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Abstract. The inverted pendulum system in the presence of uncertainties and external disturbances with delay
is considered as one of the most applicable nonlinear systems to be used in real environments and industrial
domains, extensively. The subject behind the research is to design a state-of-the-art fractional-order sliding
mode control approach to stabilize the inverted pendulum angle. Subsequently, a consideration of uncertainties
and external disturbances in the pendulum dynamic’s parameters such as pendulum length and chariot’s mass
aims us to ﬁnd an efﬁcient technique to decrease chattering and correspondingly increase system’s performance
as well. In addition, the Smith predictive model representation along with the control approach is realized as a
solution of eliminating time delay. In a word, the realization of sliding mode control to deal with uncertainties
and external disturbances in line with an application of fractional-order sliding surfaces for decreasing chattering
under the aforementioned Smith predictive model representation to eliminate delay is taken into real consideration as remarkable novelty of research proposed. Finally, the effectiveness of the approach analyzed here is
veriﬁed in the form of numerical simulations through MATLAB software, tangibly.
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1. Introduction
The control theory provides a basis for dealing with the
parameters of the system to be adjusted carefully in the
speciﬁc conditions and constraints of a set of processes
under consideration. The appropriate design of the control
approach is related to technological advances and its realtime implementation, in general. With regard to engineering systems, many robotic applications have been a favorite
in control investigations. They are often used to implement
empirical models, evaluate the effectiveness of new control
techniques and validate their practical capabilities. The
most common robotic systems including Pendubot system
[1], Furuta pendulum [2], inverted pendulum, wheel reaction pendulum [3], bicycle [4], VTOL aircraft [5] can be
considered in this area. For at least ﬁfty years, the inverted
pendulum has been the most popular application in nonlinear control theory. This application has a lot of utilization in industry, which has increased its popularity and
attracted a lot of attention. In spite of its simple structure,
the inverted pendulum is considered to be the most basic
*For correspondence

system amongst the system proposed. There are various
types of this system that have been investigated by the
control researchers. The most known types of inverted
pendulum include single arm swirling pendulum [6],
inverted swirling pendulum [7] and double inverted pendulum [8]. The versions that have been researched less
about their control are: double-edged swirling pendulum
[9], double inverted pendulum [10], triple swirling pendulum [11], quadruple swirling pendulum [12] and the threedimensional spherical pendulum [13]. The inverted pendulum system used includes a pendulum mounted on a
chariot, so that the pendulum can easily rotate on the
chariot. The chariot moves by a direct current motor. The
chariot is on a limited rail attached to the engine by a belt
and gear. The rails in this system have a length of one
meter. The overall and primary goal of the inverted pendulum problem is to move the pendulum from the static
state by the engine’s order, and then in the shortest possible
time, bring the pendulum to its unstable point and keep it
constant without the slightest vibration. Concerning the
control of this type of systems the related potential materials are given in [14–19].
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The rest of the paper is organized as follows. ‘‘The
proposed control approach’’ is given in section 2. ‘‘The
numerical simulations’’ and ‘‘concluding remarks’’ are
presented in sections 3 and 4, respectively.

2.2 The fractional-order sliding mode control
approach with delay
We consider, ﬁrst, the fractional-order sliding surface as
follows:
s ¼ Kp e þ Ki Dk e þ Kd Dk e

2. The proposed control approach
2.1 The system modeling
The second-order dynamic model for inverted pendulum is
as follow [17]:
8
< x_1 ðtÞ ¼ x2 ðtÞ
ð1Þ
x_ ðtÞ ¼ f ð xÞ þ Df ð xÞ þ bð xÞu þ dðtÞ
: 2
yðtÞ ¼ x1 ðt  DÞ
In which x1 ðtÞ ¼ hðtÞ is the pendulum angle and x2 ðtÞ ¼
h_ ðtÞ shows the gradient of this angle. Also f ð xÞ and bð xÞ are
deﬁned as the following equations:
mlx22

cosðx Þsinðx1 Þ

f ð xÞ ¼

1
gsinð xÞ 
mc þm


2 ðx Þ
1
l 43  mcos
mc þm

bð xÞ ¼

cosðx1 Þ
 mc þm2 
ðx1 Þ
l 43  mcos
mc þm
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ð2Þ

Figure 1 illustrates the overview of the laboratory used
inverted pendulum system.

ð3Þ

which kd and kp are constant and e ¼ x1  xd1 is the signal
of state’s error. It is to note that k ð0\k\1Þ expresses the
derivation and fractional-order integral. In addition, Dat and
express the derivation operator and the Caputo fracDa
t
tional-order integral and for 0\a\1 is deﬁned as follows
[19]:
Dat f ðtÞ

1
¼
Cð1  aÞ

1
Da
t f ðt Þ ¼
CðaÞ

Zt
0

Zt
0

f ð sÞ
ds;
ðt  sÞa

0\a  1
ð4Þ

f ð sÞ
ðt  sÞ1a

ds;

0\a  1

By choosing the sliding surface similar to (3), after the
zeroing, the governing equation should be as follows:
kp e þ ki Dk e þ kd Dk e ¼ 0

ð5Þ

That in fact by choosing positive gains, a stable differential equation should be obtained to zero the error. In this
case, the derivative of the sliding surface according to (3) is
obtained as follows:
s_ ¼ kp e_ þ ki D1k e þ kd Dk1 e€

Figure 1. An overview of a laboratory for inverted pendulum system.

ð6Þ
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Figure 2. The schematic diagram of Smith predictive fractional-order sliding mode control approach with delay.

In which l [ 0 and q [ kd c, the sliding surface in (3)
and, as the result, the error value of e ¼ x1  xd1 converges
to zero.
Proof In order to prove the stability, the Lyapunov
function considers similar to the preceding as follows:
1
V ¼ s2 [ 0
2

By derivation from Lyapunov function, we have:


V_ ¼ ss_ ¼ s kp e_ þ kI D1k e þ kd Dk1 e€

Figure 3. The states error through fractional-order sliding mode
control approach under the Smith predictive method for the
inverted pendulum system with delay.

ð8Þ

ð9Þ

Now by substitution dynamic model of the system from
(1) in (9), the differential form of Lyapunov function
should be like this:



 
V_ ¼ s kp x2  x_d1 þ ki D1k x2  xd1 þ kd Dk1 ðf ð xÞ

þ bð xÞu þ Df ð xÞ þ dðtÞ  x€d1



 
¼ S kp x2  x_d1 þ ki D1k x1  xd1 þ kd Dk1 ðf ð xÞ

þ bð xÞu þ EðtÞ  x€d1
ð10Þ

In the following, the design of the new control law and its
stability study in the inverted pendulum model with uncertainty and turbulence are presented in the form of the theorem
and proved to be stable by the use of the Lyapunov technique:
Theorem Consider the inverted pendulum system in the
presence of uncertainty and disturbance with the deﬁnition
of EðtÞ ¼ Df ð xÞ þ d ðtÞ, by the choice of control input as:



1
D1k ls þ qsingnðsÞ þ kp x2  x_d1
u¼
kd bð xÞ 



þ ki D1k x1  xd1 þ kd Dk1 f ð xÞ  x€d1 

By substitution of the proposed control input in (7) in
(10), after simpliﬁcation, the differential form of Lyapunov
function should be as follows:


V_ ¼ s ls  qsignðsÞ þ kd Dk1 ðEðtÞÞ
ð11Þ
Now by the consideration of Dk1 ðEðtÞÞ\c, we have:
V_   ls2  qjsj þ kd jsj Dk1 ðEðtÞÞ   ls2  qjsj

ð7Þ

þ kd cjsj ¼ ls2  ðq  kd cÞjsj
ð12Þ
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small amount of delay, if not considered in the controller
design, can cause system oscillation and even system
instability. To prevent such problems, the delay time should
be considered in the system dynamics and the controller is
designed in such a way as to be able to resolve the problems
caused by the delay. In the proposed schematic, illustrated
in ﬁgure 2, the fractional-order sliding mode control
(FOSMC) is given concerning the system and by knowing
the delay D, effect of this delay can be removed by using
the Smith predictive method. In fact, the structure of this
one deals with delay under modeling uncertainties and
disturbances.

3. The numerical simulations
Figure 4. The sliding surface through fractional-order sliding
mode control approach under the Smith predictive method for the
inverted pendulum system with delay.

The simulations of the proposed control approach is carried out for the inverted pendulum system to increase the
controller’s efﬁciency and simulation results to be analyzed. It should conclude that the sliding mode control has
realized well alongside Smith predictive method in dealing
with uncertainties and delays. The parameters of controllers are ﬁrst considered in the theorem of this research
as follows:
kp ¼ 3; ki ¼ 4; kd ¼ 5; q ¼ 3; u ¼ 1:5

ð13Þ

It is to note that in the simulation, uncertainty and disturbance are considered in the pendulum model. The
applied disturbance to the system is dðtÞ ¼ 0:1 sinð5tÞ and
uncertainty is considered in line with the percent of the
dynamic parameters ðDf ¼ 0:1f Þ. In fact, the sum of disturbance and uncertainty can be considered as Eq. (14).
E ¼ dðtÞ þ Df ¼ 0:1F þ 0:1 sinð5tÞ
Figure 5. The control effort through fractional-order sliding
mode control approach under the Smith predictive method for the
inverted pendulum system with delay.

With the choice of l [ 0 and q [ kd c the value of V is
negative for all values of s and the asymptotical stabilization of s to zero is guaranteed and thus according to the
deﬁnition of the sliding surface in (3) and (5), the error
becomes zero.

2.3 The Smith predictive fractional-order sliding
mode control approach with delay
The inverted pendulum system, like many other practical
ones has a time delay and with reference to the dynamics of
the model system in [17], has a delay time of 0.2 s. This

ð14Þ

In addition, in the Smith predictive method, illustrated in
ﬁgure 2, time delay, which equals to 0.2 s for the system is
taken. The outcome in the presence of uncertainties and
disturbances is illustrated in ﬁgure 3. It should be noted that
Figure 3 to 5 clearly illustrate that the convergence of the
error to zero in the presence of uncertainty and turbulence
also works well. The only signiﬁcant difference is the
increase in the input domain in Figure 5, which means
more control efforts to eliminate the disturbances and
uncertainties.

4. Conclusion
The design of a novel sliding mode control approach in
the second-order inverted pendulum nonlinear system has
been considered. For this, at ﬁrst, the new fractionalorder sliding mode control is designed and proved to be
stable through Lyapunov theorem. Subsequently, the
effect of eliminating delay concerning the stability of
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inverted pendulum through Smith predictive method in
the proposed one has been considered. At the end, the
simulations verify well the effectiveness of the proposed
control approach in stabilizing and omitting chattering in
the pendulum’s angle.
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