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Abstract. The purpose of this paper is to discuss a special type of functional equation that describes the
relationship between the predator animals and their two choices of prey with their corresponding probabilities.
Our aim is to ﬁnd the existence and uniqueness results of the proposed functional equation using the Banach
ﬁxed point theorem. Finally, we give an illustrative example that supports our main results.
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1. Introduction
The vigorous link of the predator and their prey is one of
the major concerns in the ecosystem. Recently, researchers
found that predation can impact the size of the prey population by going about as top-down control. Indeed, the
interaction between these two types of population control
provides opportunities to observe the changes in population
over time [1, 2].
In 1973, Lyubich and Shapiro [3] studied the existence
and uniqueness of a continuous solution u : ½0; 1 ! ½0; 1
of the following functional equation:
uðxÞ ¼ xuðð1  lÞx þ lÞ þ ð1  xÞuðð1  mÞxÞ; x 2 ½0; 1;
ð1:1Þ
where 0\l  m\1: The functional equation (1.1) appears
in mathematical biology and the theory of learning to
observe the nature of predator animals that hunt two kinds
of prey. Such a conduct is deﬁned by the Markov process in
the state space [0, 1] with the probabilities of transition
given by
Pðx ! ð1  lÞx þ lÞ ¼ x; Pðx ! ð1  mÞxÞ ¼ 1  x:
In the mathematical model (1.1) the solution u is the ﬁnal
probability of the event when the predator is ﬁxed on one
category of prey, knowing that the initial probability for
this category to be chosen is equal to x. Also, Turab and
Sintunavarat [4] used such a type of functional equation to

observe the behaviour of the paradise ﬁsh in a two-choice
situation.
In [3], Lyubich and Shapiro used Schauder’s ﬁxed point
theorem to prove the existence of a solution of the functional equation (1.1) of the following form:
uðxÞ ¼

1
P

ji xi ; ji  0;

i¼1

satisfying the conditions
uð0Þ ¼ 0; uð1Þ ¼ 1:

After this, Istrăţescu [5] proposed the existence and
uniqueness result for the solution of the functional equation
(1.1) with condition (1.2) using the Banach contraction
mapping principle.
In this context, Dmitriev and Shapiro [6] found a solution
of (1.1) by a direct method. They denoted k1 ¼ 1  l and
k2 ¼ 1  m and used the substitution
uðxÞ :¼ x þ ðk2  k1 Þxð1  xÞfðxÞ;

ð1:3Þ

to reduce the functional equation (1.1) with the unknown
function u to the following functional equation:
fðxÞ ¼ k1 ð1  k1 ð1  xÞÞfð1  k1 ð1  xÞÞ
þ k2 ð1  k2 xÞfðk2 xÞ þ 1;

ð1:4Þ

where f is an unknown function. Thus, they proved that the
solution of the functional equation (1.4) can be presented as
fðxÞ ¼

1
P
i¼0

*For correspondence

ð1:2Þ

ui ðxÞ;

ð1:5Þ
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where
u0 ðxÞ ¼

1
X

Theorem 2.4 (Banach ﬁxed point theorem in [8]) Consider
a metric space ðX ; dÞ, where X ¼
6 £. Suppose that X is
complete and let A : X ! X be a contraction mapping. Then
A is a Picard mapping. Moreover, if x is a ﬁxed point of A,
then for each x 2 X we get the following error estimation:

k2j lj ðx; k2 Þ;

j¼0

uiþ1 ðxÞ ¼ k1

1
P
j¼0

k2j lj ðx; k2 Þð1  ð1  k2j xÞÞ


dðAn ðxÞ; xÞ

ui ð1  ð1  k2j xÞÞ
and
(

for all n 2 N, where k is the contractive coefﬁcient of A.

l0 ðx; k2 Þ ¼ 1 and
lj ðx; k2 Þ ¼ ð1  k2 xÞ:::ð1  k2j xÞ; j  1:

3. Main result

In recent times the result of Istrăţ escu [5] was expanded by
Berinde and Khan [7], who discussed the existence and
uniqueness of a solution of the proposed functional equation using the Banach ﬁxed point theorem. They modelled
the functional equation (1.1) in the following form:
uðxÞ ¼ xuðr1 ðxÞÞ þ ð1  xÞuðr2 ðxÞÞ;

kn

dðx; xÞ
1k

ð1:6Þ

where u : ½0; 1 ! R is an unknown function, r1 ; r2 :
½0; 1 ! ½0; 1 are contraction mappings satisfying

r1 ð1Þ ¼ 1 and
ð1:7Þ
r2 ð0Þ ¼ 0:
In this work, they used the boundary conditions (1.7) to
prove Theorem 2.2 in [7].
Our aim is to introduce new conditions and prove the
existence and uniqueness of a solution of the functional
equation (1.6) using one boundary condition in (1.7). Also,
we present some examples to support our main results.

Let X be the collection of all continuous real-valued
functions u : ½0; 1 ! R such that uð0Þ ¼ 0 and
juðxÞ  uðyÞj
\1:
jx  yj
x6¼y

sup

ð3:1Þ

If kk : X ! R is deﬁned by
kuk ¼ supx6¼y

juðxÞ  uðyÞj
jxyj

ð3:2Þ

for all u 2 X , then ðX ; kkÞ is a Banach space. Throughout
this paper, unless otherwise speciﬁed, kk is a norm on X
deﬁned by (3.2). Furthermore, we shall be interested with the
existence of a solution of the following functional equation:
uðxÞ ¼ xuðr1 ðxÞÞ þ ð1  xÞuðr2 ðxÞÞ; x 2 ½0; 1;

ð3:3Þ

where u : ½0; 1 ! R is an unknown function, r1 ; r2 :
½0; 1 ! ½0; 1 are given contraction mappings. We now
turn to our main results in this paper.
Theorem 3.1 Consider the functional equation (3.3).
Suppose that r1 ; r2 : ½0; 1 ! ½0; 1 are contraction mappings with contractive coefﬁcients a and b, respectively,
such that r2 ð0Þ ¼ 0 and

2. Preliminaries
Following deﬁnitions and the well-known ﬁxed point
results will be required in the continuation.

jr1 ðxÞ  r2 ðyÞj  cj x  yj

ð3:4Þ

Deﬁnition 2.1 Let X and Y be two nonempty sets and
A : X !Y be a single-valued mapping. A point x 2 X is
called a ﬁxed point of A if and only if x ¼ Ax.

for all x; y 2 ½0; 1 with x 6¼ y; where c 2 ½0; 1Þ such that

Deﬁnition 2.2 Let ðX ; dÞ be a metric space. A mapping
A : X ! X is called a contraction on X if there is a nonnegative real number k\1 such that

Then (3.3) has a unique solution. Moreover, the sequence
fun g in X deﬁned by

dðAx; AyÞ  kdðx; yÞ

ð2:1Þ

for all x; y 2 X . Here, the number k is called the contractive
coefﬁcient.
Deﬁnition 2.3 Let ðX ; dÞ be a metric space. A mapping
A : X ! X is said to be a Picard mapping if there exists
 and fAn ðxÞgn2N converges to x for
x 2 X such that FA ¼ fxg
all x 2 X ; where FA denotes the set of all ﬁxed points of A.

2a þ b þ c\1:

un ðxÞ ¼ xun1 ðr1 ðxÞÞ þ ð1  xÞun1 ðr2 ðxÞÞ
for all n 2 N, where u0 , given in X, converges to a unique
solution of (3.3).
Proof Let d : X  X ! R be a metric induced by kk on
X . Then ðX ; dÞ is a complete metric space. We consider the
operator A from X deﬁned by
ðAuÞðxÞ ¼ xuðr1 ðxÞÞ þ ð1  xÞuðr2 ðxÞÞ; x 2 ½0; 1;
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dðAu; A/Þ ¼ k Au  A/k
 ð2a þ b þ cÞku  /k

ðAuÞð0Þ ¼ uðr2 ð0ÞÞ ¼ uð0Þ ¼ 0:
Also, Au is continuous and kAuk\1 for all u 2 X .
Therefore, A is a self-operator on X. Furthermore, it is clear
that the solution of the functional equation (3.3) is equivalent to the ﬁxed point of an operator A.
As A is a linear mapping, for u; / 2 X ; we have
k Au  A/k ¼ k Aðu  /Þk:
Thus, to estimate kAu  A/k; we marked the following
framework:
Xx;y :¼

Aðu  /ÞðxÞ  Aðu  /ÞðyÞ
; x; y 2 ½0; 1; x 6¼ y:
xy

For each x; y 2 ½0; 1 with x 6¼ y, we get
1 h
xðu  /Þðr1 ðxÞÞ þ ð1  xÞðu  /Þðr2 ðxÞÞ
xy
i
 yðu  /Þðr1 ðyÞÞ  ð1  yÞðu  /Þðr2 ðyÞÞ
1 h
¼
xðu  /Þðr1 ðxÞÞ  xðu  /Þðr1 ðyÞÞ
xy
þ ð1  xÞðu  /Þðr2 ðxÞÞ  ð1  xÞðu  /Þðr2 ðyÞÞ
þ xðu  /Þðr1 ðyÞÞ  yðu  /Þðr1 ðyÞÞ

Xx;y ¼

i
þ ð1  xÞðu  /Þðr2 ðyÞÞ  ð1  yÞðu  /Þðr2 ðyÞÞ :

Then we have


Xx;y 
jðu  /Þðr1 ðxÞÞ  ðu  /Þðr1 ðyÞÞj
jr1 ðxÞ  r1 ðyÞj
jr1 ðxÞ  r1 ðyÞj
j x  yj
jðu  /Þðr2 ðxÞÞ  ðu  /Þðr2 ðyÞÞj
þ ð1  xÞ
jr2 ðxÞ  r2 ðyÞj
jr2 ðxÞ  r2 ðyÞj
j x  yj
jðu  /Þðr1 ðyÞÞ  ðu  /Þðr1 ðxÞÞj
þ
jr1 ðyÞ  r1 ðxÞj
jr1 ðyÞ  r1 ðxÞj
jðu  /Þðr1 ðxÞÞ  ðu  /Þðr2 ðyÞÞj
jr1 ðxÞ  r2 ðyÞj:
þ
jr1 ðxÞ  r2 ðyÞj

x

This yields


Xx;y 



x
1x
jr1 ðxÞ  r1 ðyÞj þ
jr2 ðxÞ  r2 ðyÞj
j x  yj
j x  yj

þ jr1 ðyÞ  r1 ðxÞj þ jr1 ðxÞ  r2 ðyÞj ku  /k

 ðax þ bð1  xÞ þ aj y  xj þ cj x  yjÞku  /k
 ð2a þ b þ cÞku  /k

and thus
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¼ ð2a þ b þ cÞdðu; /Þ:
As 2a þ b þ c\1, by Theorem 2.4, we get the unique
solution of (3.3). h
Remark 3.2 Sometimes it is very difﬁcult to obtain the
condition (3.4); therefore we try to use another condition to
seek the solution of the functional equation (3.3).
Theorem 3.3 Consider the functional equation (3.3).
Suppose that r1 ; r2 : ½0; 1 ! ½0; 1 are contraction mappings with contractive coefﬁcients a and b, respectively,
such that r2 ð0Þ ¼ 0,
2a þ 2b\1
 ¼ r2 ðxÞ.

and there exists a point x 2 ½0; 1 such that r1 ðxÞ
Then (3.3) has a unique solution. Moreover, the sequence
fun g in X deﬁned by
un ðxÞ ¼ xun1 ðr1 ðxÞÞ þ ð1  xÞun1 ðr2 ðxÞÞ
for all n 2 N, where u0 is given in X , converges to a
unique solution of (3.3).
Proof We consider the metric d and the operator A : X !
X as in Theorem 3.1. For each x; y 2 ½0; 1 with x 6¼ y, we
set the following notation:
Xx;y :¼

Aðu  /ÞðxÞ  Aðu  /ÞðyÞ
:
xy

For each u; / 2 X and x; y 2 ½0; 1 with x 6¼ y, we get

h

 
Xx;y  ¼  1 xðu  /Þðr1 ðxÞÞ þ ð1  xÞðu  /Þðr2 ðxÞÞ
xy
i
 yðu  /Þðr1 ðyÞÞ  ð1  yÞðu  /Þðr2 ðyÞÞ 

i
 1 h


xðu  /Þðr1 ðxÞÞ  xðu  /Þðr1 ðyÞÞ 
xy

 1 h
þ 
ð1  xÞðu  /Þðr2 ðxÞÞ
xy
i
 ð1  xÞðu  /Þðr2 ðyÞÞ 

 1 h
þ 
ðx  yÞðu  /Þðr1 ðyÞÞ
xy
i
 
 ðx  yÞðu  /Þðr1 ðxÞÞ

 1 h
þ 
ðx  yÞðu  /Þðr2 ðyÞÞ
xy
i
 :
 ðx  yÞðu  /Þðr2 ðxÞÞ
ð3:5Þ
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Now, we will discuss the following two cases.
Case 1: If x ¼ y, then by (3.5) we have


Xx;y   x jðu  /Þðr1 ðxÞÞ  ðu  /Þðr1 ðyÞÞj jr1 ðxÞ  r1 ðyÞj
j x  yj
jr1 ðxÞ  r1 ðyÞj
jðu  /Þðr2 ðxÞÞ  ðu1  /Þðr2 ðyÞÞj
þ ð1  xÞ
jr2 ðxÞ  r2 ðyÞj
jr2 ðxÞ  r2 ðyÞj
:
j x  yj

This yields


Xx;y  



x
jr1 ðxÞ  r1 ðyÞj
j x  yj

1x
þ
jr2 ðxÞ  r2 ðyÞj ku  /k
j x  yj

ð3:6Þ

Next, an illustrative example is presented that demonstrates
the validity of the hypotheses and degree of utility of our
results.
Consider the following functional equation:
 
 
þ ð1  xÞu 2x
ð4:1Þ
uðxÞ ¼ xu xþ1
7
7

for all x 2 ½0; 1, where u : ½0; 1 ! R is an unknown
function. If we set the mappings r1 ; r2 : ½0; 1 ! ½0; 1 by
2x
r1 ðxÞ ¼ xþ1
7 and r2 ðxÞ ¼ 7

 ða þ bÞku  /k
 2ða þ bÞku  /k:
Case 2: If x 6¼ y, then by (3.5) we have


Xx;y 
jðu  /Þðr1 ðxÞÞ  ðu  /Þðr1 ðyÞÞj
jr1 ðxÞ  r1 ðyÞj
jr1 ðxÞ  r1 ðyÞj
j x  yj
jðu  /Þðr2 ðxÞÞ  ðu  /Þðr2 ðyÞÞj
þ ð1  xÞ
jr2 ðxÞ  r2 ðyÞj
jr2 ðxÞ  r2 ðyÞj
j x  yj
 j
jðu  /Þðr1 ðyÞÞ  ðu  /Þðr1 ðxÞÞ
j
þ
jr1 ðyÞ  r1 ðxÞ
j
jr1 ðyÞ  r1 ðxÞ
  ðu  /Þðr2 ðyÞÞj
jðu  /Þðr2 ðxÞÞ
  r2 ðyÞj:
þ
jr2 ðxÞ
  r2 ðyÞj
jr2 ðxÞ

x

for all x 2 ½0; 1, then the functional equation (4.1) reduces
to the functional equation (3.3).
Next, we try to apply Theorem 3.3 for solving this
problem. Here, r1 and r2 are contraction mappings with
coefﬁcient a ¼ 17 and b ¼ 27, respectively, and thus
2a þ 2b\1. Also, there exists a point x 2 ½0; 1 such that
 ¼ r2 ðxÞ
 (see Fig. 1).
r1 ðxÞ
Now, all the assumptions of Theorem 3.3 hold. Therefore, the functional equation (4.1) has a unique solution.
Moreover, if we take an initial approximation u0 ðxÞ ¼ x for
all x 2 ½0; 1, then the following iteration converges to a
unique solution of (4.1):
x2 þ 3x
;
7
3x3  27x2 þ 62x
;
u2 ðxÞ ¼
343
..
.
 
 
un ðxÞ ¼ xun1 xþ1
þ ð1  xÞun1 2x
7
7 ;
u1 ðxÞ ¼

for all n 2 N. Hence, by the error estimate, we can get a
priori to know how many iterations are required to achieve
absolute precision in approximating the solution u using
the iterates un .


  r1 ðyÞj þ jr2 ðxÞ
  r2 ðyÞj ku  /k
þ jr1 ðxÞ
 ðax þ bð1  xÞ þ ajx  yj þ bjx  yjÞku  /k
 ð2a þ 2bÞku  /k:
ð3:7Þ
From (3.6) and (3.7), we obtain
dðAu; A/Þ ¼ k Au  A/k  ð2a þ 2bÞku  /k
¼ ð2a þ 2bÞdðu; /Þ:

4. An illustrative example

Example 4.1

 ½ax þ bð1  xÞku  /k

This yields



x
Xx;y  
jr1 ðxÞ  r1 ðyÞj
j x  yj
1x
þ
jr2 ðxÞ  r2 ðyÞj
j x  yj

From the fact that 2a þ 2b\1, we get A as a Banach
contraction mapping. By Theorem 2.4, we get the unique
solution of (3.3).
h

ð3:8Þ

Consider, for example, the particular case a ¼ 17 ; b ¼ 27,
and ﬁx the desired computational precision to e ¼ 10p . By
the inequality
kun  uk 

an
ku  u0 k; n ¼ 1; 2; 3; . . .;
1a 1

where a :¼ 2a þ 2b, we obtain that n must be the smallest
number such that
 n
6
1
 e:
7
7
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more problems than the previous ones existing in the particular literature.
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Figure 1. Graphs of r1 and r2 in Example 4.1.

In case p ¼ 3, for example, this shows that we must compute n  58 iterations or more (which requires a substantial
computational skill) to calculate the solution with 3 exact
digits.
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Picard iteration, we cannot expect fast convergence from
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