Sådhanå (2020)45:39
https://doi.org/10.1007/s12046-019-1259-x

Ó Indian Academy of Sciences
Sadhana(0123456789().,-volV)FT3
](0123456789().,-volV)

Effect of cryogenic temperature and frequency on copper coils
PRANOTI R RAUT1,*, HIMANSHU J BAHIRAT1 and M D ATREY2
1

Department of Electrical Engineering, Indian Institute of Technology Bombay, Mumbai 400076, India
Department of Mechanical Engineering, Indian Institute of Technology Bombay, Mumbai 400076, India
e-mail: pranotiraut@iitb.ac.in; hjbahirat@ee.iitb.ac.in; matrey@iitb.ac.in

2

MS received 12 October 2019; accepted 17 November 2019
Abstract. There is increasing interest in development of magnetic energy storage with conduction cooling. In
contrast with the liquid- and gas-cooled coils, the conduction-cooled coils are expected to have significant
amount of thermally conducting structures. These thermal structures are usually made of copper, which is also a
good electrical conductor. Thus, it is expected that the support structures would modify the resistances and
inductances seen by the front-end converters connected to these coils. The paper, thus, presents detailed analysis
and experimental results investigating the impact of temperature and frequency variations on conduction-cooled
coils. The frequency variations are considered because the front-end converters are likely to produce highfrequency currents in the coil. The results indicate that there is a significant reduction in the inductance of the
coil when temperature is reduced and remarkable change is also observed when operating frequency is
increased. The increase in frequency is known to increase the resistance, but significant increase in resistance is
also observed at low temperature when frequency is increased. The results indicate that beyond a certain
frequency, the frequency effects dominate the observed resistance values of the coils.
Keywords. High frequency; temperature; conduction cooling; superconducting magnetic energy storage;
resistance; inductance.

1. Introduction
Conduction-cooled coils are employed in superconducting
magnets and MRI [1, 2]. A typical conduction-cooled
superconducting magnetic energy storage (SMES) has
thousands of turns, which are conduction cooled by copper
plates [1]. Being a DC device, it is connected to AC system
through a bi-directional converter operating at switching
frequency of a few kHz. Due to switching of converter, the
operating current and the voltage of SMES has high-frequency harmonics during stand-by mode [3]. Ref. [4] has
also reported that the voltage across SMES coil has frequency of 2.1 kHz. Though an SMES coil has no resistance
during stand-by mode, these frequencies are expected to
change effective resistance and inductance of the coil.
The energy storage capacity of SMES depends on its
inductance and operating current. Figure 1 shows a conduction-cooled coil coupled to metallic elements like former and conduction plate. The eddy currents induced in
these elements oppose the main magnetic field, affecting
the inductance of the coil. This change in inductance affects
the energy storage capacity of the coil. Besides, the induced
currents increase the losses in the system, increasing its
cooling requirement [5].
*For correspondence

The effects of temperature and frequency on inductance
and resistance are explained below. When the coil is cooled
to the cryogenic temperature, it may shrink or loosen
depending upon the thermal coefficient of the former.
Depending upon its thermal coefficient, dimensions of the
conductor change with the operating temperature [6]. As
the inductance of the coil is a function of the dimensions of
the conductor, these changes may also affect its inductance
[7]. Figure 1 shows an air-cored solenoid having inner
radius Ri and thickness t. The length and mean radius of
solenoid are l and r, respectively, and it is wound with
N turns.
The inductance of such a solenoid can be calculated
using (1) [7]:

L¼

l0 N 2 AC
1

;
r
1 þ 0:9 l þ 0:32 rt þ 0:84 tl
l
AC ¼pr 2 :

ð1Þ
ð2Þ

Equation (1) remains valid for coils at cryogenic
temperature.
Effect of temperature on inductance: For the vacuumcored coil at cryogenic temperature, the permeability in (1)
remains unity. When the coil has non-magnetic core, say
copper, its magnetic susceptibility decreases nearly by 7%
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Figure 1. Typical conduction-cooled SMES coil with former and
cooling plate.

from 300 to 4 K [8]. However, net change in the relative
permeability of the material is negligible. The change in the
conductor dimensions with temperature is determined by its
thermal coefficient. As the thermal coefficient is generally
positive, the conductor shrinks as its temperature decreases,
reducing its overall area [6]. The decrease in the length of
various materials with temperature is also reported in [6]
for metals, superconductors and polymers. The maximum
reduction in the length for any material does not exceed
0.08% when the temperature is reduced from 300 to 4 K
according to the report. Similar results are published in [9],
where the overall decrease in the length is reported to be
not more than 0.5% from 293 to 4 K irrespective of the
material.
Thus, the decrease in temperature from 300 to 4 K may
only slightly affect the inductance of solenoid according to
(1).
Effect of temperature on resistance: The resistance of the
solenoid can be given by (3) [10]:
R ¼ qc

lw
Aw

ð3Þ

where qc is resistivity of the conductor,
lw is total length of the conductor and Aw is cross-sectional area of the conductor.
The ratio of the length to cross-sectional area at a temperature may only slightly affect the resistance. However,
as the resistivity significantly reduces with temperature as
shown in [11], the net resistance of the solenoid reduces
proportionately.
Effect of frequency on inductance and resistance: The
effect of frequency on the inductance of air-cored solenoid
is discussed widely in the literature. It is shown in [12] that
at high frequency, the effective core area of conductor is
expected to be much less than that at low frequency due to
skin effect, causing the inductance to decrease. This phenomenon is expressed as a function of frequency and
explained mathematically in [13]. Ref. [13] also shows that
the inductance decreases by nearly 9% when the applied

frequency increases from 500 Hz to 20 kHz. Thus, the
inductance of the coil at high frequency was less than its
DC inductance. Similar results for air-cored coils at room
temperature have been reported in [14, 15]. It was also
reported that resistance of the coil increases with the
applied frequency [12]. Ref. [16] showed that the resistance
of round wires increased with frequency (in MHz range)
due to higher skin effect. Besides, the inductance and
resistance of a planar solenoid having a thin magnetic core
also increased with frequency [17]. This was true for frequencies less than 1 GHz. The effects of frequency on
inductance and resistance of elements like transformers and
transmission line are reported in [18, 19]. High frequencies
may critically affect the coils at cryogenic temperatures like
SMES, as can be concluded from the result published in
[20]. Ref. [20] reported that the inductance of bath-cooled
SMES magnet decreased by nearly 8% between 20 and 150
Hz at 4.2 K. It must be noted that these results are reported
for coils that are not coupled to any conducting elements.
Existing literature reports the effect of conducting elements on the performance of magnets. Ref. [21] reports that
the eddy currents induced in the conducting elements
reduce the field homogeneity in MRI, which may cause
poor quality of image along with losses in the system. They
may also cause vibration and noise in high-field MRI. In
high-field magnets like accelerator and pulsed field magnets, the eddy currents also produce considerable Lorentz
forces on conductive elements [22, 23]. The eddy currents
were mainly studied for the impact on field sensitivity and
losses in conducting part of the system. The effects of eddy
currents in and due to conducting parts such as losses,
Lorentz forces and noise have been reported in the literature published so far. As conduction cooling is being
increasingly employed in SMES [5, 24], the copper elements are subjected to the time-varying fields due to highfrequency current harmonics. This may change the flux
linkages of the coil, resulting in change in its inductance
and energy storage capacity. The decrease in inductance
may be more than that reported in [20] as the number of
metallic elements increases. This study is especially
important for conduction-cooled applications like SMES.
The objective of the paper is to study the effect of frequency on net inductance and resistance of a coil when it is
electromagnetically coupled to the metallic elements at
cryogenic temperature. As the study has direct implications
on SMES, experiments are expected to be performed on
superconductors. However, superconductors are expensive
and require expert handling. The nature of results is
expected to be similar with superconducting coils as copper
has the same magnetic permeability as that of superconductors. Also, the magnitude of eddy currents induced in
the conducting structure depends on its conductivity and
not that of coil. Hence, in the initial stage, copper coils
were taken as test specimens instead of costly superconductors. The coils were made of different former materials,
to study their effect on the resistance and inductance of
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coils. The frequency response of the two copper coils was
studied experimentally and by simulation at different
cryogenic temperatures. The frequency response of a typical conduction-cooled coil was also studied based on the
validated simulation model.
The paper is structured as follows. Section 2 explains the
structure of the coils and the numerical method to calculate
their resistance and inductance. The procedure to obtain the
results in Maxwell-2D is also briefly described. The
experimental set-up and test cases are given in section 3.
Section 4 discusses the measured and simulated results of
two copper coils. Finally, section 5 describes the parameter
variation of a large conduction-cooled coil.

2. Coils
2.1 Coil structure
Two copper coils were fabricated with different former
materials, one with teflon (non-conducting) and the other
with copper (conducting). Both formers were fabricated by
machining. As both coils would be press-fitted to the cold
finger, the inner diameter of formers was taken to be the
same as the diameter of cold finger. The length of the coils
was taken to be lower than that of cold finger. The connection is shown later in this section.
Figure 2(a) shows an air-cored copper coil fabricated
with teflon former. The dimensions for teflon former coil
(TFC) are given in table 1. The former had inner radius of
15 mm, and was 1 mm thick. The coil had inner diameter of
32 mm, outer diameter of 45.5 mm and was 21.5 mm long.
The coil was wound with 172 turns of copper conductor of
SWG 21. The conductor turns were coated with epoxy to
ensure that the coil remained tightly wound under cryogenic conditions. The resistance and inductance at room
temperature were measured and found to be, respectively,
763 mX and 1044 lH.
Figure 2(b) shows an air-cored copper coil fabricated
with copper former. The dimensions for copper former coil
(CFC) are given in table 1. It had inner radius of 15 mm,

Figure 2. Specimen coils for experiment along with their
connection to cold finger.
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Table 1. Details of coil specimen.
TFC
Inner diameter (mm)
Outer diameter (mm)
Height (mm)
Turns
Resistance (mX)
Inductance (lH)

32
45.5
21.5
172
763
1044

CFC
32
46.75
20
173
736
964

and was 1 mm thick. The coil had inner diameter of 32 mm,
outer diameter of 46.75 mm and was 20 mm long. The coil
was wound with 173 turns of copper conductor of SWG 21.
The conductor turns with epoxy were ensured to remain
tightly wound under cryogenic conditions. The resistance
and inductance at room temperature were measured and
found to be 736 mX and 964 lH, respectively.
To ensure effective conduction cooling with cryocooler,
the coils wound on former were attached to the cold finger
by press fitting as shown in figure 2(c). Anabond 652c
thermal paste (white paste seen on the copper former in
figure 2(b)) was used for smooth fitting of coil to the cold
finger of cryocooler. The cold finger of the cryocooler was
suspended from the top of the assembly. Figure 2(c) shows
the inverted cold finger attached to TFC. The cold finger
occupied the bore of the coils during conduction cooling.
During assembly, cold finger covered complete length of
TFC while it covered only 8 mm of CFC length. This was
due to more elasticity of teflon than copper former [25].

2.2 Numerical model in Maxwell 2D
The aim of this section is numerical computation of the
resistance and inductance of the coil with frequency and
temperature. The copper coils were modelled in 2D axisymmetric environment in Maxwell as shown in figure 3.
The cold finger was modelled as a thick cylinder having
inner radius of 6.25 mm and thickness of 8.75 mm. The
inner part of cold finger circulated compressed helium gas

Figure 3. Maxwell 2D models of TFC (left) and CFC (right)
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which produced the cold temperature at the head of the
finger. Hence, this part of the finger was modelled as vacuum in simulation model. The turns of coil were individually modelled and excited by an input AC current. The
model turns had diameter of 0.8 mm and assumed to be
insulated by conductor’s self insulation and epoxy of
thickness 10 lm. The axisymmetric model of outer vacuum
box was 50 mm wide and 120 mm long.
A solenoidal coil excited by a current I has the current
distribution governed by (4):
ZZ
I¼
J  dS
ð4Þ

Figure 4. Meshing of conductor in TFC at 140 K, 20 kHz.

r;z

where J is the current density and dS is the differential
cross-sectional area of conductor.
AC current density distribution is affected by the source
frequency x and conductivity r of the metal. The total
current density is superposition of the component due to
potential difference and due to frequency as given in (5):
J ¼ Js  r

oA
ot

ð5Þ

where Js is the source current density and r oA
ot is induced
current density due to time-varying magnetic field.
According to Maxwell’s equation and magnetic vector
potential theory
r  H ¼J; B ¼ l0 H;

ð6Þ

r  A ¼B:

ð7Þ

Taking curl of (7) and substituting (6) in (7) for sinusoidal
current with frequency x, we get
r2 A ¼ l0 ðJs  rjxAÞ:

ð8Þ

Equations (4) and (8) can be solved numerically for magnetic vector potential A, with boundary condition A/ ¼ 0
on the axis. Magnetic field density B and current density
J can be calculated from (7) and (6), respectively.
Inductance calculation: The inductance of the coil, L, is
calculated by finding total energy stored in the coil after
integrating the energy density over volume of coil and
surrounding, and using (9):
Z 2
B
1
ð9Þ
E¼
dV ¼ LI 2 :
2
2l0
Resistance calculation: The net resistance of the coil, R, is
calculated by integrating the power loss density over volume of the coil, and using (10):
P¼

Z

J2
dV ¼ I 2 R:
r

ð10Þ

Figure 4 shows the meshing of conductor turns. The
mesh had minimum three elements in skin depth according

to the operating frequency and temperature. Similarly, the
metallic elements in the model were meshed considering
the operating frequency and temperature. The cold finger
and coil temperature were assumed to be uniform and
constant across the coil. The conductivity of copper at
different temperatures was taken from [26]. The ratio of
measured resistances at 300 K to that at 77 K was compared
with the graphs, and residual resistivity ratio (RRR) of
copper was obtained to be 20. The resistivity graph for
copper of RRR 20 from [26] was followed to assign conductivity to copper at different temperatures. The temperature effect on coil was included by changing its resistivity.
Similarly, the effect of the former material can be observed
by changing its electrical conductivity. The simulations
were carried out in the ‘Eddy Current’ module of the
software. Frequency response can be simulated by adding
required frequencies in ‘Frequency Sweep’ setting of
analysis set-up. As the assembly of two coils was different
during conduction cooling, the results of conduction-cooled
TFC and CFC could not be compared.

3. Experimental set-up
The resistance and inductance of TFC and CFC with frequency variation were measured for two cases. In the first
case, the coils were dipped in liquid nitrogen (LN2 ) bath
and in the second case, they were conduction cooled using a
cryocooler.

3.1 Experiment cases
Case 1—Bath cooling: The cryogenic temperature of 77
K was maintained by immersing the coils in the liquid
nitrogen bath as shown in figure 5. The coils were excited
by AC current of 50 mA. The frequency of the supply was
varied from 42 Hz to 20 kHz. The coil was ensured to be
fully submerged in the liquid nitrogen during experiment.
Parameters were measured after the boil-off was settled.

Sådhanå (2020)45:39

Figure 5. Set-up for bath cooling experiment (Case 1).

The resistance and inductance were measured using a Hioki
3522/50 LCR HiTester. The tester has frequency range of
42 Hz–5 MHz with an accuracy of  0:08%.
Case 2—Cryocooler cooling: Figure 6 shows a schematic of the experiment set-up consisting of the coil
specimen, co-axial cryocooler, compressor, digital temperature display and LCR meter. The coil was attached to
the cold finger of cryocooler as shown in figure 2(c) and
enclosed in a 4 mm thick SS-304 jacket.
The working of various components shown in figure 6 is
explained here. Figure 7 shows corresponding components
in the experimental set-up. The co-axial pulse tube cryocooler was used to vary the cryogenic temperature of the
coil. The vacuum pump (component 1 in figure 7) attached
to the steel jacket (component 2 in figure 7) evacuated all
the gases and moisture from the assembly. A CHART-make
2S132W linear compressor (component 3 in figure 7) was
used to lower temperature of helium gas stored in the
reservoir at 17 bar. The compressor was switched on
(power supply shown as component 4 in figure 7) once the
pressure in the steel jacket was below 104 mbar.
The winding temperature can be monitored from the
digital display (component 5 in figure 7) so as to adjust the
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Figure 7. Test set-up for Case 2: (1) vacuum pump, (2) SS 304
steel jacket (the coil is inside), (3) linear compressor, (4)
compressor power supply and (5) digital temperature display.
The LCR meter is not shown for the sake of clarity.

input power to compressor. The LCR meter excited the coil
through two copper wires coming out of the assembly.

4. Results and discussion
Variations of resistance and inductance of both coils with
frequency were observed experimentally. Also, the coils
were modelled and simulated in Maxwell 2D axi-symmetric environment to verify the accuracy of the model.

4.1 Case 1: bath cooling
For coils at 298 K, between 42 Hz and 20 kHz, table 2
shows the resistance and inductance values at room temperature and 77 K for TFC and CFC at 42 Hz and 20 kHz.
At room temperature, the resistance of TFC increased from
0.763 to 5.15 X when the frequency was increased from 42
Hz to 20 kHz whereas that of CFC increased from 0.736 to
8.33 X. When TFC was excited with AC current, the flux
linkages of innermost turns were the lowest due to skin and
proximity effect as shown in figure 8(a). Thus, the transport
current distributed more towards conductor surface of these
turns due to the lowest inductance. This effect becomes
prominent with increasing frequency. As the effective

Table 2. Case 1—resistance and inductance variation of TFC
and CFC at 42 Hz and 20 kHz.
300 K
42 Hz
TFC
CFC
Figure 6. Schematic of set-up with conduction-cooled copper
coil.

R (X)
L (lH)
R (X)
L (lH)

0.763
1044
0.736
964

20 kHz
5.15
1002
8.33
225.22

77 K
42 Hz
0.103
1030
0.179
581

20 kHz
5.76
899
8.69
95.22
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Figure 8. Flux distribution (line plot) and current density
(surface plot) of TFC at (a) 298 K, 42 Hz and (b) 298 K, 20 kHz.

Figure 9. Flux distribution (line plot) and current density
(surface plot) of CFC at (a) 298 K, 42 Hz and (b) 298 K, 20 kHz.

conductor area reduced, the resistance of TFC at 20 kHz
was higher than at 42 Hz. Figure 8(b) shows the reduced
flux linkages of conductor at 20 kHz, resulting in the
decrease of inductance of TFC to 1002 lH.
Figure 9(a) shows that the current distribution and flux
linkages in CFC are almost similar to those of TFC at lower
frequency. Hence, the resistance and inductance of both
coils are very similar at 42 Hz. A drastic deviation was
observed as the frequency increased. Figure 9(b) shows that
higher frequency has severe effects on the parameters of
CFC. At higher frequency, eddy currents were induced in
copper former of CFC. These currents, besides skin and
proximity effects of conductor, caused losses in the coil,
which was reflected in higher resistance of CFC. Figure 9(b) shows lower flux linkages of the copper former at
20 kHz. The inductance of CFC reduced to 225 lH compared with 1002 lH at 20 kHz. This value was 78% lower
than that of TFC at 298 K, 20 kHz.
Coils at 77 K, 20 kHz: Figure 10(a) shows that the current density of TFC at 77 K is nearly uniform at 42 Hz. The
inductance of TFC at 77 K, 42 Hz was 1.5% lower than at
298 K, 42 Hz due to similar flux linkages of TFC at the two
temperatures and at low frequency. However, they change
at higher frequency. Figure 10(b) shows that the flux
linkages of TFC are lower at 20 kHz than at 42 Hz. Hence,

the inductance of TFC reduced by 10% at 20 kHz. Besides,
eddy currents in the conductor would be stronger due to
higher conductivity and frequency at 77 K, 20 kHz. Thus,
the skin and proximity effects would be stronger than at 42
Hz, resulting in higher current density of 18.3 A/mm2 at the
conductor surface. Figure 11(a) and (b) shows that these
effects would be stronger for CFC having former (additional conducting element) at 77 K. Hence, the changes in
parameters of CFC were higher at 77 K, 20 kHz. The results
for both coils are compared here.
Table 2 shows that the resistance of TFC increased from
5.15 to 5.76 X (11.84%) and that of CFC increased from
8.33 to 8.69 X (4.32%) at 20 kHz when the temperature
decreased from room temperature to 77 K. Simultaneously,
the inductance of TFC decreased from 1002 to 899 lH
(10.28%) and that of CFC decreased from 225.22 to 95.22
lH (57.78%) at 20 kHz. The decrease in inductance of TFC
was almost 10% as compared with 58% in CFC at 20 kHz
when the temperature of coils was decreased to 77 K. This
can be attributed to higher effects of eddy currents in
copper former of CFC at 20 kHz as shown in figures 10(b)
and 11(b). It can be seen from the figures that the highest
current density of 7.70  107 A/m2 is obtained in the turns
near the former of CFC at 77 K, 20 kHz. However, the
change in resistance of coils at 20 kHz is not significant as
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Figure 10. Flux distribution (line plot) and current density
(surface plot) of TFC at (a) 77 K, 42 Hz and (b) 77 K, 20 kHz.

Figure 11. Flux distribution (line plot) and current density
(surface plot) of CFC at (a) 77 K, 42 Hz and (b) 77 K, 20 kHz.

the induced eddy current in copper former of CFC appears
only on its surface and has low magnitude as can be seen
from figure 11(b). The resistance increased by 12% in TFC
and 4% in CFC from room temperature to 77 K, 20 kHz.
This means that at higher frequency and 77 K, the frequency effect (higher eddy currents) was dominant over the
temperature effect (decrease in the resistivity) of the coils.
TFC vs CFC: When the frequency increased from 42 Hz
to 20 kHz, the resistance of TFC increased by 6.75 times at
298 K compared with 55.31 times at 77 K; corresponding
increase in CFC resistance was 11.31 and 48.54 times,
respectively. This can be explained by increasing eddy
current effect with higher frequency and conductivity. The
effect was more prominent with CFC, which had a conducting former. At 77 K the eddy effects suppress the
decrease in resistivity due to temperature, resulting in
higher increase at 20 kHz than at 298 K for both TFC and
CFC.
When the frequency increased from 42 Hz to 20 kHz, the
inductance of TFC decreased by 4.02% at 298 K compared
with 12.81% at 77 K; corresponding decrease in CFC
inductance was 76.65% and 83.61%, respectively. This can
again be explained by increasing eddy current effect
resulting in lower flux linkages, as shown in figure 10(b),
with higher frequency. The effect was more prominent with
CFC, which had a conducting former.

To study the effect at various temperatures, the experiments were repeated for conduction-cooled coils.

4.2 Case 2: cryocooler cooling
As the assembly for both coils and their minimum temperature are different, the parameter variations are not
compared in this case. Each result is discussed separately.
Figure 12 shows the parameter variation of the two coils
with temperature at 42 Hz. The variation was studied at low
frequency to observe the temperature effects on the
parameters. The cold finger acted as a metallic core for both
the coils. At 42 Hz, the resistance of TFC decreased by
40% from 300 to 138 K. The corresponding decrease for
CFC from 300 to 70 K was 70%. The resistance of CFC at
84 K was 7.32% more than that at 94 K. This may be due to
more solder applied at the wire joints to fix the loose
connection of the steel jacket. As the temperature of cold
finger decreased, its conductivity and subsequently induced
eddy current in it increased. This increased the effective
resistance of the coils, and decreased the flux linkages and
the inductance of both coils. Similar effects at high frequency are shown later in this section. It must be noted that
the addition of metallic element (cold finger) significantly
reduces the inductance of both the coils. The effect is
expected to be more severe at higher frequencies.
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Figure 14. Magnetic field and current density distribution of
TFC at 140 K and 20 kHz.
Figure 12. Variation of resistance and inductance with temperature of TFC and CFC at 42 Hz. R_TFC and L_TFC represent
resistance and inductance of TFC, respectively. R_CFC and
L_CFC represent resistance and inductance of CFC, respectively.
The assembly corresponds to Case 2.

Figure 13 shows the measured and simulated values of
resistance of TFC with frequency. The minimum temperature possible at the outermost layer of TFC was 138 K.
Hence, the readings were taken at 300.2, 159.09, 150.55
and 139.74 K. At constant temperature, the resistance
increases with frequency. This may be attributed to the skin
effect of conductor and induced current in metallic cold
finger, as shown in figure 14. The resistance at 139.74 K,
20 kHz of TFC (nearly 12 X) was twice as that of the coil at
77 K, 20 kHz (5.76 X) in Case 1. Figure 14 shows induced
current in the outer surface of cold finger. It is evident that
the presence of cold finger results in increase in value of
effective resistance of TFC.
The variation of resistance with frequency was similar at
three cryogenic temperatures. The difference in value of
resistance at 139.74 and 159.09 K was 1% at 20 kHz,

Figure 13. Variation of resistance of TFC with frequency.

whereas the same variation at 42 Hz was upto 20% as can
be seen from figure 12. This again strengthens the idea that
the frequency effects dominate the parameter variations at
higher frequencies, whereas the temperature effects (on
resistivity) dominate at low frequencies.
AC resistance of a coil with electromagnetically coupled
metallic elements is given as
rﬃﬃﬃ
f
ð11Þ
Reff ¼ k1
þ k2 rf 2 :
r
The proof of this expression is given in the Appendix. For
very low frequencies, the resistance is determined by the
first term. As frequency increases, the second term dominates the expression and resistance increases with frequency. The slope of resistance vs frequency curve is given
as
dR
k1
¼ pﬃﬃﬃﬃﬃ þ 2k2 rf :
df
2 rf

ð12Þ

The slope of the resistance–frequency curve depends also
on the conductivity of the material. With higher conductivity of the coil and the metallic elements, resistance
increased sharply with frequency. Perceptible change in
resistance was observed beyond 2 kHz, and the four curves
intersected each other at a frequency (referred to hereafter
as cross-over frequency) of 8 kHz. Beyond 8 kHz, the
resistance at 298 K was lower than that at cryogenic temperature due to lower eddy currents in metallic elements.
Higher the conductivity of the metal and number of
metallic elements in its vicinity, lower be the crossover
frequency.
Figure 15 shows the variation of TFC inductance with
frequency. A few turns of TFC overlapped and there were
conductor bends during the coil winding. The difference in
the measured and simulated inductance can be attributed to
this fact, which is not considered in the numerical modelling. The variation of inductance with frequency was
similar at three cryogenic temperatures. The difference in
value of inductance at 139.74 and 159.09 K was 1% at 20
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Figure 15. Variation of inductance of TFC with frequency.

kHz whereas at 42 Hz, it was upto 20% as can be seen from
figure 12. Figure 14 shows that as the frequency increases,
flux linkages of the coil reduce from those in Case 1. This
resulted in decrease in inductance of conduction-cooled
TFC. Figure 14 also shows induced eddy current in the
outer surface of cold finger. Opposing magnetic fields due
to these currents decreased the flux linkages and inductance
of the coil. As the strength of induced current is directly
proportional to the conductivity of the cold finger and the
coil, the flux linkages and the inductance decreased with
temperature. The inductance at 139.74 K, 20 kHz of TFC
(470 lH) was almost half as that of the coil at 77 K, 20 kHz
(899 lH) in Case 1. This supports the idea that the presence
of cold finger results in decrease in value of effective
inductance of TFC.
For CFC, the minimum temperature that could be
reached at outermost layer was 70 K. Hence, CFC parameter variations were studied between 70 and 100 K. Figure 16 shows the measured and simulated values of
resistance of CFC with frequency. The nature of resistance

Figure 16. Variation of resistance of CFC with frequency.
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vs frequency curve was the same as that of TFC. Like in
TFC, the resistance of CFC increased with the frequency.
Figure 17 shows the induced current in copper former of
CFC at 70 K, 20 kHz. These currents along with the skin
and proximity effect caused losses in the system. Unlike
conduction-cooled TFC, the cold finger did not link any
coil flux. Thus, CFC resistance was mainly determined by
the copper former and the coil at high frequency. At low
frequency, the net resistance was mainly due to higher
conductivity (temperature effect) and at high frequency it
was due to increased eddy effects in two conductive elements (frequency effect) as shown in figure 17. The
crossover frequency for CFC was nearly 6 kHz.
Figure 18 shows that the inductance of the CFC
decreases sharply with frequency. This nature is the same
as that with conduction-cooled TFC. As compared to CFC
in Case 1, inductance of both coils was approximately the
same at 20 kHz. This can be attributed to the negligible flux
linkages with the metallic cold finger in the bore of the coil.
As the flux links mostly to the conductor turns of CFC and
does not extend beyond the former at 20 kHz (as evident
from figure 17), the effect of metallic cold finger on the
inductance of CFC in Case 2 at 72 K is not expected to be
significant at 20 kHz. The inductance of CFC in Case 1 was
9% lower than that in Case 2, whereas resistance in Case 1
was 29% lower than that in Case 2. This difference in
reading may be due to un-insulated conductor touching the
copper former. It must be noted that the insulation of
conductor of CFC was damaged while performing the
experiments in Case 1. Hence significant variation was
observed in the measured parameters, especially inductance
during the repetition of the experiments. Care must be taken
such that the insulation of coil remains intact under
experimental conditions.

Figure 17. Magnetic field and current density distribution of
CFC at 72 K and 20 kHz.
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Figure 18. Variation of inductance of CFC with frequency.

4.3 Simulation of CFC completely covering cold
finger
In low frequency range, the CFC model showed an error
that is close to 13%. The error decreased with increasing
frequency. Since the error was within certain bounds, the
simulation model was deemed to be accurate to predict the
behaviour of CFC at different temperatures and with variations of the conditions. In certain conditions, there might
be a possibility that cold finger completely fills up the
height of CFC. Figure 19 shows the simulated model to
study parameter variation with frequency. The temperature
and material properties were the same as in Case 2.
Figure 20 compares simulated resistance and inductance
of CFC when the cold finger partially fills up the height of
the coil (figure 3(b)) with the condition when cold finger
occupied the complete height of the coil (figure 19) at 70 K.
Error in resistance value at low frequency was nearly

Figure 19. Maxwell 2D model showing CFC completely covering cold finger of cryocooler.
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Figure 20. Comparison of simulated CFC resistance and inductance vs frequency at 70 K in two cases when the cold finger
partially and completely fills up the height of the coil.

12.41%, and it decreased with increasing frequency. At 20
kHz, the error was less than 1%. The effect was obvious
because at low frequency, flux linked to complete cold
finger along with the coil and its former. As frequency
increased to kHz range, flux linked more to the coil and the
effect of the cold finger was negligible.
A similar error profile is also observed in CFC inductance at 70 K in figure 20. As the flux linking the cold
finger was negligible at high frequency, the cold finger did
not have impact on the inductance of CFC. In this case, the
error of 13.09% at 42 Hz decreased below 1% at 20 kHz.
Thus, the results of Case 2, especially those in kHz frequency range, could be assumed to be still valid if CFC
completely covered the cold finger of cryocooler.

Figure 21. 2D axi-symmetric view of a conduction-cooled
copper coil modelled in Maxwell 2D.
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Table 3. Resistance and inductance of conduction-cooled coil at
70 K.
Frequency (kHz)
Resistance (X)
Inductance (mH)

1
12.41
1.73

20
46.77
0.79

Figure 23. Current density distribution of fifth pancake of
conduction-cooled coil at 20 kHz.

Figure 22. Flux lines plot of fifth pancake of conduction-cooled
coil at 20 kHz.

5. Parameter variation of conduction-cooled coil
Figure 21 shows a 2D axi-symmetric view of a typical
conduction-cooled copper coil modelled in Maxwell. Ten
pancakes, with 100 turns per pancake, were stacked vertically to form the coil. The non-metallic former is not
modelled here and 1 mm thick copper cooling plates are
inserted between each pancake for conduction cooling.
Inner radius of the coil was 120 mm and its conductivity
was 49  107 S/m at 70 K. The coil was simulated at 1 and
20 kHz, and the resistance and inductance of coil were
calculated.
Table 3 shows the effect of frequency on resistance and
inductance of the coil at 70 K. When the frequency of coil
increased from 1 to 20 kHz, the resistance increased from
12.41 to 46.77 X (almost 3 times) while the inductance of
coil decreased from 1.73 to 0.79 mH. As discussed in
section 4, increase in resistance was due to skin and
proximity effect of conductors and effective resistance of
copper conduction plates. These effects tend to lower the
flux linkages at the conductor edges than those at its centre.
Figure 22 shows the flux lines distribution of fifth pancake
from the top. It is seen that the density of flux lines is the
lowest at the edges of the pancake, making the local
inductance at the conductor edges lower than that at its
centre. Hence, the transport current density was more
towards the edge as shown in figure 23, where it encountered the least impedance.
The current density in the middle section of the turns
varied up to five orders in magnitude. Hence, the current
density along the mid-line of this pancake was plotted.
Figure 24 shows the current density variation along the
mid-line of the fifth pancake. The current density in the

Figure 24. Radial variation of current density along the midsection of fifth pancake of conduction-cooled coil at 20 kHz.

turns located near the bore and periphery of the pancake
was the highest, due to high proximity effects of all turns.
The nature of the curve was arbitrary due to complex skin
and proximity effects of the conductor at 20 kHz.

6. Conclusion
It can be concluded from the results that the reduction in
temperature results in reduction of resistance and inductance
of coil. The reduction in inductance of coil is higher when
metallic formers are used, which is similar to the ones that can
be used for conduction-cooled coils. The metallic formers are
expected to be used in conduction-cooled coils. The presence
of electrically conducting elements in the cooling structure
results in induced currents, which in turn results in higher
resistance of the coil. This impact is lower with the coils made
with non-conducting formers. Thus, it is concluded that the
conduction-cooled coils may offer higher resistance and may
result in higher heat load of the cooling system. The combined effect of frequency and temperature indicates that
reduction of inductance in case of conduction-cooled coils
may be large, and can result in significantly lower energy
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storage. It is seen that the resistance of the coils decreases
with the decrease in temperature, and the temperature effects
dominate in the lower range of frequency. However, it is
concluded that beyond a particular frequency, the frequency
effects are more dominant and the resistance offered by the
coil at 72 K seems to be higher than that of the coil at 298 K.
The results are verified for large coils as well in order to
ensure scalability, and the observations remain valid when
large coils are used.

Appendix
A conductor with conductivity r, radius r and length l
carries an AC current I at frequency f. A metallic plate is
placed near the conductor as shown in figure 25. For simplicity, let us assume that the conductor and plate have the
same conductivity r. The plate carries induced current due
to the time-varying magnetic field [27]. The total power
loss in the assembly (P) is due to loss in the conductor (Pc )
and the plate (Pp ):
P ¼ Pc þ Pp :

ð13Þ

For the sake of simplicity, let us neglect the effect of
opposing magnetic field generated by the plate on the
conductor. Thus, the current in conductor flows near its
periphery in skin depth d. The resistance of the conductor
can be simplified as
R¼q

l
pðr 2

2

 ðr  dÞ Þ

¼

1 l
:
r 2prd

ð14Þ

We know that the skin depth of the conductor is given as
1
d ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
pf rl

ð15Þ

AC resistance and the power loss in the conductor in terms
of frequency and conductivity are given by
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 l pf rl
;
R¼
r 2pr rﬃﬃﬃ
ð16Þ
pﬃﬃﬃﬃﬃﬃ
f
2 l pl
Pc ¼jIj
:
2pr
r

Figure 25. Metallic plate in the vicinity of a current-carrying
circular conductor.

The power loss in the plate due to induced current is given
by
Pp ¼

Z

jJind j2
dV:
r

ð17Þ

The induced current density is given by Jind ¼ r dA
dt . The
magnitude of induced current density can be written in
terms of frequency as jJind j ¼ rxA. Thus, the power loss in
plate can be calculated as
Z
2
Pp ¼ rx2 A dV:
ð18Þ
Total power loss in the system can be expressed as
P ¼Pc þ Pp ;

ð19Þ

pﬃﬃﬃﬃﬃﬃ rﬃﬃﬃ Z
f
2
2 l pl
P ¼jIj
þ rx2 A dV:
2pr
r

ð20Þ

The magnetic vector potential in the plate is generated due
to time-varying magnetic field. The effective resistance of
the conductor can be calculated from the total power loss as
rﬃﬃﬃ
P
f
þ K2 rf 2 :
Reff ¼ 2 ¼ K1
r
jIj
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