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Abstract. This paper presents an experimental study of rarefied gas flow in a trapezoidal microchannel with a
constant depth of 103 lm, top width of 1143 lm, bottom width of 998 lm and length of 2 cm. The aim of the
study is to verify the upper limit of the validity of the second-order slip boundary condition to model rarefied gas
flows. The slip coefficients and the tangential momentum accommodation coefficient (TMAC) are determined
for three different gases, viz. argon, nitrogen and oxygen, and it is observed that they compare well to the
literature values. The range of mean Knudsen number (Knm) investigated is 0.007–1.2. The non-dimensional
mass flow rate exhibits the well-known Knudsen minimum in the transition regime (Knm * 1). It is seen that the
Navier–Stokes equation with a second-order boundary condition fits the data satisfactorily with a high value of
correlation coefficient (r2 [ 99.95%) in the entire range of Knm investigated. This work contributes by extending
the range of Knudsen number studied in the context of validity of the second-order slip boundary condition.
Keywords. Slip flow; transition flow; Knudsen minima; tangential momentum accommodation coefficient;
second-order slip model.

1. Introduction
Fluid flow in microchannels has emerged as an important
area of research with the advent of Micro-Electro-Mechanical-Systems (MEMS). Research in the field of micromechanics, in the context of MEMS, started in the late 1980s [1].
Since early 2000, there has been a rapid development in the
application of microflow devices in several scientific fields.
The design of such devices requires a good understanding of
fluid dynamics and heat transfer interactions at the microscale. Rarefaction is a commonly encountered phenomenon
in microscale systems involving gases, and plays a vital role
in dictating the heat transfer and fluid-flow characteristics of
the gas. The rarefaction is quantified by a non-dimensional
parameter known as the Knudsen number (Kn) defined as the
ratio of the mean free path of the gas (k) to the characteristic
length of the system (L) (Kn = k/L).
In general, for conventional systems, the length scales of
the flow are normally much higher than the mean free path of
the gas under atmospheric conditions. However, in
microfluidic or nanofluidic systems, the characteristic length
scale is small and Kn can be of order unity even at atmospheric conditions. As the value of Knudsen number
increases (Kn [ 0.1), rarefaction effects become more

important and the flow properties associated with the fluid,
such as pressure drop, shear stress, heat flux and mass flow
rate, cannot be predicted by conventional models based on
the continuum hypothesis. Therefore, appropriate corrections (such as the use of velocity slip and temperature jump
boundary conditions) are to be made in the Navier–Stokes
equations or different approximations may be obtained that
simplify the collision integral of the Boltzmann equation
(e.g., S-model, BGK model, Liu model) in order to predict the
behaviour of flows with high Kn [2]. The modelling of flow
can be done by assuming the fluid to be either continuous
(continuum model) or a collection of discrete molecules
(molecular model). The choice of model to be used depends
upon the nature of flow being studied, as additional parameters like velocity/temperature slip become significant under
rarefied conditions. In the present study, the Navier–Stokes
equations with second-order slip coefficients are employed to
analyse rarefied gas flow in a trapezoidal microchannel. A
general methodology adopted to obtain the velocity slip
coefficients (appearing in the velocity slip boundary conditions employed with the Navier–Stokes equations) is to
curve-fit the experimental mass flow rate as a function of
Knudsen number. The coefficients of the curve-fit can then be
utilized to obtain the velocity slip coefficient and the tangential momentum accommodation coefficient (TMAC) [3].
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Rarefied gas flow has been studied analytically, numerically and experimentally by many authors. The analytical
method involves obtaining a solution either starting from the
Boltzmann equation, or using the Navier–Stokes with slip
boundary conditions to accommodate the rarefaction effects.
In [4], the authors used a first-order-accurate slip boundary
condition along with 2D Navier–Stokes equation to demonstrate that both compressibility and rarefaction effects are
present in long microchannels. Harley et al [5] also applied a
first-order boundary condition to predict the friction factor of
isothermal, locally fully developed slip flow. The first-order
slip boundary condition is commonly employed for slightly
rarefied flows (Knm *0.1). For higher values (Knm [ 0.1),
the differences between predicted mass flow rates using firstorder model and experimental data are significant. In this
framework, several authors have proposed the use of secondorder slip boundary conditions [6, 7]. Sreekanth [8] used the
second-order boundary condition in the slip flow regime to
predict the mass flow rate and pressure drop for rarefied flow
of nitrogen gas through long circular tubes. Beskok and
Karniadakis [9] used a second-order slip model and neglected
the inertial terms in their analysis. Zohar et al [10] employed
perturbation method on the Navier–Stokes equations. They
applied a first-order slip boundary condition with full
accommodation and Knm of order 0.1. Dongari et al [11] used
an integral approach with a second-order boundary condition
to study gaseous slip flow in long microchannels. A few
authors [12, 13] have questioned the validity of the wall-slip
assumption and have instead modeled the rarefied flow by
including additional diffusion terms in the conventional
Navier–Stokes equations.
In experimental studies, mass flow rate is generally the
parameter of interest along with the pressure drop across the
test section. The most direct method of measuring the mass
flow rate is by employing mass flow meters [14]. However,
the mass flow meters presently available are limited by their
resolution (*10-9 kg/s) and other indirect methods are
needed to estimate lower flow rates. They include droplet
tracking method [3, 10, 15], constant volume method
[4, 7, 16] and constant pressure method. In the droplet
tracking method, the motion of an oil drop induced by the
flow is tracked to obtain the volumetric flow rate. This
method is however cumbersome to implement and has other
disadvantages [7]. These disadvantages can be overcome
using the constant volume method or the constant pressure
method. The former is usually preferred because of the fabrication difficulties and thermal instability problems associated with the constant pressure method [4]. Maurer et al [3]
performed experiments in a shallow microchannel of rectangular cross section from the continuum regime to Knm of
0.6 and 0.8 for nitrogen and helium, respectively. Ewart et al
[7] experimentally determined the slip and accommodation
coefficients appearing in the solution of the Navier–Stokes
equation with second-order slip boundary condition for
nitrogen flowing in a microtube. In a further work, Ewart et al
[17] performed experiments in a rectangular microchannel
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with helium as the working fluid and with the experimental
range spanning from the continuum regime to the free
molecular regime. Their data in the slip regime confirm the
value of slip coefficients obtained by Maurer et al [3] under
similar conditions.
Although experimental data comparing the slip coefficients
in circular and rectangular geometry are available in the literature, such data do not exist for trapezoidal cross section. This cross section is rather typical and obtained by wet
etching the microchannel on a silicon wafer of h100i orientation. Trapezoidal cross sections are important because it is
observed that the thermal performance of a micro-heat sink
with trapezoidal cross section is better than its rectangular
counterpart [18, 19]. Furthermore, the data available in the
literature largely fall in the slip flow regime (0.001 \ Knm\ 0.1) and the data in the transition regime (0.1 \ Knm \ 10)
is rather sparse. The aim of the present work is to experimentally determine the slip coefficients and TMAC in the slip
and transition regimes, to add to the experimental information
available on the subject. The other objectives are to verify the
applicability of the Navier–Stokes equations with secondorder slip boundary conditions into the early transition regime,
to confirm the existence of Knudsen minimum and to determine the influence of cross sectional geometry on the position
and magnitude of Knudsen minimum.

2. Experimental set-up
A schematic of the experimental set-up designed for obtaining
pressure-driven flow is shown in figure 1. The constant-volume method is employed to determine the mass flow rate
through the microchannel. This technique uses the pressure
variation in the inlet/outlet tank, under quasi-steady-state
conditions, to determine the number of moles of gas leaving/
entering the constant volume tanks. The set-up consists of two
large reservoirs of volumes 1.3 9 10-3 and 4.7 9 10-3 m3,
across which a microchannel is connected. The large tank
volumes relative to the microchannel ensure that, for low mass
flow rates, the pressure variation in the tank is negligible and
the quasi-steady-state conditions are valid. The inlet and outlet
tanks are connected to the atmosphere and the vacuum
pumping system, through a set of valves A–E. Therefore,
desired pressures can be imposed on the tanks by venting them
either to the atmosphere or the vacuum system.
High-accuracy capacitance manometers (MKS Baratron)
(ranges: 0.1, 1, 10 and 100 mbar; accuracy ±0.25%) are
used for pressure measurements at four different locations
as shown in figure 1. The constant-volume approach is well
established to measure mass flow rates as low as 10-14 kg/s
[17], well below the lower range offered by commercial
mass flow meters (10-9 kg/s). A detailed description of the
constant-volume method can be found in many other literatures [7, 16, 20] and is not included here for brevity.
The microchannel employed in the present measurements
was fabricated on a single-side-polished, 200 silicon wafer.
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Figure 1. Schematic of the experimental set-up.

The trapezoidal microchannel has a depth of 103 lm, top
width of 1143 lm, bottom width of 998 lm and length of
2 cm (H/w = 0.09). The h100i orientation of the p-type wafer
gives the microchannel a trapezoidal cross section after the
wet etching process. The top side of the microchannel is
covered with an optically smooth quartz plate. Standard
lithographic techniques were used for patterning the
microchannel. More details of the fabrication process can be
found in [21]. The inlet and outlet temperature across the
microchannel was measured to verify the isothermal flow
assumption. It is observed that for any particular run the
temperature variation was within 0.2°C. The uncertainty in
the measured mass flow rate is the total of the uncertainties
due to non-isothermal effects (±2%), volume of tank (±1%)
and the standard deviation of the coefficient of linear fit of
pressure measurements (\ ±1%). The leakage is estimated
as detailed in [22]. Thus, the overall uncertainty in the mass
flow rate is evaluated as ±4%.

3. Theoretical background
We consider the isothermal rarefied flow of a gas in a
microchannel of trapezoidal cross section (figure 2). The
channel has a height H, length L and width w. The theoretical analysis provided in [3] for a rectangular channel is
used here with the ‘width’ of the microchannel replaced by
the average of the top and bottom widths, owing to the
trapezoidal cross section employed in the present work. A
fluid of dynamic viscosity ‘l’, pressure ‘P’ and axial
velocity ‘u’ flows through the microchannel. Assuming

Figure 2. Schematic of the microchannel.

Stokes’ approximation and noting that L  w  H, we
have
 2 
oP
ou
þl

¼0
ð1Þ
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oz2
Since the applicability of the first-order slip boundary
condition is limited [3, 7], Eq. (1) is solved by employing a
second-order slip boundary condition at the upper and
lower walls (z = 0 and z = H):
uw ¼ C1 k
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o2 u
 C2 k2 2 :
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ð2Þ
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Here, C1 and C2 are the slip coefficients. The Navier–
Stokes equation has been used with a second-order slip
boundary condition to successfully predict the mass flow
rate for Knm up to 0.8 [14]. Solving Eq. (1) with the
boundary conditions as prescribed by Eq. (2), we obtain the
non-dimensionalized mass flow rate in terms of Knm.
12lRTLm_
ðP þ 1ÞlnðPÞ
:
S¼
¼ 1 þ 6C1 Knm þ 12C2 Kn2m
DPPm wH 3
ð P  1Þ
ð3Þ
In this expression, R is the specific gas constant, T is the
absolute temperature, m_ is the mass flow rate, Pm is the
mean of the inlet and outlet pressures and P is the pressure
ratio. The mean Knudsen number is obtained as
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l pRT=2
:
ð4Þ
Knm ¼
Pm H
The non-dimensionalized mass flow rate is fitted with a
second-order polynomial by the method of least squares:

Table 1. Range of experimental parameters investigated.
Gas

Quantity

Min

Max

Nitrogen

Pm (Pa)
Knm
m_ (kg/s)
P
Pm (Pa)
Knm
m_ (kg/s)
P
Pm (Pa)
Knm
m_ (kg/s)
P

63
0.0072
2 9 10-10
7
56
0.007
2.1 9 10-10
6
52
0.0072
1.8 9 10-10
7

10098
1.1
3.9 9 10-7
10
12517
1.2
5.4 9 10-7
10
10912
1.13
4.3 9 10-7
10

Argon

Oxygen

S ¼ 1 þ AKnm þ BKn2m

ð5Þ

ÞlnðPÞ
where, A = 6C1 and B = 12C2 ðPþ1
ðP1Þ .
From the determination of C1, we can obtain the TMAC
using the following relation [3]:

C1 ¼

2
 1:
r

ð6Þ

Loyalka [23] obtained the ‘exact’ numerical solution of
the BGK model and proposed the following expression for
the calculation of the accommodation coefficient:
pﬃﬃﬃ
p2  r
C1 ¼
ð1 þ 0:1621rÞ:
ð7Þ
2 r
As seen from Eq. (3), the non-dimensionalized mass flow
rate can be expressed in terms of the mean Knudsen number
and the pressure ratio. Therefore, it is possible to experimentally obtain the slip coefficients by curve fitting the
non-dimensional mass flow rate with the expression provided in Eq. (3). The determination of the slip coefficients
is necessary to obtain the slip velocity in the case of rarefied
gas flows. This also allows for a comparison of the
dependence of the slip coefficients (and hence slip velocity)
on different gas–solid interfaces and different cross
sections.

4. Determination of slip coefficients
The range of experimental parameters is tabulated in
table 1. Figure 3a, b and c shows the variation of the nondimensional mass flow rate S with the mean Knudsen
number for three different gases (argon, nitrogen and
oxygen, respectively). In all the three cases, the non-dimensional experimental mass flow rate is fitted with a
second-order polynomial using a least squares method. This
is done to ascertain the applicability of the Navier–Stokes

Figure 3. Experimental non-dimensional mass flow rate fitted with a second-order polynomial for (a) argon, (b) nitrogen and
(c) oxygen.
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equation with second-order slip boundary condition in
predicting the mass flow rate for Knm [ 0.3. It is seen that
the second-order fit matches the experimental data with a
high value of correlation coefficient (r2 [ 99.95%) over the
entire range of Knm encountered in the experiments.
The slip coefficients are determined by Eq. (5) and
subsequently, the TMAC is determined in two ways:
through the application of Eqs. (6) and (7) for different
gases and tabulated in table 2 along with those reported in
the literature for other cross sections. Since the pressure
ratio varies during the experiments, in the determination of
C2 from Eq. (5), the average pressure ratio is used. The
uncertainties on the regression coefficients are obtained
using the standard error analysis. It is seen from table 2 that
the second-order coefficients of the present work and
Maurer et al [3] are close to each other. This is due to the
higher range of Knudsen numbers covered in these experiments. In contrast, the second-order coefficients of Yamaguchi et al [24] are negligible and the data are mostly
linear due to the low range of Knudsen numbers in their
experiments. However, the TMAC obtained in the present

164

experiments is seen to be higher than those obtained by
Maurer et al [3] and Yamaguchi et al [24].

5. Effect of cross section
Figure 4 shows a comparison of non-dimensional mass
flow rate for different cross sections and gases. It is seen
that for rectangular and trapezoidal cross sections considered, respectively, in [3] and the present work (in both cases
H \\ w), the effect of lateral walls is negligible and the
data agree well over the entire Knudsen number range
studied. Although the present study considered a trapezoidal cross section that has not been studied earlier, it is
seen that the effect of cross section is not very evident due
to the low aspect ratio considered here. Nevertheless, this
study is useful as it considers a realistic cross section that is
typically encountered due to microfabrication of
microchannels.
The data plotted for circular tube [24] show a higher
value of S and is also a stronger function of Knudsen

Table 2. Slip coefficients and TMAC for different gases.

Gas

Knm range

Argon
Nitrogen
Oxygen
Argon
Nitrogen
Oxygen
Helium
Nitrogen

0.07–1.2
0.072–0.11
0.072–1.13
0.05–0.3
0.05–0.3
0.05–0.3
0.006–0.8
0.006–0.7

C1
1.089
1.093
1.301
1.30
1.35
1.35
1.2
1.3

±
±
±
±
±
±
±
±

TMAC
(Eq. (6))

C2
0.08
0.07
0.09
0.09
0.06
0.06
0.05
0.05

0.140
0.151
0.155
0.063
0.031
0.028
0.23
0.26

±
±
±
±
±
±
±
±

0.007
0.003
0.004
0.018
0.005
0.004
0.1
0.1

0.957
0.955
0.866
0.869
0.851
0.851
0.91
0.87

±
±
±
±
±
±
±
±

0.04
0.03
0.04
0.03
0.02
0.02
0.03
0.03

TMAC
(Eq. (7))
0.970
0.968
0.874
0.872
0.851
0.851
0.915
0.872

±
±
±
±
±
±
±
±

0.03
0.03
0.03
0.03
0.02
0.02
0.03
0.03

Present work (trapezoidal)

Yamaguchi et al [24] (circular)

Maurer et al [3] (rectangular)

Figure 4. Comparison of non-dimensional mass flow rates across different studies involving different gases and cross sectional
geometries.
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number as compared with both rectangular and trapezoidal
microchannels. For the range of Knudsen number studied
here, the effect of molecular weight of the gas is seen to be
absent, as the data points for different gases converge to a
single curve. Comparing the present results directly to
theory is difficult for a variety of reasons. Firstly, many
authors have obtained expressions for non-dimensional
mass flow rates by treating the rarefaction parameter to be
constant along the channel. In our case, the pressure ratio is
considerably large (*7 to 10) and the local pressure variations have not been determined.

6. Knudsen minimum
As seen from table 2, the pressure ratios encountered in the
present set of experiments are very high (ranging from 7 to
10). In such cases, the non-dimensionalization of mass flow
rate based on the mean pressure is inappropriate, as the gas
rarefaction varies considerably along the length of the
microchannel. Following the approach adopted by Sharipov
[25] and Ewart et al [17] for rarefied flow in long
microchannels with high pressure ratio, the mass flow rate
is non-dimensionalized as
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L 2RT
_
G¼ 2
m:
ð8Þ
H wðPi  Po Þ
The reduced mass flow rate expressed as shown here is
independent of the local pressure and becomes a function of
the inlet and outlet pressures only. This non-dimensionalized
mass flow rate is expected to exhibit the Knudsen minimum
phenomenon, which is an important characteristic of rarefied
gas flows. The variation of the reduced mass flow rate G with
Knm for the three different gases is plotted in figure 5.
It is seen that the Knudsen minimum is observed around a
mean Knudsen number of slightly less than unity in all the
studies. For comparison, we use the expression for the
reduced mass flow (G) rate provided by [25] for a rectangular
cross section with H/w = 0.1 and fully diffuse reflection at
the boundary (TMAC = 1). The present data agree well to
that of [25] at lower Knm. As Knm increases, the predicted
results of [25] deviate from the experimental results (figure 5, maximum deviation is 16%). This indicates that the
molecular reflection at the wall is not entirely diffusive in
nature for Knm [ 0.4, since the theoretical model is based on
fully diffuse accommodation. Agrawal and Prabhu [26]
suggested a TMAC value of 0.93 for monatomic gases for the
whole Knudsen number range based on a survey of data in the
literature. The experimental value obtained in the present
work for argon (0.957 ± 0.04) is in agreement to the value
suggested from literature. The experimental results of Ewart
et al [17] for a rectangular cross section are also in good
agreement to the present set of results, which are carried out
for a trapezoidal cross section. A quantitative agreement
among rectangular and trapezoidal cross section indicates

Figure 5. Comparison of non-dimensional mass flow rate
obtained in different studies.

negligible effect of the lateral walls for the low aspect ratio
considered in these studies (H/w \ 0.1).
Till recently, there was no clarity on the position and
magnitude of Knudsen minimum (or even its existence) for
microchannels of non-uniform cross section. Recent measurements by Hemadri et al [27, 28] have experimentally
established the existence of Knudsen minimum in diverging
and converging microchannels. They also noted the position and magnitude of the minimum to be weakly dependent on the geometrical cross section of the microchannel
and the molecular weight of the gas species. The effect of
side walls was seen to be negligible as gas flow in converging/diverging microchannels approached the parallel
plate solution for low Knm.

7. Conclusions
This paper presented an experimental study to verify the
validity of the Navier–Stokes equations with second-order
boundary conditions in a microchannel of trapezoidal cross
section. The slip coefficients and TMAC were obtained for
three different gases and it was shown that a second-order
boundary condition can successfully predict the mass flow
rate up to Knm * 1. These experimentally obtained slip
coefficients are significant because they form a part of the
database that will help identify the effect of various
parameters such as gas–solid interaction, surface roughness
and microchannel geometry on rarefied gas flows. The
extension of the use of Navier–Stokes equation with slip
boundary condition is desirable, due to the high cost
involved in simulating flows at high Knudsen numbers (slip
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and transition regimes) using alternate techniques such as
direct simulation Monte Carlo.
The Knudsen minimum is observed in the present
experiments at Knm * 1. The position and magnitude of
the Knudsen minimum is seen to be unaffected by the
molecular weight of the gas. Moreover, the Knudsen minimum for the trapezoidal cross section microchannel
quantitatively agrees with the data for rectangular
microchannel, implying negligible influence of the side
lateral walls on the flow behaviour for low-aspect-ratio
microchannels.
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