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Abstract. Phasor Measurement Unit (PMU) sensors are commonly used nowadays for sensing different line
parameters of the grid for making it more efﬁcient and reliable. However, they are costly to procure and
maintain. Also, they may fail and produce measurements with errors. Towards these issues, a novel optimization
model and a polynomial time algorithm are developed that solve these issues with respect to minimal PMU
deployment in the grid. These techniques are compared and tested on the standard IEEE 5, 14, 30, 57 and 118
bus systems. For achieving cross-validation and robustness ability in the grid, the developed optimization model
and algorithm deploy about 70% and 141% less number of additional PMUs, respectively, as compared with the
baseline approach. The results indicate that the developed techniques are very pragmatic and holistic since they
take minimal time for allocating minimum PMU sensors while solving problems of cross-validation of PMU
measurements and robustness against PMU outages.
Keywords.

Algorithm; minimum PMU allocation; optimization model; PMU deployment issues.

1. Introduction
In a smart grid, line parameters like voltage and current
phasors are sensed to estimate the status of the grid for
avoiding its breakdown and failure. Phasor Measurement
Unit (PMU) sensors [1] are most commonly used for this
purpose [2]. However, they require communication facilities, are very expensive and their maintenance is costly
[3, 4]. Therefore, it is required that minimum PMUs should
be installed in the grid.
While installing PMU sensors in the grid, additional
problems related to their deployment may arise like the
presence of errors in the measurement [5] and failure of
PMU sensors. Thus this work aims to install the minimum
number of PMU sensors in the grid while ensuring that the
line parameters of all the buses in the grid are sensed
(called as full observability of the grid), and issues related
to PMU deployment (like errors and failure) in the grid are
tackled. Following are the main contributions of this paper:
• A novel optimization model that deploys the minimum
number of PMUs for achieving full observability of the
grid while satisfying various issues related to PMU
deployment.
• A novel (polynomial running time) algorithm to
allocate minimal PMU sensors for tackling different
*For correspondence

PMU deployment problems since minimum PMU
allocation is NP-Complete.
• To demonstrate the effectiveness of the newly developed optimization model and algorithm, they are
applied on the standard IEEE 5, 14, 30, 57 and 118
bus systems.
The paper also presents some insights on the PMU allocation under different scenarios. We believe no previous
work has provided such detailed comparisons and a holistic
solution for solving PMU deployment issues in the grid.

2. Methodology
A grid can be represented as a graph (N, E) where N denotes set of nodes representing buses (like substations,
power generation centres or load aggregators) and E denotes set of edges representing transmission lines connecting the buses in the grid. For example, the graph model
for the standard IEEE 5 bus system [6] consists of 5 nodes
and 7 edges (Figure 1).
There are scenarios where the PMU sensors might start
drifting from the actual values or produce errors in measurements. Thus, it is necessary to cross-validate readings
from PMUs. Also, robustness against a PMU failure is
required so that the failure does not lead to loss of
observability and cross-validation. Thus, in this paper, ﬁve
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Figure 1. IEEE 5 bus system represented as a graph.

different types of problems are investigated: a) Pmp implies
minimal PMU allocation, b) Pcv denotes Pmp with crossvalidation and one or zero PMU can be allocated on a node,
c) Pcv* denotes Pmp with cross-validation, d) Pr denotes
Pmp with robustness and one or zero PMU can be allocated
on a node and e) Pr* denotes Pmp with robustness.

3. Optimization model
The primary objective is to deploy the minimum number of
PMU sensors in the grid. This is speciﬁed by the objective
function (Eq. (1)). Each element i of used vector represents
the number of PMU sensors deployed on node i.
PN
ð1Þ
minimize
i¼1 usedi
subject to

8i 2 f1. . .Ng
#sensei  a

#sensei ¼ usedi þ

P
i2N ðiÞ

usedi  1

#sensei

ð2Þ
ð3Þ
ð4Þ

Given a node i, observability status (denoted as #sensei ) is
deﬁned as the number of PMU sensors sensing the line
parameters corresponding to node i. For solving Pmp, the
desired observability status (denoted by a) of all the nodes
should be at least one since the line parameters corresponding to every node should be sensed by at least one
PMU. Similarly, for cross-validation and robustness, the
status of all the nodes should be at least two and three,
respectively. This constraint is speciﬁed by Eq. (2). Eq. (3)
speciﬁes that observability status of node i can be determined either by the number of PMUs installed on that node
(denoted by the ﬁrst term), or from the PMUs installed in
the neighbouring nodes denoted by N ðiÞ (denoted by the
second term) using Kirchhoff’s laws and Ohm’s laws [7].
For ensuring that no more than one PMU is installed on a
node (Pcv and Pr), Eq. (4) should be used.

4. Algorithm
Minimum PMU placement in the electric grid to achieve
full observability is proven to be NP-Complete [8, 9]. This
implies that there exists no polynomial time algorithm that
can obtain the optimal solution. Thus, this work has
developed a novel polynomial running time Algorithm 1
that approximates the minimum number of PMUs required
to solve different types of problems listed in Section 2. It
outputs the list of nodes {loc} where minimal PMUs are
allocated.
The running time complexity of the algorithm (for input
size N) is computed as follows: loop starting from Step 19
takes O(N) time since a node can be adjacent to all the other
nodes in the graph. For a complete graph this is true for all
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the nodes, and therefore the outer loop starting from Step
16 takes O(N) time. Outer loop denoted by Steps 13–30
takes a ﬁxed stat amount of time, and the outer loop starting
from Step 14 requires O(N) time for the worst case scenario. While calculating running time complexity of an
algorithm, the constant times are ignored. Therefore the
worst case complexity of the developed Algorithm 1 is
OðN 3 Þ, which shows that the algorithm has a polynomial
running time complexity.

5. Results and evaluation
The IEEE 14 bus system consists of 14 nodes [6]. For
solving Pmp the optimization model allocates a total of 4
PMUs, one each on nodes 2, 7, 10 and 13, which is
explained as follows:
• Since a PMU is allocated on node 2, it becomes
observable. Nodes 1, 3, 4 and 5 become observable
since they are adjacent to node 2.
• Similarly, nodes 7, 8 and 9 become observable since
they are adjacent to node 7 and a PMU is allocated on
node 7.
• Allocating a PMU on node 10 leads to nodes 10 and 11
becoming observable.
• Nodes 6, 12, 13 and 14 are observable due to allocation
of PMU on node 13. For applying Algorithm 1,
initially, node 4 is selected for PMU allocation since it
leads to the highest number of change in the observability status of nodes, i.e. it causes six nodes to
increment their status value. The algorithm then selects
nodes 6, 9, 1 and 7 (in the mentioned order) for
allocating PMU sensors. This order is based on the
number of changes in the observability status of
adjacent nodes. Therefore, the algorithm allocates a
total of ﬁve PMUs for achieving full observability. For
solving other problems, details of PMU allocation are
as follows:
• Pcv: the model allocates a total of nine PMUs, one
each on nodes 2, 4, 5, 6, 7, 8, 9, 11 and 13. Similarly
the algorithm also allocates nine PMU sensors, but on
the following nodes: 1, 2, 4, 6, 7, 8, 9, 10 and 13.
• Pcv*: the model allocates only eight PMUs, two each
on nodes 2, 7, 10 and 13, whereas the algorithm
allocates one PMU sensor on nodes 1, 2 and 4, and two
sensors each on nodes 6, 7 and 9. Therefore the
algorithm allocates one extra sensor as compared with
the optimal number of eight sensors.
• Pr: no feasible solution exists to solve this problem.
• Pr*: since now multiple PMU sensors can be allocated
on a node, the model allocates three PMU sensors on
each of the following nodes: 2, 7, 10 and 13. Algorithm
1 on the other hand allocates a total of thirteen PMU
sensors in the following manner: a) one PMU is
allocated on nodes 1 and 4, b) two PMU sensors are
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allocated on node 2 and c) three PMU sensors are
allocated on nodes 6, 7 and 9.
A summary of PMU allocation for different IEEE bus
systems is presented in Table 1 and average observability
status of all the nodes is shown in Figure 2.

5.1 Evaluation and analysis of the results
Figure 3 indicates that the difference in the number of PMU
sensors allocated by the optimization model and Algorithm
1 for a given problem is almost equal in most of the cases.
Even in the worst case scenario for IEEE 118 bus system,
the difference in allocation is only about 4% of the total
number of nodes. Therefore, the developed algorithm can
be used to allocate minimal PMU sensors in the grid while
solving different issues related to PMU deployment.
Figure 4 shows the additional number of PMUs allocated
by the optimization model and algorithm for satisfying
cross-validation and robustness requirements with respect
to minimum PMUs allocated for achieving only full
Table 1. Details of PMU allocation in IEEE bus systems.
Problem ID
IEEE 5 bus system
Pmp
Pcv
Pcv*
Pr
Pr*
IEEE 14 bus system
Pmp
Pcv
Pcv*
Pr
Pr*
IEEE 30 bus system
Pmp
Pcv
Pcv*
Pr
Pr*
IEEE 57 bus system
Pmp
Pcv
pcv*
Pr
Pr*
IEEE 118 bus system
Pmp
Pcv
Pcv*
Pr
Pr*

Algorithm

Optimal number

1
3
2
5
3

1
3
2
5
3

5
9
9
–
13

4
9
8
–
12

10
21
20
–
30

10
21
20
–
30

18
33
33
54
50

17
32
32
54
48

36
70
69
–
100

32
68
64
–
96
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observability. These additional allocations are compared
with a baseline approach that allocates one and two additional PMUs to all the buses for ensuring cross-validation
and robustness, respectively. Following are the insights
drawn from the ﬁgure:

Figure 2. Average observability status of all the nodes in IEEE
bus systems.

Figure 3. Summary of the difference in the number of PMUs
allocated by the optimization model and Algorithm 1.

Figure 4. Additional PMUs allocated for solving cross-validation (cv) and robustness (r) problems.

• Number of additional PMUs allocated by the optimization model and algorithm for satisfying crossvalidation is on an average about 70% less than that by
the baseline approach for solving Pcv and Pcv*.
• A huge reduction of about 141% in the number of
additional PMU sensors to be deployed for robustness
feature by the developed model and algorithm is
achieved as compared with the baseline approach.
• For problems like Pcv* and Pr*, the total number of
PMUs allocated is mostly less than that of the
corresponding problems Pcv and Pr, respectively. This
is because, in these problems, multiple PMU sensors
can be allocated on a single node.
Therefore, savings of about 70% and 141% in the number
of additional PMUs to be deployed by the optimization
model and algorithm developed in this paper for achieving
cross-validation and robustness ability, respectively, are
very impressive and should be adopted in the electric grids
while deploying PMU sensors.
Figure 5 shows the percentage of the nodes that are
selected for PMU allocation. It can be observed that the
highest percentage of nodes are selected for solving Pr in
IEEE 5 and 57 bus systems (since no feasible solution
exists for this problem in other bus systems). On average
the highest percentage of nodes selected for PMU allocation is about 61% and is observed in case of cross-validation, with the constraint of zero or one PMU allocation per
node. For solving Pcv* and Pr*, about 35% of nodes are
selected for solving the respective problem. Minimum
percentage (about 28%) of nodes are selected in case of
problems requiring only full observability.
Figure 6 summarizes the running time taken by the
developed techniques. It can be observed that even for a
large number of buses, the developed techniques take less
than a second for computing the results.

Figure 5. Percentage of nodes selected for PMU allocation.
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to tackle different practical issues related to PMU allocation in the grid.
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