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Abstract. Burrs affect precision components and cause assembly related problems, and in general, decrease
manufacturing productivity. Drilling burr formation involves multiple stages that are inﬂuenced by variation in
thrust forces, temperature, stress conditions, and deformation modes in the unsupported length of the workmaterial below the drill. Several of these have not been adequately investigated so far. Therefore, the objective
of this work is to model the complex phenomena that occur just before the exit of the drill tip from the bottom
surface of the hole, and up to the complete exit of the drill point from the work surface. Accordingly, two models
have been developed: (i) to estimate onset of bending in conjunction with theory of plasticity, which leads to the
formation of a small drill cap under the pressure of steady-state drilling thrust forces, and (ii) to evaluate exit
burr size that involves stretching and bending of a thin layer below the drill tip, using the principle of energy
conservation. It is observed that a fracture is initiated at the chisel edge corner resulting in the formation of a
small drill cap. The exit burr size predicted by the model is within one standard deviation from the average burr
height as determined from the experimental data.
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1. Introduction
Drilling involves severe deformation of material with high
stresses and strains, which leads to high forces and large
heat accumulation near cutting edges. This also causes
formation of entry and exit burrs, requiring expensive deburring to meet part assembly speciﬁcations. Any reduction
in de-burring could lead to a signiﬁcant reduction in overall
manufacturing cost. Drilling burr formation is a complex
phenomenon involving multiple stages and elastic-plastic
bending and fracture of drill caps. Several researchers have
performed experiments as well as formulated mathematical
models of burr formation during drilling as summarized
below.
Gillipse [1] modelled burr formation by considering
lateral ﬂow of material along with bending of the material
around some ﬁxed pivot point around the edge of the hole.
Ko and Lee [2] modelled burr as a function of distance of
axis of drill from periphery of the hole. As the drill
advances, a fracture occurs either at the tip of the drill or at
the periphery of the hole depending on the stress condition.
In another approach, Sofronas [3] used principle of energy
balance, in drilling to ﬁnd the point at which the downward
cutting force of the drill is equivalent to the force required
*For correspondence

to plastically deform the remaining material underneath the
drill into a burr. On the other hand, Jinsoo and Dornfeld [4]
used energy balance equation just before the drill tip exits
from the bottom surface of the plate being drilled to ﬁnd the
burr initiation point. They found that this approach is more
appropriate for ductile work materials. Niknam and Songmene [5] presented an analytical model to predict burr
thickness, on the exit side during slot/up milling operation
of ductile materials. Their model considers geometry of
burr formation and the principle of continuity of work at the
transition from chip formation to burr formation. Ravi et al
[6] developed a model of burr formation using geometry of
burr formation and principle of continuity of work at the
transition from chip formation to burr formation. They
noted that that burr height prediction in micro-end milling
is challenging due to the complex geometry of material
removal and micro-structural effects encountered during
cutting at that length scales. Weng and Tang [7] presented a
coupled thermo-mechanical model of plane-strain orthogonal metal cutting including burr formation is presented
wherein Normalized Cockroft–Latham damage criterion
was used to characterize the burrs quantitatively near the
exit of orthogonal cutting. Matsumura and Leopold [8]
presented a minimum cutting energy model, wherein minimum thrust force with radial chip ﬂow direction has been
suggested to reduce the burr formation. Normally,
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application of vibrations is found to reduce burr formation
in drilling. In this regard, Cheng and Bone [9] developed a
numerical model, adopted from Jinsoo and Dornfeld’s
energy balance, to incorporate variation in thrust forces and
elastic-plastic deformation of the uncut material to form a
burr. In the analytical model by Stéphane et al [10], burr is
assumed to be formed as a result of plastic deformation of
the work-material below the drill without any fracture using
the theory of slip planes. In the above models, geometry of
material deformation has been used to predict burr formation. On the other hand, Saunder and Mauch [11] divided
the burr formation process under the action of thrust forces
to involve indentation under the drill point, orthogonal
cutting by the chisel edge and oblique cutting by the cutting
lips of the drill. They predicted initiation of the ﬁrst fracture
near the axis of the drill, followed by the second fracture at
the drill periphery. The uncut material was considered to
transform into a burr. Based on the model by Saunders and
Mauch [11], a combined experimental and statistical analysis by Lauderbaug [12] suggested that signiﬁcant parameters inﬂuencing burr size are feed rate, ratio of chisel edge
diameter to drill diameter, drill diameter, point angle and
yield strength along with some second order interactions
among these parameters. Abdelhafeez et al in their paper
described experimental analysis of drilling titanium and
aluminium alloys using diamond coated drills. They have
analysed effect of cutting speed and feed rate on burr formation [13]. Mondal et al described use of artiﬁcial neural
network (ANN) optimisation method for modelling of
drilling burr formation on low alloy steel [14]. A paper on
investigation of drill geometry and pilot holes on thrust
force and burr height has been analysed by Rezende et al
and they have concluded that tool and cutting speed are
most signiﬁcant parameters for thrust force and tool and
feed rate are most important parameters for burr formation
[15]. Deger et al in their paper on effect of cutting
parameters on hole quality and burr height used CFRP as
work material and they have given optimum processing
conditions speciﬁc to stacking conﬁguration [16]. Kundu
et al studied the effect of exit edge bevelling on burr
height while drilling aluminium alloy. According to their
study optimum burr height is observed at bevel angle of
150, cutting velocity of 20 m/min and feed rate of
0.032 mm/rev [17].
It is apparent from the above discussion that modelling of
burr formation in drilling has evolved from simple geometrical models, to those involving physical phenomena
such as drill cap formation, fracture at the periphery of the
hole, bending of the unsupported part of the work-material
under the drill, and plastic deformation of the uncut part of
the work-material as the drill exits the hole surface. It is
understood that material deformation during various stages
of burr formation is signiﬁcantly inﬂuenced by variation in
thrust forces, temperature, stress conditions, and deformation modes in the unsupported length of the work-piece
below the drill as the drill begins to exit the work surface,
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which hitherto have not been paid adequate attention to.
Therefore, speciﬁc objective of this work is to develop a
model of burr formation mechanism considering various
physical phenomena that are typically involved such as
protrusion of the material at the center, formation of crack
near the chisel edge corner to form a small drill cap, and
ﬁnally deformation of the uncut material to form the exit
burr. The Ti alloy, is commonly used metallic alloy in the
aerospace industries and it is used as work material for this
study. The machining of titanium alloys is difﬁcult because
it will have a high yield stress to tensile strength ratio and
the ﬂow stress increases dramatically with strain rate. The
high temperature strength, very low thermal conductivity,
relatively low modulus of elasticity, high strain hardening,
poor dislocation motion and high chemical reactivity makes
this material difﬁcult to machine as compared to other
conventional materials. The work has been organized in
ﬁve different sections as described below.

2. Physics based approach to burr formation
model
Various physical phenomena observed in drilling of titanium alloy including the formation of a burr are correlated
with the variation in thrust forces, as shown in ﬁgure 1(a).
As the drill enters the work-piece, the thrust force increases
and reaches a steady-state, see region (A) in ﬁgure 1(a). As
drilling progresses, thickness of the material below the drill
reduces thereby increasing the overall stress on the bottom
of the plate being drilled. At some point, when the drill tip
is at a height tcrack from the exit surface, the von-Mises
stress exceeds the ﬂow stress of the material and a crack is
initiated near the chisel edge corner to form a small drill
cap; the thrust force reduces drastically during this phase
[11, 18], see point (B) in ﬁgure 1 and picture of the small
drill cap on titanium alloy from the authors’
experimentation.
Figure 1(b) shows the physics used in the model development. However, cutting continues and material is
removed by the cutting lips of the drill until the drill point is
at a height tdeform above the exit surface when the work
done is sufﬁcient to deform the uncut material to form the
ﬁnal exit burr, see point (C) in ﬁgure 1. The thrust forces
decrease as the drill exits the work piece and the material
below the drill is stretched and bent simultaneously. A
second fracture occurs at the corner when the effective
plastic strain reaches failure strain of the material. The
uncut material is left behind as a burr [19], as shown in
ﬁgure 1 from point (C) to (E). A bigger drill cap is formed
at this stage, see photograph of on top right corner, ﬁgure 1.
Thus, in the process, the work involved in the formation of
a burr [4] is given as:
Worktotal  Workthrust force ¼ Workdeformation

ð1Þ
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Figure 1. (a) Various phenomena associated with the burr formation process. (b) Model steps.
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The model approach is elaborated later in various
sections.

3. Foundation for burr formation
3.1 Modeling onset of protrusion and formation
of small drill cap
In this model, the physical phenomena of material protrusion and formation of a small drill cap, see ﬁgure 1 (B) and
ﬁgure 3(a), are modelled as plastic bending of an axisymmetric circular plate of varying thickness, see plate
geometry in ﬁgure 3(b). The thickness of the plate below
the drill is h0 till the chisel edge corner, and increases
linearly thereafter till the drill periphery. According to the
plate geometry shown in ﬁgure 2(b), up to the chisel edge
the height of the plate is h0 post which it increases linearly
with a slope of cot (p). The height of the plate at a distance
r from the axis of the drill is given by
h ¼ h0 þ flag  ðr  Lc Þ  cotð pÞ

0; r  Lc
where; flag ¼
1; r [ Lc

ð2Þ

As shown in ﬁgure 2(a), the length of protrusion which
occurs during this stage below the drill axis is very small,
compared to the cross-sectional height of the plate as shown
in ﬁgure 2(b). This situation is analogous to very small

vertical deﬂection of a circular plate of large thickness,
where the plasticity theory in conjunction with von-Mises
yield criterion can be used to evaluate strain, stress and
location of the crack at the bottom surface of the plate being
drilled Chakrabarty, [20].
To apply the theory of bending to evaluate the state of
stress, and to determine the location of the crack, the thrust
forces acting over the cutting edge are considered to be
distributed as a pressure, Pr, over the top surface of the
circular plate, ﬁgure 2(c), and is given by,
8
chisel edge
Fthrust
>
>
>
; r  Lc
>
>
pL2c
<
cutting lips
ð3Þ
Pr ¼
Fthrust
>
; r [ Lc

2
>
>
> D
>
:p
pL2c
2
chisel edge
where, the thrust forces due to the chisel edge (Fthrust
)
cutting lips
and the cutting lips (Fthrust
) are evaluated as described
in section 4.
A free-body diagram of a generic section of the circular
plate at a distance r from the drill axis is as shown in
ﬁgure 2(d). The kinematic and equilibrium conditions for
the symmetrical bending of circular plates are formulated
with the following assumptions [16]:

a) The vertical displacement of the neutral plane is
assumed to be small compared to the thickness of the
plate and it effectively remains unstrained during

Figure 2. (a) Circular plate model: geometry and loading. (b) Variation of height. (c) Pressure on circular plate. (d) Free body diagram
of an element at distance r from drill axis. (e) Stress–strain diagram.
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bending. Therefore, the quadratic terms due to bending
are neglected in the strain formulae.
b) The elongation of the neutral surface and the membrane
stresses are neglected.
c) The bottom surface of the plate is free and the thickness
of the plate is small as compared to its diameter thus,
the normal stress rz is assumed to be zero throughout
the plate making it a plane stress problem.
The consideration of equilibrium condition of forces and
moments on the circular section yields the following
equations [20],
Z2p Z r
rQr ¼

ð4Þ

Pr rdrdh
0

0

d ðrMr Þ
 Mh þ rQr ¼ 0
dr

Zh
Mr ¼ 2

Zh
rr zdz; Mh ¼ 2

0

rh zdz

ð6Þ

0

In the above equation, h is the thickness of the plate as
given by Eq. (2). The geometric equations relating to strain
and displacement for the radial and tangential strain are
deﬁned as [20]
er ¼ z

d2 w
z dw
; eh ¼ 
dr 2
r dr

ð7Þ

where, z is the distance from the neutral place. The plastic
bending of the plate is modelled as formulated by Merckx
[21]. The second stress invariant, S, is assumed to be a
function of the second strain invariant, E, given by the
following relationship [21], and as shown in ﬁgure 2(e)

E2
S ¼ 2G 1  2 E
3E0



ð8Þ

where, G is the shear modulus. The second stress and strain
invariants follow a non-linear relationship and the curve is
horizontal at E = E0, the maximum permissible strain
invariant.
From the assumption that rz is zero and the material is
incompressible, the second stress and strain invariants in
terms of radial and circumferential stresses and strain are
given by [21]
S2 ¼


1 2
rr  rr rh þ r2h and E2 ¼ e2r þ er eh þ e2h
3



8
1 chisel edge pr 2
>
>
F
;
r Lc
>
>
r 2thrust
pL2c
>
>
3
1
0
>
<
Qr ¼
B
2
2 C7
16
>
6 chisel edge
cutting lips B pr  pLc C7
>
>
þ Fthrust
Fthrust
6
C7; r [Lc
B


>
>
A5
@ D 2
r4
>
>
2
:
p
pLc
2
ð10Þ
Assuming the stress deviators to be proportional to the corresponding strain deviators, and using the stress-strain relationship deﬁned by Eq. (8) and the stress equation (9), the
principal stresses rr and rh are expressed in terms of the principal strains and are given by the following expressions [21]


e2r þ er eh þ e2h
eh
ð11Þ
rr ¼ 4G 1 
er þ
2
3E02

ð5Þ

where, at a generic section of the plate moments are deﬁned
as [20]

ð9Þ

To evaluate the shear force per unit length of the plate,
the pressure distribution equation ((3) is substituted into the
force equilibrium equation),
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e2 þ er eh þ e2h
rh ¼ 4G 1  r
3E02


eh þ

er
2

The bending moments (Eq. (6)) are expressed in terms of
vertical displacement, w, by substituting strain-displacement relationship (Eq. (7)) in the equations for stress
(Eq. (11)). Further, the differential equation for plastic
bending of circular plate is obtained by substituting the
bending moment equations (6) in the equation for moment
equilibrium ((5) and using the expression for shear force
per unit length (Eq. (10))) as given by,
 2

d 3 w 1 d2 w 1 dw
3Qr
d
d w 1 dw
¼
þ
þ

þ
dr 3 r dr 2 r 2 dr 8h3 G dr
dr 2 2r dr
"
 
 #)
2  2 
h2
d2 w
d w 1 dw
1 dw 2
þ
þ
dr 2
dr 2
r dr
r dr
5E02
(
"


2
1 1 d2 w 1 dw h2
d2 w

þ
2
r dr 2 r 2 dr 5E02
dr 2
#)
 2 
 

d w 1 dw
1 dw 2
þ
þ
dr 2
r dr
r dr

ð12Þ

In order to reduce the above third order differential
equation to a second order differential, the slope of the
displacement is replaced with a new variable, i.e.,
/¼

dw
dr

ð13Þ

/0 /

r r2
(

"
 2 #)
3Qr
d
h2
/
/0 /
/
0
02
þ
/ þ
¼ 3 þ
/ þ
2r
r
r
8h G dr 5E02
(
"
#)




1 h2 /0 /
/0 /
/ 2
02

þ
þ
þ
/
2 5E02 r
r2
r
r

/00 þ

ð14Þ
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Using the solution of the differential equation, i.e., /,
along with the strain-displacement relation (Eq. (7)) and
stress-strain relationship (Eq. (11)), the von-Mises stress
pﬃﬃﬃ
( 3S, Eq. 9) at the bottom surface of the plate is evaluated.

3.2 Initiation of burr formation and exit burr size
The initial deformation of the material is assumed to begin
when the drill tip is at a height tdeform above the bottom
surface of the plate being drilled, denoted by position A in
ﬁgure 3(a). The deformation consists of stretching of the
material from abcd ? hbck and bending along bc as the
drill moves to position B, ﬁgure 3(a). The stretching and
bending occur simultaneously in this process. The material is then stretched and bent to efgbh and ﬁnally pushed
downwards by the drill stretching the material and forming a large drill cap besides ﬁnal burr, as shown in
ﬁgure 3(b).
To model the burr formation phenomena in this stage,
principle of energy conservation as proposed by Kim and
Dornfeld [4] has been used. According to this principle, the
total work done in the burr formation process is equal to the
sum of the work done by thrust forces and the work
required to stretch and bend the material during the exit
stage drilling.

Figure 3. (a) Burr initiation point. (b) Final burr formation
geometry.
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DWtotal ¼ DWthrust force þ DWdeform

ð15Þ

However, based on the understanding of the variation in
thrust force and formation of a small drill cap, few modiﬁcations are made to their model. This model considers the
variation in thrust force due to small drill cap formation as
well as the variation in thrust force as the drill exits the
work surface. The model also incorporates the volume
reduction of the material below the drill, due to formation
of a small drill cap. Kim and Dornfeld [4] have not considered the formation of a small drill cap and therefore, a
reduction in volume will modify the work required to
deform the material as compared to the work evaluated by
them. The total work required to deform the material is
expressed as a sum of the work required to stretch the
material and the work required to bend the material around
the drill corner.
DWdeform ¼ DWstretch þ DWbend

bc

ð16Þ

In the following paragraphs, the variation in thrust force
and the work done to deform the material is explained. The
burr initiation point, tdeform, is evaluated using the principle
of energy conservation as described by Eq. (15).
The thrust force decreases rapidly after the formation of
a small drill cap. Also, as the drill exits the work surface,
the amount of material cut by the cutting lips decreases
with each step, as shown in ﬁgure 4 such that y1 [ y2[ y3 [ y4. The thrust force due to the cutting lips, for the
length of the material being cut, is calculated using the
principles of orthogonal cutting as described in section 4.2
of forces due to the cutting lips. Equation (17) is an
empirical relation found out from experimental data of the
thrust force at the exit. The variation in thrust force during
the exit stage drilling is approximated as,
2
!1=3 3
y
cutting lips 4
exit
5
Fthrust
¼ Fthrust
1
ð17Þ
tdeform þ tanR p

Figure 4. Cutting during exit of drill from work surface.
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cutting lips
where, Fthrust
is the thrust force due to the entire cutting lips and is given by Eq. (34).
Thus, the work done by the thrust force is evaluated as
given below,

DWthrust

force

2

tdeform þtanR p

Z

¼

y
tdeform þ tanR p


cutting lips 4
Fthrust
1

0

!1=3 3
5dy


1 cutting lips
R
tdeform þ
¼ Fthrust
4
tan p

ð18Þ

The work required to deform the material consists of the
work required to stretch the material and the work required
to bend the material around the drill corner. However, the
material removed due to formation of a small drill cap does
not contribute to the work required to deform the material
below the drill. Therefore, the geometry of work-material
considered for stretching and bending involves an annular
circulate plate of diameter D/2 with a hole of diameter
equal to the chisel edge length 2Lc. The work required to
bend the material along the drill corner is given by [4],


1
p
2
pRrf tdeform
p
ð19Þ
DWbend bc ¼ Mb Dh ¼
2
2
where, Mb is the bending moment

1
2
f tdeform
2 pRr

and Dh is

the angle of rotation  p . The ﬂow stress of the material
is assumed to be constant at a mean value of rf along the
length of work-material. The work required to stretch workmaterial from abcd ? egbh is given by,
p
2

ZR
DWstretch ¼

rf eðr ÞdV

ð20Þ

Lc

where, eðr Þ is the strain along the length of the material due
to stretching. The mean strain due to stretching is calculated
using the geometry [4], ﬁgure 3(b). Point b moves to point i
and point h moves to point e.
eðr Þ ¼ ln

R
sin p

þ tdeform sin pcosp



 R
1
tdeform sin2 pcosp
ﬃ ln
þ
sin p
R

ð21Þ

The strain is not uniform along the length of the plate. It
is assumed to be maximum at the centre of the plate and
zero at the drill corner. The strain at a distance r from the
drill axis is given by [4, 22],

 


3
1
tdeform sin2 pcosp
r2
eðr Þ ¼ ln
ð22Þ
þ
1 2
2
sin p
R
R
The work required to stretch the material is evaluated by
substituting the strain along the length of the plate given by
Eq. (22) in Eq. (20).

DWstretch
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3prf tdeform
1
tdeform sin2 pcosp
ln
¼
þ
sin p
R
4




2
L
R2  L2c 2  c2
ð23Þ
R

The total work required to stretch and bend the material
is given by the substituting Eq. (19) and Eq. (23) in
Eq. (16).
 


3prf tdeform
1
tdeform sin2 pcosp
ln
DWdeform ¼
þ
sin p
R
4



2
L
1
p
2
R2  L2c 2  c2
p
þ pRrf tdeform
2
2
R
ð24Þ
The total work done during the exit stage deformation is
given by


R
cutting lips
DWtotal ¼ Fthrust
ð25Þ
tdeform þ
tan p
The value of tdeform is evaluated by solving the quadratic
equation obtained by substituting the equations for the total
work done (Eq. (25)), work done to deform the material
(Eq. (24)) and the work done by the thrust force (Eq. (18))
in the energy conservation equation (Eq. (15)). The ﬁnal
expression for tdeform is given by,
tdeform ¼

b þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  4ac
2a

ð26Þ

where, the constants of the quadratic equation are
1
p
p
a ¼ pRrf
2
2



3
sin2 pcosp 2
L2c
2
þ prf
R  Lc 2  2 ;
4
R
R
3 cutting lips
b ¼  Fthrust
4




3
1
L2
R2  L2c 2  c2
þ prf ln
and c
4
sin
R
p 
3 cutting lips R
¼  Fthrust
4
tan p
As the drilling progresses, the material is further stretched by the drill at the periphery of the hole. At some
instant, the effective plastic strain at the periphery reaches
the failure strain, ef , of the material [4]. At this point a
second fracture occurs, as shown in ﬁgure 3(b), and a large
drill cap is formed. The remaining work-material develops
a burr at the periphery, as shown in ﬁgure 3(b). The burr
thickness (T) and height (H) are shown in ﬁgure 3(b). Since
the material is assumed to be incompressible, principle of
volume conservation gives the following: dV = 0, deh ¼ 0
and der ¼ dez . The effective plastic strain at the region of
fracture is given by [4],
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pﬃﬃﬃ
2 3
ez
ep ¼
3

ð27Þ

The material stretches from length bf to length H, at
which a fracture occurs as ep ? ef and a burr is formed.
The strain, ez , at this instant calculated using the geometry
is given by [4],


H
ð28Þ
ez ¼ ln
tdeform  sinp
The burr height (H) is evaluated by substituting Eq. (28)
in Eq. (27) and equating it to the failure strain and the burr
thickness (T) is evaluated from the geometry [4], ﬁgure 3.
T ¼ tdeform  sin p  tan p
pﬃ
3
H ¼ tdeform  sin p  e 2 ef

ð29Þ

ks f cos gdr
sinðbn Þ
; e

2  sin /n cosð/n þ bn  ce Þ
cos ce
chisel edge
and Vchip
¼
sin /n  cosð/n  ce Þ
2prN sin /n
¼
cosð/n  ce Þ

chisel edge
¼
dFfriction

ð33Þ

4.2 Force due to cutting lips
The cutting lips is divided into several elementary elements
and the total thrust force is found by summing the forces on
all these elementary segments up to the corner of the drill as
given by [28],
ZD=2
cutting lips
Fthrust

ð30Þ

¼2

FT cos p þ FR sin p

ð34Þ

Lc

4. Evaluation of thrust forces and temperature
4.1 Force due to chisel edge
The chisel edge is divided into several elementary sections
of length dr and the forces are evaluated using Merchant’s
circle of forces for orthogonal cutting. The total thrust force
due to the chisel edge is found by summing the forces on all
the elementary segments up to the corner of the chisel edge,
given by [23]
ZLc
chisel edge
Fthrust
¼2

dFs
Rind

sinðbn  ce þ gÞ
cosð/n þ bn  ce Þ

ð31Þ

ks f cos gdr
fN
;
; ce ¼ ðjcn j  gÞ; g ¼ tan1
2  sin /n
2prN
f
tanðhw Þ
cn ¼  tan1 ½tanðpÞ  cosðp  uÞ and Rind ¼
2p
ð32Þ

dFs ¼

where,
Rind is the length over which the extrusion occurs [24].
However, this length is very small as compared to the
length of the chisel edge hence has insigniﬁcant contribution to the torque. The thrust force contribution is 2–4% of
the total thrust force due to chisel edge [25], therefore this
region is not considered in the present study.
The shear angle (/n ) is determined by the Ernst-Merchant equation [26] /n ¼ p4 þ c2e  b2n . The normal friction
angle is assumed to be dependent on the coefﬁcient of
friction and is evaluated as bn = tan-1l. The friction force
on the elementary element of length dr, machining stain
and the chip velocity are evaluated using the Merchant’s
circle and principle of metal cutting, given by the following
expressions [27],

where, the mutually perpendicular forces FC , FT and FR
and are given by the expressions [28],
dFs  cosðbn  ce Þ 
dFs  sinðbn  ce Þ
; FT ¼
Fc ¼
cosð/n þ bn  ce Þ
cosð/n þ bn  ce Þ

Fc ðsini  cos i sin ce tan gc Þ  FT ðcos ce tan gc Þ
FR ¼
sinisinc tang þ cosi
 1  e 1 cw

ks f sin p cos tan ðsin r Þ cos p rdr
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dFs ¼
2  sin /n  sinp  r 2  w2
ð35Þ
The chip ﬂow angle (gc ), inclination angle (i), the effective
rake angle (ce ) are a function of the intermediate angles as
given below,
gc ¼ tan1 ðtan i  sin ce Þ; i ¼ sin1 ðsin x sin pÞ; ce
¼ cref  e
ð36Þ
where, cref ¼ tan1

tan d cos x
sin ptan d sin x cos p ,
tan1 ðtan x cos pÞ and x ¼ sin1 wr

d ¼ tan1

2r tan d0
D

,

e¼
The friction force on an elementary particle of length dl
and the chip velocity are obtained using the principles of
metal cutting in oblique cutting are given by [29],
cutting lips
dFfriction

FT ðcos ce  cos iÞ þ Fc sin ce
;
e cos i cos gc þ sin ce ðsin i sin gc þ sin ce cos i cos gc Þ
2prN cos i sin /n
cutting lips
Vchip
¼
cos gc cosð/n  ce Þ
¼

cos2 c

ð37Þ

4.3 Temperature in drilling
To model the temperature proﬁle along the cutting
edge, the drill cutting edge including the cutting lips
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00
lc
q
4 friction pVchip Kw qw Sw
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
DTct ¼
lc Kt qt St
3 1þ2
tVchip Kw q Sw
3
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ð40Þ

w

where, the total heat generation ﬂux is given by,
00

qfriction ¼

Figure 5. Elementary particle heat generation zones.

and the chisel edge are divided into several elements
that act as independent heat sources, as shown in ﬁgure 5. An increase in the temperature during drilling is
primarily due to deformation in the shear zone and the
heat generated over the chip-tool interface because of
friction. Therefore, the total temperature can be
expressed as
Ttotal ¼ DTs þ DTct þ Troom

ð38Þ

where, DTs is the temperature rise in the shear zone and
DTct is the temperature rise due to friction between chiptool interface.
The temperature rise in the primary shear zone is given
by [30],
DTs ¼

1
k s As Vs
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pa
V
qw Sw AV
w s
1þ3
4

ð39Þ

a0 V 2 sinð/n Þ

The temperature rise due to the heat generated due to
friction is given by [23],

dFfriction  Vchip
lct  dl

ð41Þ

dFfriction is the friction force between the tool and the chip
on an element of length dl as given by Eq. (33) and
Eq. (37), and lct*dl is the tool-chip interface area.
The total temperature of the chip is evaluated by
substituting Eq. (36) and Eq. (37) in Eq. (35). Various
steps adopted to develop a MATLAB code to evaluate
the thrust forces, the temperature proﬁle along radius of
the drill, protrusion below the drill tip, which ﬁnally
helps to evaluate burr exit, burr size are presented in
Appendix – A.

5. Model analysis
5.1 Analysis of small drill cap formation
The protrusion of the material along the radius of the drill
and as a function of the distance of drill tip, h, measured
from the bottom surface of the plate is as shown in Figure 6. The protrusion is maximum at the axis of the drill
and is profound over the chisel edge region. A high pressure force is concentrated over the chisel edge region which
signiﬁcantly increases the von-Mises stresses over the
chisel edge region compared to the cutting lips region,
ﬁgure 7. The maximum von-Mises stress increases from

Figure 6. Protrusion modelled as vertical displacement along bottom surface of the plate.
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Figure 7. Evolution of bending stress at the bottom surface as a function of the distance of drill tip from bottom surface of plate.

375 MPa to 1000 MPa as the drill moves downwards from
a height of 2.25 mm to a height of 1.75 mm. At this instant,
the bending stresses exceed the ﬂow stress of the material
and a fracture is initiated at the chisel edge corner leading
to formation of a small drill cap.
A parameter that affects the thrust force or the rigidity of
the work-material below the drill is likely to inﬂuence the
distance of drill tip measured from the bottom surface of
the plate (h) at which a fracture initiates at the chisel edge
corner. For a given distance of the drill tip (h = 2 mm), the
bending stresses are higher at higher feed due to larger
comparative thrust forces, ﬁgure 8. Therefore, at a feed of
0.25 mm/rev, the smaller drill cap is formed at a height of
h = 2 mm (ﬁgure 8) whereas, at a feed of 0.1 mm/rev it is
formed at h = 1.75 mm (ﬁgure 7).

5.2 Analysis of burr initiation point and the work
done
The total work done during exit of the drill from the workpiece increases with an increase in feed and drill diameter,
ﬁgure 9(a). The distance of the drill tip, measured from the
exit surface, at the burr initiation point (tdeform) increases
with an increase in feed but remains almost independent of
the changes in the drill diameter. At higher feeds, the cutting pressure increases, due to larger thrust forces, and are
capable of deforming larger volume of material, possibly
increasing tdeform. The cutting pressure remains more or less
constant with a variation in drill diameter therefore, results
in no variation in tdeform.
The reduced length of the cutting lips, with an increase in
the point angle, limits the extent to which the layer beneath
the drill tip is bent and stretched, thus reducing the

corresponding work done, ﬁgure 9(b). However, the burr
initiation point (tdeform) is observed to increase with an
increase in the point angle as the cutting pressure increases.
The work done during the exit of drill comprises of the work
done by the thrust forces and the work done to bend and stretch
the material below the drill tip. Figure 10 shows the contribution of these components as a percentage of the total work.
The work done by the thrust forces remains about 25%,
as evident from Eq. (18) and Eq. (25). Further, the work
done in stretching reduces from 73% to 68% of the total
work done as the feed increases from 0.05 mm/rev to
0.25 mm/rev. At the same time, the work done in bending
increases from 2% to 7%. Similar percentage distribution is
observed for variation in drill diameter, point angle, helix
angle, chisel edge angle and web ratio. However, these
plots are not shown here. On average, the work done in
stretching the material is about 70% of the total work done
while the work done in bending the material is about 5% of
the total work done during the exit stage drilling.

5.3 Parameters affecting burr size
In general, larger the thickness of the layer (tdeform) results
in larger the burr size. A variation of burr height and
thickness with various parameters is shown in ﬁgures 11(a)–(f). In evaluating the analytical results, one
parameter is varied at a time, while all other parameters are
held at their central levels. The burr size increases with an
increase in feed, ﬁgure 11(a). As explained earlier, a higher
cutting pressure results in early deformation of the material
resulting in larger burr size. The trend observed is linear,
the burr height increases from 50 lm to 250 lm as the feed
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Figure 8. Evolution of bending stress along the bottom surface with variation in feed at a given distance of drill tip from the bottom
surface of the plate (h = 2 mm).

Figure 10. Total work done and work segmentation in exit stage
drilling.

Figure 9. Work done and burr initiation point with variation in
(a) feed and drill diameter and (b) point angle.

increases from 0.5 mm/rev to 2.5 mm/rev, while the burr
thickness increases from 90 lm to 350 lm for the same
change in feed rate.

The burr size predicted by the model is almost constant with changes in the cutting speed, ﬁgure 11(b).
This could be because of thermal softening of work
material and the resulting decrease in thrust forces and
cutting pressure. For a given thrust force, burr initiation
will be earlier for a softer material, but a reduction in
thrust forces with an increase in cutting speed compensates for this change. Burr size increases with an
increase in the point angle, ﬁgure 11(c), decreases with
an increase in helix angle, ﬁgure 11(d) and remains
almost constant with a variation in drill diameter, ﬁgure 11(e), and web ratio, ﬁgure 11(f). These trends can
be explained based on either an increase, decrease or
constant cutting pressure with variation in point angle,
helix angle, drill diameter and web ratio, as explained
earlier.
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Figure 11. Burr size variation with (a) feed, (b) cutting speed, (c) point angle, (d) helix angle, (e) drill diameter and (f) web ratio.

6. Model validation
Drilling experiments were carried out by the authors’ group
to validate the model. The experiments were divided into
two sets. The ﬁrst set of experiments (Set I) consisted of
nine experiments to validate the formation of small drill cap
and the thrust forces. The second set of experiments (Set II)
consisted of six experiments to validate the temperature and
burr size in drilling. In both the experimental sets, the
experiments were done on a vertical machining centre
(Harding VMC600 II) without any coolant. The parameters

used for conducting the experiments for Set I and Set II are
given in table 1. All the experiments were repeated at least
twice and measurement of burr characteristics was done a
fairly large number of times.

6.1 Analysis of time variant thrust force data
A typical thrust force v/s time data is shown in ﬁgure 12.
This data is used in the subsequent sections for validating
the onset of small drill cap formation and thrust forces by
comparing the experimentally determined values with those
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Table 1. Parameters used for conducting experiments in Set I
and Set II.
Set I (nine
experiments)
Work material and
size
Drill material
Chisel edge angle
(deg)

Set II (six
experiments)

Grade 5, Ti-6Al-4V (150 9 50 9 8.5 mm)

window with a lower bound and an upper bound, ﬁgure 12.
Similarly, the forces due to the cutting lips are estimated
within a lower and an upper bounds. For example, for the
thrust force v/s time data shown in ﬁgure 12, the time
instant at which a crack is initiated, tc, is estimated to be
(16 ± 0.25) s and the force due to the cutting lips is estimated to be around (400 ± 40) N.

Carbide tipped twist drill
130

6.2 Analysis of a small drill cap formation

Web ratio

0.13

Helix angle (deg)
Drill diameter
(mm)
Feed (mm/rev)

25

Cutting speed (m/
min)
Point angle (deg)

133

10 mm

8.5 mm

0.05, 0.07 and
0.09 mm/rev
18.84, 37.69, 47.12

0.06, 0.08 and
0.10 mm/rev
32.04

140

120 and 140

predicted by the model. The machining end time is denoted
by tm. The time instant at which the thrust forces reduce
signiﬁcantly, that can be attributed to formation of a small
drill cap, is denoted as tc. It is assumed that after a small
drill cap is formed, the thrust forces decrease to a value
equal to thrust forces due to the cutting lips only, denoted as
Fcutting_lips in ﬁgure 12.
Since it is rather difﬁcult to identify a speciﬁc value of
the thrust forces and the time instances from the thrust force
v/s time data, ranges of thrust forces and time duration have
been identiﬁed as explained below. The time instant at
which a small drill cap is formed, tc, is estimated in a

The analysis shown here is for the data obtained from three
experiments (Set I) conducted at 600 rpm but at different
feeds. The analysis for other six experiments can be done in
a similar manner. The instant at which a small drill cap is
formed is estimated from the thrust forces v/s time plots,
ﬁgure 13. It may be noted that from the onset of small drill
cap formation, till the drilling completes, i.e., from time tc
to tm, the drill tip moves a distance h ? R/tan(p). This
distance can be approximately evaluated from the thrust
forces data and is given by,
hþ

R
N
¼ ðtm  tc Þf
tan p
60

ð42Þ

The time instant (tc), with a window of 0.5 s, at which
the thrust forces decrease rapidly are noted from the thrust
forces v/s time data, ﬁgure 13. Similarly, the machining
end time is estimated with a window of 0.5 s. This data is
used to evaluate the distance of the drill tip measured from
the bottom surface of the plate, h, at which a small drill cap
is formed using Eq. (42), and is presented in table 2.
The height of the drill tip at which a fracture is initiated
eventually leading to formation of a small drill cap is
observed to increase with an increase in feed. Similar trend
is predicted by the model. The absolute values differ

Figure 12. Typical thrust force proﬁle as observed in drilling.
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Figure 13. Variation of thrust force with time (N = 600 RPM) and formation of small drill cap.

Table 2. Distance of drill tip from bottom surface at which small drill cap is formed.
Machining end time (s)

Feed
(mm/
rev)
0.05
0.07
0.09

Lower
bound tml

Upper bound
tmu

Time at crack
Lower
bound tcl

tm (s)
22.75
16
13

Upper
bound tcu

Experimental estimated h
Lower bound
ðtcu tml ÞfN
 tanR p
60

tc (s)
23.25
16.5
13.5

16
11
8.75

Upper bound
ðtcl tmu ÞfN
 tanR p
60
(mm)

16.5
11.5
9.25

slightly and could be due to the approximate time values as
estimated from the visual assessment of the forces data. The
bias of the value predicted by the model towards the lower
bounds may be due to the assumption of temperature
independent stress-strain relation (Eq. (8)) used in plate
bending theory.

6.3 Analysis of burr size
The burr height at the periphery of the hole was not
uniform. Therefore, measurements for burr height were
taken at 20 locations along the circumference of the
drilled hole. Among these 20 reading, the middle ten
values were used to calculate the mean burr height. The
mean burr height, along with the error bars of one standard deviation, is plotted with respect to feed and compared with the model predicted burr height for drills
having point angles 120 and 140, respectively, as
shown in ﬁgures 3, 6, 8, 14(a)–(b).

1.31
1.33
1.56

Model
predicted h
(mm)

1.81
2.03
2.46

1.1
1.3
1.5

The predicted burr height is within the error range of the
experimentally determined burr height. As expected, the
burr height increased with an increase in the point angle of
the drill due to large thrust forces associated with drills
having large point angles. However, it is observed that the
mean burr height (experiment data) ﬁrst decreases and then
increases with an increase in feed. This could be because at
low feeds the burr is formed as a result of the tearing action,
rather than a cutting and bending mechanism, as described
by Saunders and Mauch [16]. The tearing type burr is
known to have a larger height as compared to the nontearing burr that is formed by stretching and the bending
mechanism.

6.4 Analysis of thrust forces and temperature
proﬁle
The thrust forces keep varying about a steady-state value.
The average steady-stage thrust force is estimated to be
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Figure 15. Thermal image showing temperature proﬁle below
the chisel edge.

Figure 14. Burr height variation with feed (a) Drill with point
angle 120. (b) Drill with point angle 140.

0.95 times the maximum thrust force recorded from the
thrust force v/s time data. The average error between the
total thrust forces evaluated from the experimental data and
the model predicted total thrust forces is within 20%, see
table 3.
To validate the temperature, the maximum temperature
in drilling below the chisel edge was determined by using a
thermal image camera placed below the plate being drilled.
A typical image captured using the thermal camera is
shown in ﬁgure 15. The maximum temperature is near the
chisel edge of the drill and the temperature over the cutting
lips is nearly identical.
The temperature increases along the chisel edge and is
maximum at the chisel edge corner, while a more or less
ﬂat temperature proﬁle is observed over the cutting lips.

Similar temperature proﬁles are reported by several
researchers include DeVries et al [31] who used embedded
thermocouples to measure the temperature, Mills and
Mottishaw [32] who investigated the micro-structural
changes in the drill material and Bono and Ni Bono and Ni,
[33, 34] who measured the temperature in drilling using a
drill-foil thermocouple system and observed a nearly ﬂat
temperature proﬁle over the cutting lips but higher temperatures near the chisel edge corner.

7. Conclusions
• The proposed model of burr formation considers
various physical phenomena that occur during the
burr formation process, such as the protrusion below
the drill tip, initiation of a fracture at the chisel edge
corner followed by formation of a small drill cap,
and deformation of the material to form a burr. The
model also considers the effect of work material
property, drill geometry and the processing conditions on the burr formation phenomena. In totality,

Table 3. Comparison of thrust forces determined experimentally with those predicted by the model.
Feed (mm/
rev)
0.05
0.07
0.09
0.05
0.07
0.09
0.05
0.07
0.09

Cutting speed
(RPM)

Experimental max thrust
force (N)

Average steady-state thrust
force (N)

Model predicted thrust
force (N)

Error
(N)

%Error

600
600
600
1000
1000
1000
1500
1500
1500

1273
1352
1630
1158
1311
1562
1073
1208
1445

1209
1284
1549
1101
1246
1484
1019
1147
1373

1208
1471
1700
991
1223
1433
828
1042
1245

-1
187
151
-110
-23
-51
-191
-105
-128

0
15
10
-10
-2
-3
-19
-9
-9
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the work presents a complete analytical model of
burr formation in drilling considering various physical phenomena.
The protrusion of the material and formation of a small
drill cap is modelled using plate bending theory in
conjunction with theory of plasticity. The model uses
thrust forces distribution in the chisel edge and cutting
lips regions of a drill, and the corresponding drilling
temperature while evaluating the bending stresses.
It is evident from the model that the bending stresses
near the chisel edge region are signiﬁcantly higher as
compared to the cutting lips leading to initiation of a
fracture at the chisel edge corner. A small drill cap is
formed earlier while drilling at higher feeds.
At higher speeds, the model predicts formation of
small drill cap, which is validated using experimental
data.
The model is further extended to predict the burr
initiation point at which the material below the drill
tip begins to stretch and bend. The burr initiation
point is estimated using the principle of energy
conservation which is further used to evaluate the
ﬁnal burr size. In this process, the work done to
stretch the material contributes to about 70% of the
total work done during exit of drill, while only about
5% of the total work done is utilised in bending the
material. The remaining 25% of the total work done is
by the thrust forces.
It is observed that the burr size increases with an
increase in feed and point angle but decrease with an
increase in the helix angle. The burr size increases
slightly with an increase in the web ratio. A variation
in the cutting speed and the drill diameter does not
inﬂuence the burr size. The model predicted burr
height is observed to be within one standard deviation
from the average burr height determined from the
experimental dataset.
The model does not take into consideration ploughing
and edge forces. It also ignores a small indentation
zone near the chisel edge and friction coefﬁcient
variation. The future developments could extend the
integration of thrust force and the temperature models
done in this work to include the plate bending model.

Nomenclature
As
shear area
D
drill diameter
E
second strain invariant
maximum permissible strain invariant
E0
f
feed per revolution
chisel edge
thrust force due to chisel edge
Fthrust
cutting lips
thrust force due to cutting lips
Fthrust
G
shear modulus
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h
H
i
Kt
Kw
ks
lc
Lc
ls
Mr
Mh
N
Lp
p
Pr
00
qshear
00
qfriction
Qr
r
R’
t
tdeform
T
DTs
DTct
St
Sw
S
V
Vchip
Vs
w
x
2w/D
at
aw
b
bn
ef
er
eh
ce
cn
hw
d0
d
gc

thickness of circular plate; distance of drill tip
measure from bottom surface
burr height
inclination angle
thermal conductivity of tool
thermal conductivity of work-piece
ﬂow stress of work-piece material
tool chip contact length
half-chisel edge length
length of shear zone
radial moment per unit length
circumferential moment per unit length
cutting speed
length of cutting lip
half drill point angle
loading force per unit area
00
heat ﬂux in shear zone (qshear ¼ ks Vs )
total heat generation ﬂux over tool-chip
interface
radial shearing force per unit length
radius of an arbitrary point on the lip or chisel
edge from axis of drill
proportion of heat conducted by the chips
time
distance of drill tip measure from bottom
surface at burr initiation point
burr thickness
temperature rise in the shear zone
temperature rise due to friction between chiptool interface
speciﬁc heat of tool material
speciﬁc heat of work-piece material
second stress invariant
tangential speed or cutting speed
velocity of chip
shear velocity
half drill web thickness, width of cut, vertical
displacement of circular plate
fraction of friction heat ﬂux acting over the
chip
drill web thickness ratio
thermal diffusivity of tool
thermal diffusivity of work-piece
friction angle, proportion of heat conducted
into work-piece material
normal friction angle
failure strain
radial strain
tangential strain
effective/working rake angle
normal rake angle
half-wedge angle
drill helix angle at the periphery of lips
instantaneous helix angle
chip ﬂow angle
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qt
qw
/n
/
u
rr
rh
rf
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density of tool material
density of work-piece material
shear angle
angle of the neutral plane
chisel edge angle
radial stress
circumferential stress
mean ﬂow stress at bottom surface

Appendix A: Procedure of model evaluation
In this analysis –
1. The ﬂow stress of the work-piece material is considered
to be a function of stress, strain, strain rate and
temperature as given by the Johnson-Cook equation
below


 
e_
T  Troom m
n
ks ¼ ðA þ Be Þ 1 þ C ln
1
Tmelt  Troom
e_0
ð43Þ

133

_ e_0 is the
where, e is the machining strain (Eq. (33)) and e/
ratio of the machining strain rate to a reference strain
rate assumed to be in the range of 103–105 Songwon et al
[35]. T, Tmelt and Troom are the machining temperature,
the melting temperature of the work-material and the
room temperature, respectively. The constants of the
Johnson-Cook equation for Ti6Al4V Songwon et al [35]
are A = 997.9 MPa, B = 653.1 MPa, n = 0.45,
C = 0.0198 and m = 0.7.
2. The default geometric parameters, cutting conditions
used as inputs in the model, unless speciﬁed otherwise,
are: Diameter (D) = 10 mm, point angle (p) = 120, web
ratio (2w/D) = 0.13, chisel edge angle (u) = 132, feed
(f) = 0.1 mm/rev, cutting speed (N) = 600 rpm, chisel
 1.75 mm.
edge length (2Lc) = cos 2w
ðup2Þ
3. The work-material/tool properties used as inputs are:
Speciﬁc heat (J/kg-K)Sw = 526, St = 517, thermal conductivity (W/m-K)Kw = 6.7, Kt = 40, density (kg/m3)
qw = 4430, qt = 8000, work material shear modulus
(GPa) = 42.
4. The Following ﬂow chart gives details of the procedure
used in this analysis.
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4
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II: Calculation of constants used in equation (26)
DWtotal ¼ DWthrustforce þ DWdeform
DWthrust
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