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Abstract. In this paper, a new method is proposed for the reduced-order model approximation of commensurate/incommensurate fractional order (FO) systems. For integer order approximation, the model order is
determined via Hankel singular values of the original system; while the order of FO approximations is determined via optimization. Unknown parameters of the reduced model are obtained by minimizing a ﬁtness
function via the genetic algorithm (GA). This ﬁtness function is the weighted sum of differences of Integral
Square Error (ISE), steady-state errors, maximum overshoots, and ISE of the magnitude of the frequency
response of the FO system and the reduced-order model. Therefore, both time and frequency domain characteristics of the system considered in obtaining the reduced-order model. The stability criteria of the reducedorder systems were obtained in various cases and added to the cost function as constraints. Three fractional order
systems were approximated by the proposed method and their properties were compared with famous
approximation methods to show the out-performance of the proposed method.
Keywords. Model order reduction; fractional order system; genetic Algorithm; constrained optimization;
commensurate; incommensurate; Hankel singular value.

1. Introduction
In the recent two decades, fractional calculus has received
increasing attention in the description and modeling of
natural and real-world phenomena [1]. Consequently,
related issues such as the fractional-order system stability
analysis [2–4], fractional order system identiﬁcation [5, 6],
and fractional-order system approximation [7–9], have been
investigated, vastly, in the literature. Also, many controllers
have been designed for real-world dynamic processes
through fractional-order systems [10, 11]. However, the
main disadvantages of the fractional-order models and
controllers are their complicated analysis, difﬁcult implementation, and mismatching with conventional science.
Therefore, several methods have been proposed for the
integer-order approximation of fractional order systems and
controllers such as Oustaloup’s approximation algorithm
[12], Matsuda’s approximation algorithm [13], and many
more. Although these integer order approximations may be
accurate enough for system description, they are not usually
effective for controller design due to their high order. That
is, accurate analysis and controller design for such high
order systems are very difﬁcult and time-consuming. Also,
the implementation of these high order models and controllers is very difﬁcult and costly, and perhaps impractical.
*For correspondence

To overcome this problem, researchers have suggested a
model order reduction technique to improve efﬁciency. The
ﬁrst time, Davison [14] introduced the order reduction of
the high order system in 1966. Since 1966, various model
order reduction methods have been developed. The
Balanced Truncation (BT) method was proposed by Moore
[15] which is based on analysis of controllability and
observability Gramians by computing the Lyapunov equations. This method is more popular because it is easy to use,
preserves stability, yields good approximation, and has
computable explicit error bounds. However, the balanced
truncation method suffers from a steady-state error. In
1984, Glover introduced an optimal Hankel norm approximation method, whose advantages and disadvantages were
almost similar to the balanced truncation method [16].
Model order reduction based on Krylov subspace methods
is another important method in order reduction [17]. The
main advantage of using a Krylov model order reduction is
its signiﬁcantly shorter computational time while the
induced error is almost negligible or very low [18]. However, they do not necessarily preserve the stability of the
model. In the last decade, evolutionary algorithms such as
the Harmony Search algorithm and cuckoo search algorithm have been used for model order reduction [19–22].
A high integer order model obtained by conventional
approximation methods such as Oustaloup’s method or
Matsuda’s method from fractional-order systems can be
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reduced by different model order reduction approaches.
Furthermore, some reduction methods such as Padé
approximation and BT method have been used to approximate the fractional order systems directly as integer or
non-integer reduced-order models [23–26]. Obtained
results by these methods are accurate enough and applicable to large-scale fractional-order systems and descriptor
systems, but their disadvantages are similar to the corresponding integer order model reduction methods. However,
the analysis and implementation of the obtained reduced
integer order model are simple and cheap.
In this paper, the fractional-order system is approximated
with reduced order models directly, without using conventional integer approximation methods. Reduced-order
model approximation can be an integer or non-integer and
therefore, three reduced order models as integer order
model, commensurate order model, and incommensurate
order model could be assumed. For integer order approximation, the model order is determined via the Hankel singular values (HSV) of either the original system or the
Oustaloup approximation of the fractional-order system.
The order of fractional order approximations is, on the
other hand, determined via optimization. Unknown
parameters of the reduced model are obtained by minimizing a ﬁtness function via a genetic algorithm (GA)
[27–30]. This ﬁtness function is a weighted summation of
differences of Integral Sum of Errors of step responses,
steady-state errors, maximum overshoots, and ISE of frequency responses of the fractional-order system and the
reduced-order model. In this context, both the time domain
and frequency domain properties of the system are considered in obtaining the reduced-order model. To preserve
the stability of the reduced-order systems, the stability
criteria would be obtained via the Routh-Hurwitz stability
criterion for integer-order approximation [31] and some
fractional stability theorems for fractional-order approximations [32–34]. These obtained criteria are added to the
cost function as constraints. Therefore, the main contribution of this paper is the representation of the problem of
approximation of fractional order via such an optimization
problem that considers various performance indices, and its
stability issues are guaranteed via some constraints. Especially, determining the proper degree of reduced fractionalorder approximation via optimization is of interest. Via this
approach, derivation, and reduction of the intermediate high
order integer approximations are removed, which in turn,
reduces the approximation errors. Finally, three fractionalorder systems, two Single-Input, Single-Output (SISO) and
one Multi-Input, Multi-Output (MIMO), would be
approximated by the proposed method and their properties
would be compared with famous approximation methods to
show the out-performance of the proposed method.
The paper is organized as follows: The basics of fractional calculus is explained in section 2. The proposed
method is introduced in section 3. The ability of the
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proposed approach is shown in section 4 through three test
systems and the conclusions are in section 5.

2. Mathematical background
2.1 The basics of fractional order calculus
Various deﬁnition of fractional order derivative has been
proposed by mathematicians. Three commonly-used
deﬁnitions for fractional integral/derivative are Grünwald–Letnikov, Riemann–Liouville, and Caputo deﬁnitions [32]. The Caputo fractional derivative is more
popular than the others. The Caputo fractional derivative
of order q of a continuous function f : Rþ ! R is
deﬁned as:
8
Zt
>
>
1
f ð l Þ ð sÞ
>
>
ds
l  1\q\l
<
Cðl  qÞ ðt  sÞqlþ1
Dqt f ðtÞ ¼
0
>
>
>
dl
>
:
f ðt Þ
q¼l
dtl
ð1Þ
Where l  1  q\l,l 2 N; and l is the ﬁrst integer which is
not less than q and Cð:Þ is the well-known Gamma function.
Laplace transform of the Caputo fractional derivative is
then given by:
l1
X


L Dqt f ðtÞ ¼ sq F ðsÞ 
sq1k f ðkÞ ð0Þ;

l  1\q  l

k¼0

ð2Þ
A standard fractional-order model can be presented by
the generalized fractional order differential equation as
follows:
y ðt Þ þ

n
X
i¼1

ai Dai yðtÞ ¼

m
X

bj D bj uð t Þ

ð3Þ

j¼0

where, uðtÞ and yðtÞ are the system input and output,
respectively. Also ai ; bj are real number coefﬁcients of
system model and ai ; bj are arbitrary positive real numbers


a i ; b j 2 Rþ .
A general fractional-order system can be described by
the following transfer function:
 
bm sbm þ bm1 sbm1 þ    þ b0 sb0 Q sbj
G f ðsÞ ¼
ð4Þ
¼
Pðsai Þ
an san þ an1 san1 þ    þ a0 sa0

2.2 Stability of fractional order systems
Consider the generalized linear time-invariant fractionalorder MIMO system as [33]:
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Dat xðtÞ ¼ AxðtÞ þ BuðtÞ
yðtÞ ¼ CxðtÞ þ DuðtÞ
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A cos d
A ¼
A sin d


ð5Þ

A sin d
A cos d
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ð6Þ

where, a represents the fractional commensurate order.
Theorem 2.1 (Matignon’s stability theorem) If the triplet
(A, B and C) is minimal, system of Equation (5) is BoundedInput Bounded-Output (BIBO) stable if and only if
jargðkÞj [ a p2 where k is the eigenvalue of matrix A and
argðkÞ 2 ðp; p [23]. In ﬁgures 1(a) and 1(b) the stability
regions of fractional order systems are shown for 0\a  1
and 1  a\2, respectively [32].
Theorem 2.2 Eigenvalues of a n  n matrix A lie within
the region X (Figure 1(b)) X ¼ fkjReðkÞ cos d  ImðkÞ
sin d  0;0  d\p=2g if and only if eigenvalues of the 2n 
2n matrix A* deﬁned as below have negative real parts,
where d ¼ ða  1Þp=2 [32].

(a)

Theorems 2.1 and 2.2 are applicable for commensurate
fractional order systems.
Theorem 2.3 Let the transfer function of an
incommensurate order system can be represented in the
form
Gincommensurate ðsÞ ¼

vi
n X
X

Aij

i¼1 j¼1

ðsai þ ki Þ j

ð7Þ

Where Aij are complex numbers. ki and vi are roots and
their multiplicity number of Pðsa Þ, respectively. Then, system of Equation (7) is BIBO stable if and only if ai and the
argument of ki denoted by argðki Þ satisfy the following
inequalities [34]:

ai
0\ai \2 and jargðki Þj\p 1 
for all i
ð8Þ
2
Theorem 2.4 Consider the general fractional order system described in Equation (4). Suppose that Gf ðsÞ is a
strictly proper transfer function. The incommensurate system of Equation (4) can be described in commensurate form
with common factor a 2 ð0\a\1Þ and the transfer function has the following form [35]:
P
a j
K0 m
Qðsa Þ
j¼0 bj ðs Þ
ð9Þ
¼
Gcommensurate ðsÞ ¼ Pn
i
a
pð s a Þ
i¼0 ai ðs Þ
Where, ai ¼ ai; bj ¼ aj; ð0\a; 1Þ; 8i; j 2 Z and n [ m.

(b)

2.3 Stability of integer order systems
Consider a reduced integer order system described by the
following transfer function:
Gr ðsÞ ¼

C ðsÞ
c1 sr1 þ c2 sr2 þ    þ cr
¼ r
DðsÞ s þ d1 sr1 þ d2 sr2 þ    þ dn

ð10Þ

By considering the ﬁrst two rows of Routh–Hurwitz
array and the ﬁrst column of Routh–Hurwitz array,
DðsÞ; the denominator of (10) can be represented as
[31, 36]:
DðsÞ ¼ sr þ h1 sr1 þ ðh2 þ h3 þ    þ hr Þsr2

Figure 1. (a) Stability region of fractional order LTI system with
order 0  a  1. (b) Stability region of fractional order LTI system
with order1  a  2.

þ h1 ðh3 þ h4 þ    þ hr Þsr3
2
3
h2 ðh4 þ h5 þ    þ hr Þþ
6
7 r4 ð11Þ
h3 ðh5 þ h6 þ    þ hr Þþ 7
þ6
4
5s
h4 ðh6 þ h7 þ    þ hr Þ þ    hr2 hr
þ    þ h1þg h3þg    hr2 hr
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In [36] have been proved that the ﬁrst column of RouthHurwitz array consists of the sequence elements as:
1; h1 ; h2 ; h1 h3 ; h2 h4 ; h1 h3 h5 ; . . .h1þg h3þg . . .hr2 hr

ð12Þ

where, g is equal to 1 for even r and g is equal to 0 for odd
r. Comparing the entries of the ﬁrst row with
1; d2 ; d4 ; . . .and those of the second row with d1 ; d3 ; d5 ; . . .
the relations deﬁned in Equation (13) is obtained:
8
d 1 ¼ h1
>
>
>
> d 2 ¼ ð h2 þ h3 þ    þ hr Þ
>
<
d 3 ¼ h1 ð h3 þ h4 þ    þ hr Þ
ð13Þ
>
..
>
>
>
> . 

:
dr ¼ h1þg h3þg    hr2 hr
By substituting the above relations in the denominator of
(10), Equation (11) is obtained. Therefore, the necessary
and sufﬁcient condition for all the poles of the reduced
system to be strictly in the left-half plane is
8
h1 [ 0
>
>
>
>
>
< h2 [ 0
ð14Þ
..
>
>
.
>
>
>
:
hr [ 0
and subsequently
8
d1 [ 0
>
>
>
>
>
< d2 [ 0
..
>
>
.
>
>
>
:
dr [ 0

ð15Þ

Therefore, the reduced integer model described by
(10) is stable if and only if a condition set of (15) is
satisﬁed.

3. Proposed method
Consider a stable linear time-invariant fractional-order
system described by Equation (4) numerator, denominator,
and order of the fractional system are known constants.
Also, consider a ﬁxed structure transfer function as a
reduced order model approximation in which their coefﬁcients and orders are unknown. The aim is to determine the
unknown parameters of reduced-order model approximation such that the important characteristic of the fractionalorder system and reduced-order model approximation is
almost identical. This ﬁxed structure transfer function is
given by (10) where r, ci , and, di are unknown constants.
Based on the desired integer or non-integer reduced-order
model approximation, r can be a positive integer or a
positive real number.
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To obtain the reduced-order model, three main stages
should be performed, as:
Stage 1: The order of the reduced-order model should be
determined.
Stage 2: The unknown coefﬁcients of the reduced-order
model should be calculated.
Stage 3: The stability properties of the reduced-order
model should be investigated.
To perform these steps, two cases of integer order and
fractional-order reduced models are considered, separately.

3.1 Integer order reduced model approximation
Stage 1: As the ﬁrst stage, the integer order, r, of reducedorder model approximation must be determined. For
determining this integer order, two approaches have been
presented in the literature. In the ﬁrst approach, the Hankel
singular values of the fractional-order system are calculated directly [25], and then based on strength of Hankel
singular values, the order of reduced model approximation
is determined. In the second approach, the Oustaloup
approximation of the fractional system is determined, and
then Hankel singular values of the Oustaloup approximation model is drawn. The order of reduced approximation
equals to the number of large Hankel singular values [37].
As the basics of these two methods are the same, the
resulting order would be the same for both approaches.
However, as a rule of thumb, if the sum of ignored Hankel
singular values is signiﬁcant, the best integer order for the
reduced-order model would be the number of large Hankel
singular values plus one.
Stage 2: After determining the order, the unknown
coefﬁcients of the reduced-order model should be calculated, optimally. Here, GA is used for determining the
unknown coefﬁcients. To this end, the step response and
magnitude of the frequency response of the fractionalorder system are calculated as two vectors, named yf and
magf respectively. The unknown parameters of Equation (10) are then determined by minimizing the following
ﬁtness function:

0

Ztf

J ¼ w1
0




Zx2

2

yf  yr dt þ w2




2
magf  magr dx

x1



þ w3 OSf  OSr þ w4 essf  essr


ð16Þ

where, yr is the step response of the reduced-order model
approximation, tf is the ﬁnal time, mag is the amplitude of
the frequency response, x1  x  x2 is the desired frequency range of system, OS is the overshoot, ess is the
steady-state error, w1, w2, w3 and w4 are weighted
coefﬁcients.
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Stage 3: Since the fractional-order system is assumed
stable, the reduced-order model approximation should be
stable, too. Thus, the stability conditions of the integer
model obtained by (15), are used.
Therefore, integer reduced-order model approximation is
stable if and only if unknown parameters of Equation (10)
is determined by minimizing Equation (16) subject to
Equation (15). Hence, the optimization problem of Equation (16) is converted to the constrained optimization
problem and consequently ﬁtness function as follows:

Jinteger

8
x
2
2
Rtf 
R2 
>
>
magf  magr dxþ
< J 0 ¼ w1 yf  yr dt þ w2
x1 
0
¼



>
w
þ
w
OS

OS
e

essr
>
3
f
r
4
ss
f
:
subject to dj [ 0 j ¼ 1; 2; . . .; r

ð17Þ
By minimizing the Jinteger , the reduced-order model
approximation that is achieved, one has a reduced-order
model persevering almost all important speciﬁcations of the
fractional-order system. The proposed method can be
summarized in the following steps:
Step 1: Determine the order of reduced model approximation by either one of the two following methods.
a) Compute the Hankel singular values of fractional
order system directly and determine the order of reduced
model approximation based on the largest eigenvalues.
b) Derive integer approximation of the fractional-order
system by conventional methods such as the Oustaloup
algorithm or Matsuda algorithm. Then, draw the Hankel
singular values of integer approximation and determine the
order of reduced model approximation based on the largest
Hankel singular values. However, if the sum of ignored
Hankel singular values is signiﬁcant, the best integer order
for the reduced-order model would be the number of large
Hankel singular values plus one.
Step 2: Calculate the step response and magnitude of the
frequency response of the fractional-order system as two
independent vectors.
Step 3: Consider a desired ﬁxed structure for reducedorder model approximation whose coefﬁcients of numerator and denominator are unknown.
Step 4: Minimize the ﬁtness function Equation (17) by
GA to ﬁnd the best parameters for reduced-order model
approximation.

3.2 Fractional order reduced model
approximation
In the second state, the order of reduced model approximation is assumed to be non-integer. Therefore, the
obtained reduced-order model approximation is fractional
and can be either in commensurate or incommensurate
forms. Hence, the order of the reduced model and coefﬁcients of numerator and denominator of Equation (10) are
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unknown and must be determined. The unknown parameters of the commensurate form are less than the incommensurate form. Also, instead of the Routh-Hurwitz
criterion, theorems 2.1 through 2.3 presented in section 2.1
are used to ensure stability. For such systems, all the three
stages for reduced-order model approximation would be
done via an optimization procedure. For this purpose, the
ﬁtness functions of commensurate and incommensurate
forms of reduced-order model approximation are considered as:
Jcommensurate
8
x
2
2
Rtf 
R2 
>
0
>
>
J
¼
w
yf  yr dt þ w2
magf  magr dxþ
1
>
>
>
x1
0
< 



¼ w3 OSf  OSr þ w4 essf  essr
>
>
>
>
subject to
>
>
:
fReðkÞ cos d  ImðkÞ sin d  0g; 0  d\p=2

ð18Þ
Jincommensurate
8
x
2
2
Rtf 
R2 
>
>
>
magf  magr dxþ
J 0 ¼ w1 yf  yr dt þ w2
>
>
>
x1
0
>
< 



OS

OS
e

essr
þ
w
w
3
f
r
4 ssf
¼
>
>
> subject to
>
>

>
>
: jargðki Þj\p 1  ai for all i;0\ai \2
2
ð19Þ

By minimizing the ﬁtness functions Equation (18) and
Equation (19), unknown parameters of the commensurate
and incommensurate form of reduced-order model
approximation are obtained. The proposed method can be
implemented via the following steps:
Step 1: Calculate the step response and magnitude of the
frequency response of the fractional-order system as two
independent vectors.
Step 2: Consider a desired ﬁxed structure for either
commensurate or incommensurate forms of reduced-order
model approximation whose coefﬁcients of and order of
ﬁxed structure are unknown.
Step 3: Depending on commensurate and incommensurate
forms, minimize the proper ﬁtness function by GA to ﬁnd
the best parameters for reduced-order model approximation. The employed GA procedure has been shown in
ﬁgure 2, which can be explained as:
(i) An initial population matrix is created. Because
search space is continuous, real-valued coded is
most suitable. Also, the length of the chromosome is
shorter than in binary coded. Therefore, a double
vector type population is considered. The size of the
initial population matrix is V  W in which, V and
W are population size and number of unknown
variables, respectively. The matrix of the initial
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Initial Population
Selection with
Stochastic Uniform
Method

Generating Fitness Function
Values

M=[Mij]

start

FF=[ffj]T

Crossover by using
Intermediate Method

No
Generating Fitness Function
Values

Termination
Condition?

FF new=[ff new j]T

Mnew=[Mnew ij]
Next Generation

Yes

Mutation by using
Adaptive feasible
Method

Best Solutions

Figure 2. Procedure of employed genetic algorithm.

population is presented as follows:
2

M ¼ Mi;j

M1;1
6 M2;1
6
¼6 .
4 ..

M1;2
M2;2
..
.

MV;1

MV;2



..
.

M1;W
M2;W
..
.

3
7
7
7 ð20Þ
5

   MV;W

The above procedure is illustrated in ﬁgure 2.

which Mi;j is real values of reduced-order model
parameters.
(ii) Next, the individuals of an initial population are
evaluated with the ﬁtness function of Equations (17)
to (19).
(iii) The stochastic uniform method is applied for
selecting the suitable individuals for the mating
pool. In this method, the individuals are mapped to a
line in which each parent corresponds to a section of
length proportional to its expectation.
(iv) In the next step, new offspring for a new generation
is produced by recombining the genes. For this
purpose, the intermediate method is used. In this
method, offspring are created by a random weighted
average of the parents. The ratio parameter which
controls the crossover has been considered 0.8. The
intermediate method recombines the parents by
using the following equation:
Oi ¼ RMi þ ð1  RÞEi

failing GA into a local minimum. The mutation
function is considered by the adaptive feasible
function which is adaptive based on the last
successful or unsuccessful generation.
(vi) Phases ii) to v) are repeated until termination criteria
are met.

ð21Þ

where R, is ratio parameter, and Mi and Ei are
parents.
(v) For covering the search space in the genetic
algorithm, the mutation operator is used. The
mutation operator changes the genes to prevent the

Remark 1 According to the theorem 2.4, instead of using
the ﬁtness function of (18) for determining the commensurate reduced model, the incommensurate reduced model
obtained by (19) can be converted to a commensurate
model. Therefore, a uniﬁed cost function could be
employed for both commensurate and incommensurate
reduced models, as well.

4. Simulation results
In this section, three fractional-order test systems, including
two SISO and one MIMO systems, are approximated by the
proposed method to present the capabilities and advantages
of the proposed method. In the proposed ﬁtness function,
ISE of step responses and magnitude of frequency
responses are more signiﬁcant compared to overshoot and
steady-state error.
Therefore, they have relatively larger weighting coefﬁcients, correspondingly. Hence, for all simulations, it is
assumed that: w1 ¼ 0:4; w2 ¼ 0:3; w3 ¼ w4 ¼ 0:15. The
desired frequency range has been also considered as
101  x  103 , for these examples. A step by step procedure is given for fractional-order test system 1 as:
Test system 1: consider the fractional-order system
presented in [38] as:

Sådhanå
2

D0:8 x1 ðtÞ
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3

2

6 D0:8 x ðtÞ 7 6
2
7 6
6
7 6
6 0:8
6 D x3 ð t Þ 7 6
7 6
6
6 D0:8 x ðtÞ 7 ¼ 6
4
7 6
6
7 6
6 0:8
4 D x5 ð t Þ 5 4

6 6
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4:4688

7:3047

6:1719

3:4688

8

0

0

0

0

0

0
0

8
0

0
2

0
0

0
0

0
0

0

0

0

2

0

0

D0:8 x6 ðtÞ

0

0

0

0

1

0

yðtÞ ¼ ½ 0:5

0:5625

0:1172

0:0313 xðtÞ

0:2422

0:2266

3
7
7
7
7
7 xð t Þ
7
7
7
5

ð22Þ

singular values is signiﬁcant, it would be better to consider
it 3.
Step 2: The step response and magnitude of the frequency
response of the fractional-order system Equation (22) are
calculated and is noted by yf and magf , respectively.
Step 3: According to the determined reduced model order,
a ﬁxed structure for reduced-order model approximation is
considered as follows:

The transfer function of the above system is given by

Gr ¼

s4 þ 9s3:2 þ 31:0016s2:4 þ
Gcommensurate ¼

58:0096s1:6 þ 60:0064s0:8 þ 16:0256
s

4:8

þ 6s þ 48s

935:0016s

4

1:6

3:2

þ 286:0032s þ
2:4

þ 1580:0064s0:8 þ 888:0128
ð23Þ

The integer order reduced model approximation of test
system 1 can be achieved using the proposed method by the
following steps:
Step 1: The order of reduced model approximation is
determined. For determining the integer-order two
approaches are used. In the ﬁrst approach, Hankel
 singular
values of Equation (22) are calculated as 2:4  101 ;
6:68  102 ; 9:98  105 ; :4:99  107 ; 1:25  1010 , 1:71
 1014 g [25]. In the second approach, integer approximation of test system 1 is obtained by the Oustaloup
algorithm and then Hankel singular values of integer
approximation are drawn. Figure 3 shows the Hankel
singular value chart of the integer approximation model.
Due to the Hankel singular values of fractional-order
system or Figure 3, the order of reduced model approximation can be 2, but, since the sum of ignored Hankel
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c 1 s2 þ c 2 s þ c3
s 3 þ d1 s 2 þ d2 s þ d3

ð24Þ

where ci and di are unknown parameters.
Step 4: The ﬁtness function of Equation (17) is minimized
for determining the numerator and denominator coefﬁcients of Equation (24) via GA. The GA parameters used
for this test system has been presented in Table 1. For
selecting GA parameters, the following points are considered: Population size is effective on convergence speed
and quality of optimization results. Too small population
size degrades the obtained results, and too large population
size too large makes the speed of convergence too slow.
Therefore, a trade-off for selecting the population size is
necessary. In this paper, population size is considered
based on the number of unknown parameters as 50 and
was encoded as real values. For producing the next
generation, the stochastic uniform method is chosen as the
selection function. For choosing the crossover Intermediate method is used in the GA solver of the Optimization
Toolbox in MATLAB software. Intermediate creates
children by a random weighted average of the parents.
Intermediate crossover is controlled by a single parameter
ratio. This parameter was considered as 0.8. With this
choice, the offspring produced are within the hypercube
deﬁned by the parents’ locations at opposite vertices. The
mutation rate has been also selected by adaptive feasible
function in optimization toolbox. By this method, the
mutation rate is adaptive concerning the last successful or
unsuccessful generation. Finally, the integer reduced-order
model approximation of fractional order system Equation (22) is obtained as follows:

Gr ðsÞ ¼

2:713s2 þ 94:16s þ 71:99
s3 þ 46s2 þ 242:4s þ 3810

ð25Þ

Table 1. GA parameters for test system1.
Parameter
Population size
Selection function
Crossover function
Figure 3. Hankel singular values of the Oustaloup integer
approximation.

Migration
Mutation function

Value
50
Stochastic uniform
Intermediate
Ratio = 0.8
0.2
Adaptive feasible
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If the order of reduced model approximation is considered non-integer and the proposed procedure is
performed, the commensurate and incommensurate
forms of reduced fractional-order system are achieved as
follows:

Figure 4. Comparison of step response of fractional order
system and famous reduction methods by the proposed reduced
order models approximation.

Sådhanå
Grcommensurate ðsÞ ¼
Grincommensurate ðsÞ ¼

(2020) 45:277

0:99609s0:8 þ 0:71494
s1:6  2:0946s0:8 þ 37:4175
s1:7506

ð26Þ

s0:93409 þ 0:84153
 0:29524s1:5898 þ 41:4194
ð27Þ

In ﬁgures 4 and 5, the step and frequency response of the
obtained reduced models are compared with step and frequency responses of famous model order reduction techniques such as shifted Padé approximation [25] and the
proposed method by Kakhki [25], respectively. The
achieved results show the ability and efﬁciency of the
proposed method.
Furthermore, for the quantitative comparison between
the fractional-order system of Equation (22) and the
obtained reduced-order models, some important speciﬁcations of the responses such as steady-state value, maximum
overshoot, undershoot, and settling time are compared with
those of achieved from some famous model reduction
methods. The comparative results are shown in table 2.
Also, the Integral Square Error (ISE) index is considered as
an appropriate quantity for evaluating the approximation
error. In computing ISE, the absolute error is considered as
the difference between the step responses of the fractionalorder system and that of reduced-order ones. According to
table 2, all the integer/non-integer reduced-order models,
obtained via the proposed method, match properly with the
fractional-order system of Equation (22). For investigating

Figure 5. Comparison of frequency response of fractional order system and famous reduction methods by the proposed reduced order
models approximation.
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Table 2. Comparison of methods for test system 1.

Fractional order system
Proposed method
(incommensurate)
Proposed method
(commensurate)
Proposed method (integer)
Oustaloup method
Proposed by Kakhki
Shifted Pade approximation

Order

Steady
state

Overshoot
(%)

Undershoot
(%)

Rise time
(sec)

Settling time
(sec)

4.8
1.7506

0.0197
0.0205

868.0697
831.4935

333.5899
341.4131

0.0083
0.0097

2.9708
2.2941

–
4.1952e-05

1.6

0.0202

849.3519

309.2693

0.0086

2.3167

1.7191e-05

3
82
1.6
1.6

0.0189
0.0194
0.0238
0.0347

915.1806
877.8327
702.8173
453.1831

398.64
301.0735
223.9387
77.4061

0.0058
0.0051
0.0099
0.0147

2.2638
3.0169
2.2593
2.2176

1.6409e-04
5.0337e-05
1.6339e-04
0.0019

ISE

Figure 6. Time evolution of absolute error of various methods
for test system 1.

Figure 8. Absolute of error vs time for test system 2 and their
approximations.

Figure 7. Step response of non-minimum fractional order system and their approximations.

the effectiveness of the proposed method, time evolutions
of absolute errors of various methods have been shown in
ﬁgure 6. According to this ﬁgure, it can be seen that the
achieved error by the proposed method is far less than other
reduction methods. It can be however seen that the proposed commensurate form performs superior to other
methods in the steady-state value, overshoot, and ISE. The
proposed integer reduced-order model has the best undershoot while rise time and settling time are better in the
incommensurate model.
In general, the obtained models by the proposed method
are more accurate than the other methods in the literature
such as shifted Pade approximation [25] and the proposed
method by Kakhki [25].
Test system 2: Let us consider the non-minimum phase
fractional-order system introduced by Saxena in [39] as
follows:
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Table 3. The main speciﬁcations of test system 2 and their approximations.

Fractional order system
Proposed method
(incommensurate)
Proposed method (commensurate)
Proposed method (integer)
Oustaloup method
Proposed by Saxena
BT method

Order

Steady
state

Overshoot
(%)

12
2.39

1.0100
1.0065

27.9595
26.6292

2.4
6
95
2.4
6

1.0100
1.0303
1.0051
1.0088
1.0818

26.2437
26.8283
33.2752
20.6641
23.4674

Gcommensurate
4000s

4:8

 26000s

3:6

þ240000s2:4  690000s1:2 þ 750000

¼

s12 þ 75s10:8 þ 2193s9:6 þ 31914s8:4
þ251620s7:2 þ 1167000s6 þ 3357000s4:8
þ6032000s3:6 þ 6433000s2:4 þ 3563000s1:2 þ 750000
ð28Þ

Following the same procedure as test system 1, the
integer and non-integer reduced-order model approximations are achieved as:
0:02097s5  0:06654s4  0:01475s3 þ
Gr ¼

0:5033s2  1:72s þ 1:606
s6 þ 1:845s5 þ 7:956s4 þ 7:294s3 þ

ð29Þ

Undershoot
(%)

Rise time
(sec)

Settling time
(sec)

2.9689
0.6095

1.55
5.61

20.86
23.43

–
0.1774

0.5823
2.2058
3.4541
0
3.2029

5.66
1.93
1.31
5.81
1.41

15.52
18.06
33.44
17.97
24.21

0.2000
0.0342
0.0546
0.2473
0.1922

system 2 and its approximations in ﬁgure 8. Furthermore,
the main properties of test system 2 and its approximations
such as the proposed models, BT method, Oustaloup
method, and proposed model by Saxena as well as ISE
values of these methods have been compared in table 3.
Based on the results, it can be pointed out that the proposed
reduced-order model approximations are closer to the test
system 2 in comparison with the other methods. The ISE
index and overshoot of the proposed integer reduced order
model are better than other methods; where, the steadystate value of the commensurate form is the best.
Test system 3: Consider the fractional-order linear
time-invariant MIMO system provided by Khanra in [40],
given by Equation (32). According to the description
given in the test system 1, and by applying the proposed
method to each of the matrix elements, the reduced-order
model approximations are reached as Equations (33-35)
as:

10:1s2 þ 4:031s þ 1:558
Grincommensurate ¼

0:18272s2:3993  0:18152s1:0344 þ 0:18222
s2:3979 þ 0:63477s1:1762 þ 0:18222
ð30Þ

Grcommensurate ¼

0:16759s2:4  0:16757s1:2 þ 0:16675
s2:4 þ 0:67033s1:2 þ 0:16649
ð31Þ

The step responses of the non-minimum phase fractionalorder system of Equation (28), Oustaloup approximation
model, proposed reduced order model approximations, and
the BT method have been plotted in ﬁgure 7. Also, the time
evolutions of absolute errors have been presented for test

ISE


Gincommensurate ðsÞ ¼
g11
g12
g21
g22

g11

g12



g21 g22
5s1:65 þ 20
¼ 3:8
s þ 10s2:93 þ 20s1:65 þ 4
0:8s2:15 þ 3s1:65 þ 8s1:28 þ 27:2
¼
s3:8 þ 10s2:93 þ 20s1:65 þ 4
10s2:93 þ 5s1:65 þ 5
¼ 3:8
s þ 10s2:93 þ 20s1:65 þ 4
0:5s3:8 þ 11s2:93 þ 0:2s2:15 þ 13s1:65 þ 0:4s1:28 þ 8:2
¼
s3:8 þ 10s2:93 þ 20s1:65 þ 4
ð32Þ

And so, the reduced integer order model would be:
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5:0029
1:2506

4:9967
1:2516

5:0241
1:2521

5:0057
1:2468

5:0046
1:2519

5:0449
0:9786



Order

3:8 3:8
3:8 3:8


1:812 1:899
1:824 1:883


1:8 1:8
1:8 1:8


4 4
3 4


20 28
18 60


4 4
3 4
BT method

Oustaloup method

Proposed method (integer)

Proposed method (commensurate)

Proposed method (incommensurate)

Fractional order system



Table 4. Comparison the main characteristics of test system 3.

Steady state



6:8026
2:0508

6:7785
2:0602

6:8254
2:0465

6:8125
2:0478

6:8096
2:0501

6:6286
1:9356



Overshoot (%)

57:47 56:16
51:02 41:60


55:38 55:98
49:12 41:18


53:94 53:69
49:33 42:58


57:52 55:78
52:26 42:28


58:39 54:48
49:11 41:93


57:24 58:66
92:77 50:40

Rise time (sec)


2:75 2:73
4:06 3:81


2:80 2:74
2:96 2:98


2:82 2:79
2:95 2:81


2:84 2:77
4:23 3:91


2:63 2:63
3:89 3:74


2:64 2:61
3:54 3:64

Settling

40:76
34:70

42:70
35:54

41:98
35:64

39:85
26:95

36:7
42:62

31:51
28:23

time (sec)

40:33
34:09

41:96
34:81

41:36
29:57

43:15
26:76

43:21
41:02

36:59
33:90

–

0:2010
0:4146

0:2184
0:4169

0:0607
0:0567

3:5317
0:0397

3:5700
5:0858


0:0613
0:7072

0:1831
0:7037

1:5536
0:0449

1:3885
0:0856

4:0705
1:0935

(2020) 45:277

ISE
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gr11 gr12
Gr ðsÞ ¼
gr21 gr22
0:1556s3 þ 0:884s2 þ 1:49s þ 0:2314
gr11 ¼ 4
s þ 1:699s3 þ 0:7517s2 þ 0:3091s þ 0:04621
0:1588s2 þ 2:208s þ 1:724
gr12 ¼ 3
s þ 1:804s2 þ 0:4234s þ 0:2528
14:58s3  1:647s2 þ 6:332s þ 1:747
gr21 ¼ 4
s þ 17s3 þ 12:64s2 þ 5:235s þ 1:401
25s3 þ 4:421s2 þ 13:4s þ 3:328
gr22 ¼ 4
s þ 24:99s3 þ 15:64s2 þ 6:761s þ 1:625
ð33Þ
Also, the reduced commensurate and incommensurate
fractional-order models are as follows:


grcomm11 grcomm12
Grcommensurate ðsÞ ¼
grcomm21 grcomm22
0:00025008s0:9 þ 0:95792
grcomm11 ¼ 1:8
s þ 0:050226s0:9 þ 0:19053
0:12712s0:9 þ 1:3196
ð34Þ
grcomm12 ¼ 1:8
s þ 0:054267s0:9 þ 0:19324
0:00039085s0:9 þ 0:23093
grcomm21 ¼ 1:8
s þ 0:069904s0:9 þ 0:18435
0:18063s0:9 þ 0:37263
grcomm22 ¼ 1:8
s þ 0:1195s0:9 þ 0:18208


grinco11 grinco12
Grincommensurate ¼
grinco21 grinco22
0:20735s0:2 þ 0:76011
grinco11 ¼ 1:81
s
þ 0:054584s0:48 þ 0:16323
0:36096s0:51 þ 1:1082
ð35Þ
grinco12 ¼ 1:89
s
þ 0:11757s0:83 þ 0:166
0:02s0:36 þ 0:20887
grinco21 ¼ 1:82
s
þ 0:073992s0:73 þ 0:16826
0:22173s0:75 þ 0:28599
grinco22 ¼ 1:88
s
þ 0:13265s0:7 þ 0:13785
The main properties of the fractional-order MIMO system and their approximations have been compared in
Table 4. Also, in ﬁgures 9 and 10, step responses and time
evolution of absolute errors for the original system and its
approximations have been illustrated, respectively.
According to ﬁgures 9, 10, and table 4, it can be seen
that proposed model approximations perform noticeably
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Figure 9. Step response of MIMO fractional order system and their approximations.

better than other methods for the case of the fractionalorder MIMO system, too.
Remark 2 Because GA is a kind of population-based
random search algorithm, it is expected that the obtained
coefﬁcients be slightly different over multiple runs.
Therefore, to examine if these variations are in

acceptable ranges, in table 5, the mean and standard deviations of reduced-order model parameters for the results of
21 independent runs have been brought.
It can be seen that the standard deviations of obtained
parameters are relatively small (less than 7%) and so the
results are reliable.
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Figure 10. Absolute of error plot for test system 3.

Table 5. Mean and standard deviation of obtained result for 21 independent runs in test system 1.
c1
Integer model

Mean
standard deviation
Commensurate model Mean
Standard deviation
Incommensurate model Mean
Standard deviation

2.71
0.0089
1.001
0.002
0.8475
0.0142

c2
94.52
0.3436
0.701
0.052
–
–

c3
71.22
1.1052
–
–
–
–

5. Conclusions
In this paper, a new method for reduced-order approximation of fractional-order system was presented. Reducedorder model approximation can be an integer or non-integer
order. For determining the order of the integer reducedorder model, the Hankel singular values of the original
system are used. For commensurate and incommensurate
reduced-order approximations, the order was considered as
an unknown parameter as well as the reduced-order model
coefﬁcients. A ﬁtness function including the weighted
summation of ISE index of the step response and the
frequency responses, the absolute value of the difference of
magnitude of frequency responses, differences of
steady-state errors as well as maximum overshoots,
was employed for optimally determining the unknown

d1

d2

46.05
0.1821
- 2.055
0.019
- 0.276
0.0135

243.86
1.0395
37.404
0.126
42.893
1.067

d3
3810.51
14.5265
–
–
–
–

n1
–
–
–
–
0.944
0.0101

n2
–
–
–
–
1.7532
0.0175

n3
–
–
–
–
1.5515
0.1237

parameters/coefﬁcients via GA. In this context, both the
time domain and frequency domain properties of the system
were considered in obtaining the reduced-order model.
Depending on integer/non-integer reduced-order approximations, some stability conditions were added to the ﬁtness
function for ensuring stability. Accordingly, the optimization problems were converted to constrained optimization
problems. Genetic Algorithm was applied to minimize the
constrained ﬁtness functions. Three fractional-order test
systems were reduced by the proposed method. The results
are representing that the proposed reduced order model
approximations perform better than methods such as BT,
shifted Pade approximation [25], and the proposed method
by Kakhki [25]. That is the ISE index and overshoot of the
proposed integer reduced-order model are better than other
methods, the proposed commensurate form performs
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superior in the steady-state value, while the incommensurate is better in the rise time and settling time.
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List of symbols

Variables
A, B, C, D
ai , bj
c i , di
ess
Ei ; Mi
K0
M
M
N
Oi
Q
R
R
tf
U
V
w1 ; w2 ; w3 ; w4
W
X
Y
yf
yr
Greek
a
ai ; b j
C
k
mi
x

State space model matrices of system
Coefﬁcients of fractional order Transfer
Function (TF)
Unknown coefﬁcients of reduced TF
Steady state error
Parent chromosomes
Gain of fractional commensurate TF
Number of terms in numerator of
fractional TF
Matrix of initial population of GA
Number of terms in denominator of
fractional TF
Recombined parents
Order of fractional derivative
Ratio parameter in GA
Order of reduced model
Final time
Input vector
Population size in GA
Weighting coefﬁcients
Number of unknown parameters in GA
State vector
Output vector
Step response of fractional order system
Step response of reduced order model

letters
Commensurate fractional order
Orders of fractional TF
Gamma function
Eigenvalues of system
Positive integer number
Frequency range

Operations and functions
Fractional derivative operator
Dqt
f
Continuous function
Gcommensurate
Commensurate fractional order TF
General fractional order TF
Gf
Gincommensurate
Incommensurate fractional TF
Reduced integer order TF
Gr
Reduced fractional order commensurate
Grcommensurate
TF
Grincommensurate Reduced fractional order incommensurate
TF
Constrained ﬁtness function for reduced
Jinteger
integer model

J’
L
mag
N
OS
Rþ
Z
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Constrained ﬁtness function for reduced
commensurate fractional model
Constrained ﬁtness function for reduced
incommensurate fractional model
Unconstrained ﬁtness function
Laplace operator
Magnitude of frequency response
The set of natural number
Overshoot
Positive real numbers
The set of integer numbers
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