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Abstract. This paper presents an integrated feedforward-feedback control structure to control nonlinear
dynamical systems. This intelligent control system exploits a modiﬁed recurrent wavelet neural network
(MRWNN) in the feedforward (FF) and the feedback (FB) loops of the control structure. Speciﬁcally, the
MRWNN is proposed to boost the approximation performance of a previously reported network by employing
two amendments to the original structure. To optimize the parameters of both the FF and the FB controllers, an
enhanced version of the gravitational search algorithm (GSA) is developed to improve the searching capability
of the original algorithm. In particular, two modiﬁcations were adopted, including the removal of two control
parameters related to the gravitational constant in the original algorithm and the utilization of the global best
solution to constitute the next generation of agents. Hence, the proposed algorithm is called the simpliﬁed global
gravitational search algorithm (SGGSA), which has demonstrated better optimization performance compared to
those of other techniques, including the original GSA. By conducting several evaluation tests using different
nonlinear time-variant dynamical systems, the effectiveness of the proposed control structure was conﬁrmed in
terms of control precision and robustness against external disturbances. In addition, the MRWNN has exhibited a
superior control performance compared with other related controllers.
Keywords. Integrated feedforward-feedback control structure; wavelet neural network; recurrent wavelet
neural network; gravitational search algorithm; genetic algorithm.

1. Introduction
The increased complexity of modern industrial systems has
rendered linear modeling and control techniques insufﬁcient tools that will inevitably result in poor control performance. The reason behind this performance degradation
in linear control techniques can be attributed to the
description of the complex and nonlinear physical system
behavior by just an approximated linear model [1]. To
tackle this difﬁculty, more attention has been paid to utilize
intelligent control methods that can be directly applied to
handle the complexity and nonlinearity of the systems. In
particular, artiﬁcial intelligence techniques can be combined with conventional control schemes to form efﬁcient
nonlinear control systems. To this end, among several
control schemes, the feedback (FB) and the feedforward
(FF) strategies are the most commonly applied schemes due
to their simple conﬁguration and good control performance.
However, each of these structures has certain drawbacks
and limitations that might negatively inﬂuence the accuracy
of the overall control system [2–4]. To alleviate this
problem, the FF and the FB control strategies can be

combined to constitute a more powerful control framework,
which is generally referred to as the FF-FB control scheme.
In this regard, due to its simplicity in implementation and
widespread acceptance, the proportional-integral-derivate
(PID) controller, or one of its reduced forms, namely the PI or
the PD controller, has been extensively applied as a feedback
controller for synthesizing the FF-FB control scheme to solve
various control problems [3–9]. Nevertheless, to maintain an
acceptable control performance, the gains and time constants
of the PID controller must be re-tuned frequently according
to the variations in the system operating conditions and the
surrounding environment. Moreover, as a linear controller,
the PID controller’s ability to handle the nonlinear and timevarying behaviors of complex systems is questionable. Using
another FF-FB control scheme, the swing-up control of a
triple pendulum on a cart was considered in [10]. In particular, the authors utilized the optimal control theory to design
a state feedback controller after linearizing the triple pendulum system model. In [11], the feedback error learning
strategy was adopted for the load frequency control in the
restructured power system. This control approach uses the
output of a classical PD controller as a training signal for
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optimizing the parameters of a type-2 fuzzy logic FF controller. As another linear FF-FB control system, the FB
controller was designed by the H2 mixed sensitivity approach
in [12]. It is worth noticing that in the aforementioned works,
the FB controllers were designed at the nominal operating
conditions since these controllers are based on linear control
techniques. Hence, such controllers might fail to guarantee
the best control performance over a wide range of operating
conditions, especially for complex nonlinear systems.
The artiﬁcial neural network (ANN) represents an
important computational intelligence technique, which has
been widely applied for solving different identiﬁcation and
control problems. In this context, some efforts have been
expended on utilizing the ANN as the FB controller in the FFFB control strategy. For instance, Li et al [13] proposed a
hybrid control approach that comprises a FF controller and a
single neuron FB controller for the ship ﬁn stabilizer system.
A gradient-based method was employed to adjust the connection weights of the FB controller. However, as a limitation
in this method, an additional neural network was employed to
identify the system and then to provide the Jacobian information required by the gradient-based method. Following the
same control strategy, Baruch et al [14] designed a control
system that incorporates a FF controller, a FB controller, an
identiﬁer, and a noise-rejecting ﬁlter to control the model of a
nonlinear wastewater treatment bioprocess. More speciﬁcally, three recurrent neural networks (RNNs) were exploited
to act as the FF, the FB, and the identiﬁer in the proposed
structure. The Levenberg-Marquardt (LM) algorithm, which
is a gradient-based method, was applied to train the above
networks. The task of the RNN identiﬁer is to estimate the
system states which are then used to design the FB controller.
However, besides the complexity of this method, which
requires an additional network to form the FB control law, a
proper selection of the ﬁlter equation must be made in
advance, where inappropriate ﬁlter dynamics can deteriorate
the control system performance.
Recently, a new neural network variant, namely the
wavelet neural network (WNN), has gained widespread
popularity among researchers due to its superior approximation ability compared to the conventional ANN. However, the utilization of the WNN as a FB controller in the
FF-FB control scheme has not been considered in general.
As far as nonlinear time-varying systems are concerned,
feedforward neural networks, including the multilayer
perceptron (MLP) and the WNN, produce inadequate
control performance compared to recurrent networks,
which have a supporting memory to improve their
approximation ability [15]. Pursued from that, as an
improved version of the WNN, the self-recurrent wavelet
neural network (SRWNN) has the added advantage of
storing the previous wavelon layer state to be used in
producing the network output [16].
There is an increased understanding that a proper
selection for the neural network training algorithm represents an indispensable requirement for the success of the
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overall control system. In this respect, the gradient-based
methods, such as the back-propagation (BP) and the LM
algorithm, are the most widely used methods for implementing the FF-FB control schemes [13, 14]. Nonetheless,
these methods are characterized by their slow convergence
rate, the dependency on an appropriate selection for the
learning and inertial factors, and the tendency to get trapped
in local minima of the search space [17]. Furthermore,
when these methods are used to train the FB controller in
the FF-FB structure, a supplementary neural network
identiﬁer is needed to provide the necessary Jacobian
matrix, which complicates the control design and adds an
extra computational burden. The above difﬁculties associated with gradient-based methods have rendered the
researchers to utilize evolutionary algorithms (EAs), which
are more likely to arrive at the global optimal solution of a
particular problem. As a novel evolutionary algorithm, the
gravitational search algorithm (GSA) was recently developed by utilizing Newton’s laws of gravity and motion
[18]. However, for a good optimization performance, there
should be a good balance between the exploration and the
exploitation capabilities of the optimization method.
Unfortunately, the original GSA is characterized by its
good exploration search but weak exploitation for the
promising regions in the search space [19].
The main objective of the present work is to develop an
intelligent FF-FB control structure, in which a modiﬁed
recurrent wavelet neural network (MRWNN) is employed in
the FF and the FB loops to control nonlinear discrete-time
systems. Particularly, the MRWNN is proposed to improve
the approximation ability of a recently published recurrent
WNN [16, 20]. To avoid the drawbacks of gradient-based
methods, an enhanced version of the GSA, namely the simpliﬁed global gravitational search algorithm (SGGSA), is
proposed to optimize the parameters of both the FF and the
FB controllers. The simulation results of controlling different
nonlinear systems, including time-variant ones, have conﬁrmed the applicability of the proposed FF-FB control
structure to control various nonlinear systems. The organizational ﬂow of the remaining sections includes the following: Section 2 gives the details of designing the FF-FB
control structure considered in this work. The proposed
MRWNN structure is discussed in section 3. Section 4 provides an outline of the original GSA and clariﬁes the proposed SGGSA. Section 5 presents the results of several
evaluation tests and comparative studies to demonstrate the
effectiveness of the FF-FB control structure. Finally, the
conclusions from this work are given in section 6.

2. The feedforward-feedback control structure
using the MRWNN
As mentioned before, each of the FF and the FB control
strategies has certain advantages and limitations. In particular, the FB control method is characterized by its simple
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design and satisfactory control performance. However, if
the controlled system has a particular time-delay, the FB
controller will not directly affect the system until a certain
period has elapsed. This delay in the FB controller response
might deteriorate the overall control performance and cause
stability problems [2]. In contrast, the FF controller can
detect variations in the reference signal in advance and
deliver its corresponding action directly to the controlled
system [3]. Moreover, since no feedback signal is generally
required, the FF controller does not cause stability problems [4]. However, to design an efﬁcient FF controller,
there is a need for an accurate inverse model of the system,
which is not straightforward to attain, especially for complex nonlinear systems. Furthermore, the FF controller
lacks the ability to handle adverse operating conditions that
the control system might encounter, such as parameter
variations in the system dynamics and the unexpected
external disturbances. In light of the above facts, by combining the FF and the FB control strategies, a more powerful control structure can be materialized, which is
generally known as the FF-FB control structure whose
block diagram is illustrated in ﬁgure 1. The following
sections elucidate the design procedure of the FF and the
FB controllers.

2.1 The FF controller design
As a preliminary design step to realizing the control system
considered in this work, a suitable FF controller should be
synthesized. In this regard, the basic concept behind
designing a nonlinear FF controller is to develop an accurate model that describes the inverse dynamics of the
nonlinear system. This inverse model is then applied as the
FF controller [21]. More precisely, consider the nonlinear
system described by the following equation [22]:
yðk þ 1Þ ¼ f ðyðkÞ; yðk  1Þ; . . .; yðk  n þ 1Þ;
uðkÞ; uðk  1Þ; . . .; uðk  mÞÞ;

252

uðkÞ ¼ f 1 ðyðk þ 1Þ; yðkÞ; . . .; yðk  n þ 1Þ;
uðk  1Þ; . . .; uðk  mÞÞ;

ð2Þ

where f 1 is a nonlinear function representing the inverse
system dynamics. In this context, ANNs can be trained to
acquire the nonlinear function of eq. (2). Speciﬁcally, the
MRWNN is exploited in this work to accomplish this
control objective, as illustrated in ﬁgure 2.
The training process is performed by adjusting the
parameters of the MRWNN to minimize the mean squared
error (MSE) criterion given below:
J¼

N
1X
^ 2;
ðuðkÞ uðkÞÞ
N k¼1

ð3Þ

where N is the number of training samples, while u(k) and
û(k) represent the system input and the MRWNN output,
respectively. After the training stage is completed, the
MRWNN structure is used as the FF controller by replacing
the output of the plant y(k?1) in eq. (2) by the command
signal r(k ? 1), as can be seen from ﬁgure 1. However, as a
weakness in this control method, the output error, i.e. the
error between the command signal and the real system
output, is not minimized during the inverse modeling stage.
As such, the controller developed by this method might
cause a steady-state error between the desired and the
actual system outputs [23]. Therefore, to achieve satisfactory control accuracy, the FF controller is augmented with a
FB controller, which is described in the subsequent section.

ð1Þ

where n is the number of previous outputs, m is the number
of previous inputs, and f is a nonlinear function. To control
the system in eq. (1), a model representing the inverse
system dynamics should be attained, so that:

Figure 1. A block diagram of the FF-FB control structure, in
which the MRWNN is used in the FF and the FB loops.

Figure 2. Training the MRWNN to act as an inverse model for
the plant.
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2.2 The FB controller design
Having developed an appropriate FF controller in the
previous section, the next step is to design the FB controller to constitute the FF-FB control scheme. In
essence, the FB control system is achieved by generating
an error signal representing the variation between the
command signal and the real system output. This error
signal, which is also known as the control error, is used
by the FB controller to determine the appropriate control
action that forces the system output to follow the command signal. As illustrated in ﬁgure 1, the FB controller
is implemented as a PID-like MRWNN controller in this
work. Therefore, at a given time sample k, this controller
receives three input signals representing the control error
e(k), the error
P rate of change De(k), and the summation
of errors
e(k) to generate the FB controller output
denoted as ufb(k). This FB control signal is then combined with the FF controller output uff(k) to form the
ﬁnal control action u(k), as shown in ﬁgure 1.

3. The MRWNN structure
In an attempt to boost the approximation ability of a previously reported recurrent WNN [16, 20], a suggestion was
made to include feedback connections from the output node
to the wavelon layer. Furthermore, the RASP1 function was
used instead of the widely applied Mexican Hat function.
These modiﬁcations to the original structure have contributed to the improvement in the network approximation
ability, as will be demonstrated in section 5.4. The structure
of the proposed MRWNN is depicted in ﬁgure 3.
As it is obvious from ﬁgure 3, the structure of the
MRWNN comprises three layers, which are described in
the following:
Layer 1: This is the input layer whose task is to transfer
the input variables as they are to the next layer. In the
present work, each of the FF and the FB controllers is
implemented using the same MRWNN structure. However,
the form of the input variables in layer 1 is different for
each controller. More precisely, to employ the MRWNN as
a FF controller using eq. (2), the form of the input variables
should be as given below:
½yðk þ 1Þ; yðkÞ; . . .; yðk  n þ 1Þ; uðk  1Þ; . . .; uðk  mÞ
ð4Þ
On the other hand, utilizing the MRWNN structure as a
PID-like FB controller entails the selection of the input
variables to be; the control error e(k), thePerror rate of
change De(k), and the summation of errors e(k), as it is
apparent from ﬁgure 1.
Layer 2: This layer is known as the mother wavelet or
the wavelon layer. As illustrated in ﬁgure 3, each node,
or wavelon, in this layer receives three types of input
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variables namely, a weight from each input node, a selffeedback weight, and a feedback weight from the output
node. For the jth wavelon, these input variables are used
to compute the corresponding output using the following
expression:
!
Ni
X
vji xi þ wj ðk  1Þ  hj þ yðk  1Þ  bj  tj ;
z j ¼ dj
i¼1

ð5Þ
where dj and tj are the dilation and the translation parameters of the jth wavelon, respectively, Ni is the number of
input variables in layer 1, vji is the weight that connects the
ith input node with the jth wavelon, xi represents the ith input
variable, wj ðk  1Þis the preceding response from the jth
wavelon, hj is the parameter related to the jth self-feedback
weight, y(k-1) is the previous network output, and bj is the
parameter of the weight that connects the output node with
the jth wavelon.
Regarding the wavelet function, it is increasingly
understood that selecting a suitable wavelet activation
function is as critical as selecting the network structure and
the training algorithm [24]. To this end, after several trials
with various wavelet functions, it was found that the
RASP1 function gives the best approximation performance
compared to other function types. Therefore, the RASP1
function was adopted to compute the jth wavelon output
according to the following equation:
wj ðzj Þ ¼

zj
ðz2j

þ 1Þ2

;

ð6Þ

where zj is the output of eq. (5).
Layer 3: In this layer, a single node produces the ﬁnal
output of the MRWNN structure using the following
formula:
y¼

Nw
X
j¼1

cj wj ðzj Þ þ

Ni
X

ai xi þ b;

ð7Þ

i¼1

where Nw is the number of nodes in the wavelon layer, Ni is
the number of nodes in the input layer, cj signiﬁes the
weight connecting the jth wavelon and the output node, ai is
the weight connecting the ith input node and the output
node, and b is a bias to the output node. Based on the
preceding details, it is apparent that the MRWNN structure
involves several modiﬁable weights, which can be included
in the following set:


S ¼ vji dj tj cj hj bj ai b ;
ð8Þ
In order to use the MRWNN structure as a FF controller, the weights speciﬁed in eq. (8) should be trained
based on minimizing the error between the input to the
system and the output of the MRWNN structure, as
indicated in ﬁgure 2. For this purpose, the MSE
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Figure 3. Structure of the MRWNN.

criterion deﬁned in eq. (3) is utilized as the cost function to be minimized by the optimization method. While
for the FB controller training, the same parameters of
eq. (8) are optimized by minimizing the control error
representing the difference between the desired and the
actual system outputs. In this case, the integral square of
error (ISE) criterion is employed as the cost function in
the optimization algorithm. Speciﬁcally, the ISE has the
following form:
J¼

N
1X
ðrðkÞ  yðkÞÞ2 ;
2 k¼1

ð9Þ

where N is the number of time samples, while r(k) and
y(k) represent the reference signal and the actual system
output, respectively. In this work, the aforementioned
optimization processes are performed by the proposed
SGGSA. Therefore, the following section will shed some
light on the original GSA, its proposed modiﬁed version,
and the procedure to apply the latter as the training
method for both the FF and the FB controllers.

4. The gravitational search algorithm
The gravitational search algorithm (GSA) is a nature-inspired optimization technique that has been recently proposed by Rashedi et al [18]. Ever since its ﬁrst appearance,
the GSA has attracted much attention in the literature due to
its simple procedure and promising performance in solving
various optimization problems [25–27]. In particular, the
GSA has demonstrated better optimization results compared to other well-known EA techniques, such as the
genetic algorithm (GA) and the particle swarm optimization
(PSO) [28, 29].
As the main evolutionary principle, the GSA works on a
population of agents representing candidate solutions to the
optimization problem. Each of these agents possesses a
speciﬁc mass, position, and velocity. These agents are
search entities that cooperate with each other using Newton’s laws of gravity and motion. At each iteration, the
gravitational force applied by the top K best agents on the
ith agent, denoted as Xit ¼ ½xti;1 ; xti;2 ; . . .; xti;j ; . . .; xti;D , is
calculated according to the following formula [18, 19]:
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t
Fi;j
¼

X
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randk  Gt 

k2Kbest;k6¼i


Mkt  Mit  t
 xk;j  xti;j ;
Ri;k þ e
ð10Þ

where t indicates the current iteration, i = 1, 2, …, NP,
j = 1, 2, …, D, NP is the number of agents in the population, D is the number of decision variables in each agent,
Kbest represents the set of the top K best agents, randk is a
random value within the range [0, 1], Gt is the time-dependent gravitational constant, Mkt and Mit are the masses of
agents k and i, respectively, Ri;k denotes the distance
between agents i and k, e is a small constant, xtk;j and xti;j are
the jth decision variables of agents k and i, respectively.
The gravitational constant in eq. (10) is calculated using the
following expression:


t
Gt ¼ G0  exp a 
;
ð11Þ
tmax
where G0 is the initial value of the gravitational constant,
ais the decreasing coefﬁcient, and t and tmax denote the
current iteration and the maximum number of iterations,
respectively. As the quality index, the mass of the ith agent
is determined by the following equation:
qt
Mit ¼ PNPi
k¼1

qtk

;

ð12Þ

and qti is calculated from:
qti ¼

t
f ðXit Þ  f ðXWorst
Þ
;
t
t
f ðXBest Þ  f ðXWorst Þ

ð13Þ

t
t
and XBest
represent the agents with the worst
where XWorst
and the best ﬁtness values, respectively, and f ðÞis the ﬁtness function. After ﬁnding the total gravitational force
acting on each agent, the corresponding acceleration is
computed as follows [18, 19]:

ati;j ¼

t
X
Fi;j
Mkt
t
 ðxtk;j  xti;j Þ
¼
rand

G

k
Mit k2Kbest; k6¼i
Ri;k þ e

ð14Þ
Once the acceleration is obtained, the new velocity and
position of each agent are calculated by the following equations:
t
t
vtþ1
i;j ¼ randi  vi;j þ ai;j

ð15Þ

tþ1
xi;j
¼ xti;j þ vtþ1
i;j

ð16Þ

4.1 The proposed simpliﬁed global gravitational
search algorithm
It should be borne in mind that a reasonable balance
between the exploration and the exploitation abilities is
an important requirement for the success of any

evolutionary algorithm. Unfortunately, this balance is
insufﬁcient in the original GSA [19, 30]. In fact, the
exploitation task is achieved by utilizing the top best
agents in the current population to guide the search
process. Nevertheless, this course of action does not
preserve the global best agent obtained thus far, which
means no information can be extracted from such a
useful solution. Consequently, the exploitation search in
the GSA lacks the valuable knowledge provided by the
global best solution acquired so far [19]. This memoryless nature of the original algorithm might unsurprisingly
lead the search process to stagnate in local optima and
mislay the global optimal solution [29]. To overcome this
difﬁculty, several attempts have been made to enhance
the exploitation search of the original GSA. For instance,
by borrowing the social and cognitive communications
among the particles in the PSO, two acceleration constants were used to calculate the forces that act on the
agents [28, 30]. However, this proposal requires the
addition of two more control variables, which should be
selected based on a trial and error basis. Following the
same research direction, Darzi et al [29] utilized the local
best solution of each agent to update its position. However, the global best solution was not considered in this
method, which means disregarding a valuable search
trajectory. To extend the searching space around the
global optimal solution, Chao et al [31] used the standard
normal distribution function along with information from
the agents’ velocity to mutate the global best agent.
Similar to the limitation in [29], the global best agent
was not used to guide the search direction for the other
agents. In another attempt to enhance the GSA
exploitation search, Yin et al [19] proposed to add a
crossover operator similar to that employed in the genetic
algorithm. This operator randomly inherits some information from the global best solution with a certain
crossover probability, denoted as CR. However, selecting
an appropriate CR value, which considerably affects the
search performance, required a series of experiments by
the authors. In addition, after several trials, the authors
have used a value of 0.1 for CR, which means that the
proposed crossover operator does not signiﬁcantly affect
the original GSA performance. It is worth pointing out
that all the above-mentioned efforts have used the original control parameters of the GSA, namely G0 and a in
eq. (11). These two control parameters of the gravitational constant should be selected in advance based on a
trial and error method. For a particular application, this
selection process adds additional difﬁculty represented by
choosing the proper settings for the above parameters.
To address the above problems, this work presents a
modiﬁed variant of the original GSA, namely the simpliﬁed
global gravitational search algorithm (SGGSA). In the
proposed algorithm, after performing the same computational steps described above, the exploitation ability is
enhanced by utilizing the promising information extracted
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from the global optimal solution attained thus far using the
following formula:
tþ1
¼ xtbest;j þ Ui;j ðxtr1;j  xtr2;j Þ;
xi;j

ð17Þ

where r1 and r2 denote two different integers randomly chosen
from the set {1, 2, …, NP} representing the indices to the
agents of the current population. These integers, r1 and r2,
must not equal to the index of the current agent i, xtbest indicates
the global best solution obtained thus far, j represents an index
to a decision variable, and Ui;j is a random number from [- 1,
1]. For each agent, eq. (17) above is applied two times to adjust
two randomly selected decision variables. Due to its powerful
impact, this modiﬁcation can compensate for the effect of the
gravitational constant in the original GSA. Therefore, the
gravitational constant, which requires two control parameters,
is not included in the proposed algorithm. The above modiﬁcations result in a reasonable compromise between the
exploration and the exploitation abilities in the proposed
SGGSA. Therefore, the SGGSA has the potential to overcome
other optimization methods, including the original GSA, as
demonstrated in section 5.3.

4.2 The procedure of utilizing the SGGSA
as the training method in the FF-FB control
structure
The proposed algorithm clariﬁed in the preceding section is
employed to optimize the parameters of both the FF and the FB
controllers considered in this work using the following steps:
Step 1: Initialize the maximum number of iterations and
the number of agents (NP).
Step 2: By randomly generating NP agents within certain
bounds, form an initial population to commence the search
process. Each agent in this population represents a single
MRWNN structure, which has the adjustable parameters
given in eq. (8).
Step 3: Determine the cost function of each agent in the
current population. To achieve this task, the MSE in
eq. (3) is used in the FF controller training stage,
whereas for the FB controller training stage, the ISE
criterion deﬁned in eq. (9) is used. Afterward, determine
the ﬁtness function of each agent by the following
equation:

f ðXit Þ ¼

1
;
Cost function ðXit Þ þ e

ð18Þ

where e is a small value to evade the division by zero.
Step 4: Memorize the global solution acquired until now.
Step 5: Determine the mass of each agent according to
eq. (12).
Step 6: For each agent, calculate the gravitational force
applied by the top K best agents using eq. (10). Then,
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calculate the agent’s acceleration, velocity, and position
using eqs. (14), (15), and (16), respectively.
Step 7: As the proposed performance enhancement step,
apply eq. (17) to adjust two randomly selected decision
variables for each agent to exploit the promising knowledge provided by the global optimal solution obtained thus
far.
Step 8: If the stopping condition, which is the maximum
number of iterations in this work, is satisﬁed, the
algorithm is terminated and the ﬁnal optimized parameters
of the MRWNN structure are given by the current global
best solution. Otherwise, go to Step 3.

5. Simulation results
This section is dedicated to examining the applicability of the
MRWNN-based FF-FB control structure to handle nonlinear
discrete-time systems. For both the FF and the FB controllers,
the SGGSA training procedure discussed in the previous
section was employed to optimize the weights of the
MRWNN structure. In the optimization process, 50 agents
were utilized to form each population and the maximum
number of iterations was chosen to be 500. In addition, six
wavelons were used to constitute the wavelon layer in the
MRWNN structure. For all the controlled systems, the above
settings for the SGGSA and the MRWNN were adequate for
achieving the required control objective.

5.1 Control performance tests
These tests aim at investigating the control precision of the
proposed MRWNN-based FF-FB structure in controlling
the nonlinear systems given below.

5.1.1 Plant 1: This is a complex, nonlinear, and timevariant plant representing a laboratory-scale liquid-level
system. This system comprises a DC water pump that feeds
a conical ﬂask, which in turn feeds a square tank. The
voltage to the pump motor is the manipulated variable,
while the height of the water in the conical ﬂask represents
the controlled variable. The control objective is to make the
water height follow some desired reference signal by
manipulating the voltage to the pump motor. The following
discrete-time expression represents the dynamics of this
system [32, 33]:
yðk þ 1Þ ¼aðkÞyðkÞ þ 0:3578uðkÞ  0:1295uðk  1Þ  0:3103yðkÞuðkÞ
 0:04228y2 ðk  1Þ þ 0:1663yðk  1Þuðk  1Þ
 0:03259y2 ðkÞyðk  1Þ  0:3513y2 ðkÞuðk  1Þ
þ 0:3084yðkÞyðk  1Þuðk  1Þ þ 0:1087yðk  1ÞuðkÞuðk  1Þ;

ð19Þ
where the time-variant coefﬁcient is given by aðkÞ ¼

1  0:4 sin 2pk
T ; and T is selected to be 0.05. To realize the
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FF-FB control structure depicted in ﬁgure 1, the MRWNN
was trained to represent the inverse dynamics of Plant 1. In
this context, to guarantee the accuracy of the model in
representing the inverse system dynamics, the training data
must be selected so that they cover a sufﬁciently large
domain of the system input-output space [34]. Hence, the
training signal, i.e., u(k) in ﬁgure 2, is chosen to be a random signal, such that |u(k)| \= 1. To accomplish the
inverse modeling task, the proposed SGGSA has been utilized for optimizing the parameters of the MRWNN
structure. Figure 4 demonstrates the simulation results of
controlling this plant.
As it is obvious from ﬁgure 4(a), the MRWNN has done
well in representing the inverse dynamics of the system with
an MSE value of 2.669 9 10-3. Figure 4(b) illustrates the
minimization of the MSE achieved by the proposed
SGGSA. By applying the developed inverse model as the FF
controller, the SGGSA method was used to train the PIDlike MRWNN structure to act as the FB controller in the
control system depicted in ﬁgure 1. The good control performance of the FF-FB control strategy in tracking a
changing step signal is demonstrated in ﬁgure 4(c). As an
important fact to conclude from ﬁgure 4(c), the MRWNNbased FF controller has shown notable generalization ability, since the random training signal used during the inverse
modeling stage is entirely different from the changing step
signal applied during the control stage. Figure 4(d) demonstrates the combined FF-FB control signal applied to Plant 1.
The reduction in the ISE achieved by the SGGSA during the
FB controller training is shown in ﬁgure 4(e).

5.1.2 Plant 2: As a nonlinear time-variant system, the
following equation is utilized for this plant [1]:
yðk þ 1Þ ¼

yðkÞyðk  1Þyðk  2ÞuðkÞðyðk  2Þ  bðkÞÞ þ cðkÞuðkÞ
;
aðkÞ þ y2 ðk  1Þ þ y2 ðk  2Þ

ð20Þ
where the time-variant
coefﬁcients are deﬁned as:aðkÞ ¼

;
bðkÞ
¼ 1  0:4 sin 2pk
cðkÞ ¼ 1þ
1:2  0:2 cos 2pk
T
T ;
2pk
0:4 sin T ; and T is selected to be 0.05. Following the
same design steps used to control the previous plant, a
random training signal, u(k) (where |u(k)| \= 1), has been
used to develop an MRWNN-based inverse plant model,
which was subsequently used as the FF controller. Figure 5
shows the simulation results for Plant 2.
Figure 5(a) clearly shows that the MRWNN has successfully captured the inverse dynamics of Plant 2 with an
MSE value of 0.966 9 10-3. The efﬁciency of the SGGSA
in minimizing the cost function can be seen in ﬁgure 5(b).
Figure 5(c) indicates that the FF-FB control system was
able to achieve the desired control objective by following
the changing step signal. As in the case of the previous
plant, the MRWNN-based FF controller has generalized its
training very well by tracing a reference signal that differs
from the random training signal utilized in the FF training

stage. The FF-FB control action used to control Plant 2 is
shown in ﬁgure 5(d). While ﬁgure 5(e) illustrates the best
ISE values against iterations during the FB controller
training phase.

5.1.3 Plant 3: This plant represents the dynamics of a
highly complex and nonlinear system, which is deﬁned by
the following difference equation [35]:
yðk þ 1Þ ¼

2:5yðkÞyðk  1Þ
þ 1:2uðkÞ þ 0:09uðkÞuðk  1Þ
1 þ y2 ðkÞ þ y2 ðk  1Þ
þ 1:6uðk  2Þ þ 0:7 sinð0:5ðyðkÞ
þ yðk  1ÞÞÞ cosð0:5ðyðkÞ þ yðk  1ÞÞÞ

ð21Þ
The same design approach adopted for the previous plants
was used to control Plant 3. The simulation results for this
plant are presented in ﬁgure 6.
Evidently, ﬁgure 6(a) signiﬁes that the MRWNN structure has performed well in the inverse modeling stage
attaining an MSE value of 4.337 9 10-3. A decrease in
MSE values during the 500 iterations of the SGGSA is
illustrated in ﬁgure 6(b). In spite of the complex and the
highly nonlinear nature of Plant 3, ﬁgure 6(c) shows that
the FF-FB control structure managed to follow the desired
response with zero steady-state error and with some oscillations at each step change in the input signal. These
oscillations were the direct result of the existence of the
sine and cosine terms in the dynamics of this plant, as
exhibited in eq. (21). Hence, unlike the control signals of
Plants 1 and 2, ﬁgure 6(d) demonstrates some spikes and
oscillations that were produced in the control signal to cope
with the complexity and nonlinearity of Plant 3. To attenuate such oscillations, certain bounds could be imposed on
the control signal. Additionally, ﬁgure 6(c) denotes the
good generalization ability of the MRWNN-based FF
controller. The minimization of the ISE against iterations is
shown in ﬁgure 6(e).

5.2 Robustness tests
These tests were made to investigate the robustness ability
of the MRWNN-based FF-FB control structure to handle
the effects of external disturbances. To perform this test on
each plant considered in the preceding section, a bounded
disturbance with a magnitude of 10% of the system output
was applied for 5 samples during two periods. The two
periods are 121 B k B 125 and 321 B k B 325 for all
controlled plants. It is worthy to notice that these disturbances were only applied during the testing phase, and not
during the training phase of the FF and the FB controllers.
This fact means that the FF-FB control system is not trained
to deal with such disturbances. Nevertheless, ﬁgure 7
reveals that the FF-FB control system has accommodated
the effects of these unexpected disturbances for all the
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(a)
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(b)

(c)

(d)

(e)
Figure 4. Plant 1 (a) plant’s input and model’s response, (b) best MSE against iterations, (c) plant’s response, (d) control signal and
(e) best ISE against iterations.
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(b)

(a)

(c)

(d)

(e)
Figure 5. Plant 2 (a) plant’s input and model’s response, (b) best MSE against iterations, (c) plant’s response, (d) control signal and
(e) best ISE against iterations.
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(a)
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(a)

(c)

(d)

(e)
Figure 6. Plant 3 (a) plant’s input and model’s response, (b) best MSE against iterations, (c) plant’s response, (d) control signal and
(e) best ISE against iterations.
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(a)

(b)

(c)
Figure 7. Disturbance rejection tests for (a) Plant 1, (b) Plant 2 and (c) Plant 3.

plants by recovering the desired response immediately after
the inﬂuence of each disturbance.

5.3 A comparative study with other optimization
methods
Since the proposed SGGSA is an enhanced version of the
original GSA, it is important to compare the optimization
results of the two algorithms. In addition, it is well-known
that the genetic algorithm (GA) is regarded as one of the
most popular types of evolutionary algorithms. Therefore,
this section is devoted to comparing the optimization performance of each of the above algorithms along with
another modiﬁed variant of the original GSA, which was

proposed in [28] for enhancing the exploitation stage in
GSA. This modiﬁed version was termed the gbest-guided
GSA (GGSA). To carry out the comparative study, the
same plants described in section 5.1 were used. Due to the
stochastic nature of all the optimization methods considered
in this study, each algorithm might generate different
results for different runs. Hence, to handle this stochastic
inconsistency, each algorithm was executed 10 times for
each plant and the average result of these runs was adopted.
Table 1 summarizes the results of this study.
In table 1, FF MSE and FF-FB ISE indicate cost functions for the FF and the FF-FB training phases, respectively, while FF Time and FF-FB Time indicate the training
times for the FF and the FF-FB training phases, respectively. As indicated by the bold type, table 1 evidently
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Table 1. Comparison results of the GA, the original GSA, the GGSA, and the proposed SGGSA as the training methods in the FF-FB
control structure.
Controlled plant
Optimization method
GA

Original GSA

GGSA

The proposed SGGSA

Criterion (average of 10 runs)
FF MSE
FF Time (sec.)
FF-FB ISE
FF-FB Time (sec.)
FF MSE
FF Time (sec.)
FF-FB ISE
FF-FB Time (sec.)
FF MSE
FF Time (sec.)
FF-FB ISE
FF-FB Time (sec.)
FF MSE
FF Time (sec.)
FF-FB ISE
FF-FB Time (sec.)

reveals that the proposed SGGSA has attained the best
optimization results for all the plants except an insigniﬁcant
lead for the GGSA in achieving less FF training time for
Plant 1. More precisely, the SGGSA has achieved considerably fewer values for the cost functions of the FF and the
FF-FB training phases for all the plants. On the other hand,
in terms of processing time, the SGGSA has taken the
shortest times compared to the other methods with the only
exception of the tiny difference achieved by the GGSA in
the FF training time of Plant 1. In the sequel, the results in
table 1 signify that the modiﬁcations proposed to the
original GSA have resulted in better optimization performance without causing an additional computational burden.
Moreover, the cumbersome effort exerted on deciding the
best settings for the two coefﬁcients of the gravitational
constant has been eliminated in the proposed algorithm.

5.4 A comparative study with other neural network
structures
In this section, the control performance of the proposed
MRWNN structure is compared with those of other neural
network structures, namely the original SRWNN [16, 20],
and the multilayer perceptron (MLP). Each of the above
networks was employed in the FF and the FB loops of the
control system shown in ﬁgure 1. The SGGSA was used to
optimize the parameters of all the networks considered in
this study. The wavelon layer in both the original SRWNN
and the MRWNN consists of six wavelons. As the mother
wavelet function, the wavelons in the SRWNN use the
Mexican hat function, while those in the MRWNN use the

Plant 1

Plant 2

Plant 3

44 9 10-3
44.859
0.086
54.624
49 9 10-3
28.245
0.095
41.413
48 9 10-3
28.097
0.086
41.185
7 9 1023
28.110
0.079
41.139

8 9 10-3
47.146
0.091
55.977
9 9 10-3
30.210
0.306
45.784
8 9 10-3
29.893
0.097
44.160
1 9 1023
29.541
0.081
42.820

31 9 10-3
45.835
0.451
54.795
54 9 10-3
29.623
120.457
43.509
59 9 10-3
29.351
1.009
42.606
9 9 1023
28.981
0.279
41.780

RASP1 function. For the MLP, six nodes were used in the
hidden layer. Each of these nodes employs the sigmoidal
activation function. The plants considered in the previous
section are used in this study. Following the same strategy
adopted in the previous section to handle the stochastic
discrepancy, 10 runs were performed to control each plant
and the average result was taken. Table 2 displays the
results of this comparative study.
From table 2, it can be observed that the MRWNN has
achieved the fewest MSE values for Plants 1 and 2, while
the SRWNN has achieved the fewest MSE value for Plant
3. On the other hand, compared to the other networks, the
MRWNN has resulted in signiﬁcantly fewer ISE values for
all the plants, which clearly indicates the superiority of the
MRWNN to act as the FF and the FB controllers in the
control system. In terms of the processing time, the
MRWNN has required the shortest times except for a small
difference in time taken by the MLP in the FF training of
Plant 1.

5.5 A comparative study with other control
structures
To validate the effectiveness of the utilized control structure, the performance of the FF-FB control structure is
compared with those of the PID controller and the
MRWNN-based FF controller. Using the same plants considered before, all the above controllers are optimized by
the SGGSA. To accomplish a reliable comparative study,
10 runs were made for each plant to take the average result.
Due to the complex task represented by requesting a linear
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Table 2. Comparison results of the MLP, the SRWNN, and the MRWNN acting as the controllers in the FF-FB control structure
Controlled plant
Network type
MLP

SRWNN

The proposed MRWNN

Criterion (average of 10 runs)

Plant 1

Plant 2

-3

-3

8 9 10
27.815
0.083
43.255
9 9 10-3
30.065
0.087
44.841
7 9 1023
28.110
0.079
41.139

FF MSE
FF Time (sec.)
FF-FB ISE
FF-FB Time (sec.)
FF MSE
FF Time (sec.)
FF-FB ISE
FF-FB Time (sec.)
FF MSE
FF Time (sec.)
FF-FB ISE
FF-FB Time (sec.)

5 9 10
30.401
0.107
46.615
2 9 10-3
32.986
0.105
47.905
1 9 1023
29.541
0.081
42.820

Plant 3
12 9 10-3
31.108
1.084
45.367
5 9 1023
32.491
2.142
46.885
9 9 10-3
28.981
0.279
41.780

Table 3. Comparison results of the PID controller, the MRWNN-based FF controller, and the MRWNN-based FF-FB control structure.
Controlled plant
Control structure
PID controller
MRWNN-based FF controller
MRWNN-based FF-FB structure

Criterion (average of 10 runs)
ISE
Time (sec.)
ISE
Time (sec.)
ISE
Time (sec.)

controller to handle highly nonlinear and time-variant
systems, the maximum number of iterations was set to 1000
in the SGGSA to train the PID controller, while only 300
iterations were used for the other two control structures.
The comparison results are shown in table 3.
The results in table 3 clearly highlight the superiority of
the FF-FB control structure over the other structures,
especially for Plants 2 and 3 for which the PID and the
MRWNN-based FF controllers have resulted in unacceptable ISE values. Unsurprisingly, the FF-FB control structure took longer processing times since it uses two
MRWNN controllers. However, this issue can be neglected
in light of the superior control accuracy achieved by the FFFB control structure for all the plants.

6. Conclusions
An integrated FF-FB control structure was presented in
this paper to control nonlinear dynamical systems. In
this intelligent control system, a modiﬁed structure of
an RWNN, which was termed as the MRWNN, was

Plant 1

Plant 2

Plant 3

0.139
17.095
0.102
28.110
0.079
41.139

35.729
19.027
0.608
29.541
0.081
42.820

119.199
17.294
27.213
28.981
0.279
41.780

employed in the FF and the FB loops. An enhanced
version of the GSA, namely the SGGSA, was proposed
to improve the searching capability of the original
algorithm. In the SGGSA, two control parameters
related to the gravitational constant in the original GSA
were removed and the global best solution acquired
thus far was exploited to form the next generation of
agents. The SGGSA was used to optimize the parameters of both the FF and the FB controllers. Compared
to other optimization techniques including the original
GSA, the proposed algorithm has exhibited better
optimization results. The results of several evaluation
tests to control different nonlinear time-variant systems
have demonstrated the effectiveness of the FF-FB
control system with regard to control accuracy and
robustness against external disturbances. From a comparative study with other neural network structures, the
MRWNN has shown the best control performance.
Moreover, another comparative study has clearly
highlighted the superiority of the FF-FB control
structure over the PID controller and the MRWNNbased FF controller.
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