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A two-dimensional problem of a mode-I crack in a rotating
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Abstract. In the present work, a general model of the equations of generalized thermoelasticity for a
homogeneous isotropic elastic half-space solid whose surface is subjected to a mode-I crack problem under the
effect of rotation is investigated. The normal mode analyses are used to obtain the expressions for the temperature distribution, the displacement component and thermal stresses in the context of the dual-phase-lag
theory of thermoelasticity proposed by Tzou. The boundary of the crack is subjected to a prescribed stress
distribution and temperature. Some particular cases are also discussed in the context of the problem. The
numerical values of the temperature distribution, the displacement components and thermal stresses are also
computed for a suitable material and the results are presented graphically. The effects of rotation, reinforcement
and the phase lags parameters are discussed in detail in the light of earlier works.
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1. Introduction
The theory of thermoelasticity to include the effect of
temperature change has been well established. According to
the theory, the temperature field is coupled with the elastic
strain field. In thermoelasticity, classical heat transfer,
Fourier’s conduction equation is extensively used in many
engineering applications. Biot [1] explained thermoelasticity by deriving dilatation based on the thermodynamics
of irreversible process and coupling it with elastic deformation. However, the diffusion-type heat equation used in
this study predicted infinite speed for propagation of thermal signals. The classical theory of thermoelasticity Nowacki [2, 3] rests upon the hypothesis of the Fourier law of
heat conduction, in which the temperature distribution is
governed by a parabolic-type partial differential equation.
Consequently, the theory predicts that a thermal signal is
felt instantaneously everywhere in a body. This implies that
an infinite speed of propagation of the thermal signal,
which is impractical from the physical point of view, particularly for short-time. Thus, the use of Fourier’s equation
may result in discrepancies under some special conditions,
such as low-temperature heat transfer, high frequency or
ultrahigh heat flux heat transfer, and so on. Lord and
*For correspondence

Shulman [4] defined a generalized theory of thermoelasticity using a hyperbolic equation of heat conduction with a
relaxation time that ensured finite speed for thermal signals.
Thermoelasticity has wide applications in various fields,
especially, earthquake engineering, soil dynamics, aeronautics, astronautics, nuclear reactors, high-energy particle
accelerators, etc. Thermoelasticity is also used in polymer
coating and to evaluate the stress redistribution in ceramic
matrix composites. Thermoelasticity deals with dynamical
systems whose interactions with surroundings include not
only mechanical work and external work but also exchange
of heat. Using two relaxation times, Green and Lindsay [5]
developed another generalized theory of thermoelasticity.
These works include the time needed for the acceleration of
heat flow and take into account the coupling between
temperature and strain fields for isotropic materials. The
theory of thermoelasticity without energy dissipation is
another generalized theory and was formulated by Green
and Naghdi [6]. It includes the ‘‘thermal displacement
gradient’’ among its independent constitutive variables, and
differs from the previous theories in that it does not
accommodate dissipation of thermal energy Ignaczak and
Ostoja-Starzewski [7].
Tzou [8–10] proposed the dual-phase-lag (DPL) model,
which describes the interactions between phonons and
electrons at the microscopic level as retarding sources
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causing a delayed response on the macroscopic scale. For
macroscopic formulation, it would be convenient to use the
DPL mode for investigation of the micro-structural effect
on the behaviour of heat transfer. The physical meanings
and the applicability of the DPL mode have been supported
by the experimental results Tzou [10]. The DPL mode can
be developed to the hyperbolic two-step model, the parabolic two-step model, Jeffreys-type heat flux model,
microscopic phonon-scattering model, the thermal wave
model and the classical diffusion model. It covers a wide
scale of space and time for physical observations. Some
heat transfer problems in layered media have been analysed
with the DPL mode.
Materials such as resins reinforced by strongly aligned
fibres exhibit highly anisotropic elastic behaviour in the
sense that their elastic moduli for extension in the fibre
direction are frequently on the order of 50 or more times
greater than their elastic moduli in transverse extension or in
shear. The mechanical behaviour of many fibre-reinforced
composite materials is adequately modelled by the theory of
linear elasticity for transversely isotropic materials, with the
preferred direction coinciding with the fibre direction. In
such composites the fibres are usually arranged in parallel
straight lines. However, other configurations are also used.
An example is that of circumferential reinforcement, for
which the fibres are arranged in concentric circles, giving
strength and stiffness in the tangential (or hoop) direction.
The analysis of stress and deformation of fibre-reinforced
composite materials has been an important subject of solid
mechanics for the last three decades. The characteristic
property of a reinforced concrete member is that its components, namely concrete and steel, act together as a single
anisotropic unit as long as they remain in the elastic condition, i.e., the two components are bound together so that
there can be no relative displacement between them.
The idea of introducing a continuous self-reinforcement
at every point of an elastic solid was given by Belfied et al
[11]. The model was later applied to the rotation of a tube
by Verma and Rana [12]. Sengupta and Nath [13] discussed
the problem of the surface waves in fibre-reinforced anisotropic elastic media. Hashin and Rosen [14] gave the
elastic moduli for fibre-reinforced materials. The problem
of reflection of plane waves at the free surface of a fibrereinforced elastic half-space was discussed by Singh and
Singh [15]. Singh [16] discussed the wave propagation in
an incompressible transversely isotropic fibre-reinforced
elastic medium. Singh [17] studied the effects of anisotropy
on reflection coefficients of plane waves in a fibre-reinforced thermoelastic solid. Kumar and Gupta [18] investigated a source problem in fibre-reinforced anisotropic
generalized thermoelastic solid under acoustic fluid layer.
Ailawalia and Budhiraja [19] discussed the effect of
hydrostatic initial stress on fibre-reinforced generalized
thermoelastic medium. Abbas and Abd-Alla [20] studied
the effect of initial stress on a fibre-reinforced anisotropic
thermoelastic thick plate. Allam et al [21] applied the
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Green and Naghdi (GN) theory on electromagneto-thermoelastic problem to a thick plate. Cheng and Zhang [22]
investigated the normal mode expansion method for lasergenerated ultrasonic Lamb waves in orthotropic thin plates.
It appears that little attention has been paid to study the
propagation of plane thermoelastic waves in a rotating medium. Since most large bodies like the earth, the moon and other
planets have an angular velocity, it appears more realistic to
study the propagation of plane thermoelastic or magnetothermoelastic waves in a rotating medium with phase lags.
Paria [23] and Wilson [24] investigated the propagation of
magneto-thermoelastic waves in a nonrotating medium. These
studies, based on the theory of classical coupled thermoelasticity (CTE), were essentially concerned with the interaction of
the electromagnetic field, the thermal field and the elastic field,
as well as the dispersion relation. In a paper by Schoenberg and
Censor [25], the propagation of plane harmonic waves in a
rotating elastic medium has been investigated in some detail. It
has been shown that the rotation causes the elastic medium to
be dispersive and anisotropic. This study included some discussion on the free-surface phenomenon in a rotating halfspace. Results concerning slowness surfaces, energy flux,
reflected waves and generalized Rayleigh waves have been
obtained. Later on, several authors Puri [26], Roychoudhury
and Debnath [27], Roychoudhury [28], Chandrasekharaiah
and Srikantian [29], Chandrasekharaiah [30] studied plane
waves in rotating thermoelastic and magneto-thermoelastic
media in the context of generalized theories. It seems relevant
from this discussion that little attention has been given to the
study of propagation of thermoelastic plane waves in a rotating
medium in the presence of an external magnetic field based on
the generalized thermoelasticity. In view of the fact that most
large bodies like the earth, the moon and other planets have an
angular velocity, it is important to consider the propagation of
magneto-thermoelastic plane waves in an electrically conducting, rotating, viscoelastic medium under the action of an
external magnetic field. Abo-Dahab [31] investigated the
influence of magneto-thermo-viscoelasticity in an unbounded
body with a spherical cavity subjected to harmonically varying
temperature without energy dissipation. Recently, Abouelregal and Abo-Dahab [32] investigated DPL model on magnetothermoelastic infinite nonhomogeneous solid having a spherical cavity. Mahmoud [33] studied the problem of shear waves
in magneto-elastic half-space of initially stressed non-homogeneous anisotropic material under the influence of rotation.
Some new recently works related to the present estimation
have been discussed [34–44].
The aim of this paper is to determine the normal displacement, normal force stress and temperature distribution
in a fibre-reinforced generalized thermoelastic medium that
is rotating with a uniform angular velocity by the DPL theory
of thermoelasticity. The normal mode analysis is used to
obtain exact expressions for the displacement components,
force stresses and temperature. The variations of the considered variables with the horizontal distance are illustrated
graphically. Comparisons are made with the results in the
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presence and absence of fibre reinforcement and rotation.
The results reduce to corresponding classical results when
the reinforcement elastic parameters tend to zero and the
medium becomes isotropic. The effects of phase lags, reinforcement and rotation on the variations of different field
quantities inside the medium are analysed graphically. It has
been found that the different field quantities are affected both
by rotation as well as by the phase lags.

the medium in its natural state, assumed to be such as
jðT  T0 Þ=T j  1, c ¼ ð3k þ 2lÞat and at is the thermal
expansion coefficient, sh is the phase lag of the heat flux, sq
is phase lag of gradient of temperature and 0  sh \sq , and
eij are the components of the strain tensor.
The constitutive equations for a fibre-reinforced linearly
elastic anisotropic medium with respect to the reinforcement direction b  ðb1 ; b2 ; b3 Þ with b21 þ b22 þ b23 ¼ 1 are


rij ¼ kekk dij þ 2lT eij þ a bk bm ekm dij þ bi bj ekk


þ 2ðlL  lT Þ bk bi ekj þ bk bj eki

2. Basic equations
We consider an infinite isotropic, homogeneous, thermally
conducting elastic medium with density q at uniform initial
temperature T0 . The medium rotates at an angular velocity
X ¼ Xn; where n is a unit vector representing the direction
of the axis of rotation. The displacement equation of motion
in rotating frame of reference has two additional terms:
centripetal acceleration X  ðX  uÞ due to the timevarying motion only and the Coriolis acceleration
:
2ðX  uÞ, where u is the dynamic displacement vector
Schoenberg and Censor [25]. These terms do not appear in
a nonrotating medium. The dynamic displacement vector is
actually measured from a steady-state deformed position
and the deformation is assumed to be small.
The principle of balance of linear momentum leads to the
following equations of motion:
 2 

ou
:
ð1Þ
rji;j ¼ q
þðX  ðX  uÞÞi þ2ðX  uÞi
ot2 i
where rji are the components of stress, ui are the components of displacement vector, i; j ¼ 1; 2; 3 refer to general
coordinates and X ¼ ð0; 0; XÞ.
The Tzou theory is a modified classical thermoelasticity
model in which the Fourier law is replaced by the
approximation equation
qðx; t þ sq Þ ¼ Krðx; t þ sh Þ:
Thermoelastic disturbances transmitted in a wave-like
manner are approximated in the form




o
o
1 þ sq
qi ¼ K 1 þ sh
rT:
ot
ot
Hence, we get the heat conduction equation in the context
of DPL model containing the thermoelastic coupling term
in the following form Tzou [10]:





o
o
oT
oe
2
þ cT0
r T ¼ d þ sq
qCE
K 1 þ sh
ot
ot
ot
ot
ð2Þ
where K is the thermal conductivity, t0 is a constant with
the dimension of time that acts as a relaxation time, CE is
the specific heat at constant strain, T0 is the temperature of

13

ð3Þ

þ bbk bm ekm bi bj  cðT  T0 Þ
where eij are the components of strain, k, lT are the elastic
constants and a, b, ðlL  lT Þ are the reinforcement
parameters. The comma notation is used for spatial
derivatives and superimposed dot represents time differentiation. The strain–displacement relation is
eij ¼


1
ui;j þ uj;i :
2

3. Problem formulation
In the present paper, we consider a problem of a fibrereinforced anisotropic half-space ðx  0Þ. All the considered functions will depend on the time t and the coordinates ð x; y; zÞ. For the two-dimensional problem, we
assume the components of the displacement vector of the
form
u ¼ u1 ¼ uð x; y; tÞ;

v ¼ u2 ¼ vð x; y; tÞ;

w ¼ u3 ¼ 0;

and assume that the solutions are independent of z, i.e.,
o=oz ¼ 0.
We choose the fibre-direction as b ¼ð1; 0; 0Þ, so that the
preferred direction is the x axis. Equation (3) then yields
rxx ¼ ð2ða þ lT Þ þ 4ðlL  lT Þ þ bÞ
þ ð a þ kÞ
ryy ¼ ða þ kÞ

ou
ox

ov
 cðT  T0 Þ;
oy

ou
ov
þ ðk þ 2lT Þ  cðT  T0 Þ;
ox
oy

ou
ov
þ k  cðT  T0 Þ;
ox
oy


ou ov
þ
ryy ¼ lL
;
rxz ¼ ryz ¼ 0:
oy ox
rzz ¼ ða þ kÞ

ð4Þ

ð5Þ
ð6Þ
ð7Þ

Using the summation convection, from Eqs. (4)–(7), the
equations of motion (1) become
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 2

o2 u
o2 u
o2 v
oT
o u
:
2

b
¼
q
;
þ
B
þ
B

X
u

2Xv
1
2
1
ox2
oy2
oxoy
ox
ot2

ð8Þ
A22

 2

o2 v
o2 u
o2 u
oT
ov
:
2

b
¼
q
þ
B
þ
B

X
v
þ
2Xu
;
1
2
2
oy2
ox2
oxoy
oy
ot2

ð9Þ

A11
;
k þ 2lT
B2
n2 ¼
;
k þ 2lT

m1 ¼

m2 ¼

A22
B1
; n1 ¼
;
k þ 2lT
k þ 2lT
c2 T0
:
e¼
qCE ðk þ 2lT Þ

4. Normal mode analysis

where
The normal mode analysis gives exact solutions without
any assumed restrictions on temperature, displacement and
A11 ¼ 2ða þ lT Þ þ 4ðlL  lT Þ þ b; A12 ¼ a þ k;
stress distributions. It is applied for a wide range of
A22 ¼ k þ 2lT ; B1 ¼ lL ; B2 ¼ a þ k þ lL :
problems in different branches. It can be applied to
For convenience, the following non-dimensional variables boundary-layer problems, which are described by the
linearized Navier–Stokes equations in electro hydrodyare used:
namics. The normal mode expansion method has been
proposed by Cheng and Zhang [22] for modelling the
x0 ¼ c0 gx; y0 ¼ c0 gy; u0 ¼ c0 gu; v0 ¼ c0 gv;
thermoelastic generation process of elastic waveforms in
c ð T  T0 Þ
rij
; s0 ¼ c20 gs; s0q;h ¼ c20 gsq;h ; rij ¼
; an isotropic plate. Allam et al [21] used the normal mode
h¼
k þ 2lT
cT0 analysis to study the two-dimensional problem of elecX
k þ 2lT
qCE
tromagneto-thermoelasticity for a homogeneous isotropic
; g¼
:
X0 ¼ 2 ; c20 ¼
perfectly conducting thick plate subjected to a time-deq
K
c0 g
ð10Þ pendent heat source in the context of GN theory of
thermoelasticity.
In terms of non-dimensional quantities defined in Eq. (10),
The solution of the considered physical variable can be
the governing equations reduce to (dropping the superscript decomposed in terms of normal modes and are given in the
prime)
following form:
o2 u
o2 u
o2 v oT
o2 u
:

¼ 2  X2 u  2Xv;
m 1 2 þ n1 2 þ n2
ox
oy
oxoy ox
ot
ð11Þ
m2



o2 v
o2 v
o2 u oT
o2 v
:

¼
þ
n
þ
n
 X2 v þ 2Xu;
1
2
oy2
ox2
oxoy oy
ot2
ð12Þ

o
1 þ sh
ot

 2

 
o h o2 h
o oh
þ
¼ d þ sq
ox2 oy2
ot ot



o
o
ou ov
d þ sq
þ
þe
;
ot
ot
ox oy
ð13Þ



ou
ov
A11 þ A12  A22 h ;
ox
oy


1
ou
ov
ryy ¼
A12 þ A22  A22 h ;
lT
ox
oy


1
ou
ov
A12 þ k  A22 h ;
rzz ¼
lT
ox
oy


l ou ov
þ
rxy ¼ L
lT oy ox

rxx ¼

where

1
lT

h
i

u; v; h; rij ð x; y; tÞ ¼ u ; v ; h ; rij ð xÞeðxtþiayÞ

ð18Þ

pﬃﬃﬃﬃﬃﬃﬃ
where x is the (complex) frequency, i ¼ 1, a is the
wave number in the y-direction, and u ð xÞ, v ð xÞ, h ð xÞ and
rij ð xÞ are the amplitudes of the field quantities.
The normal mode analysis, in fact, comprises seeking the
solution in the Fourier transformed domain, assuming that
all the field quantities are sufficiently smooth on the real
line such that normal mode analysis of these functions
exists.
Using (18), Eqs. (11)–(17) take the forms

m1 D2  A1 u þ ðian2 þ 2XxÞDv ¼ Dh ;

ð19Þ



ð20Þ

ð14Þ

ð15Þ

ð16Þ

ð17Þ
where

n1 D2  A2 v þ ðiah2  2XxÞDu ¼ iah ;
 2
D  A3 h ¼ A4 ðDu þ iav Þ;

ð21Þ

lT rxx ¼ A11 Du þ iaA12 v  A22 h ;

ð22Þ

lT ryy ¼ A12 Du þ iaA22 v  A22 h ;

ð23Þ

lT rzz ¼ A12 Du þ iakv  A22 h ;

ð24Þ

lT rxy ¼ lL ðiau þ Dv Þ

ð25Þ
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A1 ¼ x2  X2 þ a2 n1 ; A2 ¼ x2  X2 þ a2 m2 ;





x d þ sq x
ex d þ sq x
2
A3 ¼ a þ
:
; A4 ¼
ð 1 þ sh x Þ
ð 1 þ sh x Þ




Eliminating h ð xÞ and v ð xÞ in Eqs. (19)–(21), we get the
following sixth-order differential equation for u ð xÞ:
ðD6  AD4 þ BD2  CÞu ð xÞ ¼ 0

h ð x Þ ¼

3
X

Mn00 ða; xÞekn x ;

where Mn ða; xÞ, Mn0 ða; xÞ and Mn00 ða; xÞ are specific functions depending on a and x. Substituting Eqs. (29)–(32)
into Eqs. (19)–(21), we obtain the following relation:
Mn0 ða; xÞ ¼ H1n Mn ða; xÞ;

ð26Þ

0

Mn0 ða; xÞ ¼ H2n Mn ða; xÞ;

where
equation

k22

and

k22

n ¼ 1; 2; 3

where

A2 A1 þ A4 n22 a2
A¼
þ

þ A3 ;
n1
m1
n1 m 1


A2 A1 þ A3 m1 A2 þ n1 A1  n22 a2
B¼
n1 m1
2
A4 ðm1 a þ A2  2n2 a2 Þ þ 4X2 x2
þ
;
n1 m1
A1 A3 A2 þ A4 A1 a2 þ 4X2 x2 A3
C¼
:
n1 m1

k12 ;

ð32Þ

n¼1

where

Introducing ki ði ¼ 1; 2; 3Þ into Eq. (26), we find
 2

r  k12 ðr2  k22 Þðr2  k32 Þu ð xÞ ¼ 0

13

iaðn2  m1 Þkn2 þ iaA1 þ 2Xxkn
;
n1 kn3 þ ðn2 a2  A2 Þkn þ 2iaXx
A4 ðkn þ iaH1n Þ
¼
:
kn2  A3

H1n ¼
H2n

Thus, we have
v ð xÞ ¼

3
X

H1n Mn ða; xÞekn x ;

ð33Þ

H2n Mn ða; xÞekn x :

ð34Þ

n¼1

ð27Þ

h ð x Þ ¼

3
X
n¼1

are the roots of the characteristic

Substituting Eqs. (29), (33) and (34) into Eqs. (22)–(25), we
get
k6  Ak4 þ Bk2 þ C ¼ 0:

ð28Þ
rxx ð xÞ ¼

These roots are given by
1
½2s sinðqÞ þ A ;
3
s pﬃﬃﬃ
A
k22 ¼ 
3 cosðqÞ þ sinðqÞ þ ;
3
3
s pﬃﬃﬃ
A
2
3 cosðqÞ  sinðqÞ þ ;
k3 ¼
3
3
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 1
2
s ¼ A  3B; q ¼ sin ðRÞ;
3

ryy ð xÞ ¼

ð35Þ

H4n Mn ða; xÞekn x ;

ð36Þ

H5n Mn ða; xÞekn x ;

ð37Þ

3
X
n¼1

rzz ð xÞ ¼
R¼

Mn ða; xÞekn x :

3
X
n¼1

2A3  9AB þ 27C
:
2s3

The series solution of Eq. (27), which is bounded at x !
1; is given by
3
X

H3n Mn ða; xÞekn x ;

n¼1

k12 ¼

u ð x Þ ¼

3
X

rxy ð xÞ ¼

3
X

H6n Mn ða; xÞekn x

ð38Þ

n¼1

where
lT H3n ¼  A11 kn þ iaA12 H1n  A22 H2n ;

ð29Þ

n¼1

In a similar manner, we get

lT H4n ¼  A12 kn þ iaA22 H1n  A22 H2n ;
lT H5n ¼  A12 kn þ iakH1n  A22 H2n ;
lT H6n ¼ lL ðia  kn H1n Þ:

ðD6  AD4 þ BD2  CÞðvðxÞ; h ðxÞÞ ¼ 0:

ð30Þ

Similarly

5. Applications


v ð xÞ ¼

3
X
n¼1

Mn0 ða; xÞekn x ;

ð31Þ

In this section, we determine the parameters Mj ðj ¼ 1; 2; 3Þ.
In the physical problem, we should suppress the positive
exponentials that are unbounded at infinity.
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The plane boundary is subjected to an instantaneous
normal point force, and the boundary surface is isothermal;
the boundary conditions at the vertical plan y ¼ 0 and the
beginning of the crack at x ¼ 0 are
ryy ðx; y; tÞ ¼  P;

ð39Þ

hðx; y; tÞ ¼ F ;

ð40Þ

rxy ðx; y; tÞ ¼ 0;

ð41Þ

ohðx; y; tÞ
¼ 0;
oy

ð42Þ

The equations of the Lord–Shulman (LS) theory are
retrieved when sh ! 0; d ¼ 1 and sq ¼ t0 [ 0.

6.3 Equations of generalized thermoelasticity
without energy dissipation with reinforcement
and rotation

ð43Þ

The equations of the generalized thermoelasticity without
energy dissipation (the linearized GN theory of type II) are
obtained when sh ! 0; d ¼ 0 and sq ¼ 1. Also, all the
results reduce to the classical isotropic results when the
anisotropic parameters for the fibre-reinforced medium tend
to zero (if necessary writing a ¼ 0; b ¼ 0 and considering
jlL  lT j ! 0).
Neglecting the angular velocity (i.e., X ¼ 0), we obtain
the transformed components of displacement, stress forces
and temperature distribution in a nonrotating generalized
thermoelasticity medium.

H2n Mn ða; xÞ ¼ F ;

ð44Þ

7. Numerical results

H6n Mn ða; xÞ ¼ 0:

ð45Þ

where P and F are the magnitudes of mechanical force and
thermal source, respectively.
Substituting the expressions of the variables considered
into these boundary conditions yields readily the following
equations satisfied by the parameters:
3
X

6.2 Lord–Shulman with reinforcement
and rotation

H3n Mn ða; xÞ ¼  P;

n¼1
3
X
n¼1
3
X
n¼1

The resulting problem amounts to a system of three equations in the form
0

M1

1

0

H41

B
C B
@ M2 A ¼ @ H21
M3
H61

H42
H22
H62

H43

11 0

P

1

C B
C
H23 A @ F  A:
H63
0

ð46Þ

After applying the inverse of matrix method, we have the
values of the three constants Mj ðj ¼ 1; 2; 3Þ. Hence, we
obtain the expressions for the displacements, the temperature distribution and other physical quantities of the
medium.

In order to illustrate the theoretical results obtained in the
preceding section and to compare various theories of
thermoelasticity formulated earlier, we present some
numerical results for the physical constants. The results
depict the variations of normal displacement, normal force
stress and temperature distribution in the context of fractional order thermoelasticity theory. To study the effect of
reinforcement on wave propagation, we use the following
physical constants for generalized fibre-reinforced thermoelastic materials Lotfy [45]:
k ¼ 7:59  109 N=m2 ;

lT ¼ 1:89  109 N=m2 ;

lL ¼ 2:45  109 N=m2 ;

a ¼ 1:28  109 N=m2 ;

b ¼ 0:32  109 N=m2 ;

CE ¼ 383:1 J=ðkgKÞ;
at ¼ 1:78  105 K1 ;
s0 ¼ 0:02; a ¼ 1; T0 ¼ 293 K; F  ¼ 1;
P ¼ 2;

6. Particular and special cases
A number of special cases are pertinent to be documented
here.

6.1 Equation of CTE with reinforcement
and rotation
The equations of CTE theory are obtained when sh ¼ sq ¼
0 and d ¼ 1.

q ¼ 7800 kg=m3 ;

x ¼ x0 þ in;

K ¼ 386 K=ðmKÞ;

x0 ¼ 2;

n ¼ 1;

l ¼ 3:86  1010 kg=ms2 :

The numerical technique outlined here is used for the
distribution of the real part of the temperature h, the
displacements u and v and the distributions of stresses
rxx , ryy and rxy for the problem. The field quantities
including temperature, displacement components u and
v and stress components rxx , ryy and rxy depend not only
on space x and time t but also on phase lags sh and sq .
Here all the variables are taken in the non-dimensional
forms.
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Tzou called the delay time sh as the phase lag of the
temperature gradient and the other delay time, sq , the phase
lag of the heat flux. The delay time sh is caused by the
microstructural interactions (small-scale effects of heat
transport in space such as phonon–electron interaction or
phonon scattering). The second delay time sq is caused due
to the fast-transient effects of thermal inertia (or small-scale
effects of heat transport in time). The phase lags sq and sh
are small, positive and assumed to be intrinsic properties of
the medium. We assume that the material parameters satisfy the inequality sq  sh [ 0. The fundamental difference
between the hyperbolic and DPL-based heat conduction
equations is the extra phase lag time sh . This time lag
introduces an additional mechanism of diffusion in the
dissipation effect in the governing equation. It is known
that the lag time sq can dominate the behaviour of thermal
wave propagation, slow down the propagation velocity of
thermal signal and manifest the feature of a thermal wave.
The effect of sh can assist heat energy diffusion and make
the characters of thermal wave decay in DPL heat transfer.
Figures 2–7 are drawn to compare the results obtained
for displacements, temperature and stresses against the
thickness x for different values of sq and sh at y ¼ 1. The
graphs in figures 1–6 represent six curves predicted by
three different theories of thermoelasticity obtained as a
special case of the DPL model. The computations were
performed for one value of time, namely for t ¼ 0:15; and
various values of the parameters sq and sh . These computations were carried out in the coupled theory ( CTE) by
setting (sq ¼ sh ¼ 0, d ¼ 1), in LS theory (LS) putting
(sh ¼ 0, sq [ 0 , d ¼ 1), in GN theory setting (sh ¼ 0,
sq [ 0, d ¼ 1) and in the generalized theory of thermoelasticity proposed by Tzou (DPL) for sq  sh [ 0.
Figure 2 shows the variation of temperature with x,
which indicates that temperature field has the maximum
value at the boundary and then decreases to zero; y ¼ 0
represents the plane of the crack, which is symmetric with
respect to the y plane. It is clear from the graph that h
obtains the maximum value at the beginning of the crack,
and it begins to fall just near the crack edge, where it
experiences smooth decreases (with the maximum negative

Figure 1. Schematic of the problem.
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Figure 2. Dependence of temperature h on distance for different
values of phase lags in the absence and presence of fiberreinforcement.

gradient at the crack end). The value of temperature converges to zero with the increase of distance x.
As shown in figure 3, in the case of reinforcement,
horizontal displacement u increases near the crack edge,
then smoothly decreases again to reach its minimum
magnitude just at about the crack end and conversely in the
case without reinforcement. Beyond the end, u falls again
to reach zero at infinity. The values of u for GN model are
larger compared with those for other theories.
Figure 4 shows vertical displacement v. We can see that,
at the crack end, it reaches the maximum value. Also, it
appears that the displacement component v tends to zero at
the three double of the crack size (state of particle equilibrium). Displacements u and v show different behaviours,

Figure 3. Dependence of horizontal displacement distribution
u on distance for different values of phase lags in the absence and
presence of fiber-reinforcement.
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Figure 4. Dependence of vertical displacement v on distance for
different values of phase lags in the absence and presence of fiberreinforcement.
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Figure 6. Dependence of stress ryy on distance for different
values of phase lags in the absence and presence of fiberreinforcement.
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Figure 5. Dependence of stress rxx on distance for different
values of phase lags in the absence and presence of fiberreinforcement.

Figure 7. Dependence of stress rxy on distance for different
values of phase lags in the absence and presence of fiberreinforcement.

because the elasticity of the solid tends to resist vertical
displacements in the problem under investigation. Both of
the components show different behaviours. The former
tends to increase to the maximum just before the end of the
crack. Then it falls to the minimum with a highly negative
gradient. Afterwards, it rises again to the maximum beyond
the crack end.
The stress component rxx reaches coincidence with a
negative value (figure 5). It reaches the minimum value
near the end of the crack and converges to zero with
increasing distance x. Figures 5 and 6 show the same
behaviour as that found in figure 6.
Figure 7 shows that stress component rxy satisfies the
boundary condition at x ¼ 0 and has a different behaviour

compared with that of rxx . These trends obey elastic and
thermoelastic properties of the solid under investigation.
The distribution in LS theory is close to that in DPL
theory, whereas the distributions in the GN theory are
different from those in DPL theory. The temperature distribution decays along the direction of the transmitted wave
propagation due to the effects of diffusion. By the values of
sq and sh it can be judged whether the wavelike behaviour
in the DPL heat conduction is dominant or not. However, it
can be found from the numerical results that the shift times
sq and sh may play a more important role in this task.
Figures 2–7 show the variation of the physical quantities
with space x at t ¼ 0:15 for two cases: with reinforcement
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Figure 8. The temperature distribution in the case of material
with phase lags in the absence and presence of fiber-reinforcement.
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Figure 10. The displacement v distribution in the case of material
with phase lags in the absence and presence of rotating.
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Figure 9. The displacement u distribution in the case of material
with phase lags in the absence and presence of rotating.

Figure 11. The stress rxx distribution in the case of material with
f phase lags in the absence and presence of rotating.

and without reinforcement (i.e., a ¼ 0, b ¼ 0 and
lL  lT ¼ 0). The values of v, h and rxy are evidently
smaller with reinforcement when compared with those in
the absence of reinforcement. The values of thermal stresses rxx ; ryy and the displacement u are evidently larger with
reinforcement when compared with those in the absence of
reinforcement. It is clear from this investigation that the
surface waves in the fibre-reinforced medium are affected
by the reinforcement parameters.
Figures 8, 9, 10, 11, 12 and 13 depicts six representative
curves for the distribution of the temperature h, the displacements u and v and the distributions of stresses rxx , ryy ,
and rxy both in the absence and presence of rotation X. We
notice that the results for the temperature, the displacement

and stress distribution with the rotation X of the medium
included in the equation of motion are distinctly different
from those without the rotation, X ¼ 0, i.e., the thermoelastic wave is affected by rotation. It has also been observed
that, at constant m ¼ 0:5, the rotation X of the medium
decreases the values of u, h and rxy and increases the
values of thermal stresses rxx ; ryy and the displacement
v. Figure 8 shows that the rotation has negligibly small
effects on temperature h although they provide a significant
advantage in numerical computations. The study may be
useful in construction and design of gyroscopes and rotation sensors. The thermal stresses have significantly large
values in the case of a rotating thermoelastic plate as
compared with a non-rotating one.

13

Page 10 of 11

Sådhanå (2018) 43:13

1. The method that is used in the present article is
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parameter and rotation in the current model is of
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with an increase in distance x and all functions are
continuous.
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Figure 12. The stress ryy distribution in the case of material with
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7. Deformation of a body depends on the nature of the
forces applied as well as the type of boundary
conditions.
0.2
8. Crack dimensions are significant to elucidate the
mechanical structure of the solid. Cracks are stationary,
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and external stress is required to propagate such cracks.
9. Conclusions about the new theory of thermoelasticity
0
have been obtained based on numerical results and
graphs. The results provide a motivation to investigate
xy
conducting materials as a new class of applicable
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materials.
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Figure 13. The stress rxy distribution in the case of material with
phase lags in the absence and presence of rotating.

8. Conclusion
Analytical solutions based on the normal mode analysis for
the themoelastic problem in solids have been developed
and utilized. A linear opening mode-I crack has been
investigated and studied for a copper solid. Temperature,
radial and axial distributions are estimated at different
distances from the crack edge. The stress distributions and
the temperature are evaluated as functions of the distance
from the crack edge. The cases of reinforcement and the
presence and absence of rotation have been addressed.
Analytical solutions based upon normal mode analysis for
thermoelasticity with fractional order in solids have been
developed and utilized. From the present analysis we arrive
at the following conclusions:
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