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Abstract. Time dependent low-velocity single and multiple impact response of functionally graded (FG)
untwisted and pretwisted conical shells are analysed considering porosity factor. A modiﬁed Hertzian contact
law which accounts for permanent indentation is considered for the low velocity impact problem. An eightnoded isoparametric shell element is used for the ﬁnite element formulation while Newmark’s time integration
algorithm is used to solve the time dependent equations. The effects of porosity considering even and uneven
porosity factor, initial velocity of impactor (VOI), mass of the impactor and twist angle of FG conical shell on
the transient impact response of the conical shell are examined and analyzed. The contact force and indentation
increase with increase of VOI and mass of the impactor while the contact duration decreases for both the
occasions. Twist angle has a signiﬁcant effect on contact force but has marginal effect on contact duration.
Contact force for perfect (porosity free) FG conical shells is higher than that of porous FG conical shells. Lower
contact force is observed for higher porosity factor. Even porous FG conical shell predicts lower contact force
and higher shell displacement than that of an uneven porous FG conical for a given porosity factor.
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1. Introduction
A new variant of composite materials named as Functionally graded materials (FGMs), where the microstructures
are spatially graded to achieve speciﬁc mechanical and/or
thermal properties to ﬁt the functionality of the structure
has become popular in the energy, nuclear and aviation
industries. Functionally graded (FG) shallow conical shells
can be idealized as turbo-machinery blades under rotation
that can be employed in aviation, energy, nuclear and
mechanical industries. The impact response of such conical
shells by elastic spherical mass impactor is an important
phenomenon in terms of impact load, damage and design
aspect. FGMs do not contain well distinguished boundaries
or interfaces between their different regions as in the case
of conventional composite materials due to these FGMs
have many advantages, which facilitates them to use in
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numerous applications. For the conventional multi-layered
systems like composite cracking or delamination, are frequently observed which can be eliminated by using the
FGMs with smooth transition of its constituents along the
thickness direction. De-lamination has been a problem of
main concern in the reliable design of advanced ﬁber
reinforced composite laminates. In laminated composites,
the separation of layers caused by high local interlaminar
stresses result in destruction of load transfer mechanism,
reduction of stiffness and loss of structural integrity, leading to structural and functional failure. FGMs can eliminate
these problems and taking this advantage FGMs have now
gained immense applications. The constituents of FGMs
can be metal-ceramic, ceramic-ceramic and metal-metal.
Among those metal-ceramic are the most common FGM
constituents, which is widely used for different intended
application [1] where the ceramic constituent acts as a good
thermal resistance and metallic constituent bears the
mechanical load. The variation in metal-metal FGM composition along the thickness is shown in ﬁgure 1.
A plate or shell made of functionally graded material
with smooth variation from ceramic to metal along its
thickness demonstrates the superior features compared to
its constituents. The ceramic-rich side provides noble
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Figure 1. Layered conﬁguration with material percentage along
thickness for metal-metal FGM.

defence against projectile impact while the metal-rich side
bargains toughness and strength to provide structural
integrity to a great extent. Hence, from a design and
manufacturing point of view, the accurate prediction of
their low velocity impact performance of such FG conical
shells is signiﬁcant for the designers to conﬁrm the structural integrity and safety.

2. Literature survey and scope of work
Transient low velocity impact response of FGM shallow
conical shell under rotation is rare in the open literature.
Low velocity impact performance of solid structures is a
well-known area of research in structural mechanics. The
founding investigations on low velocity impact performance on structures were performed by Goldsmith [2].
Various approaches can be adopted to analyze the contact
phenomenon between the impactor and target surface such
as spring mass models, energy balance technique and direct
approach techniques. A complete work of considering all
these techniques with their relative advantages and disadvantages can be found in a book by Abrate [3]. There is a
sequence of study available on simulation of low velocity
impact performance of FGMs with the commercial available software by Gunes and Aydin [4], Gunes et al [5] and
Etemadi et al [6]. Larson and Palazotto [7] established a
Hertzian type of contact model where the modiﬁed contact
stiffness was used incorporating the grading proﬁle along
the thickness direction and inﬂuences of various prime
parameters were shown. To further extend their work on
low velocity impact characteristics of FGM plates, Larson
and Palazotto [8] and Larson et al [9] developed a combined computational, analytical and experimental method.
Mao et al [10] studied the transient response of spherical
shallow shell and plate subjected to a low velocity impact
under thermal environment. Low velocity impact performance of a circular plate considering both radial and
transverse graded proﬁles was reported by Shariyat and
Jafari [11] considering ﬁrst order shear deformation theory.
Gong et al [12] studied the elastic behavior of functionally
graded cylindrical shells under low velocity impact load.
Lam et al [13] analyzed the low-velocity impact dynamics
of a system of a laminated beam and multiple impactor
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masses. Notable study was conducted by Kiani et al [14] on
low velocity impact performance of thick FGM beams in
thermal ﬁeld considering general boundary conditions.
Kubair and Lakshmana [15] investigated the low velocity
impact response of a damaged layered functionally graded
beam. Several work has been devoted to various other types
of structural studies of functionally graded structures, such
static analysis, thermal stress analysis, buckling analysis
and vibration analysis. Notable investigations in that area
were carried out by Tornabene et al [16], Pradhan et al
[17], and Malekzadeh et al [18]. Karmakar and Kishimoto
[19] presented the transient low velocity impact response of
delaminated composite rotating shallow shells. Considering
the review of the open literature, it is exposed that impact
response on rotating functionally graded shallow conical
shell structure has not got much attention. Therefore to ﬁll
the apparent void of research identiﬁed in the literature
review, the present work of Stainless Steel (SS)- Silicon
Nitride (Si3N4) functionally graded rotating shallow conical
shell idealized as turbomachinery blade is considered to
analyze the effects various triggering parameters on the
time dependent response subjected to low velocity normal
impact. In this work an attempt has been made to study the
low velocity impact characteristics of rotating pretwisted
functionally graded shallow conical shells employing a
ﬁnite element based numerical approach. In view of the
different manufacturing techniques [20] of FGM, it is said
that production of FGM without porosity is extremely difﬁcult. For Example, a Ceramic-Ceramic FGM produced by
3D printer (shown in ﬁgure 2) has 4% porosity. Therefore
in this study the porosity factor is also taken into consideration for analyzing the low velocity impact response of
FGM conical shell under rotation. Porosities in FGM can be
two types even and uneven porosities the detailed theoretical formulation explained by Wang and Zu [21].
The present ﬁnite element analyses are carried out using
an eight-noded isoparametric shell element having ﬁve
degrees of freedom (DOF) at each node. The inﬂuence of
important parameters like impactor initial velocity, mass of
the impactor, angle of twist and different porosity factors
are studied.

Figure 2. Layered conﬁguration for actual FGM material made
by makerbot 3D printer.

Sådhanå (2020)45:219

Page 3 of 15

3. Theoretical formulation

1.0

P ¼ P0 þ P1 T 1 þ 1 þ P1 T þ P2 T 2 þ P3 T 3

ð1Þ

Where ‘‘P’’ is material properties of FGMs and it
depends on constituent material properties and volume
fractions of the constituent materials which is expressed as
k
X

ð2Þ

Pi Vfi

0.8

Volume Fraction (Vc)

FGMs are deﬁned as a combination of two constituent
materials with smooth variation of the material properties
along their thickness. Commonly one surface is ceramic
rich while the other surface is metal rich. Most of the FGMs
are generally used in high-temperature locations and many
of the constituent materials possess temperature-dependent
mechanical and thermal properties and can be expressed as

P¼
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Figure 3. Ceramic volume fraction along the thickness of the
shell for various simple power law index.

i¼1

Where Vﬁ and Pi are the volume fraction and material
property of the constituent material i, satisfying the volume
fraction of all the component materials ‘‘k’’ is unity, i.e.,
k
X
i¼1

Vfi ¼


k 
X
2z þ h N
i¼1

2h

¼1

ð3Þ

Where N denotes the simple power law index and it is a
positive real number varies from zero to inﬁnity. For FG
conical shells the material properties differ constantly and
smoothly along the thickness direction of the shell. The
equivalent material property at each layer is obtained using
the simple power law expression [17] as shown by the
following equation.


2z þ h N
qðzÞ ¼ qm þ ðqc  qm Þ
2h


2z þ h
mð z Þ ¼ mm þ ð mc  mm Þ
2h

EðzÞ ¼ Em þ ðEc  Em Þ

ð4Þ

N

2z þ h
2h

ð5Þ
N
ð6Þ

E, t and q denote Young’s modulus, Poisson’s ratio and
mass density, respectively where-in sufﬁx as ‘c’ and ‘m’
indicate the corresponding values at the top surface (ceramic rich) and bottom surface(metal rich) of the FG conical shell. Effective mechanical properties of each layer of
the FG shell such as E, t and q can be calculated with the
help of equation (2). Figure 3 shows the variation of
ceramic volume fraction (Vc) along the non-dimensional
thickness (z/h) direction with simple power law exponent
(N) of the functionally graded material as furnished in
equation (3). Considering the simple power law of FGM
constituent materials, linear variation of volume fractions
for both ceramic as well as metal constituents can only be

observed for N = 1 while for N [ 1 metal percentage is
predominant on the other hand for N \ 1 the ceramic
percentage is predominant.
When the porosity factor is taken into account due to
several manufacturing anomalies presents during FGM
production process, the effective material properties
incorporating the porosity factor needs to be considered.
The effective material properties (Peff) of FGM shell with
even porosities that distributed identical in two phases of
ceramic and metal can be expressed by using the modiﬁed
rule of mixture as [22]


ap 
ap 
Peff ðzÞ ¼ Vm 
Pm þ V c 
Pc
ð7Þ
2
2
Where ap denotes the volume fraction of porositiesðap  1Þ, for perfect (without porosity) FGM, ap is set
to zero. Pc and Pm are the material properties of ceramic
and metal, Vm and Vc are the volume fraction of metal and
ceramic, respectively, the compositions represent in relation to [22]:
Vc þ Vm ¼ 1

ð8Þ

The effective material properties considering even porosity
are obtained using the power law distribution [22] and are
expressed in the following


2z þ h N aep

ðPc þ Pm Þ ð9Þ
Peff ðzÞ ¼ Pm þ ðPc  Pm Þ
2h
2


2z þ h
E ð z Þ ¼ Em þ ð E c  E m Þ
2h

mð z Þ ¼ mm þ ð mc  mm Þ

2z þ h
2h

N


N


aep
ðEc þ Em Þ ð10Þ
2

aep
ð mc þ mm Þ
2

ð11Þ
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qðzÞ ¼ qm þ ðqc  qm Þ

2z þ h
2h

N


aep
ðq þ qm Þ
2 c

ð12Þ

When uneven porosity is taken into account the effective
material properties considering different FGM constituent
law can be expressed as below (ﬁgure 4).
Peff ðzÞ ¼ Pm





2z þ h N aup
2jzj
þ ð Pc  Pm Þ

ð Pc þ Pm Þ 1 
2h
h
2
ð13Þ

E ð z Þ ¼ Em



2z þ h
þ ð Ec  Em Þ
2h

N



aup
2jzj

ð Ec þ Em Þ 1 
h
2
ð14Þ

mðzÞ ¼ mm þ ðmc  mm Þ





2z þ h N aup
2jzj

ðmc þ mm Þ 1 
2h
h
2
ð15Þ

qðzÞ ¼ qm



2z þ h
þ ðqc  qm Þ
2h

N



aup
2jzj

ðq þ qm Þ 1 
h
2 c
ð16Þ

The geometry of a functionally graded conical shell panel
with the coordinate system (x, y, z) established on the
middle surface is shown in ﬁgure 5. The geometric properties of the conical shell are represented by length L0, cone
length (s), semi-vertex angle ð/ve Þ, base subtended angle
ð/0 Þ, thickness h, and the radii at the two ends r1 and r2

Young's Modulus in GPa

350

Perfect FGM
Even porosity=0.1
Even porosity=0.2
Uneven porosity=0.1
Uneven porosity=0.2

300

A shallow shell is characterized by its middle surface
which is deﬁned by the equation
 2     2 
x
2xy
y
þ
þ
ð18Þ
z ¼ 0:5
rxy
rx
ry
Based on non-dimensional local co-ordinate (v, 1) system
the radius of twist (rxy), length (L0) of the conical shell are
expressed as
v¼

x
;
Lo

1¼

y
bo

ð19Þ

The function of the local coordinate system can be derived
from the geometry of conical shell and is expressed as
follows:
 
hr i s 
hr i
;ve
1
1
f ðv; 1Þ ¼
; where
¼ tan
ð20Þ
s ry ðv; 1Þ
s
2
The twist angle (W) conical shell are also expressed as
tanw ¼ 
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(r1 [ r2). The cone radius at any point along its length is
given by [19]
 
/
ry ðzÞ ¼ r2  zsin ve
ð17Þ
2
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Density (Kg/m )

Figure 5. Geometry of untwisted conical shell model.
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Figure 4. Variation of Young’s Modulus and Density along nondimensional thickness (z/h) for N = 1 considering different
porosity factor.

L0
rxy

ð21Þ

A rigid spherical impactor with low velocity travels
towards a functionally graded conical target and impacts on
the top surface of the conical shell, where the top surface is
ceramic-rich. The shell is initially at stationary and undeformed with one end clamped boundary condition that
could be idealized as a turbomachinery blade (as shown in
ﬁgure 6). The impactor is presumed to contribute no mass
to the system that would affect the shell modes and combined response. Additionally, the impact is idealized by
neglecting gravitational effects and assuming the impactor
bounces off the shell instantaneously after impacting on the
surface. The governing equations of low-velocity, low-energy impact phenomenon between a sphere and a plate have
been deﬁned by Goldsmith [2]. The formulation initiates by
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qx ¼ qc Vc;sum þ qm Vm;sum

ð26Þ

tx ¼ tc Vc;sum þ tm Vm;sum

ð27Þ



Vc;sum :Gm þ Vm;sum :Gc
Gx ¼
Gc Gm

1
ð28Þ

For the Hertzian contact law, contact force (FC) can be
calculated during loading unloading cycle as [6].
Fc ¼ Kmod a1:5 ;

Figure 6. Turbo-machinery blade as pre twisted conical shells
with single normal impact.

considering the pressure distribution from an impact incident can be resolved into a concentrated force of magnitude
F. At impact, the projectile will deform the shell globally as
well as a small localized area where the elastic sphere
indents the shell. The impact force causing the localized
deformation refers as indentation. FC, is a contact force that
may be expressed by the Hertzian contact formulation
which is effective for a relatively low-velocity, low-energy
impact where deformation between the impactor and target
are elastic in nature. The validity of this assumption
weakens for high velocity impact. Conway [23] established
a contact force model considering Hertzian-type contact
that is appropriate for transversely isotropic materials. This
model has been used to state the contact between the
impactor and FGM materials [6, 11]. The apparent elasticity module of the shallow conical shell may be written as
Ex ¼ Ec Vc;sum þ Em Vm;sum


Vc;sum  Em þ Vm;sum  Ec
Ez ¼
Ec Em

ð22Þ
1
ð23Þ

Where Vc;sum and Vm;sum are the sum of the volume fraction
of ceramic and metal constituents along the thickness
domain of the shell. The constituent material property
distributed based on simple power law distribution and can
be written as
Z2
h

Vc;sum ¼

1
h

h2


Z2 
1
2z þ h N
1
Vc dz ¼
dz ¼
h
2h
N þ1
h

ð24Þ

1
N
¼
Nþ1 N þ1

fFC g ¼ f000. . .. . .FCi . . .. . .000gT

ð30Þ

Where, FCi is the contact force at the node‘‘i’’. a = local
indentation which is the relative change in distance
between the impactor’s centre and the middle surface of
target shell and amax = maximum local indentation. The
modiﬁed contact stiffness ðKmod Þ of the Hertzian contact
law can be written as [7]
pﬃﬃﬃﬃﬃ
16 Rr
Kmod ¼
ð31Þ
3
3p Ktarg þ Kimpt ðeÞ2
Where e is a constant based on shape of the impactor and
target surface. For the low velocity impact case, the value
of this constant e depends on contact behaviour between a
conical shell target and a spherical impactor. The value of
this constant has been taken as 2 for the present low
velocity impact case. On the other hand Rr is a constant
depending on the curvatures of both impactor and projectile
and is expressed as
1
1
1
1
1
¼
þ impt þ targ þ targ
Rr Rimpt
Rx
Ry
Ry
x

ð32Þ

For spherical impactor, the principal radii Rimpt
and Rimpt
x
y
are equal. The Stiffness Ktarg of equation (31) is deﬁned by
following expression,
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A22 ½ðGx þ A11 A22 Þ2 ðGx þ A12 Þ2 
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð33Þ
Ktarg ¼
Gx 4p2 : A11 A22  A212
Where Gx is deﬁned in equation (28) and other parameters
of the above expression are deﬁned as follows
A11 ¼ 

ð25Þ

Following the equation (22), (23) the effective density qx,
Poisson’s ratio tx and shear modulus Gx are deﬁned using
the rule of mixture approach as follows

ð29Þ

While {FC} is the global contact force vector resulting from
impact and is given by

h2

Vm;sum ¼ 1  Vc;sum ¼ 1 

0  a  amax

A22

Ez ð 1  t x Þ
1  tx  2t2x EExz





Ex 1  t2x EExz


¼
ð1 þ tx Þ 1  tx  2t2x EExz

ð34Þ

ð35Þ
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A12 ¼ 

Ex t x
1  tx 

2t2x EExz



ð36Þ

Similar to the equation (33) the Kimpt which is deﬁned in
equation (31) can also be determined. It can be noted that
for the rigid impactor as in the present case, Kimpt ¼ 0.The
dynamic equilibrium equation derived from Lagrange’s
equation of motion is given by [24].
n o
½M  d€ þ ð½K Þfdg ¼ fFC g
ð37Þ
Where {FC } is the global vector of externally applied
load and {d} is the global displacement vector while
½M represents the global mass matrix [25]. The global
elastic stiffness matrix, ½K  can be written as [26, 27].
K¼

1
2

Z
fBgT ½D½BdðvolÞ

ð38Þ

vol

aðtÞ ¼ wi ðtÞ  wp ðxc ; yc ; tÞ cos w

ð42Þ

Where wi and wp are the displacement of impactor and
target plate along global z direction at the impact point (L0/
2, b0/2), respectively while W is the angle of twist. The
components of force at the impact point in global directions
are given by
Fix ¼ 0; Fiy ¼ FC sin w and Fiz ¼ FC cos w

ð43Þ

The solution for equation of motion given by equations (37)
and (41) are solved by Newmark’s integration algorithm
[19]. An eight noded isoparametric quadratic element
(ﬁgure 8.a) with ﬁve degrees of freedom at each node
(three translation and two rotations) is employed wherein
the shape functions ðQj Þ [19] are considered as function of
local natural coordinates of the element ðv; 1Þ. Here vj ¼
þ1 for nodes 2, 3, 6 and vj ¼ 1 for nodes 1, 4, 8 and
1j ¼ þ1 for nodes 3, 4, 7 and 1j ¼ 1 for nodes 1, 2, 5 as
furnished in ﬁgure 8.b and c.

For low velocity single impact problem {FC} can be
expressed as
fFC g ¼ f000. . .. . .Fci. . .. . .000gT

ð39Þ

For low velocity multiple impact problem (as shown in
ﬁgure 7) {FC} can be expressed as
fFC g ¼ f000. . .FCAi . . .FCBi . . .. . .000gT ðÞ

ð40Þ

For low velocity delayed multiple impact problems a time
lag considered between two impacts at location A and B.
The equation of motion of the rigid impactor is obtained
as
mi w€i þ Fci ¼ 0

ð41Þ

Where mi and w€i are the mass and acceleration of the
impactor, respectively.Neglecting the contribution of plate
displacements along global x and y directions, the indentation a can be written is

Figure 7. Multi-point impact on turbo-machinery blade as pre
twisted conical shells by rigid impactor.

4. Validation
A computation validation for single impact problem has
been carried out for a 15 mm thick isotropic FGM beam
that could be idealized for conical shell formulation with
rx = ry = inﬁnity and a rectangular planner form. In the
validation process mainly two important aspects such as
analytical solution method and ﬁnite element usage have
been taken into account. The results of Kiani et al [14] are
compared considering a simply supported boundary condition of 153.5 mm length, 10 mm width and 15 mm thick
FGM beam impacted centrally by a steel sphere of 12.7 mm
radius with initial velocity of 2.0 m/sec which provides
solution of an integral equation for a modiﬁed Hertzian
contact law expressed as in equation (29). Figure 9 depicts
the comparisons of time histories of Contact force and
indentation obtained from present FEM and that of Kiani

Figure 8. (a) Finite element discretization of (8 9 8) mesh,
(b) node numbers and the natural coordinates considering
isoparametric shell element. (c) Node numbers and natural
coordinates in planner view.
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(a)

(a)

(b)

(b)

Figure 9. (a) Contact force, (b) indentation histories of an FGM
beam clamped at both ends with immovable in-plane boundary
conditions.

et al [14]. This shows a good match between the present
FEM analysis and the reference [14] results. The slight
differences in the present results can be attributed to the
fact that Kiani et al [14] used energy methods.
For the multiple impact problem the present FEM codes
has been validated with the results of Lam and
Sathiyamoorthy [13]. A clamped-free boundary condition
of 300 mm length (L0), 10mm width (b0) and 10 mm thick
(h) composite beam simultaneously impacted at location 1
(L/6, b/2) and location 2 (5L/6, b/2) by two identical steel
spheres of 10 mm radius and 10 gm mass with initial
velocity of 2.0 m/sec is considered. Figure 10 depicts the
comparisons of time histories of Contact force and deﬂection obtained from present FEM and that of Lam and
Sathiyamoorthy [13]. This shows a good agreement
between the present FEM analysis and the reference [13]
results. The slight differences in the present results can be
attributed to the fact that Lam and Sathiyamoorthy used
energy methods. From the comparison as per ﬁgure 10, it
can be seen that the nature of variation is similar and the

Figure 10. (a) Contact force and (b) beam displacement histories of a cantilever composite ([0°/90°/90°/0°]) beam at Loc1 and
2. L = 0.3 m, b = 0.01 m, h = 0.01 m, ri1 ¼ ri2 ¼ 0:01 m,
vi1 ¼ vi2 ¼ 2:0 m/s, E1 = 144.80 GPa, E2 = .65 GPa, G12 = G13= 4.14 GPa, G23 = 3.45 GPa, m12 = 0.30, q = 1389.23 kg/m3.
Loc 1 (L/6, b/2), Loc2 (5L/6, b/2).

present FEM formulation can be acceptable for carrying out
these analyses with FGM conical shells.

5. Results and discussion
Transient dynamic analysis for single, multiple and time
delayed multiple impact problems for SS-Si3N4 functionally graded shallow conical shells are carried out considering different VOI, mass of the impactor, different porosity
factor for twisted as well as untwisted shell. The contact
parameters are obtained for the converged optimum value
of time step (1.0 l-sec) and mesh size of 8 9 8. In the
present study, the dimensions of length (L0) and width (b0)
are taken as 0.8 m and 0.143 m, respectively. The other
parameters of the conical shells (rx = ?) are rectangular
plan-form (L0/b0) = 5.59, curvature ratio (b0/ry) = 0.5 and
aspect ratio (L0/s) = 0.7. The conical shells are impacted at
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the centre (L0/2, b0/2) of the shell for a single impact
problem with different initial velocities of 1 m/s, 2 m/s,
3 m/s, 4 m/s and 5 m/s. For the multiple impact problem
the conical shell are impacted at location A (near the ﬁxed
end at node 61) and location B (near the free end at node
165) simultaneously by a different spherical impactor of
mass 10 gm, 15 gm and 20 gm with different initial
velocities of 1 m/s, 3 m/s and 5 m/s. Temperature dependent effective material property of FGM constituent material calculated at room temperature 300 K [28] (Table 1).
(a)

5.1 Effect of initial velocity of the impactor
The initial velocity of the impactor is an important factor
affecting the impact forces and design of an impact mitigating system. The effects of initial velocity of impactor
(VOI) on the transient response of the untwisted FGM
conical shell are furnished in ﬁgure 11. The Peak value of
contact force is found to increase with increase of initial
velocity of impactor as per ﬁgure 11(a). It is also observed
that the contact duration reduces with the increase of VOI.
The impactor’s displacement curve is observed to increase
during loading and after reaching the peak value, it is found
to decrease with a slope which is proportional to initial
velocity of impactor. From ﬁgure 11(b) it is to be noted that
the negative value of impactors displacement indicates the
situation when the impactor bounces back from the target
after hitting the target surface. The contact duration has an
inverse relationship with initial velocity of impactor while
the time at which peak value of contact force is achieved is
found to reduce with the increase of initial velocity of
impactor. The variation of the indentation is similar to the
contact force with respect to initial velocity of the impactor.
The slope of time history curves for velocity of Impactor
(from ﬁgure 11(c)) is found to be maximum value for
VOI = 10 m/sec, followed by VOI = 5 m/sec, VOI = 3 m/
sec and VOI = 1 m/sec, respectively. It is also to be noted
that the velocity of the impactor comes down to zero value
at the end of contract duration and subsequently it falls
down to negative value wherein null value of contact force
is observed. Figure 11(d) shows the increasing trends of
shell displacement with time.

(b)

(c)

(d)

Table 1. Temperature dependent effective material property of
FGM constituent material calculated at room temperature (300 K).
Material property
Young’s modulus (E)
Poisson ratio (m)
Density (q)

Material name
SS
Si3N4
SS
Si3N4
SS
Si3N4

Effective property
2.07788E?11 N/m2
3.22E?11 N/m2
0.318
0.24
8166 kg/m3
2370 kg/m3

Figure 11. (a) Contact force, (b) impactor displacement, (c) impactor velocity, (d) target displacement for N = 1, length = 0.8 m,
width = 0.143 m, thickness = 0.01 m, time step = 1.0 l-sec,
M0 = 0.01 Kg.

Figure 12 shows the impact parameter variation for
multiple impact problems. As per ﬁgure 12(a), location B
predicts lower contact force than that of location A for a
given VOI. Figure 12(b) depicts the peak value of the
impactor displacement is higher at location B than that of
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(a)

(a)

(b)

(b)
(c)

Figure 13. (a) Contact force, (b) impactor displacement for
multiple delayed impact at location A and Location B, N = 1,
Length = 0.8 m, width = 0.143 m, thickness = 0.01 m, time
step = 1.0 l-sec, mass of the impactor = 0.01 Kg. Td = time
delay 25 micro-sec and 50 micro-sec.

contact force than that of location A for simultaneous
impact and location B predicts further lower contact force
with time delay for a given VOI. From ﬁgure 13(b) higher
impactor displacement is observed at location B than that of
location A and with time delays the impactor displacement
at location B further increases.
(d)

Figure 12. (a) Contact force, (b) impactor displacement, (c) impactor velocity, (d) target displacement for multiple impact at
location A and location B, N = 1, length = 0.8 m, width = 0.143
m, thickness = 0.01 m, time step = 1.0 l-sec, M0 = 0.01 Kg.

location A while the ﬁgure 12(c) and (d) show the trends
for impactor velocity and shell displacement, respectively.
Figure 13(a) represents the contact force histories for time
delayed multi-impact cases. Location B predicts lower

5.2 Effect of porosities
For even porous ðaep Þ and uneven porous ðaup Þ FGM shell,
porosity factor are considered as 0.1 and 0.2, respectively.
Porosity factor greater than 0.2 is not considered as beyond
that factor the FGM shell structure will not viable to take
the desired load. Figure 14(a) depicts the contact force
histories for different porosity factors considering even and
uneven porosities along with perfect FGM shell.
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shell while the uneven porous aup ¼ 0:2 FGM shell
predicts the intermediate shell displacements. Figure 15.b
shows the variation of the shell displacement with different
VOI for perfect and porous FGM shell. Shell displacement
increases with increase of VOI but for all the cases higher
shell displacement is observed for even pours FGM shell.

5.3 Effect of mass of the impactor

(a)

Like initial velocity of the impactor, the mass of the
impactor also plays a signiﬁcant role affecting the impact
responses hence designers must be aware of the effect of
impactor mass for the low velocity impact phenomenon.
The impact characteristics greatly inﬂuence the mass of the
impactor (M0) and it is obvious that the contact force as
well as the impactor displacement, shell displacement and
indentation will vary with M0. Figure 16(a)–(d) illustrate
the effect of impactor mass on low velocity (VOI = 1 m/s)
multi-impact performance while the ﬁgures 16(e) and
(f) represent the effect of impactor mass in single impact

(b)
Figure 14. Contact force histories with different even and
uneven porosity factor, M0 = 10 gm.

Figure 14(b) represents the comparison of contact force
histories with different VOI for perfect, even and uneven
porous FGM shell considering porosity factor 0.2. Even
porous FGM shell predicts lower contact force than that of
corresponding uneven porous FGM shell for a given VOI.
Maximum value of the contact force is found for perfect
(porosity free) FGM shell while the peak value of the
contact force decreases with the increase of the porosity
factor. Uneven porous FGM shell predicts higher contact
force than that of even porous FGM shell for a given
porosity factor. This may be attributed to the fact that with
the increased porosity factor the stiffness of the shell
material decreases; hence it predicts the lower contact
force. The time at which peak value of contact force is
obtained and the total contact duration is found to be
unaltered with increase of the porosity factor. The contact
duration decreases considerably with higher VOI irrespective of the porosity factors. From ﬁgure 15(a), it can be
noted that the maximum shell displacement is found for
even porous FGM shell with porosity factor 0.2
aep ¼ 0:2 . Shell displacement is lowest for perfect FGM

(a)

(b)
Figure 15. Target/Shell displacement histories with different
even and uneven porosity factor, M0 = 10 gm.

Sådhanå (2020)45:219

(a)

(b)

(c)
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(d)

(e)

(f)

Figure 16. Effect of the mass of the impactor on impact performances for single (a)–(d) and multiple impact (e), (f) cases.

performance considering porosity factors for VOI = 3 m/s.
The contact force increases with the increase of mass of the
impactor also the time of achieving the peak value of the

contact force enhances with higher M0 (shown in ﬁgure 16(a)). Impactor displacement as per ﬁgure 16(b) enhances with M0 while location A predicts lower value than
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(a)
(a)

(b)

(b)

(c)

(c)

(d)

(d)

Figure 17. Effect of twist angle on single impact performances
FG conical shell, VOI = 3 m/s, M0 = 10 gm.

Figure 18. Effect of twist angle on multiple impact performances FG conical shell, VOI = 5 m/s, M0 = 10 gm.

that of location B. Target displacement (shown in ﬁgure 16(c)) shows an increasing trend with higher M0, but
higher shell displacement is observed at location B compared to location A. The slope of the impactor velocity
curve (shown in ﬁgure 16(d) is stiffer for lower M0 than
that of higher M0 for a given VOI. From ﬁgure 16(e) it can

be noted that even porous FGM shell predicts lower contact
force than that of uneven porous FGM shell while perfect
FGM shell shows maximum contact force for a given M0.
Contact force, contact duration and the time of achieving
peak contact force shows proportional relation with M0.
Shell displacement is also proportional with M0 (as shown

Sådhanå (2020)45:219
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displacement for untwisted and twisted cases. It can be seen
that the twist angle has an inverse relation for the shell displacement, i.e., higher displacement is observed for lower
twist angle and maximum displacement is observed for
untwisted case. The perfect FGM shell (porosity free) predicts lower shell displacement compared to the porous FGM
shell. The shell displacement value increases with porosity
factor for a given twist angle while the even porous FGM
shell shows higher shell displacement compared to the
uneven porous FGM shell.

6. Conclusions

Figure 19. Comparison of shell displacement for perfect, even
and uneven porous FGM shell. VOI = 3 m/s, M0 = 10 gm.

in ﬁgure 16(f) where perfect FGM predicts lowest shell
displacement and even porous FGM shell predicts highest
shell displacement.

5.4 Effect of twist angle
For a particular value of initial velocity of impactor, the peak
value of contact force is found to enhance slightly as the twist
angle increases. The trend of contact force histories with
different angle of twist for VOI = 3 m/s, has been furnished
in ﬁgure 17(a) while ﬁgure 17(b), (c) and (d) are for the
impactor displacement, target displacement and impactor
velocity histories, respectively at different twist angles. The
increasing trend of contact force histories observed due to the
fact that the coupling effects at higher twist angle enhances
the stiffness which helps to raise the maximum contact force.
Figure 18 represents the multiple impact performances
considering VOI = 5 m/s. From ﬁgure 18(a), it can be noted
that the contact force for location A is always higher compared to corresponding location B. The contact duration for
twisted cases reduces marginally than that of untwisted cases
irrespective of VOI and mass of the impactor. The time at
which peak value of contact force observed is found to be
unaltered with the rise twist angle. Hence, it can be inferred
that the effect of twist angle has signiﬁcant impact on contact
force and has marginal effect on contact duration but has no
effect on time of achieving peak value. Impactor displacement shows (ﬁgure 18(b)) decreasing trend with the increase
of twist angle while location A predicts lower impactor displacement compared to location B. Figure 18(c) and (d) depict the variation of shell displacement and impactor
velocity, respectively. Lower shell displacement is observed
with increase of the twist angle and location A predicts lower
shell displacement compared to location A for each case.
Figure 19 represents the effect of porosity on the target/shell

This paper has addressed low-velocity impact response of
Stainless Steel (SS)- Silicon Nitride (Si3N4) functionally
graded shallow conical shells which can be idealized as a
turbo-machinery blade used in energy and aviation ﬁeld.
Single impact at centre of the conical shell, multiple
impact, time delayed multiple impact and the different
porosity factors are considered for the analysis. The following conclusions can be drawn from the present investigation considering the different impact problems.
The present formulation is validated with the benchmark
problems of published literatures and can be useful to
analyse the transient dynamic analysis of FGM conical
shells subject to low velocity impact problems considering
single, multiple and time delayed impact cases. For porous
FGM conical shell a suitable porosity factors needs to be
considered depending on the manufacturing accuracy.
Single impact case:
1. Peak value of contact force is proportional with initial
velocity of impactor, but contact duration decreases
signiﬁcantly. The shell displacement is found to increase
with increase in velocity of impact.
2. Contact force and indentation is proportional to the mass
of the impactor while the contact duration shows inverse
relation with the mass of the impactor.
3. Contact force increases with the increase of twist angle.
Shell displacement is lower for the twisted conical shell
than that of corresponding untwisted shell.
Multiple impact case:
1. Higher peak value of contact force and lower contact
durations are observed at location A (near the ﬁxed end)
than that of location B (near the free end).
2. Shell displacement is proportional to the VOI and after
reaching maximum value it decreases further. It shows
higher value for location B than that of location A.
3. Impact force is proportional to the mass of the impactor
while the contact duration shows inverse relation with
the mass of the impactor.
4. Contact force is found to increase signiﬁcantly with the
increase of twist angles while location A predicts higher
contact force than that of location B.

219

Page 14 of 15

5. Higher shell and impactor displacements are observed at
location B compared to the location A.
6. For delayed multi impact problems the contact force at
location B reduces with time delay if the impact on
location B occurs during the time duration of impact for
the location A.
7. The contact force at location B reverts to the actual
values, as per the simultaneous multiple impact cases, if
the impact on location B occurs after the time duration of
impact of location A.
8. Time duration of impact at location A persists for a
longer period for lower VOI, hence the contact force at
location B shows lower trend for longer duration of time
for lower VOI case.
Impact of porous FGM shell case:
1. Contact force for perfect FGM (porosity free) shell is
higher than that of porous FGM shell; also the contact
force has inverse relation with the porosity factor.
2. Even porous FGM shell predicts lower contact force but
higher shell displacement than that of uneven porous
FGM for a given porosity factor.
3. Twisted shell shows higher contact force but lower shell
displacement than that of untwisted one for a given
porosity factor.
4. Shell displacement increases with porosity factor while
even porous FGM shell predicts highest shell
displacement.
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VOI
DOF
[M]
[K]
[B]
[D]
x, y, z
a
W
1, v
t
q
Kmod
r1,r2
rx
ry
rxy
b0
Qj
amax
Dt
L0
s/h
/ve
/0
Pi
Vf
{F}
{d}

Velocity of impactor
Degrees of freedom
Global mass matrix
Global elastic stiffness matrix
Strain displacement matrix
Elasticity matrix
Local coordinate axes
Local indentation
Angle of twist
Local natural coordinates of the element
Poisson’s ratio
Mass density
Modiﬁed contact stiffness
Radius of curvature (r1[r2)
Radius of curvature in x-direction
Radius of curvature in y-direction
Radius of twist
Reference width
Shape functions
Maximum local indentation
Time step
Length of blade
Thickness ratio
Vertex angle
Base subtended angle of cone
Effective material property
Volume fraction
Total vector of externally applied load
Total displacement vector
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