÞ ¼
Pn Pm
p
q
i¼1
j¼1 wi;j Bi ðnÞ Bj ðgÞ corresponding to wi;j .
Using Eq. (2) in conjunction with a n  m array of a
control point net X, a NURBS surface is constructed using
[32]
Sðn; gÞ ¼

n
X
i¼1

where the knot vector N ¼ fn1 ; n2 ; . . .; nnþp ; nnþpþ1 g contains the knot coordinates ni 2 R in an increasing order.
Also, Bpi ðnÞ represents a pth order of B-spline basis function
deﬁned at a knot value n, and n denotes the total number of
the B-spline functions. A pth order B-spline function provides the C p1 inter-element continuity if no interior knot ni
is repeated in the knot vector N, see ﬁgure 1(a). Otherwise,
a repetition of a knot entry r times decreases the continuity
to Cpr , see ﬁgure 1(b). In an open vector the ﬁrst and last
knot entries, i.e. n1 and nnþpþ1 , respectively, are repeated
by p þ 1 times. This makes the B-spline functions interpolatory at its end as shown in ﬁgures 1(a)–(b).
p;q
The bi-variate NURBS functions Ni;j
ðn; gÞ are deﬁned
by the tensor product of the univariate B-spline functions as
[32]
p;q
ðn; gÞ ¼
Ni;j
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Figure 1. Quadratic order of B-spline functions corresponding to (a) N ¼ f0; 0; 0; 1; 2; 3; 4; 4; 4g, and (b) N ¼ f0; 0; 0; 1; 1; 2; 3; 4; 4; 4g.
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Figure 2. Reﬁnement of the (a) initial p ¼ 2 order of functions using different strategies. (a), (b), (c) Elevation of inter-element
continuity from C1 (with p ¼ 2) to C3 (with p ¼ 4) using k-reﬁnement strategy. (a), (d), (e) Elevation of inter-element continuity (from
C1 to C 3 ) followed by the elevation of interpolation order (from p ¼ 4 to p ¼ 5) while keeping the smoothness ﬁxed using a combination
of k- and order-elevation-based strategy.

the NURBS remains the same with the order-elevation
strategy. The third option is termed as k-reﬁnement strategy. It combines the knot insertion and order-elevation
strategies in a speciﬁc manner. With this, the interpolation
order of the NURBS is ﬁrst raised using order elevation
followed by the knot insertion process, see ﬁgure 2 (left).
This, as a result, leads to the higher interpolation order and
continuity of the NURBS functions. Another option to
reﬁne consists of a combination of k-reﬁnement- and
order-elevation-based strategies. In this, order elevation is
additionally applied to k-reﬁned NURBS functions. This,
as a result, creates a large number of higher-order NURBS
functions while keeping their continuity ﬁxed, see ﬁgure 2
(right).
Further, to distinguish between the k-reﬁnement and a
combination of k-reﬁnement- and order-elevation-based
strategies, plots of the NURBS functions corresponding to
these strategies are shown in ﬁgures. 2c and 2e,

respectively. It is useful to note that any k-reﬁnement-based
p order of function (having C p1 smoothness) has a local
support over p þ 1 number of knot spans, i.e. 5 for p ¼ 4 as
shown in ﬁgure 2c. However, in section 4 it is shown that
such very smooth functions are not capable of sufﬁciently
capturing the sharp changes across narrow interaction
zones. This is due to the wide multi-knot span support,
which further widens on additionally increasing the interelement continuity of the underlying NURBS functions. On
the other hand, from the basis functions plots shown in
ﬁgures 2c and 2e it can be observed that the additional
application of order elevation to k-reﬁned functions leads to
the higher-order of functions whose local support is
reduced by 2 knot spans, i.e. to 3 as compared with initial 5.
Such higher-order polynomial functions with a limited local
support and sufﬁcient smoothness can accurately resolve
the large gradient of adhesive responses as later shown in
section 4.
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3. Mathematical formulation
In this section we present the computational formulation for
the adhesive contact between a deformable body and rigid
substrate, considering large deformations. For a detailed
description and extensive references, see the works by
Sauer and Li [30], Gautam and Sauer [6, 33] and Gouravaraju et al [7].

3.1 Adhesive contact
The adhesive contact between the deformable body and
rigid substrate pair is formulated using the coarse-grained
contact model of Sauer and Li [30]. The deformation ﬁeld
u is deﬁned as the motion mapping of any given point in
the reference conﬁguration to the current conﬁguration. The
motion of the deformable body B is governed by the weak
form given as
Z
Z
gradðduÞ : r dv 
du  T c dA
ð6Þ
X
oc X0
 dPext ¼ 0 ; 8 du 2 V
where V is the space of kinematically admissible variations
of the deformation ﬁeld u. Here, r denotes the Cauchy
stress tensor and T c denotes the traction due to adhesive
interactions between the deformable body and rigid substrate. In the present work, the variation of the potential due
to external force is considered to be zero, i.e. dPext ¼ 0 as
no external forces act on the elastic body.
The adhesive interactions between the deformable body
and the rigid substrate can be described by van der Waals
forces [2, 3, 31]. The van der Waals force between the
interacting points, which are separated by a spacing rl , is
modelled using the Lennard-Jones potential /ðrl Þ as [34]
" 
 6 #
r 0 12
r0
2
/ðrl Þ :¼ 
;
ð7Þ
rl
rl
where  denotes an energy scale and r0 represents the
atomic equilibrium distance of the Lennard-Jones potential.
In the current conﬁguration, the van der Waals adhesive
traction tc is calculated via integrating the variation of total
potential /ðrl Þ four times and is given as (see Sauer and
Wriggers [35] for details)
"  
  #
AH
f 1 r0 9
f 2 r0 3
no ;

ð8Þ
tc ðrs Þ ¼
3 rs
2pr03 J1 J2 45 rs
where AH denotes the Hamaker’s constant; J1 and J2 represent the Jacobians associated with the deformable body
and the substrate, respectively. Since the substrate is considered as rigid, J2 ¼ 1. The quantity rs denotes the minimum distance between the interacting surfaces and no
denotes the surface orientation of the substrate. The
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parameters f1 and f2 are dependent on the curvature of the
interacting surface, which for an arbitrary body having
surface curvature Rcr can be deﬁned as [35]
f1 ¼

R2cr þ 94 Rcr rs þ 97 rs2
ðRcr þ rs Þ2

; f2 ¼

R2cr þ 3Rcr rs þ 3rs2
ðRcr þ rs Þ2

:

For the present analysis f1 and f2 are taken as unity, i.e.
f1 ¼ f2 ¼ 1 since for a ﬂat adhesive substrate that is considered in the numerical example to follow Rcr ! 1. The
van der Waals adhesive traction tc can also be deﬁned in
terms of the initial surface conﬁguration N o as
"  
 #
AH
f 1 r0 9
f2 r0 3
No

T c ðrs Þ :¼
3 rs
2pr03 J1 J2 45 rs

ð9Þ

¼ T c ðrs Þ No ;
where N o is the surface orientation of substrate in the initial
conﬁguration. The primary numerical difﬁculty in the
computation of expression (9) is that a very ﬁne mesh is
required to accurately resolve the rapid variation in the van
der Waals attractive forces. Otherwise, a coarse mesh
results in the poor computational behaviour and causes the
loss of NR iteration convergence, which is required for the
solution of non-linear problems. In the present work,
motivated by the well-known advantages of IGA, we
employ the higher-order NURBS discretization method for
the IGA of adhesive contact to avoid the need for highly
reﬁned meshes. A second difﬁculty with expression Eq. (9)
is that the adhesive traction tends to inﬁnity as the minimum distance approaches zero, i.e. T c ! 1 if rs ! 0. For
the treatment of this difﬁculty the van der Waals force is
regularized for a value below a certain distance rs \req ,
where req is the equilibrium distance of the Lennard-Jones
potential. The expression for the regularized van der Waals
traction is given by [4]
T c ðrs Þ ¼ T c ðreq Þ þ T c; rs ðreq Þ ðrs  req Þ8 rs \req ;

ð10Þ

where the derivative of adhesive traction T c w.r.t. rs is
deﬁned as
"  
 4 #
oT c ðrs Þ
AH 1 r0 10
r0
¼

No :
T c; rs ðrs Þ ¼
ors
rs
2pr04 5 rs
ð11Þ

3.2 Discretized weak form using NURBS
In this section, the NURBS discretized weak form, which is
used to analyse the peeling of an elastic body from the rigid
substrate, is presented. For a description of the IGA technique’s implementation in a simpliﬁed manner, see Agrawal and Gautam [36].
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In the present work, to numerically solve the weak form
given in Eq. (6), NURBS-based discretizations are
employed. Within this, the NURBS constructed surface
domains X along with the boundary curve C of the contacting body are discretized into a number of FEs given by
Xe and Ce , respectively. Each bulk and surface element
consists of ne and nse number of control points, respectively, where ne ¼ ðp þ 1Þ  ðq þ 1Þ and nse ¼ p þ 1. The
displacement ﬁeld u and its variation du for an each
NURBS discretized element are deﬁned as [22]
ue ðnÞ  Ne ðnÞ ue ; due ðnÞ  Ne ðnÞ due ;

ð12Þ

where n ¼ ðn; gÞ 2 Xe and Ne ðnÞ ¼ ½N1 I; N2 I; . . .; Nne I is a
ð2  2ne Þ array consisting of the second-order identity
matrix I and ne number of NURBS basis functions corresponding to an element ‘e’. Also, ue and due denote the
displacement and variations of the control points corresponding to the NURBS element ‘e’. The NURBS basis
functions satisfy the partition of unity property:
ne
X

Ni ðnÞ ¼ 1 ; 8 n ; g 2 Xe

ð13Þ

i¼1

Cauchy stress tensor. In the current work, an isotropic
Neo-Hookean model is used to model the material of the
contacting body and the corresponding Cauchy stress tensor
is deﬁned as [37]
r¼


k
l T
ðln JF Þ I þ
FF  I ;
JF
JF

ð18Þ

where k and l denote the Lame constants, F is the deformation gradient and JF is determinant of F.
The elemental contact force Fec vector is obtained by
integrating the contact traction deﬁned in Eq. (9) as
Z


e
Fc ¼ 
NTe ðnÞ T c no  FT N o dA ;
ð19Þ
Ce0

where dA is the differential area of the interacting surface in
the reference conﬁguration Ce0 . For the integration of
expression (19), a numerical quadrature rule is employed.
The integral given by Eq. (19) is numerically computed as

Fec

¼

nqp
X



NTe ðnqp Þ T c ðnqp Þ no  FT ðnqp Þ N o jqp wqp ;

qp¼1

ð20Þ

and they also demonstrate non-negativeness:
Ni ðnÞ  0 ; 8 n ; g 2 Xe :

ð14Þ

Using the isoparametric concept, interpolation analogous to
Eq. (12) is used for the description of the current conﬁguration x of the contacting body. On substituting the
approximation of Eq. (12) into (6) and performing assembly over all elements, the NURBS discretized weak form
can be cast into the following matrix form:
duT ½Fint þ Fc  Fext  ¼ 0; 8 du 2 V

ð15Þ

where vector du contains the kinematically admissible
variations of the displacement ﬁeld u associated of the
control points. The global arrays Fint , Fc and Fext are
identiﬁed, respectively, as the internal force, contact force
and external force vectors for the NURBS discretized element. Since in the present analysis no external forces are
considered on the deformable body, Fext ¼ 0. The global
force vectors are obtained by assembly of their respective
element-based contributions over nel number of NURBS
elements as
F½  ¼

nel
X

Fe½ 

:

ð16Þ

i¼1

The elemental internal force vector Feint is described as
Z
e
BTe re dv ;
Fint ¼
ð17Þ
Xe

where Be is an array consisting of the ne number of NURBS
basis function derivatives and re represents the elemental

where jqp and wqp are the determinant of Jacobian mapping
matrices and weight point associated with the quadrature
point ‘qp’, respectively.
The linearization of expression (15) is carried out to
solve it iteratively using the NR method. The linearization
of expression (19) yields an elemental contact stiffness
matrix Kec as

Z

oFe
oT c 
Kec :¼ c ¼ 
NTe
no  FT N o
oue
oue
Ce
ð21Þ

oFT No
T c no
dA :
oue
The derivative of adhesive traction deﬁned in Eq. (9) is
given by
oT c oT c
¼
Ne ;
oue oxe

oT c ðrs Þ
no
¼
ors


ors
ono
þ Tc ðrs Þ
Ne :
oxs
oxs

ð22Þ

Here, the derivative of the van der Waals adhesive traction
is given by
"  
 4 #
oT c ðrs Þ
AH 1 r0 10
r0
¼

:
ð23Þ
ors
rs
2pr04 5 rs
Further, the derivatives of rs and no are given as [35]
ors
¼ no and
oxs

ð24Þ
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1
¼
ao
oxs j1 þ rs

Page 7 of 14
ao ;

ð25Þ

where ao is the unit tangent vector to the substrate in the
direction of principal surface curvature j. Substituting the
value from Eqs. (24) and (25) into Eq. (22) yields


oT c
oT c ðrs Þ
Tc ðrs Þ
¼
no no þ 1
ao ao Ne : ð26Þ
ors
j þ rs
oue
The second term in Eq. (26) is dropped since the surface
curvature is zero for the substrate body, i.e. j ¼ 0. Further, the substrate is considered as the rigid. Thus, the
expression given by Eq. (21) is simpliﬁed to the following
form:


Z
e
T oT c ðrs Þ
Kc ¼ 
Ne
no no Ne dA :
ð27Þ
ors
Ce
Further, the algorithm that is used to solve the peeling
problem with IGA is shown in Algorithm 1.

3

dimensions L  h ¼ 200 Lo  10 Lo 1 is peeled from a rigid
substrate, where Lo ¼ 1 nm. The set-up of the problem,
which is taken from Sauer [4], is shown in ﬁgure 3. An
isotropic hyperelastic Neo-Hookean model with Young’s
modulus E ¼ Eo and Poisson’s ratio m ¼ 0:2 is taken under
the plane strain condition, where Eo ¼ 2 GPa. The van der
Waals forces are assumed to be active across the 75%
length of the strip, i.e. from x ¼ 0 to x ¼ 150 nm as shown
in ﬁgure 3 [7]. The van der Waals interaction forces are
calculated using Eq. (19), with r0 ¼ 0:4 nm and AH ¼
1019 J. These parameters correspond to the value of gecko
spatula adhesion [7, 8, 30, 35]. Initially, the strip is considered to be adhering to the rigid substrate such that the
set-up is in the equilibrium state. Hence, no interaction
forces are active. For peeling the strip from its reference
conﬁguration, an external rotation angle h is applied to its
right edge as shown in ﬁgure 3. The rotation angle is
applied in such a manner that it provides a constant bending
moment M as a reaction response during the peeling process. In the present work, a prescribed rotation step size
Dh ¼ 0:1o is used for the overall analysis. For the evaluation of contact integrals in Eq. (20), nqp ¼ ðp þ 1Þ number
of quadrature points along each parametric direction in an
element are employed for a pth order of discretization. The
deformed conﬁgurations of the strip at different rotation
angles are shown in ﬁgure 4.
Figure 6 shows the variation of the bending moment with
the applied rotation angle h for linear order of Lagrangepolynomial-based discretization, denoted by L1 . Here the
linear order of NURBS discretization N1 is equivalent to
L1 , since the control points weights associated with the strip
are uniform. As the ﬁgure illustrates, initially, the bending
moment increases in a linear fashion with h during the
bending of the strip from x ¼ 200 nm to x ¼ 150 nm. This
is due to the absence of adhesive forces within this zone.
After this, during the peeling of the strip from the adhesive
zone, a macroscopically constant bending curve is obtained.
However, the enlarged view of the macroscopically constant part of the curve, see the inset in ﬁgure 6, shows that
the bending moment oscillates around a mean value rather
than being constant. The occurrence of a large gradient of
peeling stress in the very narrow zone ahead of the
delamination front during the peeling process, see the ﬁgures in the right column of ﬁgure 4, leads to this oscillation
of the peeling bending moment.

4. Numerical results
4.2 Numerical difﬁculty in the peeling analysis
4.1 Problem set-up
To analyse the performance of IGA technique in peeling
computations, a two-dimensional strip peeling example is
considered. For the purpose of comparison, the results with
Lagrange-polynomial based FE analysis are also used. In
the considered example a deformable strip having

A prerequisite for the accurate peeling computation is that
the mesh size ahead of the delamination front should be
sufﬁciently small to properly resolve the large gradient of
stresses.
Otherwise,
insufﬁcient
or
lower-order
1

The geometrical details of the strip resemble the dimensions of the
spatula pad situated at the gecko foot hairs tip [4, 6, 7].

3
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Figure 3. Set-up of the strip peeling problem.

Figure 4. Deformed conﬁgurations of the strip with N4 discretization at rotation angles h ¼ 30o ; 60o ; 90o ; 120o and 150o (left), and
enlarged view of the delamination front (right). The stress contours are plotted with I 1 ¼ trðrÞ=E:

discretization causes a sequence of non-physical oscillation
of the bending moment around a mean line during peeling
rather than being constant as shown by the enlarged view in

ﬁgure 6. The oscillation wavelength is dictated by the
element size. The steep negative slope of these bending
moment oscillations strongly affects the convergence
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Figure 4. continued

behaviour of NR iterations utilized for the solution of a
non-linear problem as shown in ﬁgure 5 for different
Lagrange and NURBS discretizations. It can also lead to
failure of the analysis if a lower order of discretization at a
coarse mesh size is chosen, see the convergence plots with
L1 and N2 at mesh m1 . Thus, a reduction not only in the
amplitude of the oscillation of adhesive responses (ﬁgure 6)
but also in the steep downward slope is desired for accurate
peeling contact computations.
(a)

(b)

(c)

(d)

4.3 Details of the NURBS discretization and mesh
In this work, two distinct classes of NURBS discretizations
are used to properly resolve the large gradient of peeling
stresses and determine their effect on the peeling computations at a ﬁxed mesh. The two classes are referred to as
the higher-continuous and higher-order based NURBS
discretizations that are obtained through the application of
k-reﬁnement and a combination of order-elevation and kreﬁnement strategies, respectively. In each class of discretization, the continuity and the interpolation order of the
NURBS are varied to assess their performances. Moreover,
three different meshes that are obtained through the knot
insertion strategy are used to examine the convergence

Figure 5. Divergence/convergence plots of Newton–Raphson
iterations: the average energy residual per unconstrained DOF
(Ea ) is plotted over the iteration number with L1 , N2 , N4 and N21
discretizations at the coarsest mesh m1 :

3

Page 10 of 14

Sådhanå (2021)46:3

(a)

(b)

(c)

(d)

Figure 6. Overall bending moment responses M over a rotation
angle h with L1 discretization for the peeling problem. Here,
Eo L3o ¼ 2 nNnm.
Table 1. Number of elements along the length nx and height ny
of the strip with different meshes
Mesh
m1
m2
m3

Total elements (nx  ny )
160  8
200  10
240  12

performance of each discretization type, see Table 1 for
mesh details. Furthermore, the linear, quadratic and quartic
orders of Lagrange-polynomial based discretizations are
also adopted to carry out the comparative analysis. The pth
order of NURBS and Lagrange based discretizations is
denoted by Np and Lp , respectively. It has been numerically
found that employing the higher-order polynomials along
the height of the strip, i.e., y direction, only marginally
improves the quality of the solution. Thus, in the following
study, linear order of the polynomial is used along the
height of the strip for both the Lagrange and the NURBS
discretizations for the efﬁciency purpose.

4.4 NURBS-based peeling computations
4.1a With higher-continuous NURBS discretizations: First,
we investigate the effect of higher-continuous Np order of
NURBS discretizations on the bending moment oscillation
amplitude DM as well as maximum and minimum values of
the bending curve slopes, i.e. maxðdM=dhÞ and
minðdM=dhÞ, respectively. The variation of peeling
moment M with the applied rotation angle h is shown in
ﬁgure 7 for different discretizations with mesh m2 . The
results with the C0 -continuous Lp order of Lagrange discretization are used for the comparative analysis. The presented results match well with those reported by Sauer [4].
The quantitative details of DM, max(dM=dh) and
minðdM=dhÞ with each case of discretization for the three
different meshes (i.e. m1 , m2 and m3 ) are given in Table 2.

Figure 7. Variation of bending moment with rotation angle for
(a) L1 , L2 and L4 orders of Lagrange discretization, (b) N1 =L1 , N2
and N4 , (c) N4 , N6 and N8 and (d) N4 , N21 and N41 orders of
NURBS discretizations with mesh m2 :

From ﬁgure 7(a) it can be observed that on increasing the
interpolation order of the Lagrange discretization from L1
to L4 the quality of the result improves substantially as both
the oscillation amplitude and downward slope, which is
critical for convergence, reduce. In particular, L4 reduces
the oscillation amplitude by a factor of 10.11 and a
downward slope by 30.96 as compared with L1 , see
Table 3. Such an improvement is attributed to a large
number of additional degrees of freedom (DOFs), i.e.
13200, associated with L4 than with L1 . On the other hand,
from ﬁgure 7(b), it can be observed that with N2 and N4
although the inter-element continuity C p1 increases, only a
marginal improvement can be achieved; quantitatively,
they reduce the oscillation amplitude by a factor of 1.3 and
1.93 and negative slope by 1.56 and 2.97, respectively; see
Table 3. This is because N2 and N4 have only 44 and 88
number of additional DOFs as compared with N1 or L1 ,
respectively. Thus, the improvement attained with N4 is not
very large. The quality of the result improves monotonically on further increasing the continuity of the NURBS
with N6 and N8 discretizations, see ﬁgure 7(c). Such a
monotonic improvement is due to an increase of only 44
number of total DOFs with each step of Np , see Table 2.
With N8 , a result slightly better than L2 and close to L4 in
terms of DM and minðdM=dhÞ is obtained with an
approximately 32% and 74% lower number of DOFs than
with L2 and L4 , respectively, see Table 2.
4.4b With higher-order NURBS discretization: Next, the
effect of higher-order NURBS discretization on the peeling
computations is investigated at a ﬁxed mesh m2 . To obtain
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Table 2. Peeling moment oscillation amplitude DM, maximum slope maxðdM=dhÞ, minimum slope minðdM=dhÞ of amplitude and the
total number of DOFs for the different orders of Lagrange- and NURBS-based discretization with three meshes, i.e. m1 , m2 and m3
Type and order

Mesh

L1
L2
L4
N2
N4
N6
N8
N21
N41
L1
L2
L4
N2
N4
N6
N8
N21
N41
L1
L2
L4
N2
N4
N6
N8
N21
N41

m1
m1
m1
m1
m1
m1
m1
m1
m1
m2
m2
m2
m2
m2
m2
m2
m2
m2
m3
m3
m3
m3
m3
m3
m3
m3
m3

DM 103

maxðdM=dhÞ 103

–
4.0237
1.6427
–
6.9489
4.8673
3.7054
0.8272
0.2944
5.5763
1.4916
0.5517
4.2825
2.8824
1.7963
1.3970
0.3404
0.1002
2.0576
0.5589
0.2069
1.6788
1.0942
0.6982
0.5464
0.1309
0.0393

–
5.5705
2.9272
–
7.4972
5.9933
5.3543
1.3965
0.3188
7.5197
3.2205
1.4996
6.3906
5.1276
3.8046
3.0044
0.8285
0.2651
4.6868
1.7117
0.6591
3.7233
2.9194
1.9106
1.4583
0.4456
0.2311

Table 3. Reduction of oscillation amplitude, maximum and
minimum slope of the peeling moment curve (in %) with the
different Lagrange and NURBS based discretizations at medium
mesh m2 . Here the result with L1 is used as a reference

Type and order

DM ð%Þ

L1
L2
L4
N2
N4
N6
N8
N21
N41

100
26.74
9.89
76.79
51.69
32.21
25.05
6.10
1.79

maxðdM=dhÞ
ð%Þ
100
42.83
19.94
84.98
68.19
50.59
39.95
11.02
3.52

minðdM=dhÞ
ð%Þ
100
11.13
3.23
64.18
33.64
14.01
10.05
1.97
0.64

the higher-order-based NURBS discretization, one step of
order elevation is applied to N2 and is denoted by N21 .
With this, the interpolation order of the NURBS is elevated
to 3, while the smoothness remains unchanged. Consequently, a large number of DOFs are obtained at a ﬁxed
mesh than with N2 , see Table 2 for DOFs details. The

minðdM=dhÞ 103
–
–15.7641
–4.8585
–
–64.1522
–35.3973
–18.3877
–2.8673
–0.0992
–54.7829
–6.0977
–1.7733
–35.1618
–18.4271
–7.6738
–5.5028
–1.0830
–0.3519
–11.9711
–2.2874
–0.5951
–8.9545
–5.0689
–2.5468
–1.8001
–0.5109
–0.1852

Total DOFs
2898
5778
11538
2900
2952
2988
3024
5796
5832
4422
6722
17622
4444
4488
4532
4576
8844
8888
6266
12506
24986
6292
6344
6396
6448
12532
12584

bending moment curve corresponding to N21 is shown in
ﬁgure 7(d). The ﬁgure shows that as compared with N1 ,
N21 signiﬁcantly reduces the oscillation amplitude and
negative slope by a factor of 16.39 and 50.76, respectively,
see Table 3. Comparing the result of N21 with that of
smoother Np ðp ¼ 4; 6 and 8Þ it is evident that the new
higher-order discretization is advantageous, see Table 2 for
the numeric values. Moreover, a careful observation of N21
and L4 reveals that N21 delivers approximately 1.62 times
better result in terms of DM and minðdM=dhÞ at an
approximately 49% lower number of DOFs than with L4 .
Furthermore, we also investigate the inﬂuence of another
higher-order-based NURBS discretization, i.e. N41 ; on the
peeling computations. With N41 , as visible from ﬁgure 7(d), the reduction of DM and minðdM=dhÞ is even
more pronounced; see Table 3. For this, it takes a slightly
more number of DOFs, i.e. 44, than with N21 ; see Table 2.
In comparison with L4 , N41 takes approximately half the
number of total DOFs to deliver an approximately 5.1 times
more accurate result. Thus, the obtained results clearly
show that higher-order NURBS discretization is a much
more accurate and efﬁcient choice for the peeling computations over its counterparts of higher-order Lagrange discretizations and higher-continuous NURBS discretizations.
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(a)

(b)
Figure 8. Variation of bending moment with rotation angle for
(a) L4 order of Lagrange and (b) N21 order of NURBS-based
discretization with different meshes.

4.5 Convergence study
Finally, the convergence of the bending moment oscillation
amplitude and the negative slope is investigated for different types of discretizations for the three different
meshes: m1 , m2 and m3 , see Table 1. Figure 8 shows the
convergences of the bending moment curves for the L4 and
N21 based discretizations. As before, for a ﬁxed mesh
resolution, N21 provides a more accurate result at an
approximately 49% of a lower number of total DOFs than
with L4 , see also Table 2 for DOFs details.
The convergence of the DM for the different Lp and Np
orders of discretizations is shown in ﬁgure 9. It can be
observed that for all types of discretizations, a higher mesh
resolution leads to smaller peeling moment oscillation
amplitude. The convergence rate of peeling moment DM is
nearly the same for all types of discretizations. However,
the absolute values differ from each other. L1 /N1 and N2
based discretizations fail to converge at mesh m1 , being
very coarse to adequately resolve the adhesion zone.
Clearly, higher-order-based N21 and N41 discretizations

(a)

(b)
Figure 9. Bending moment oscillation amplitude DM with three
different meshes for various types of discretizations.

accomplish much more accurate results than higher-continuous Np or its counterpart Lp based discretizations for a
ﬁxed mesh resolution. A closer look reveals that the result
with N41 at mesh m1 nearly matches with that of obtained
with L4 at mesh m3 . Thus, with N41 an accuracy similar to
L4 can be achieved at approximately 4 times lesser number
of DOFs, see Table 2.
Besides, a comparison with the most accurate NURBSenriched contact FE of Corbett and Sauer [17] for peeling
computations, i.e. Q1N2.1, is also carried out. The maximum reduction in the oscillation amplitude of bending
moment DM achieved with Q1N2.1 is approximately
1:011  103 and 0:1491  103 at meshes m1 and m3 ,
respectively. On comparing the results of N21 and N41 with
that of Q1N2.1, it is evident that isogeometric NURBS
discretizations, particularly N41 , provide much more
accurate results at the same mesh size. N21 and N41 reduce
the oscillation amplitude of bending moment by a factor of
approximately 1.22 and 3.79 of that achieved with Q1N2.1
at a ﬁxed mesh resolution, see Table 2. Such a difference
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between the performance of N21 and N41 , and Q1N2.1, is
due to the fact that the accuracy of contact reaction forces
depends not only on the discretization of the contact surface
but also on the bulk deformations as shown in [17, 18]. In
contrast with N21 and N41 based NURBS discretizations,
linear order of Lagrange-based FE mesh in Q1N2.1 suffers
from locking. Thus, with the obtained results, it is clear that
as compared with Q1N2.1, full NURBS discretization leads
to more accurate results.

5. Concluding remarks
In this work, we employ the isogeometric NURBS discretizations to handle the numerical difﬁculties that appear
during the numerical simulation of peeling process. Two
different classes of NURBS discretizations that are
obtained through the combinations of isogeometric reﬁnement strategies are used to analyse their inﬂuence on the
peeling computations. Further, higher-order Lagrangepolynomial based discretizations are also adopted for the
comparative analysis. The obtained results demonstrate the
efﬁcacy of NURBS discretizations for the analysis of
peeling process. With higher-continuous NURBS, a similar
accuracy can be achieved as compared with higher-order
Lagrange discretizations at a much lower computational
cost. Moreover, the comparative analysis shows that
higher-order NURBS discretization is a much better choice
for peeling computations. It considerably improves the
quality of the results with lower computational cost as
compared with higher-continuous NURBS as well as
higher-order Lagrange discretizations.
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