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Abstract. The present study focuses on to explore the dynamic analysis of a viscoelastic propeller-shaft
system with transverse breathing crack supported by journal bearings. Finite element modelling of the shaft
continuum is done considering the Euler-Bernoulli beam theory. Operator based constitutive relationship is
applied to incorporate material damping of the rotor and higher-order equations of motion are established.
Accurate time-dependent functions are used to formulate cracked element stiffness matrix and augmented to the
overall stiffness matrix of the entire system. Eigen analysis is performed after converting the higher-order
equation into the ﬁrst-order form. A Comparative study is demonstrated based on different dynamic parameters
like whirl frequency, modal damping factor and stability limit of spin speed. Further, the variation of stability
limit of spin speed and natural frequency is also studied based on the parameters such as crack depth and its
location along different section of the propeller shaft.
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1. Introduction
Rotor Dynamics mainly focuses on studying the vibrations
in the rotor system as well as control strategy. Various
types of speed-dependent forces are produced during shaft
rotation which includes gyroscopic, rotating damping and
bearing damping forces [1]. The modelling of these forces
results to an asymmetric system [2]. Internal material
damping of viscoelastic rotors produces a speed-dependent
tangential rotating damping force and tends to disturb the
rotor-shaft-bearing system. Thus for proper dynamic study
of viscoelastic rotors, modelling should include appropriate
procedures to take the internal damping into account. The
time-domain representation of viscoelastic nature is
explained by using the rheological model, which is a
combination of linear springs and dashpots where the
spring acts for elastic nature and the dashpot acts for viscous nature. Various arrangements of springs and dashpots
give different rheological models of viscoelastic materials
such as Kelvin –Voigt model, Maxwell model and Zener
model. Bland [3]; Christensen [4]; Shames and Cozzarelli
[5] and many others used different rheological models for
linear viscoelastic semi-solid. Further, the modulus operator was established using different rheological models and
several research works were carried out to perform dynamic
analysis of viscoelastic rotor shafts [6, 7].
*For correspondence

In recent years, studying the dynamic modelling of a
cracked rotor has appeared with great and immense
advancement. Manufacturing defects in the end product or
cyclic loading are the main reasons for the production of
fatigue cracks, which may cause catastrophic failures.
Many research papers were authored for identifying crack
shaft, and examination was carried out to explore the
impacts of various crack parameters like depth of the crack,
location of crack, loading condition and rotational speed.
Apart from these parameters, one of the most signiﬁcant
factors is the type of crack that affects the dynamic modelling. Though there exist several types of crack, the
breathing crack is considered to be critical for rotating
structures. Different approaches were developed by many
researchers to model a rotor shaft with a crack exhibiting
breathing modelling i.e., opening and closing tendency of
the crack [8, 9]. Sinou and Lees [10] modeled a rotor shaft
with breathing transverse crack using an alternate frequency-/time-domain approach and conferred changes in
modal properties and dynamic response. The authors
Georgantzinos and Anifantis [11] discussed the breathing
crack mechanism of a rotating shaft considering quasi-static
approximation and reﬁned nonlinear contact-ﬁnite element
procedure. Soon, in order to signiﬁcantly show the effect of
opening and closing mechanism of the crack during rotation, Al-Shudeifat and Butcher [12] successfully represented new breathing functions in terms of a timedependent area moment of inertia and studied its
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incorporation through orbital responses. Further considering the effect of crack parameters such as crack orientation
and the number of cracks, Han and Chu [13] performed the
analysis over a rotor-bearing system containing double
breathing transverse cracks. Dynamic instability of the
double cracked rotor gave some extraordinary features that
vary from a single cracked rotor system. Guo et al [14, 15]
used Floquet theory as well as empirical mode decomposition method to detect crack propagation and study its
effect on the stability of the damped rotor system. In
another monograph, Peng et al [16] used the numerical
Floquet method for studying the stability of periodic timedependent Jeffcott rotor containing transverse breathing
crack. Most recently, Mobarak et al [17] generated an
analytical model of a breathing crack rotor shaft system
coupling the effects of unbalance force, rotor weight as well
as its physical and dimensional properties. Wang et al [18]
discussed the stability limits of spin speed of an anisotropic
rotor-shaft system mounted on journal bearings containing
a transverse breathing crack.
Within the same range of time, a broad spectrum of literature has been found which provides an insight into the
non-linear effect of breathing crack. In this direction
authors like Sinou and Lees [19] used truncated Fourier
series and harmonic balance method to include the varying
stiffness of the shaft due to the breathing effect of the crack.
Truncated time-varying cosine series was utilized by Chen
and Dai [20] for accounting the opening and closing effect
of the crack and studied the nonlinear dynamics of a
cracked rotor system mounted on viscoelastic supports. A
ﬁnite element 3D model of cracked shaft was formulated by
Bachschmid et al [21] and the non-linear modelling through
an approximated approach was studied. Further, a more
realistic variation in the stiffness matrix of a rotating shaft
with a breathing crack was represented by Amer and
Nguyen [22] by locating a non-linear spring at the cracked
transverse section position. Chen [23] applied the ﬁnite
element method to investigate the non-linear dynamic
characteristics of slant breathing crack in a ﬂexible rotor
shaft system mounted on bearings exhibiting linear/nonlinear forces.
Although research works related to the cracked rotor are
abundant, the analyses of cracked rotor considering realistic
systems are very few. Further, the modelling of a shaft with
all asymmetric effects is also important for predicting
proper dynamic patterns. In this study, a ﬁnite element
model of a viscoelastic propeller shaft supported on journal
bearings is developed. Single transverse breathing crack is
introduced over the shaft continuum using accurate
breathing functions. The obtained time-dependent stiffness
matrix of the cracked element is assembled with the stiffness matrix of the intact elements and the global stiffness
matrix is generated. The modulus operator of the threeelement model is employed to tackle the damping property
of the viscoelastic shaft and the higher-order equation of
motion is derived. This ﬁnite element formulation of the
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complex propeller shaft includes various types of asymmetries like gyroscopic, internal damping and journal
bearing effect. With the inclusion of crack, the formulation
also becomes non-axisymmetric. Further, the ﬁrst-order
equation of motion is derived from the higher-order equation and eigen analysis is carried out. Dynamic characteristics of the internally damped cracked propeller shaft are
studied based on different conventional parameters such as
decay rate plot, Campbell diagram, modal damping factor
and stability limit of spin speed.

2. Mathematical modelling
2.1 Breathing crack formulation
The breathing mechanism happens in the cracked rotor
when the shaft is subjected to high radial force and the
transverse thickness of crack is very little along the axial
direction. A methodology for computing the exact
breathing mechanism of breathing cracked rotor is presented in this paper after considering linear stress/strain
dispersion in the crack area. The time-dependent cracked
stiffness matrix is addressed here to estimate the breathing
mechanism and linked to the linearly time-domain ﬁnite
element equation.
The rotor cross-section of an area A with a crack segment area Ac is shown in ﬁgure 1a), where the crack
portion is marked by hashed line. Figure 1a) shows the
initial position (t ¼ 0) of the crack surface and assumed
that its edge is perpendicular to the vertical axis. The
coordinate axis passing through the centre of the whole
cross-section (O) is indicated by the lower case whereas
the upper case is used for the coordinate axis passing
through the centroid of the uncracked portion (C). The
symbol tilde (*) is applied for the rotating frame of
reference. Figure 1b) represents the shaft location for
t [ 0, where the crack surface makes an angle Xt with the
negative Z-axis. The distance OC is written as c, and it is
changing with time during rotation.
For crack depth h, the angle made by the crack segment
at the centre is h. As the crack line is symmetric
  about the
vertical axis, the angle is, h ¼ 2 cos1 rh
r . The total
h 2
subtended area by this angle is 2p pr . The expression of
0
the cross-sectional area of the uncracked segment (A )
under full crack open condition is given by,


 
h
h
0
A ¼ A  Ac ¼ 1 
pr 2 þ ðr  hÞr sin
ð1Þ
2p
2
During rotation, the crack portion above the neutral axis
is subjected to compressive stress. Hence the crack starts to
close at h1 and crack turns into fully closed state at h2 .
Where h1 is calculated from similar DCOE and DCFD in
Figure 1b while h2 is calculated from DBCDin ﬁgure 1c)
given as (Al-Shudeifat and Butcher [12]),
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Figure 1. Different orientation of cracked element rotor cross-section a) At rest, b) When the crack starts to close and c) When the
crack becomes full close.

h1 ¼ tan

!
c þ ðr  hÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
hð2r  hÞ

1



p
rh
h2 ¼ þ cos1
2
r
ð2Þ

3

2

2r
2
where, c ¼ 3A
0 ðhð2r  hÞÞ
Once the crack portion starts to close, the time-varying
00
area of the closed crack segment is A ðtÞ. Thus at any
instant of time, the uncracked portion area is given by,
0

00

Ao ðtÞ ¼ A þ A ðtÞ
0

0

ð3Þ
0

The area moment of inertia IyA , IzA of A about ﬁxed y and
z-axis for t ¼ 0 respectively is calculated as
0

IyA ¼ I  IyAc
0

IzA ¼ I  IzAc




pr 4 1 4 1 r  h
r sin

¼
4
r
8

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

 ðr  hÞ hð2r  hÞ 2rh  r 2  h2



1
1 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r 4 sin1
hð2r  hÞ
12
r
 2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr  hÞ 3r  28hr þ 14h2
hð2r  hÞ

IzAc ¼

ð4bÞ

ð5aÞ

ð5bÞ

when the shaft starts to rotate at timet  0, the area moment
0
of inertia of the section A about y and z is given by Pilkey
[24],
0

ð4aÞ

where, I ¼ pr4 is the moment of inertia of whole crosssection. While area moment of inertia of the crack segment
IyAc and IzAc are given as
4

IyAc

0

IyA

0

0

IzA

0

0

0

IyA þ IzA
IyA  IzA
þ
cosð2XtÞ
ðtÞ ¼
2
2
0

0

ð6aÞ

0

IyA þ IzA
IyA  IzA

cosð2XtÞ
ðtÞ ¼
2
2

ð6bÞ

Considering total time-dependent area A0 ðtÞ, the area
moment of inertia about y and zaxes is given by,
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0

00

0

00

IyA0 ðtÞ ¼ IyA ðtÞ þ IyA ðtÞ
IzA0 ðtÞ ¼ IzA ðtÞ þ IzA ðtÞ
where

IyA

00

and
00

IzA

00

ð7aÞ
k1

ð7bÞ

c1

are time-dependent area moment of

IYA0 ðtÞ ¼ IyA0 ðtÞ  A0 ðtÞyC ðtÞ2

ð8aÞ

IZA0 ðtÞ ¼ IzA0 ðtÞ  A0 ðtÞzC ðtÞ2

ð8bÞ

where, y0 ðtÞ and z0 ðtÞ are the time-dependent coordinates of
the centroid C.
The preceding equations (8a) and (8b) give an approximate solution for the area moment of inertia when solved
individually for IYA0 ðtÞ and IZA0 ðtÞ through Fourier series
expansion.

2

2

K cC

Figure 2. Standard 3- Element Model.

0

IYA0 ðtÞ ¼ I  ðI  IZA Þf1 ðtÞ
0

0
0

6
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6 12I A0 ðtÞ
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6
¼ 36
0
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6
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0

IZA0 ðtÞ ¼ I þ ðI  IYA Þf1 ðtÞ  ð2I  IYA  IZA Þf2 ðtÞ ð9bÞ

 
m
2
2
where, f1 ðtÞ ¼ cos 12 Xt ; f2 ðtÞ ¼ p1  h1 þh
2 þ ðh2 h1 Þ
p
P
cosðih2 Þcosðih1 Þ
cosðiXtÞÞ
i2

i¼1

This time-dependent moment of inertia is used in the
ﬁnite element matrix, which reﬂects the breathing crack
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0
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0
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The accurate solution of IYA0 ðtÞ and IZA0 ðtÞ is derived by
carrying out the Fourier series expansion over IYA0 ðtÞ þ
IZA0 ðtÞ which actually matches the trend of time-dependent
area A0 ðtÞ unlike when solved individually (Al-Shudeifat
and Butcher [12]). This accurate relationship for IYA0 ðtÞ and
IZA0 ðtÞ is derived to be,

εx

σx

inertia of A ðtÞ about y and z axes respectively.
Further, following equations (5a) and equation (5b), the
area moment of inertia of total uncracked portion
A0 ðtÞabout Y and Z axes is written as,

K cB

k2

3
0
0
7
0
0
7
12IZA0 ðtÞ 6lIZA0 ðtÞ 7
7
6lIYA0 ðtÞ 2l2 IYA0 ðtÞ 7
7
7
0
0
7
7
0
0
7
A0
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12IY ðtÞ
6lIY ðtÞ 5
6lIZA0 ðtÞ 4l2 IZA0 ðtÞ

ð10aÞ

behavior. The stiffness matrix KcB of the breathing crack
element of the rotor shaft is written as,
Following this stiffness matrix, the expression of circulatory stiffness matrix KcC of the cracked element due to
internal damping is given as,

3
12IYA0 ðtÞ 6lIYA0 ðtÞ
0
0
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0
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0
0
12IZ ðtÞ 6lIZ ðtÞ
0
0
7
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7
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0
0
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0
0
7 ð10bÞ
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0
0
12IY ðtÞ
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7
0
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0
6lIYA0 ðtÞ 2l2 IYA0 ðtÞ
7
5
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0
0
A0
2 A0
2 A0
2l IZ ðtÞ
0
0
6lIZ ðtÞ 4l IZ ðtÞ
0
0
0
0
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2.2 Finite element formulation of viscoelastic shaft
For any viscoelastic material, the generic form of constitutive relation is represented by,
r ¼ EðÞe

ð11Þ

EðÞ in the above equation stands for the modulus operator with polynomials in numerator and denominator being
a function of D i.e., a time differential operator. The order
of polynomials depends on the number of spring and
dashpot considered to establish the viscoelastic law of the
material.
Figure 2 represents a 3-element rheological model whose
modulus operator is given in equation (12) where,
a0 ; a1 ; b0 ; b1 are the operator parameters presenting viscoelastic material properties.
EðÞ ¼

a0 þ a 1 D
b0 þ b 1 D

ð12Þ

where, a0 ¼ k2 ; a1 ¼ c1 þ kk2 c1 1 ; b0 ¼ 1; b1 ¼ ck11
A 3 element model is considered for viscoelastic material
and the equation of motion for the propeller shaft system
mounted on journal bearings is represented as [7],
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x_ ¼ ½Afxg þ ½Bfug

ð14aÞ

fyg ¼ ½Cfxg þ ½Dfug

ð14bÞ

where,
2
6
½A ¼ 4

½ 0
½ 0

½I
½ 0

A1
A1
3 A0
3 A1
8 9
3
½ 0
>
<q>
=
6
7
½B ¼ 4 ½0 5; fxg ¼ q_
>
: >
;
½B 
q€
2

½ 0
½ I
A1
3 A2

3
7
5

where, ½A, ½B, ½Cand ½D are the system state matrix, input
matrix, output matrix and direct transmission matrix
respectively. fxg is the state vector and fugis the force
vector with its appropriate nodal position decided by matrix
½P. The analysis of the system matrix ½A using the predeﬁned MATLAB function ‘condeig’ yields the eigen
values of the rotating shaft system with crack.

3. Results and discussion

...

½A0 fqg þ ½A1 fq_ g þ ½A2 fq€g þ ½A3  q ¼ ½Bfug ð13Þ
The preceding ﬁnite element formulation is a higherorder form and various coefﬁcients of this equation are
given as,
½A0  ¼ ða0 Þ½KB  þ Xða1 Þ½KC  þ Kbrg
½A1  ¼ ðb0 Þ½G þ ða1 Þ½KB  þ Cbrg
½A2  ¼ ðb0 Þ½M þ ðb1 Þ½G
½A3  ¼ ðb1 Þ½M
½B ¼ ðb0 þ b1 DÞ½P
where, fqgdenotes the nodal degrees of freedom and ½M,
½G, ½KB , ½KC , Kbrg , Cbrg are the mass matrix, gyroscopic matrix, bending stiffness matrix, circulatory stiffness
matrix, bearing stiffness and bearing damping matrix
respectively.
From modelling point of view, one of the basic steps
involved in ﬁnite element analysis procedure is the
assembling of elemental matrices to obtain global matrices.
The elemental matrices in equation (13) differ for crack
element due to the varying stiffness as represented in section 2.1. Initially, the globalization of the ﬁnite element
matrices is carried out in the usual manner for the intact
elements. Later, according to nodal connectivity, the
cracked element is assembled considering the expression of
KcB and KcC (Eq. (10)), and the ﬁnal global matrices of
the entire continuum are formed.
Further, the higher-order equation of motion is transformed into the state-space format [25] in order to perform
a simpliﬁed eigen analysis of the system.

3.1 Validation
The ﬁnite element model of an undamped rotor-disk system
mounted on journal bearings at its two ends mentioned in
Al-Shudeifat and Butcher [12] is taken ﬁrst to validate the
present formulation using Matlab. Figure 3 represents the
rotor model whose length is discretized in 18 ﬁnite elements with two disks mounted on the shaft length considering a mass unbalance on the rigid disk 2. The rotor system
and disk details are mentioned in tables 1 and 2,
respectively.
On formulating the time-dependent breathing crack
stiffness matrix for a cracked element using new breathing
functions, the global system matrices are developed for
cracked rotor and the undamped system equation of motion
is established. In order to validate the code, unbalance
response of the cracked shaft system due to unbalance mass
in the second disc from the left end is plotted in Figure 4
and matched with results obtained by Al-Shudeifat and

Figure 3. Discretized rotor disk system (Al-Shudeifat and
Butcher [12]).

180

Page 6 of 10

Sådhanå (2020)45:180

Table 1. Shaft data.
Model parameters
Length of the shaft, L
Radius of the rotor, r
Density of rotor, q
Modulus of elasticity, E
Bearing stiffness, kxx , kyy
Bearing Damping, cxx , cyy

Value
0.724 m
15.88 mm
7800 kg=m3
2.1e11 N=m2
7e7N=m
5e2N s=m

Table 2. Disk data.
Disk parameters
Inner Radius of disk, ri
Outer Radius of disk, ro
Disk Density, qd
Disk mass, Md
Mass unbalance, Me d

Value
15.88 mm
0.0762 m
2700 kg=m3
0.571 kg
10e-6 kg m

Figure 4. Unbalance response validation.

Butcher [12] at a non-dimension crack depth ratio of
n ¼ hr ¼ 0:1.

3.2 Problem deﬁnition
A hollow propeller shaft system represented in ﬁgure 5
referred from Zhang et al [26] is considered here for
studying its dynamic characteristics. The geometrical
parameters of the steel propeller shaft tabulated in table 3
are taken close to the constraints recognized from the
realistic technical application. Both propeller and coupling

mounted at two ends of the shaft continuum are assumed as
rigid discs of mild steel whose mobility is similar to the
shaft mobility at its location. These disc parameters are
mentioned in table 4. The whole shaft is braced by 3
identical journal bearings at different locations, hence
dividing the shaft into 4 sections with distances L1 , L2 , L3
and L4 . The journal bearing parameters are given in table 5.
Before going to discuss the dynamic analysis, a convergence test is conducted in order to deduce the total
number of elements. The shaft length is discretized into a
hundred Euler-Bernoulli beam elements (or 101 nodes)
where each element having 2 nodes at its end and four
degrees of freedom per node i.e., 2-translational and 2-rotational. For proper placement of bearings at its deﬁned
locations, each of the 4 shaft sections is divided into the
required number of ﬁnite elements as given in table 6
which ultimately sums up to a hundred elements.
3.2a Dynamic analysis: The Finite element based derived
equation of motion is used for dynamic analysis of a
cracked propeller shaft. The dynamic performances of the
cracked shaft are evaluated by comparing it with the similar
uncracked shaft. The non-dimensional crack length n ¼ 0:5
is considered at element 3 from the left end in section 1 of
the shaft continuum. Both eigen analysis and frequency
response analysis are performed here.
3.2.1a Decay rate plot: The plot in ﬁgure 6 depicts the
relation between maximum real parts of eigenvalue with
respect to the rotational speed of the shaft. The graph helps
to determine the stability limit of spin speed (SLS) of the
system at a point where the line cuts the zero line. The
region below the zero line stands for a stable zone while
above zero line indicates an unstable zone. The plot clearly
represents a reduction in the SLS of the propeller shaft with
the crack condition when compared with the intact shaft
system as a result of reduced stiffness.
3.2.1b. Campbell diagram: Campbell diagram is a plot
using the imaginary component of the system eigenvalues
representing the whirl frequency varying with spin speed
of the rotor. Figure 7 demonstrates the ﬁrst bending mode
of the cracked as well as the uncracked shaft along with
the 45° synchronous whirl line (SWL). The two sets of
diverging lines indicate the 1st forward and backward
whirling of the cracked and the uncracked rotating shaft.
The point at which the SWL cuts the diverging lines
designates the 1st forward and backward natural frequencies of the respective shaft system. It is evident from the
plot that the presence of crack decreases the forward and
backward whirl frequencies due to reduced system
stiffness.
3.2.1c Modal damping factor: Modal damping factor
(MDF) is deﬁned as the negative ratio of the real part of the
eigenvalues to its corresponding imaginary part. Figure 8
plots the values of MDF with varying spin speed and
compare the same between the cracked and intact propeller
shaft system. In this ﬁgure, the region above the zero line
stands for a stable zone while below zero line denotes an
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Figure 5. Propeller shaft system.

Table 3. Shaft data.
Viscoelastic parameters

Radius (m)

Density (Kg/m3)

a0

b0

a1

b1

Inner
Radius

Outer
Radius

7800

2.1e?11

1

7.51e?5

1.475e-9

0.075

0.14

Table 4. Disc data.
Discs
Propeller
Coupling

Material
Mild Steel
Mild Steel

Mass (kg)

Polar moment of Inertia (kg m2)

Disc node

7000
1500

3100
350

1
101

Table 5. Bearing data.
Bearing properties
Plane yy
Plane zz

Stiffness

Damping

5.5e8
5.5e8

5e2
7e2

unstable zone. Hence, the point at which the changing MDF
value with respect to the spin speed cuts the zero line in the
ﬁgure signiﬁes the SLS of the system. A signiﬁcant
decrement in the SLS is observed in the cracked rotating
shaft (1590 rpm) when compared with that of the uncracked
shaft (1880 rpm).

3.2.1d Unbalance response: Figure 9 plots the unbalance
response, which is a plot between response amplitude due
to the unbalance mass of the propeller disc and input spin
speed. Unbalance response is measured at propeller disc
marked as node 1. The plot compares the frequency
response of the intact and cracked shaft. The reduction in
natural frequency and increased response of the cracked
shaft clearly indicates the effect of the crack in the propeller
shaft system when compared with the intact shaft.
3.2.2 Parametric study of the cracked propeller shaft:
Parametric studies considering different cracked depth
ratios and crack locations are carried out to understand the
dynamic behavior of the long propeller shaft system. For
this, the whole shaft length is divided into four sections
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Table 6. Shaft continuum sections.
Shaft section length
notation
L1
L2
L3
L4

Shaft length
(m)

Number of
elements

0.85
9.65
7.5
2.0

4
49
37
10

Figure 8. Modal damping factor, uncracked vs. cracked propeller shaft.

Figure 6. Decay rate plot, uncracked vs. cracked propeller shaft.

Figure 9. Mass unbalance response, uncracked vs. cracked
propeller shaft.

Figure 7. Campbell diagram, uncracked vs. cracked propeller
shaft.

between the Propeller disc (Pd ), Bearing 1 (B1 ), Bearing 2
(B2 ), Bearing 3 (B3 ) and Coupling disc (Cd ). Figures 10 and
11 show the variation of non-dimensional stability limit of
spin speed (SLS*) and non-dimensional ﬁrst natural

frequency (FNF*) at different crack locations. The nondimensionalisation of these parameters (SLS*, FNF*) is
done by dividing the parametric values of the cracked
system with the respective values of intact system.
Depending upon the magnitude of bending stress at different locations of shaft, similar variation trend of SLS* and
FNF* are also observed. As the two overhung sections of
the shaft have maximum bending moment at the support
ends, a sudden drop in SLS* and FNF* is observed when the
crack element location is close to the support end of these
cantilever section. Their values again gradually increase for
any particular crack depth ratio as the crack element location shifts towards the free ends of either of the sections.
However, with an increase in crack depth ratio
n ¼ 0:1; 0:3; 0:5, the SLS* and FNF* are observed to be
decreasing at any particular crack location as the system
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through the operator based method. The comparative study
is carried out based on different dynamic parameters like
whirl frequency, modal damping factor and stability limit
of spin speed, which are obtained from eigen analysis of the
higher-order model. The presence of crack reduces the
natural frequencies and enhances the unbalance response as
a result of reduced stiffness of the cracked shaft. Further,
the variation in SLS and FNF are studied on varying
parameters i.e., crack locations and crack depth. Crack
present in different sections of the propeller shaft gives a
varying eigen analysis result for the same crack depth ratio.
Additionally, for any particular crack position in the shaft,
the eigen values are observed to be decreasing in nature as
the crack element stiffness decreases with an increase in
crack depth.
Figure 10. Non-dimensional stability limit of spin speed vs.
crack location for different crack depth ratio.

Figure 11. Non-dimensional ﬁrst natural frequency vs. crack
location for different crack depth ratio.

losses its stiffness with gradual increase in the crack depth
ratio.

4. Summary and conclusions
The present study focuses on the dynamic analysis of viscoelastic rotor shaft with transverse breathing cracked. For
this, a real problem of propeller shaft braced by journal
bearings is considered. Speed-dependent area moment of
inertia is taken for breathing behaviour that introduces the
time-dependent stiffness matrix of the breathing crack
element. The global stiffness matrix is obtained by
assembling the stiffness matrix of the cracked element with
that of the intact elements following the ﬁnite element
procedure. The higher-order ﬁnite element equation of
motion of a viscoelastic propeller shaft system is developed

List of symbols
A
Cross-sectional area of rotor
Area of the cracked segment
Ac
0
Area of the uncracked segment
A
O
Centre of the whole cross-section
C
Centroid of the uncracked portion
c
Distance between O and C
h
Depth of the crack
r
Radius of the shaft cross-section
h
Angle made by the crack segment at the
centre
Angle at which the crack starts to close
h1
Angle at which the crack is fully closed
h2
00
Time-varying area of the closed crack
A ðtÞ
segment
I
Area moment of inertia of the whole crosssection
0
Area moment of inertia of uncracked
IyA
segment about y axis
0
Area moment of inertia of uncracked
IzA
segment about z axis
Area moment of inertia of cracked segment
IyAc
about y axis
Area moment of inertia of cracked segment
IzAc
about z axis
00
Time dependent area of the cracked segment
A ðtÞ
0
Time dependent area of the cracked segment
IyA ðtÞ
about y axis
0
A
Time dependent area of the cracked segment
I z ðt Þ
about z axis
A0 ðtÞ
Time dependent area of the uncracked
segment
Time dependent area of the uncracked
IyA0 ðtÞ
segment about y axis
Time dependent area of the uncracked
IyA0 ðtÞ
segment about y axis
Stiffness matrix of the breathing crack
K cB
element
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K cC
r
e
EðÞ
a0 ; a1 ; b0 ; b1
fqg
fug
½M
½G
½KB 
½KC 
Kbrg
Cbrg
½A
½B 
½C 
½D
n

Circulatory Stiffness matrix of the breathing
crack element
Stress
Strain
Modulus operator
Viscoelastic operator parameters
Nodal degrees of freedom
Force vector
Mass matrix
Gyroscopic matrix
Bending stiffness matrix
Circulatory stiffness matrix
Bearing stiffness matrix
Bearing damping matrix
System state matrix
Input matrix
Output matrix
Direct transmission matrix
Non-dimension crack depth ratio
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