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Abstract. Vibration is often utilized as a means of initiating and/or controlling flow from hopper in industries
dealing with powder/granular materials such as packing, conveying, etc. The effect of horizontal vibration on
gravity flow of granular material from conical hopper is modeled using the discrete element method. Material
considered in this study includes glass beads of diameter ranging between 0.7 mm and 2.0 mm. The flow
dynamics and segregation of material are analyzed for different mixtures characterized based on mass percentage of smaller particles (fines) and multi-component mixtures (binary and ternary) at different vibration
parameters. The study includes the influence of vibration frequency, acceleration amplitude, fines percentage,
diameter ratio and mixture components on segregation and mass flow rate during vibratory hopper discharge.
The extent of segregation is calculated by means of mass fraction of fines inside hopper for different operating
conditions. The numerical results indicate that the increase in vibration acceleration at a fixed frequency results
into increased mass flow rate and there exists acceleration amplitude beyond which segregation is predominant.
Mixture components play significant role in segregation behaviour and binary mixture suffers more segregation
as compared to ternary mixture. The spatial distribution of the velocity profile indicates that different mixtures
behave differently at a particular vibration conditions. The phenomena like sieving or percolation are also
observed based on the analysis of top view simulation snap shots.
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1. Introduction
Hoppers and bins are the most common storing and
transporting devices for granular materials. The discharge
dynamics of granular material from hopper plays a crucial
role to ensure product quality in many industries [1, 2].
Problems such as funnel flows, rat-holes, bridging, and
unpredictable flows are some of the issues during hopper
discharge [3]. In order to mitigate these problems, the
hopper walls are sometimes subject to forced vibrations
with the belief that this will permit the material to flow
more easily. However, the Pharmaceutical Codex in 1979
has recognized that granular material mixture tends to
segregate in the presence of vibration effects [4]. The
behavior of granular materials under the externally applied
vibration depends largely on many factors (such as vibration frequency and amplitude, particle size and composition, and geometry of hopper). The choice of determining
*For correspondence

the most suitable vibration parameters (such as vibration
frequency and amplitude) during hopper discharge is still
not well understood.
During the vibration period, the material inside hopper
experiences different vibration effects, which ultimately
affects the flow dynamics of granular material. This mainly
includes size segregation [5, 6] and geometrical rearrangements between particles [7, 8]. Much effort has been made in
the past to establish the relationship between vibration and
flow dynamics during the vibration process. Williams in
1963 observed the motion of a single large sphere in a vertical
oscillated bed of sand. He concluded that large particle
experiences an upward movement during vibration resulting
in a locking of smaller particles [9]. He also listed mainly
three mechanisms for segregation namely trajectory segregation, percolation of fines and the rise of coarse particles due
to vibration [10]. The segregation had been analyzed in
combination with different variables, namely the particle size
and distribution, particle shape, vibration frequency and
acceleration amplitude [11–14]. Ahmad and Smalley [15]
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performed experiments to study the effect of various
parameters on segregation during vibration time. They
observed a single large particle inside small particles of sand
in a cylindrical container and noted the behavior of large
particle in terms of rise time at different vibration parameters.
The vibration effects on flow dynamics from hopper has been
studied extensively. In this category, Hunt et al [16] done
experiments and studied the effects of the horizontal vibration on hopper discharge. They investigated that mass discharge rate was strongly dependent on the vibration
parameter i.e., amplitude and frequency. The discharge rate
from hopper was increased by the application of vibrations
compared with the discharge rate from a hopper without
vibration. Despite an increase in mass discharge rate, granular material exhibit segregation of constituents during
vibration [17]. Segregation was interrelated with geometric
and convection theories [18–20]. The phenomena like Brazilnut Effect [5], and reverse Brazil-nut Effect [21, 22] were
also observed during the discharge from the vertically
shaking container. By the early 1980’s, researchers also tried
to develop tools for understanding the granular behavior by
different simulation methods such as discrete element
method (DEM) [23]. With the development of powerful
numerical algorithms and the advancement of computational
capacities, DEM has become a powerful tool to investigate
hopper discharge processes [24, 25]. DEM is capable of
increasing the understanding of the granular flow behavior
since it tracks the interactions of the particles for a system
under investigation at the particle level. Even though
experimental results on hopper discharge in a vibration
environment yield interesting findings, the information
extracted is still limited due to differences in granular
material properties in terms of size, composition, and
vibration parameters. Hence, in the present work, three-dimensional DEM simulations of the conical hopper are performed and validated by experiments done by Hunt et al [16].
The authors used the mono-sized granular system of particles, but most of the granular system in the industry is multicomponent having a different composition. The impact of
such material variability and change in vibration parameters
during vibratory hopper discharge can result in poor quality.
In this context, the present investigation is extended to
explore the behavior of multi-component mixtures under
different vibration conditions. The influence of factors, such
as vibration frequency, acceleration amplitude, fines percentage in mixture, diameter ratio, and multi-component
mixtures (binary and ternary) on mass discharge rate and
segregation during the discharge processes are studied.
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computational tool in the field of particle technology. In the
past few decades, DEM has been widely used and accepted
as a powerful tool to understand the flow dynamics in
almost every sector [25]. The details about DEM working
principles and theory can be found in [26]. The LIGGGHTS
(LAMMPS improved for general granular and granular heat
transfer simulations) code [27, 28] is used for all the DEM
simulations in this study. In order to accelerate the computational efficiency of DEM simulations, Young’s modulus with lower value is employed in the present work as
suggested in the literature [29–31]. The choice of the time
step is determined based on Rayleigh and Hertz criterion
i.e., a numerical simulation is stable, only if; the time step
employed is lower than a critical time step DTcritical, which
is depicted below:
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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A time step of 6 ls is considered which is well below the
Rayleigh (&142 ls) and Hertz-time [32, 33].
The geometrical representation of two interacted granular particles 1 and 2, with radius R1 and R2 and center
coordinates (x1, y1, z1) and (x2, y2, z2) respectively, is
shown in figure 1.
In general, contact forces between particles are determined from the particle displacement that is expressed as
the particles overlap (dÞ using an appropriate contact
model. The contact forces between particles are generally
decomposed into normal and tangential forces, which further used to update the particle’s position. The contact
model based on Hertz–Mindlin and Deresiewicz theories is
used to calculate the forces between particles and that
between particle and wall in the present study [33]. Let Y is

2. Numerical simulation methodology
2.1 Discrete element method
The discrete element method (DEM) was first used by
Cundall et al [23] and it has emerged as a powerful

Figure 1. Geometrically representation of two interacted granular particles.
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Young’s modulus, G is the Shear modulus, e is the coefficient of restitution, and # is the Poisson ratio of contacting
granular particles. Based on the Hertzian theory, the normal
force (Kn Þ is determined as:
4 pﬃﬃﬃﬃﬃ
Kn ¼ Y  R ðdn Þ3=2 ;
3
where dn ¼ R1 þ R2 

r
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The subscript 1 and 2 stands for granular particles in
contact. For the particle-wall contact force, the radius of the
wall is assumed to infinite to determine the R . By applying
the incremental scheme with selected time step, incremental normal contact force (DKn Þ is calculated based on
the incremental relative approach of the two spheres ðDdn Þ
which is given as :
DKn ¼ 2aY  Ddn ;
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Here, a (radius of contact area) = dn R .
On the other hand, the incremental tangential forceðDKt )
is a function of incremental normal contact force (DKn Þ,
and tangential displacement Ddt along with loading history,
which is given as :
DKt ¼ 8G ahk Ddt þ ð1Þk l DKn ð1  hk Þ;
In the above equation, hk purely depends upon the
loading position i.e., if jDKt jB l DKn , hk = 1 (no slip),
otherwise the slip effects taken into considered as:
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where l is the sliding friction coefficient, and G1 =
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For the unloading phase, historical tangential force Kth
is updated which takes into the effect of variation of the
normal force i.e.,
Kth ¼ Kt  ð1Þk lDKn

Based on it, the contact forces, velocities, and position of
particles are determined and updated through a series of
calculations based on the relative velocities and position of
adjacent particles. The general form of such contact force
between particles 1 and 2 is given below [32]:

where the parameters are
F12 – Total force between particles 1 and 2.
Kn – Normal force
Kt – Tangential force
cn (Viscoelastic damping constant for normal conpﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
tact) = -2 5=6 b Sn m  0,
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where m is the mass and R is the radius of a particle. The
more information regarding the implementation of different
models in LIGGGHTS along with algorithms and their
validation can be found in references [26, 28]. The granular
material used in the simulation takes the properties of glass
beads [24].

2.2 Model validation
The model is validated against the experimental results of
Hunt et al [16]. The same monodisperse glass beads of
1.1 mm are used. For simulation, 1200 g of material is
placed inside the hopper. In order to validate the DEM
model, the flow mode of particles in the experiments [16] is
compared with the simulation. In the experimental study,
the beads are dyed with water-based paint and aligned
alternatively in horizontal layers of colored and noncolored
particles. The same procedure is adopted in the simulation
where two different colors (white and black) are assigned to
divide the hopper into alternate layers of two different
colors.
Figure 2 illustrates the experimental and simulation flow
mode comparison of the particles of 1.1 mm size as they
exit the hopper. The good agreement between experiments
and simulation is clear. The slight discrepancies are presumably due to uneven spacing of colored layers in the
experiments whereas in simulations equal space colored
layers are maintained.
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Figure 2. Comparison of the instantaneous flow mode of the experimental [16] and simulated hopper for 1.1 mm monodisperse glass
beads.

2.3 Computational setup and Material properties
The hopper vibration system found in earlier studies considered a two-dimensional structure [16, 24]. Following
this, in the current study, a three-dimensional cylindrical
hopper having conical shape at the bottom is chosen. The
complete dimension of the hopper is shown in figure 3.
The hopper consists of two parts (1) a cylinder with 5.48
cm diameter and 2.56 cm height, and (2) a conical inclined
part of length 3.88 cm which has an internal angle of 60°
with the horizontal axis. The considered geometry can be
referred to as bin or container or bunker or simply a hopper,
this particular shape is typically used for mixing as well as
storage/transportation in the pharmaceutical industry.
Commonly they are called containers or hoppers and in this
manuscript, it is referred to as hopper. To achieve the
objective of this paper, three different diameter particles are
used. The diameters of the selected particles are 0.78 mm
(small or fines), 1.2 mm (medium) and 1.85 mm (large),
respectively. The different mixtures are prepared by the
combination of these particles on a mass basis which is
listed in table 1.
The preparation of mixtures is done to evaluate the effect of
fine percentage in the mixture, diameter ratio, cohesion
between particles, and multi-component mixtures (binary and
ternary) on mass discharge rate and segregation during
vibrational discharge with different range of vibrations. In all
the simulations, particles of the mixture of desired/specified
mass, in this study 100 g, are filled into the hopper in a systematic manner. At first, insertion region is defined, which in
this study corresponds to a block of definite volume, and it is
located at 7 cm from the hopper outlet. This block is large
enough to fill at once about 40 g of material. Next, the desired/

Figure 3. The 3-D hopper used in simulations.

specified mass 100 g of particles is not at once but as a set of
three equal-mass packs of particle. The first pack of particles
with a mixture mass of 33.3 g was generated according to the
defined particle size distribution. These particles are allowed
to settle down inside the hopper due to gravity where the settling is monitored through the particle kinetic energy. Once the
particle kinetic energy reaches closer to zero indicating settled
particles, the second pack of particles is inserted and is allowed

Sådhanå (2020)45:67
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Table 1. Details of different mixtures prepared.
Mixture
I
II
III
IV (With cohesion)
V

Table 2. DEM parameters used in the simulations.

Diameter of particles (mm) Mass fraction
di

dj

dk

1.2
1.2
0.78
1.2
1.2

–
–
–
–
1.5

1.85
1.85
1.85
1.85
1.85
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DEM parameter

xj

xk

Young’s modulus (Pa)

0.4 –
0.1 –
0.4 –
0.4 –
0.4 0.3

0.6
0.9
0.6
0.6
0.3

Poisson’s ratio (–)

xi

to settle down. The same procedure is followed for the third
pack of particles by which the desired/specified mass of 100 g
and its corresponding total number of particles is reached.
Though this pack wise insertion of particles would bring some
randomness of their position inside the hopper, however, the
total number of particles and total mass would be the same and
will not vary across the simulations. This insertion procedure
is similar to the approach followed in experiments where the
small-scale hoppers are filled with powder using a spoon. With
a random filling, results are less sensitive to filling than with a
structured approach. On the other hand, to rule out any errors
due to random filling, all the results, wherever possible, were
reported in non-dimensional units. After complete settlement
of particles, the hopper is subjected to horizontal sinusoidal
oscillations, x = A sin (xt) during whole discharge process.
These oscillations are varied from 25 Hz to 45 Hz frequency
(f) having non-dimensional acceleration amplitude (U = Ax2/
g) between 0.5 to 2.5, where A and x are amplitude and radian
frequency (x = 2pf) of vibration, respectively. The non-dimensional acceleration amplitude is the maximum acceleration attained with respect to acceleration due to gravity for
particular frequency and amplitude of vibration. The DEM
parameters used in the simulation are listed in table 2.

3. Results and discussion
The simulations are performed to evaluate the influence of
vibration parameters (vibration frequency and acceleration
amplitude) on mass flow rate and segregation. During
vibration period, the effect of (a) fines percentage (xi ) in
mixture, (b) multi-components mixtures (binary and ternary), (c) diameter ratio, and (d) cohesion between particles
on mass discharge rate and segregation is analyzed. In the
first set of simulations, the discharge rate and segregation of
the granular material is measured for mixture I (xi = 0.4).
The vibration frequency and acceleration amplitude (U) are
ranged from 25 Hz to 45 Hz and 0.5 to 2.5, respectively.
The choice of vibration parameter is limited to 45 Hz with
reference to past literature [16]. The simulations in the
second set are performed to evaluate the effect of fines
percentage in mixture with vibration frequency and acceleration amplitude. For that, discharge rate and segregation
for mixture II (xi = 0.1) is analyzed for different acceleration amplitude and frequency. Furthermore, the effects of

Coefficient of friction (–)
Coefficient of restitution (–)

Property of
Particle
Wall
Particle
Wall
Particle-particle
Particle-wall
Particle-particle
Particle-wall

Value
119 107
2109 107
0.22
0.35
0.5
0.5
0.95
0.95

diameter ratio and multi-component mixtures (binary and
ternary) at a particular frequency having different acceleration amplitudes are also analyzed by simulating mixture
III and V respectively. Hence, the result and discussions are
divided into two sections. The first section presents mass
discharge rate comparisons under different vibrating conditions. It includes the effect of acceleration amplitude and
vibration frequency on the mass discharge rate. In the
second section, segregation results are discussed by
studying the effects of fines percentage, inter-particle
cohesion, diameter ratio and multi-component mixtures
(binary and ternary) during the vibration period.

3.1 Comparison of mass discharge rate
under different frequency and acceleration
amplitude
Vibration is often utilized to have a continuous flow from
the hopper, but an improper selection of vibration parameters commonly leads to product quality loss. Thus, the
mass discharge behavior of the mixture I is compared for
different frequency and acceleration amplitude. The mass
discharge rate is calculated in terms of the non-dimensional
acceleration amplitude, U. Figure 4 presents results of the
mass discharge rate (W) divided by the mass discharge rate
without vibration (W0), for mixture I as a function of the
non-dimensional acceleration amplitude, U.
The mass discharge rate is increased with acceleration
amplitude at a fixed frequency as shown in figure 4.
However, beyond the acceleration amplitude (U = 1), there
is a rapid increase in the discharge rate and this trend is
almost similar for all studied vibration frequency. In the
previous study, similar behavior was observed between
mass discharge rate and acceleration amplitude for mono
sized particle system [16]. Figure 5 also depicts the same
mass discharge rate results in terms of the non-dimensional
velocity amplitude or vibration amplitude (X = Ax/V),
where V is a characteristic velocity of mass discharge,
which is taken as ðgðD  kd ÞÞ1=2 . Here D is the outlet
diameter of the hopper, k = 1.4 [16] and d is particle
diameter of the mixture.
From figure 5, it can be seen clearly that mass discharge
rate is purely dependent on the vibrational velocity. The
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Figure 4. Mass discharge rate (W) divided by the mass
discharge rate without vibration (W0) as a function of vibration
acceleration amplitude (U) and frequency (f) for mixture I.

two main results are: (1) for fixed acceleration amplitude
(U), the mass discharge rate increases with velocity
amplitude or vibration amplitude (X); (2) the effect of
vibration on mass flow rate is negligible below velocity
amplitude (X & 0.2). These results also resemble with the
study on mono sized particle system by Hunt et al [16].
The mass discharge rate is a strong function of flow bulk
density during discharge, and increases with increase in
flow bulk density [34, 35]. In order to observe the
inter-relationship between flow bulk density and vibration
frequency, a quantitative approach based on a particle
movement above outlet of hopper is used. It is measured by
extracting a center region above outlet. A schematic of the

Figure 5. Mass discharge rate (W) divided by the mass
discharge rate without vibration (W0) as a function of nondimensional velocity amplitude (X) for mixture I.
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extracted region for flow bulk density calculation is shown
in figure 6.
The flow bulk density is defined as the ratio of total mass
(including the mass of each size particles) inside the
selected region to volume of that region. Figure 7 (a),
shows the extent of dependence of vibration frequency on
flow bulk density for mixture I at fixed acceleration
amplitude (U = 2), during hopper discharge.
It is observed that as the vibration frequency increased at
fixed acceleration amplitude, flow bulk density during
discharge decreased and hence decreased mass discharge
rate is observed. At low vibration frequency (25 Hz), voids
filling process by fines particles increased due to increase in
percolation or sieving effect. With further increase of
vibration frequency, disruption between particles is obvious. In this instance, particles are not packed significantly,
which leads the velocity of particles to fall down inside
hopper. Figure 7 (b) also shows plot of the mean velocity of
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
particles ( v2x þ v2y þ v2z ) averaged over center volume
(shown in figure 6) for mixture I at constant acceleration
amplitude (U = 2) having different range of frequency. It is
evident from figure 7 (b), that particles mean velocity
inside hopper decreased at fixed U with increase in the
vibrational frequency. Thus it can be concluded that, for
particular acceleration amplitude (U), low vibration frequency promotes better particles packing resulted in
increased flow bulk density and all of the particles are in

Figure 6. Schematic of the extracted region for flow bulk
density calculations.

Sådhanå (2020)45:67

Figure 7. a Flow bulk density (averaged over sample time of 0.5
from the start of discharge) variation of mixture I at different
frequency having constant acceleration amplitude (U = 2), b
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Mixture I, mean velocity, v2x þ v2y þ v2z ) in the central region of
hopper at different frequency having constant acceleration amplitude (U = 2).

motion, whereas the particles at high frequency suffers
obstruction and moved at a low speed during discharge.
The real particulate solids are composed of various
particle sizes and are more commonly encountered in
industrial applications. For this reason, the mass discharge
rate of mixtures (I-V), which are differing in composition,
size difference and components, are also analysed. Figures 8 (a) presents the mass discharge rate (W), divided by
the discharge rate without vibration (W0) for mixtures (I-V)
at constant vibration frequency (25 Hz) having different
acceleration amplitude (0.5 B U B 2.5).
As is evident from the plot that different mixtures (I-V)
behave differently in the same operating vibration condition. Almost for all the studied mixtures, mass discharge
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rate is observed to be maximum for mixture III (xi = 0.4,
diameter ratio—2.37). This can be attributed due to
increase in smaller particles (fines) and increased percolation during hopper discharge. For the largest particle size
ratio, large voids are expected between the particles. With
the increase in vibration acceleration amplitude, fines percolated more easily, giving a greater tendency for the
mixture to enhance mass discharge rate. Although there is
no consistent trend between different mixtures but
increased mass discharge rate is observed for each mixture
with increase in acceleration amplitude (U) at fixed frequency (25 Hz). The variation of average flow bulk density
for all mixtures at different acceleration amplitude is also
plotted in figure 8 (b). The flow bulk density value is
averaged over the same central region (refer to figure 6) up
to 5 s from the beginning of discharge at a sample time of
0.5 s. The average flow bulk density is decreased at fixed
vibration parameter in the following order; mixture III
(largest diameter ratio) [ mixture I (binary mixture) [ mixture V (ternary mixture) [ mixture II (binary
mixture with lesser fines content) [ mixture IV (cohesive
binary mixture). For smaller initial amount of fines (mixture II, xi = 0.1), the microstructure inside hopper is controlled by the coarse particles. It gives rise to the stagnant
microstructure compared to higher fines content mixture
where smaller particles percolate through the spaces
between the large particles leading to faster discharge rate.
To find out how the velocities of particles of different
mixtures (I–V) vary within the hopper during hopper discharge, the hopper is cut from central part above outlet
across its length. A schematic of this region is given in
figure 9 (a).
The particles in this central region are assigned six
different colors (Blue, Magenta, Cyan, green, yellow, and
red) based on the velocities. Figure 9 (b) shows the distribution of the mean value of velocity vector within the
central region of hopper for all mixtures at vibration frequency (25 Hz) and acceleration amplitude (U = 2) after
1 s, 2 s and 3 s of discharge. In parallel, the packing
density is also marked in figure 9 (b). The center velocity
vectors (indicated in red color) above the hopper outlet
have a higher magnitude for mixture III and hence showed
maximum discharge rate. For the case of mixture II (having lesser number of fines), the velocity magnitude (red
region) have smaller value as compared to all other mixtures. The spatial distribution of the velocity profile indicates that different mixtures behave differently and have
different packing characteristics at a particular vibration
condition. The change in particle size distribution changes
the system packing fraction (defined as bulk density/particle density) and wider size distributions generally produce greater packing density [36]. As the discharge process
begins, the particles slowly started to fall into void space
between the particles and accelerated with time. Due to
increase in fines content and large voids, the better packing
is observed for largest particle size ratio mixture (III). On
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Figure 8. a Mass discharge rate (W) divided by the mass discharge rate without vibration (W0) as a function of vibration acceleration
amplitude (U) and frequency (25 Hz) for mixtures (I–V). b Average flow bulk density as a function of vibration acceleration amplitude
(U) and frequency (25 Hz) for mixtures (I–V).

Figure 9. a Hopper central region above outlet for visualization of particles velocity. b Hopper central velocity profile above
outlet along with packing density for mixtures (I–V) at vibration acceleration amplitude (U = 2) and frequency (25 Hz) after 1 s, 2 s and
3 s of discharge.

the other hand, cohesive mixture showed minimum packing density due to reduce percolation effect. It is clear from
these Figures that the particles distribution or mixture
composition during hopper vibration is an important factor
in determining the overall mass discharge rate. The significant impact of vibration parameters on hopper mass
discharge rates seen in figures 8 and 9 warrants more indepth understanding of segregation beaviour under different vibration conditions. Therefore, next section explores

inevitable size segregation effects during vibratory hopper
discharge.

3.2 Hopper discharge segregation results
This section describes the segregation results for different
mixtures under same vibration conditions. These results are
categorized into four parts, i.e., the effects of: (1) mass
fraction of fines, (2) diameter ratio, (3) inter-particle
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cohesion and (4) multi-components mixtures (binary and
ternary) on segregation. To quantitatively describe the
extent
  of segregation, the normalized mass fraction of fines
xt
xi

, inside hopper is adopted as an index of segregation

effect [37, 38]. Specifically, xi denotes the initial mass
fraction of fines inside hopper (refer to table 1), whereas xt
shows the mass fraction of fines at particular time instant
(t), during discharge process. Hence, during
 whole discharge, the normalized mass fraction of fines

xt
xi

inside the

hopper is calculated for each mixture and plotted over
fractional mass discharged M/Mtotal, where M is the
cumulative mass discharged and Mtotal is the initial total
mass inside the hopper.
The value of normalized mass

fraction of fines

xt
xi

= 1, indicates discharge of fines par-

ticles as per specified/desired value thereby the discharged
 
mixture can be stated as completely mixed, whereas xxti [
 
1, and xxti \ 1 shows fines rich and fines depleted material
inside hopper, respectively.
3.2a Effect of mass fraction of fines: The segregation of
granular materials is dependent on vibration parameters.
Thus, considerable attention is given to the effects of
vibration frequency and acceleration amplitude on the
extent of segregation. Figure 10 (a) plots segregation
results of Mixture I ðxi = 0.4) at different acceleration
amplitude having 25 Hz frequency.
At low amplitudes (C \ 1), the fines particles exhibit
sieving action, resulted in fines depleted material inside
hopper. But for the acceleration amplitude greater than 1 (C
[1), the sieving action starts to diminish and fines were
unable to percolate during vibration time. Above acceleration amplitude 1.5 (C[1.5), the fines inside the hopper were
unable to roll down toward the hopper centerline leaving
fines rich material inside the hopper. Furthermore, this
phenomenon tends to increase with further increase in
acceleration amplitude. However, as the fines mass fraction
in the mixture decreases, segregation becomes more pronounced. Figure 10 (b) shows the segregation trend with
increasing acceleration amplitude (C) for mixture II
ðxi = 0.1). For discharge up to M/Mtotal & 0.5, fines discharged from the hopper with greater rate as apparent from
figure 10 (b). Furthermore, even applying high acceleration
amplitude (C = 2), fines depleted material inside hopper
was observed up to M/Mtotal & 0.8. This is because during
hopper vibration, rearrangements among particles took
place and some larger voids might have formed. The tendency of such behavior was more for mixture II ðxi = 0.1) as
compared to mixture I ðxi = 0.4). This is attributed that due
to large number of coarse particles and bigger pore sizes
between particles which leads to enhance fines percolation.
The results are in agreement with the research findings that
size is the dominant parameter responsible for segregation,
where large particles are found to migrate to and stay on the
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top section of a hopper while fines shift down to the bottom
section [5, 6].
3.2b Effect of diameter ratio: The segregation phenomena is greatly affected by the size ratio of particles [36, 37].
But the study regarding behavior of these types of mixtures
in the presence of vibration is still scarce. The segregation
behavior for mixture III (diameter ratio 2.37) in vibratory
hopper discharge is elucidated in figure 10 (c). Similar to
mixture I (diameter ratio 1.54), sieving or percolation
action by fines particles is also observed during end of
discharge process. But tendency of such effects is increased
in mixture III (see figures 10 (a) and (c)) due to increase in
number of fines along with the void gaps between the
particles. Clearly, the fines depleted material inside the
hopper was observed up to M/Mtotal & 0.8, even at high
acceleration amplitude (C = 2) for mixture III (see figure 10 (c)), whereas this behavior was limited to M/Mtotal
& 0.5 in case of mixture I. Therefore, it indicates that the
extent of the size segregation by vibration is different for
the different mixtures.
In order to get more clarification on percolation process,
the top view simulation snapshots of particles rearrangement inside the hopper at different acceleration amplitude
(C = 0.5, 1, 1.5) is also shown in figure 11.
The two size particles are assigned two different color,
red color for coarse particles whereas blue color for fines
particles. At low acceleration amplitude (C B 1), vibration
intensity is favorable to percolate the fines through the
vicinity of large particles leaving excess of coarse particles
at the end of discharge process (see figures 11 (a) and (b)).
But at higher acceleration amplitude (C = 1.5), the tendency of such percolation effects is reduced and constant
discharge of both size particles is observed (figure 11 (c)).
This means that for a particular frequency (f), when the
acceleration amplitude is less than 1.5, the percolation of
fines is dominant which start to diminish with increase in
acceleration amplitude. Whereas, increased acceleration
amplitude above 1.5 showed different fines behaviour
which purely depends upon the mixture type. Thus the
tuning of vibration parameters is essential to minimize
segregation depending upon the type of mixture.
3.2c Influence of inter-particle cohesion: In order to
study the effect of powder ‘‘stickiness’’ generated by interparticle cohesion, mixture IV is also analyzed on 25 Hz
frequency having different acceleration amplitude. Figure 10 (d) presents the behaviour of cohesive mixture under
different acceleration amplitude. By comparing figures 10
(a) and (d), two observations
  are clear: (1) the divergence of

fines rich material i.e., xxti \1 and fines depleted material
 
i.e., xxti [ 1 inside hopper with acceleration amplitude
happens much early for cohesive material as compared to
non-cohesive material, (2) for cohesive material the extent
of segregation during end discharge is decreased at low
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Figure 10. Segregation results as a function of the dimensionless vibration acceleration amplitude (U), at vibration frequency of 25 Hz
for, a Mixture I ðxi = 0.4, binary mixture, diameter ratio 1.54), b Mixture II ðxi = 0.1, binary mixture, diameter ratio 1.54), c Mixture III
ðxi = 0.4, binary mixture, diameter ratio—2.37), d Mixture IV ðxi = 0.4, cohesive binary mixture, diameter ratio—1.54), Mixture V
ðxi = 0.4, ternary mixture, diameter ratio—1.54).

acceleration amplitude (C = 1.5) as compared to non-cohesive material. The dominant mechanism responsible for
segregation is percolation, or sieving, whereby there is
shifting of small particles through the interstices between
larger particles. The extent of fines shifting through the
matrix of large particles is a strong function of cohesion. At
low acceleration amplitude (C = 1.5), fines in the system
remain attached to their larger neighbors and percolation
ceases. Further increase in acceleration amplitude resulted
in reduce percolation effect.
3.2d Effect of multi-component mixtures: To quantitatively characterize the effect of changing mixture components from binary to ternary on segregation, the
intermediate size particle is introduced in mixture I (see
table 1). Figure 10 (e) plots the segregation profile for
mixture V (ternary mixture) for different acceleration
amplitude at constant vibration frequency (25 Hz). The
results for ternary mixture are considerably different from
other mixtures. For the same fines percentage in mixture,
fines percolation is at a lower side in ternary mixture
(mixture V) as compared to binary mixture (mixture I)
during initial discharge up to M/Mtotal & 0.5. Furthermore, the ternary mixture corresponds to minimum

segregation at low acceleration amplitude (C = 1.5) as
compared to mixture I (see figures 10 (a) and (e)). This is
attributed due to reduce percolation effect by entry of one
more particle to the mixture I. As the relative size difference of the components decreased with increasing
number of components, the possibility of penetration of
fines particles into the voids becomes lesser with
increasing number of components in the mixture. By
controlling particle size distribution, segregation can be
minimized and it is the common practices used in
industries to reduce segregation [39, 40]. By comparing
the entire Figure 10, the fines rich material is observed
inside the hopper at high acceleration amplitude (C  2)
and exhibit different phases depending on the mixture
type. But, the extent of segregation is reduced for mixture
IV (cohesive) and mixture V (ternary mixture) at low
acceleration amplitude of 1.5. These results simply
revealed that during vibrations, there exists an acceleration
amplitude and frequency of vibrations which corresponds
to less or minimum segregated state.
3.2e Effect of particle-particle friction: Particle friction
during discharge plays an important role on mass discharge
rate and segregation. In general smaller friction coefficient
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Figure 11. Top view of particle rearrangement inside the hopper during discharge for mixture III at 25 Hz frequency and different
vibration acceleration amplitude, U a 0.5, b 1, c 1.5.

between particles results in increased mass flow rate [34].
Similar behaviour is observed during vibratory hopper
discharge in present study. For mixture II ðxi = 0.1), the
mass discharge rate was decreased from 20.7 g/s to 17.4 g/s
as particle-particle friction (l) was changed from 0.2 to 0.5.
With further increase in particle-particle friction (l) from
0.5 to 0.8, resulted in further decrease in mass discharge
rate to 16.7 g/s. Figure 12 plots the segregation profile for
different particle–particle friction coefficients (l), for
mixture II ðxi ¼ 0:1) at vibration frequency and acceleration amplitude (U) of 25 Hz and 1.5, respectively.
For l = 0.5, the segregation results had a trend similar to
that of a l = 0.8 up to M/Mtotal & 0.55 (see figure 12).
Here, excess of fines are discharged for the first 55% discharged mass and resulted in fines depleted material inside
hopper. Although between 0.50 \ M/Mtotal \ 0.65, reduce
percolation effect is observed. On the other hand, low
particle-particle friction material attained fairly uniform
fines mass fractions during initial discharge mass until
M/Mtotal & 0.5. Ketterhagen et al [37] in their work also
observed a similar behavior and thus concluded that
increase in particle-particle friction increases the porosity
in the powder bed, which results in greater rate of percolation. These results simply showed that under same

Figure 12. Segregation results for the given particle–particle
friction coefficients (l), for mixture II ðxi = 0.1) at 25 Hz
frequency and acceleration amplitude (U) of 1.5.

vibration condition, the extent of segregation significantly
increased with increase in particle-particle friction by promoting the percolation.
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4. Conclusions
Generally, industry uses most powder/granular systems
ranging from mono-component to multi-component systems
having different composition. Hence the choice of suitable vibration parameter is always crucial for better product
quality by minimizing segregation. In this work, effect of
horizontal vibrations during hoper discharge is simulated,
using three-dimensional DEM. The DEM simulations are
verified by the experimental results reported in the literature. The present investigation is extended to explore the
behavior of multi-component mixtures under different
horizontal vibration conditions. In particular, the effects of
vibration parameter (C and f), fines percentage in mixture,
diameter ratio, and mixture components (binary and ternary) on mass discharge rate and segregation during vibratory hopper discharge are investigated. In general, increase
in vibration acceleration amplitude (U) and frequency
(f) results in the increase of mass discharge rate due to
increase in particles velocity during hopper discharge. The
extent of the size segregation during vibration depends on
the nature and size distribution of mixture. Almost for all
the studied mixtures, fines depleted material inside hopper
is observed at low acceleration amplitude (C B 1.5) due to
increase in percolation effects. With further increase in
acceleration amplitude above 1.5, fines inside the hopper
are unable to percolate down towards the hopper discharge
outlet leaving fines rich material inside the hopper. At
particular vibration parameter, the segregation behaviour
exhibit different phases depending on the mixture properties such as fines percentage, diameter ratio, etc. Eventually
this study emphasizes the importance of proper vibration
parameter and provides first estimate of effect of vibration
parameters and material attributes on mass discharge rate
and segregation during vibratory hopper discharge.
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