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Abstract. Scattered data approximation refers to the computation of a multi-dimensional function from
measurements obtained from scattered spatial locations. For this problem, the class of methods that adopt a
roughness minimization are the best performing ones. These methods are called variational methods and they are
capable of handling contrasting levels of sample density. These methods express the required solution as a
continuous model containing a weighted sum of thin-plate spline or radial basis functions with centres aligned to
the measurement locations, and the weights are specified by a linear system of equations. The main hurdle in this
type of method is that the linear system is ill-conditioned. Further, getting the weights that are parameters of the
continuous model representing the solution is only a part of the effort. Getting a regular grid image requires resampling of the continuous model, which is typically expensive. We develop a computationally efficient and
numerically stable method based on roughness minimization. The method leads to an algorithm that uses
standard regular grid array operations only, which makes it attractive for parallelization. We demonstrate
experimentally that we get these computational advantages only with a little compromise in performance when
compared with thin-plate spline methods.
Keywords. Scattered data approximation; variational reconstruction; conjugate gradient algorithm; multiresolution approach; thin-plate splines; radial basis functions.

1. Introduction
Scattered data approximation (SDA) refers to the problem
of reconstructing a standard digital image from spatially
scattered measurements and occurs frequently in many
areas, including medical imaging, biological imaging,
astronomy, geology, object modelling and so on. Acquisition of samples at regular intervals is hindered by obstacles
in the medium, limitations of the imaging equipment or the
cost of acquiring the samples on a regular grid, thus leading
to acquisition of scattered or non-uniform samples. Examples of work involving non-uniform sampling and reconstruction include image reconstruction in astronomy [1],
ultrasound imaging [2], super-resolution imaging [3], geophysics [4], surface reconstruction [5], seismic imaging [6]
and communication systems [7]. In ultrasound imaging [2],
the acquisition device samples the signal uniformly in polar
coordinates, which are then mapped to Cartesian coordinates, resulting in irregular sampling on the Cartesian grid.
On the other hand, in seismic imaging [6], it is the cost of
deploying sensors and receivers at regular intervals over a
large geographical area that limits uniform data acquisition.

*For correspondence

All SDA methods approach the problem by estimating a
continuously defined function that passes through the
measured points. Most of these methods fall into either of
two categories, namely local and global methods. Given a
set of measurements f1 ; f2 ; . . .; fNs at arbitrarily spaced
locations x1 ; x2 ; . . .; xNs with xi Rd where d is the dimension, global methods approach the reconstruction problem
by estimating a continuously defined function SðxÞ satisfying Sðxi Þ ¼ fi , for i ¼ 1; . . .; Ns , and then re-sample SðxÞ
in regular d-dimensional grid to get d-dimensional array,
which becomes the required digital image. Specifically, if S^
is the required d-dimensional image array, then its value at
^ is computed as SðjÞ
^ ¼ SðjdÞ, where j is
jth pixel index SðjÞ
the d-dimensional pixel index and d is the re-sampling step
size. Local methods work in the following way: at first, for
each grid point index j, a function SðjÞ ðxÞ is constructed
satisfying SðjÞ ðxi Þ ¼ fi for only measurements that are in a
^ is
neighbourhood of jd; then the required pixel value SðjÞ
ðjÞ
^
computed as SðjÞ ¼ S ðjdÞ:
In figure 1, a toy 2D reconstruction grid of size 6  6 is
shown along with the scattered non-grid measurement
locations. The intersections of vertical and horizontal lines
in figure 1 denote the regular grid locations, whose pixel
values are to be evaluated from the scattered measurements,
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measurements inside a suitable window. The weights are
estimated so as to minimize the variance. This method is
robust to measurement noise. However, the accuracy of the
reconstruction depends heavily on the variogram. Also, its
computational complexity is higher than those of the local
polynomial fitting and mesh-based methods.
All of these methods lack a systematic way to handle the
variations in sampling density. One way to handle it is to
set the window size to match the lowest sample density.
However, this approach fails to capture the fine variations
in the measurements at locations of high sample density.
Another way is to make the window size adaptive. However, there are no prior works that offer a systematic way of
doing this in a computationally affordable way.

1.2 Global approximation methods

Figure 1. Figure showing the non-grid measurements and the
corresponding reconstruction grid.

whose locations are denoted by circles. The spacing
between two regular grid locations, defined as the re-sampling step size, is denoted by d. The SDA problem is to
estimate the pixel values at regular grid locations from the
available set of scattered measurements.

1.1 Local approximation methods
These include local polynomial fitting [8, 9], kriging [10]
and mesh-based methods [11].
In local polynomial fitting [8, 9], around each regular
grid location, a window of pre-defined size is used to select
the measurement samples for computing the coefficients of
a polynomial. The size of the window is a trade-off between
computational complexity and the accuracy of reconstruction. Since the fitting process needs to be repeated for every
regular grid location, this method is not computationally
efficient. Further, the accuracy of reconstruction degrades
rapidly with lower sampling densities or larger sampling
gaps [12].
Mesh-based methods [11, 13] start with triangulation of
the data set followed by fitting a local polynomial to the
triangulated region using the available measurements and
partial derivative information. However, accurate evaluation of partial derivatives is hindered by the irregular distribution of the measurements. In addition, the performance
of these methods degrades in the presence of measurement
noise or when the sampling densities are low.
In kriging [10, 14], a variogram is fitted to the measurements. The pixel values at regular grid locations are
then estimated as a weighted linear combination of the

They include inverse distance weighted method [15],
reconstruction in shift invariant spaces [16] and variational
methods [17]. Inverse distance weighted method [15] estimates the function value at each regular grid location as a
weighted linear combination of all the measurements. The
inverse of the Euclidean distance between the measurement
location and the regular grid location is used as the weight
function. Since this method does not make any assumption
on the sample density, it can handle variations in sampling
density. However, the reconstructed function may not be
continuous at the data points. Further, it is not robust to
noise [18].
Reconstruction in shift-invariant spaces [16] is carried
out based on the assumption that the underlying function is
continuous and belongs to the wavelet scaling function
space, which is also known as shift-invariant space [19]. A
function
in this space can be expressed in the form
P
d ck /ðx=h  kÞ, where /ðÞ is the generating funck2N
d

tion, h is the step size and N is the set of d-dimensional
integer vectors. In order to ensure that ck is uniquely
determined, the largest sampling gap should be within a
limit determined by h. Alternatively, for the given sample
set, h should be larger than the limit guided by the largest
sampling gap. Hence, this method fails to capture signal
variations in the regions where the sample density is higher.
1.2a Variational methods: In variational methods, the
reconstruction problem is posed in a constrained optimization framework. Here, the roughness of the reconstructed function is minimized while ensuring that the
reconstructed function passes exactly through the measurements, which we shall refer to as the interpolation
constraints. The roughness of the reconstructed function is
measured in terms of derivative norms, which are evaluated
using derivative operators.
When second-derivative operators are used to compute
the derivative norm, the variational reconstruction problem
can be posed as [17]
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such that Sðxi Þ ¼ fi ;

for i ¼ 1; 2; . . .; Ns ;

ð2Þ

where fi is the measurement at location xi ¼ ðxi ; yi Þ and SðxÞ
is the continuous function to be determined. The constraint
(Eq. (2)) mandates the function value at the measurement
locations to be equal to the measurement values.
The general solution to this optimization problem is
given by
SðxÞ ¼

Ns
X

wi Uðjjx  xi jjÞ þ a0 þ a1 x þ a2 y:

ð3Þ

i¼1

Here, UðÞ is the thin-plate spline and is given by
UðrÞ ¼ r 2 logðrÞ;

r [ 0:

ð4Þ

Notice that the reconstructed function SðxÞ involves the
sum of a weighted linear combination of thin-plate splines
positioned at the sampling locations fxi g and a polynomial
of degree one. The reconstruction problem is now to
evaluate the weights fwi g and the coefficients of the
polynomial a0 , a1 and a2 . They are chosen to ensure that
Eq. (2) is satisfied.
By virtue of its formulation, the variational method can
handle the variations in sampling density efficiently. Large
sample gaps are filled smoothly by utilizing the information
from the neighbouring samples by virtue of roughness
minimization. At the same time, fine function variations in
areas of high sampling density are captured.
A modification of the variational method formulates the
reconstruction problem as an unconstrained optimization
problem [20]. Here, the interpolation constraints are
replaced by a fidelity term measuring the closeness of fit of
the reconstructed function to the data. This fidelity term is
augmented by the derivative norm with a weighing factor k.
The resulting cost function is
2
2  2
Z Z " 2
Ns
X
o SðxÞ
o SðxÞ
2
jSðxi Þ  fi j þ k
þ2
ox2
oxy
i¼1
 2
2 #
o SðxÞ
þ
dxdy:
oy2
ð5Þ
Similar to the variational method, this method can handle
sampling density variations efficiently. Moreover, it can
handle noisy measurements, as it replaces the interpolation
constraints.
The main drawback of these constrained and unconstrained
formulations of the variational reconstruction problem is their
computational complexity. This is due to the re-sampling that

5

is required for evaluating the function values at regular grid
locations. Further, the weights are evaluated by inverting a
large dense matrix. The computational complexity of inverting this matrix is OðNs3 Þ. Also, this matrix tends to be illconditioned and numerically breaks down for a large number
of samples [21]. To reduce the computational cost, the
weights are evaluated iteratively in [22]. Further, its speed of
convergence is improved using a pre-conditioner in [23].
However, they do not fully address the numerical instability
associated with the variational method.
To address the numerical instability issue, the thin-plate
splines in (3) are replaced by functions whose value
depends on the radial distance from the centre. Such
functions are known as the radial basis functions (RBF)
[24, 25] and they lead to a linear system of equations that is
well-conditioned. The commonly used RBF are multiquadrics, Gaussian, inverse quadrics, inverse multi-quadrics and so on [26]. Unlike the thin-plate spline, RBF
guarantee stable and unique reconstruction when the measurement locations are distinct [20]. However, similar to the
variational method, computationally intensive steps such as
inversion of a large dense matrix and re-sampling to obtain
the final discrete image are required in the RBF approach.
Further, the accuracy of reconstruction depends heavily on
the parameters of the RBF and choosing them appropriately
is a challenging task [27, 28].
To reduce the computational complexity of the RBF
approach, partition of unity (PoU) approach was proposed
in [29]. It proceeds by partitioning the set of measurement
locations into overlapping sub-domains. A local reconstruction is obtained for each of these sub-domains using
the RBF approach, which are then stitched together to get
the global reconstructed function. While this method
reduces the computational complexity compared with the
RBF approach, its reconstruction accuracy is also reduced.
Recent works in this direction involve employing compact
RBF [30] and improving the procedure for partitioning set
of measurement locations [31]. However, they do not
address the loss in reconstruction accuracy due to
partitioning.
Subspace variational method circumvents the numerical
problems encountered in variational methods by combining
the variational method with the reconstruction in shift-invariant subspace method. In this method, the reconstructed
function is restricted to a weighted linear combination of
shifted and scaled B-splines located at the regular grid
points [2, 21, 32]. The reconstruction problem is now to
evaluate the weights associated with the B-splines. They
are chosen to minimize the unconstrained variational cost
function in Eq. (5). The weights are evaluated by inverting
a sparse system of linear equations, which is well-conditioned. Further, the values of the reconstructed function at
the regular grid locations can be obtained from a simple
convolution of the weights with the B-splines, resulting in
significant reduction in computational complexity.

5
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However, this method requires storing an N  N sparse
matrix, where N is the number of regular grid locations. For
example, if the reconstruction grid size is 512  512, then
an array of size 218  218 needs to stored. This can be
prohibitively high, particularly for large reconstruction
grids.

1.3 Contributions
In this paper, we propose a novel method for SDA with
reduced computational complexity and memory requirements. We first transform the given non-uniform data into
another form of non-uniform data containing the following: a
set of sample locations constrained to be a subset of the
reconstruction grid (albeit non-uniform) and corresponding
re-estimated sample values, and a set of weights quantifying
the inaccuracy caused by re-estimation procedure. Then, an
unconstrained cost function similar to that in (5) is defined in
terms of the transformed non-uniform data, where the variable
of the cost is the required regular grid discrete image. Since the
cost is formulated directly on the regular grid discrete image,
the computational problem becomes well conditioned. Further, because of the specific form of the transformed data set,
the need for storing large matrices is also avoided. The
computation of the minimum of the cost function is achieved
using iterations that require standard digital filtering and array
multiplications only with the overall complexity of order
OðNÞ where N is the grid size. Compared with other representative methods, we achieve a significant reduction in the
complexity without significantly compromising the quality of
reconstruction as shown in the simulation results.

2. The proposed method
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where the weight wj is given by wj ¼ /ðkr  xj k2 Þ with /
being an appropriate monotonically decreasing function to
be specified later. For a given grid point r, the quantity f~ðrÞ
is the distance-weighted interpolation from points that lie
within the unit neighbourhood around r.
We now propose to designate f~ðrÞ as the derived measurement at location r and use this for variational reconstruction,
~
instead of the original measurements. However, since
Pf ðrÞ is not
an actual measurement, we propose using CðrÞ ¼ I r wj as a
score for f~ðrÞ, which can serve as a measure of the confidence
level. For any grid point r0 for which there are no original
measurement points, we assign f~ðr0 Þ ¼ 0 and set the corresponding confidence measure to zero, i.e., we set Cðr0 Þ ¼ 0.
After evaluating f~ and C for all grid points, the regular grid image
pair ff~ðrÞ; CðrÞg will have the information present in given
s
nonuniform data fxi ; fi gNi¼1
embedded in it. In other words, we
have proposed a mechanism to represent the given nonuniform
data in terms of a regular grid image pair. Figure 2 illustrates this
described scheme using a toy example. As compared with figure 1, this figure has additional solid circles on the grid locations
that obtain derived measurements (non-zero Cðr0 Þ) from the
original measurements (denoted by hollow circles).
It should be emphasized that the pair ff~ðrÞ; CðrÞg is still a
non-uniform sample set: a non-zero value of CðrÞ denotes the
availability of re-estimated samples values for those locations,
and a zero value denotes unavailability. The only differences
is that the samples values have been re-estimated for a new set
of non-uniform locations that constitute a subset of the
reconstruction grid. The non-zero values of CðrÞ quantify the
error involved in this re-estimation. Since the non-uniform
locations become a subset of the reconstruction grid, it is
possible to represent the reconstruction equation without any
matrix. This will become evident from the next subsection.

2.1 Transforming the scattered data
s
Let fxi gNi¼1
be the given non-grid measurement locations
s
. The
together with the corresponding function values ffi gNi¼1
goal here is to transform this data set such that the transformed
data set allows matrix-free reconstruction. The transformation
procedure will re-estimate the sample values for a new set of
non-uniform locations, where the new locations become a
subset of the reconstruction grid (albeit non-uniform). The
transformation procedure will also compute some weights that
quantify the error incurred by this re-estimation, which will be
used in the regularized reconstruction.
Let the 2D reconstruction grid contain N grid points. For
a given reconstruction grid point r, let I r be a set of indices
such that for each j 2 I r , the corresponding sample xj is
within a unit rectangular neighbourhood centred around the
grid point r. Now define
P
j2I wj fj
f~ðrÞ ¼ P r
;
ð6Þ
j2I r wj

Figure 2. Showing the non-grid measurements and the reconstruction grid with mapped scattered measurements.
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Now, it remains to specify the weight function /ðrÞ. We
propose to use the following function:
/ðrÞ ¼

tanhðarÞ
:
ar

ð7Þ

An interesting property of this function is that it behaves
like 1/r for large values of r and /ðrÞ ! 1 as r ! 0. Further, for any value of r except zero, the closeness of /ðrÞ to
1/r is improved by larger values of a. We observed
experimentally that this function gives better results compared with using 1/r directly, as done in the inverse
weighted interpolation methods [15]. It is now clear why
P
CðrÞ ¼ j2I r /ðkr  xj k2 Þ can be considered as a confidence measure for f~ðrÞ: since CðrÞ measures both closeness
and number of original measurements used to get f~ðrÞ, it
can serve as the confidence measure.
In actual implementation, it is more efficient to start with
zero-initialized arrays for f~ðrÞ and CðrÞ, and then scan
s
through each given point in fxi ; fi gNi¼1
and make the corresponding updates in the arrays f~ðrÞ and CðrÞ. Such an
algorithm is given in Algorithm 1.

5

2.2 Reconstruction by roughness minimization
From the transferred measurement image f~ðrÞ and the
associated weight image CðrÞ, we propose to obtain the
required image uðrÞ as a minimum of the following
cost:
JðuÞ ¼

X

CðrÞðf~ðrÞ  uðrÞÞ2

r

X

2 
2 
þk
ðdxx  uðrÞÞ2 þ2 dxy  uðrÞ þ dyy  uðrÞ :
r

ð8Þ
Note that CðrÞ indicates the confidence in the estimate
of the sample value at pixel location r. Here,
fdxx ; dyy ; dxy g is the set of discrete masks (3  3 discrete
images) implementing the derivative operators
o2 o2
o2
fox
2 ; oy2 ; oxoyg and  denotes convolution. They are given
by
2

0

0

0

3

2

0

6
7
6
dxx ¼ 4 1  2 1 5; dyy ¼ 4 0
0
0
0
0
2
3
1
1 0
6
7
dxy ¼4 1
1
0 5:
0
0
0

1

0

3

7
 2 0 5;
1
0

ð9Þ

We call the first part as the weighted data fitting term.
The equivalence of this term to the first part of
Eq. (5) is clear in two ways. The non-uniformity of
s
fxi ; fi gNi¼1
is taken care by the fact that CðrÞ is zero for
those values of r for which there are no points in
s
within the unity neighbourhood. The inaccufxi gNi¼1
s
to the
racies from transferring the points in fxi gNi¼1
nearest grid point is taken care by the non-zero values
in CðrÞ. Even though the cost function is defined on
the entire reconstruction grid, the weighing term
evaluates the accuracy of the reconstruction using
only those sample locations where the measurements
are available. The reconstruction error is equivalent to
the least square error between non-grid measurements
and the value of the function at these sample locations. Since the cost function is defined on the
reconstruction grid, the main advantage in this formulation is that we directly solve for the regular grid
values. Hence the need for determining a continuous
function model and then re-sampling on the required
grid is eliminated.
The second term, which is roughness term (also
known as the regularization term) is implemented by
convolving u with discrete second-derivative operators.
The squared amplitude of this discrete derivative operation gives the roughness measure; k is the trade-off

5
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parameter between the accuracy of fit and smoothness of
the reconstructed image. As k increases, the reconstructed image becomes more and more smooth. The
smoothness term is used as prior information to overcome the indeterminacy (ill-posedness) that might arise
if there are grid points that do not have any measurements within the unit neighbourhood; k should be sufficiently large so that the space between the large
sampling gaps is filled adequately using the information
from the nearby sample values.
The cost function (Eq. (8)) is a multi-variable quadratic
function, where each required grid point value (pixels of
uðrÞ) is a variable. In standard optimization literature,
quadratic functions are typically expressed in vector-matrix
notation, whereas the cost given in Eq. (8) is expressed in
terms of image operations. To get the cost in vector-matrix
format, let u represent a vector containing the pixels of uðrÞ
scanned in lexicographic order and let f~ represent a vector
containing the pixels of f~ðrÞ. Then the cost can be
expressed as

T 

JðuÞ ¼ u  f~ C u  f~


þ kuT DTxx Dxx þ DTyy Dyy þ DTxy Dxy u;

ð10Þ

where C is the diagonal matrix containing the elements of
CðrÞ scanned in lexicographic order as its diagonal elements. Further, fDxx ; Dyy ; Dxy g are the matrices corresponding to the filters fdxx ; dyy ; dxy g. The cost can also be
compactly expressed as follows:
h

i
JðuÞ ¼ uT C þ k DTxx Dxx þ DTyy Dyy þ DTxy Dxy u
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Q

ð11Þ

 2u |{z}
Cf~ :
T

b

As evident in the following section, minimizing this cost
function will be implemented using iterations that
involve repeated multiplication of the matrix Q with
optimization variable u. The good news is that Q has a
special structure such that building Q explicitly is not
required. This is because Q is a sum of a diagonal
matrix
C
and
circulant
matrices
fDTxx Dxx ; DTyy Dyy ; DTxy Dxy g. Evaluating the product Cu is
equivalent to evaluating the image product CðrÞuðrÞ.
Similarly, evaluating the product DTxx Dxx u is equivalent
to evaluating the convolution dxx ðrÞ  dxx ðrÞ  uðrÞ.
Hence minimization of this cost function can be
achieved using convolution and array multiplications
only, thereby eliminating the need for building Q
explicitly. Note that elimination of matrix building
becomes possible only because the data fitting term in
the cost given in Eq. (8) does not have terms linking

different pixels, which is due to the transformation
described in section 2.1.

2.3 Minimization algorithm
The minimum of cost (Eq. (10)) can be uniquely
determined by equating the gradient to zero. The gradient vector of the cost in vector-matrix form is given
by
gu ¼ Qu  b ¼ 0:

ð12Þ

Eq. (12) represents a large sparse positive definite linear
system of equations. Such a linear system can be efficiently solved by the method of conjugate gradient (CG)
[33]. The efficiency of CG method can be further
revamped by pre-conditioning. Pre-conditioning provides a way to speed up CG iteration, if a computationally inexpensive approximation for the inverse of the
system matrix Q is available. Here, we propose a preconditioned conjugate gradient (PCG) method that
exploits the specific structure of our problem. For clarity
of presentation, we first provide a conceptual introduction to PCG method and then specify the proposed
iterative scheme.
CG method is an extension of the method of steepest
descent. Given a current estimate of the minimum uk ,
the method of steepest descent proceeds by doing a
single variable minimization with argument to J restricted to be of the form uk  agk , where gk is the
gradient vector of J evaluated at uk , which is given by
gk ¼ Quk  b. Here a is the minimization variable and
if ak denotes the minimum of this single variable minimization, the next improved estimate for the solution is
determined as ukþ1 ¼ uk  ak gk . CG adds a simple
modification: it performs minimization of the form
ak ¼ argmina Jðuk þ adk Þ, where dk is the search
direction obtained as perturbation of the gradient, where
the perturbation is done along the previous search
direction. In other words, the search direction is evaluated as dk ¼  gk þ bk dk1 . This perturbation is done
such that dTk1 Qdk ¼ 0, which leads to the formula
gT Qdk1
.
k1 Qdk1

bk ¼ dTk

Exploiting the fact that J is quadratic, we
gT Qd

get a closed form expression for ak : ak ¼  dkT Qdk .
k

k

Because of the recursive nature of the method, the
relation dTk1 Qdk ¼ 0 leads to the following relation that
is
known
as
Q-orthogonality:
T
dj Qdk ¼ 0 8j 2 f0; 1; . . .; k  1g. This further leads to
other interesting algebraic properties among the gradients and search directions that manifest into the following property for CG: it completely exploits the
distribution of eigenvalues of Q to get the optimal
convergence rate without having the need to compute

Sådhanå (2018) 43:5

Page 7 of 16

5

the eigenvalues. Further, Q-orthogonality property leads
to the following alternative formulas for ak and bk :
gT g

ak ¼  dTkQdk , bk ¼
k

k

gTkþ1 gkþ1
.
gTk gk

Let P be an approximation for Q1 and let
0
P ¼ ðPÞ1=2 . The PCG method can be obtained as follows: we substitute u ¼ P0 u0 , and let J 0 ðu0 Þ ¼ JðPu0 Þ be
the transformed cost function. We then write CG steps
for J 0 ðu0 Þ in terms of the variable u0 . We then transform the equations of the resulting steps to get the
update rule in terms of u. After these operations, we
finally get the PCG step as follows: ukþ1 ¼ uk þ adk
where

gT Pg

ak ¼  dTk Qdk ;
k

bk ¼

gTkþ1 Pgkþ1
gTk Pgk

k

dkþ1 ¼ Pgkþ1 þ bk dk

-

where

.

For our problem, we use the inverse of diagonal of
the system matrix Q for the pre-conditioner P. Referring
to Eq. (11), we find that the part of Q contributed by
the data fitting term, the matrix C, is already diagonal.

Hence P ¼ C þ k diag DTxx Dxx þ DTyy Dyy þ DTxy Dxy Þ1 ,
where diagðÞ refers to the diagonal parts of its argument. Since Dxx ; Dyy and Dxy are circulant matrices
corresponding to filters given in Eq. (9), the required
diagonal part can be readily determined, which is 20I,
where I is identity matrix. Hence the inverse diagonal of
Q is given by
P ¼ ½C þ 20kI1 :

ð13Þ

Each step of PCG algorithm involves the evaluation of
gradient, step length and search direction. The gradient
in (14) involves the convolution with the derivative
filters dxx ; dyy and dxy . These operations are implemented by directly convolving the search direction with
the derivative filters. For a reconstruction grid with
N grid points, the convolution operation requires
5N multiplications and 21N additions. Hence the gradient in (14) requires 6N multiplications and 22N additions for evaluation. The step length evaluation requires
5N multiplication and 2N addition operations. Furthermore, the search direction evaluation requires 5N multiplications and 5N additions. Hence, the total
computational cost for each PCG is 16N multiplications
and 29N additions.
Except for the initialization, the foregoing discussion
completes the conceptual design of the minimization
algorithm. However, for practical implementation, we
need the algorithm to be specified in terms of steps that
satisfy the following: (i) the steps should be expressed in
terms of image operations instead of matrix-vector
operations and (ii) the steps should show intermediate
computations so that any specific computation is performed only once. The panel named Algorithm 2 provides this, assuming that the initialization denoted by
u0 ðrÞ is given.

Here r represents the regular grid image index. It is used
to discriminate image from scalar quantities.
Now what remains to be specified is the way to find the
initialization for PCG algorithm. To this end, we use a multiresolution strategy. Multi-resolution analysis (MRA)
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represents the signal at multiples scales, which are effectively
implemented using pyramidal decomposition. For a given
choice of scale J, pyramidal decomposition at level k ¼
0; 1; . . .; J is obtained by convolving the image at level k  1
with a low pass filter, followed by a down-sampling operation.
At level k ¼ 0, the algorithm is initialized with the original
image. The energy compaction in MRA can be exploited to
generate a good approximation to the original image [34] and
for solving a dense system of linear equations [35].
At each scale, first we define an ensemble of pairs ff~ðiÞ ðrÞ,
ðiÞ
~ð0Þ ðrÞ ¼ f~ðrÞ and C ð0Þ ðrÞ ¼ CðrÞ and
C ðrÞgJ1
i¼0 where f
J represents number of scales used. The subsequent images
are computed recursively as follows: the image f~ðiÞ ðrÞ (resp.
C ðiÞ ðrÞ) is obtained from f~ði1Þ ðrÞ (resp. C ði1Þ ðrÞ) by convolving with a 2D smoothing mask (denoted by hðrÞ) and
then skipping the samples from odd-numbered rows and
odd-numbered columns. Note that the size of f~ðiÞ ðrÞ is less
than the size of f~ði1Þ ðrÞ by a factor of two along each
dimension. We denote this operation by f~ðiÞ ðrÞ ¼ ½f~ði1Þ ðrÞ 
hðrÞ#2 and C ðiÞ ðrÞ ¼ ½C ði1Þ ðrÞ  hðrÞ#2 where # 2 indicates the down-sampling operations. The index i is called the
scale, and the image f~ðiÞ ðrÞ (respectively C ðiÞ ðrÞ) is called
the representation of f~ðrÞ (respectively CðrÞ) at scale i. Now
we define the cost at scale i as follows:
X
J ðiÞ ðuðiÞ Þ ¼
CðiÞ ðrÞðf~ðiÞ ðrÞ  uðiÞ ðrÞÞ2
r
2 
2
X
þk
dxx  uðiÞ ðrÞ þ2 dxy  uðiÞ ðrÞ
r

2 
þ dyy  uðiÞ ðrÞ
:
ð26Þ
Note that the number of variables in J ðiÞ ðuðiÞ Þ (number of
pixels in f~ðiÞ ðrÞ, CðiÞ ðrÞ and uðiÞ ðrÞ) is 4 times less than that
of J ði1Þ ðuði1Þ Þ. Similar to the expression given in Eq. (11),
this scale-dependent cost can be expressed in the vectormatrix form as follows:
ð27Þ
J ðiÞ ðuðiÞ Þ ¼ uðiÞT QðiÞ uðiÞ  2uðiÞT bðiÞ

ðiÞ
ðiÞT ðiÞ
ðiÞT ðiÞ
where QðiÞ ¼ CðiÞ þ k DðiÞT
xx Dxx þ Dyy Dyy þ Dxy Dxy Þ
and bðiÞ ¼ CðiÞ f~ðiÞ . Here the matrices fC ðiÞ ; DðiÞ ; DðiÞ ; DðiÞ g
xx

yy

xy

are defined in a similar way, but now they are pertinent to
the scale i. The direct solution for the minimum of J ðiÞ ðuðiÞ Þ
ðiÞ
in vector-matrix form is given by uopt ¼ ½QðiÞ 1 bðiÞ .
The multi-resolution method proceeds as follows. We
first compute the minimum of J ðj1Þ ðuðj1Þ Þ by direct matrix
ðj1Þ
inversion: uopt ¼ ½Qðj1Þ 1 bðj1Þ . This is feasible,
because j  1 represents the coarsest level and hence the
number of variables is low. We expand this by a factor of
two by interpolation as follows: along each dimension, we
insert zeros in between each pixel such that the image size
is doubled along each dimension; we then convolve with
ðj2Þ
the same smoothing mask. We denote this by u0 ðrÞ and

ðj2Þ

ðj1Þ

represent this operation by u0 ðrÞ ¼ hðrÞ  ð½uopt ðrÞ"2 Þ.
We use this as an initialization for minimizing the next
level cost J ðj2Þ ðuðj2Þ Þ where the PCG algorithm specified
in the panel Algorithm 1 will be used. This process will be
repeated until we get the minimum of J ð0Þ ðuð0Þ Þ ¼ JðuÞ,
which is the desired solution. The panel Algorithm 3
provides a symbolic specification of this algorithm.
Although the proposed method appears to be extremely
simple, its reconstruction accuracy is comparable to that of
the gold-standard method in the field, the thin-plate spline
method. Further, our method outperforms a recent method
belonging to the line of methods developed as numerically
efficient alternatives to the thin-plate spline method [31]
both in terms of speed and accuracy. These claims will be
substantiated in section 4. Moreover, since our method is
purely based on regular grid array operations, our method is
very attractive for parallelized implementations.
The approach adopted here was inspired from the work of
Unser [36], but there are two factors that make the proposed
method significantly different from their method: (i) our
method has no restriction on the distribution of the input
sample locations whereas Unser’s multi-grid method [36]
restricts input sample locations to be a subset of the regular
grid and (ii) the multi-grid method [36] builds multi-resolution
on the equation to be solved as opposed to our method where
we build multi-resolution on the cost function. Because of the
second factor, their method [36] leads to reconstruction quality
that is not comparable to that of thin-plate spline method,
whereas the proposed method gives reconstruction quality that
is comparable to that of the thin-plate spline method.
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3. Experimental results
In this section, we carry out reconstruction trials to study
the effectiveness of the proposed SDA technique. Further,
we benchmark the proposed method against the thin-plate
method. For the thin-plate spline method, we used GMRES
method [37] for solving the linear system of equations. We
generate the test measurements either from synthetic
phantom or from standard digital images. The performance
of an algorithm is measured in terms of the reconstruction
accuracy and the time required to produce the reconstructed
image. We also consider noisy measurements in our study
to evaluate the robustness of the proposed algorithm to the
measurement noise. In the case of noisy data, the smoothing
parameter k is tuned heuristically with the following
strategy: starting from the lowest possible value, a series of
reconstructions are performed with regular increments in k.
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The result that does not have any noise-related artifacts
with the lowest possible value of k is chosen.
To quantitatively evaluate the reconstruction accuracy,
we employ the following relative reconstruction error
metric, which computes the error between the reconstructed
image and the original image.
¼

jjIorg  Irec jj2
jjIorg jj2

ð29Þ

where Iorg is the original image and Irec is the reconstructed
image from the measurements.
We first applied our algorithm on a 256  256 synthetic
phantom image, which has a pixel value of 255 inside an
annular disc and a pixel value of zero outside. The phantom
image is sampled uniformly along the radial as well as the
angular direction with a radial spacing of 5 pixels and an

Figure 3. Evaluation using synthetic phantom image: (a) phantom image, (b) sample locations, (c) reconstruction by RGWS (proposed
method) and (d) thin-plate spline reconstruction.

5
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angular increment of 18o . This sampling procedure generated 500 samples. The reconstruction of the phantom image
from these samples is challenging due to the sparse

Figure 4. Comparison of reconstruction error with that of the
thin-plate spline method: noiseless case.

Sådhanå (2018) 43:5
distribution of the measurements. Figure 3a is the original
phantom image. Figure 3b shows the sample locations,
while the reconstructions with the proposed method and
thin-plate spline are shown in figure 3c and d, respectively.
The relative reconstruction error for thin-plate spline and
the proposed method is evaluated using the metric in
Eq. (29) and is found to be 0.02 and 0.03, respectively. The
closeness of the relative reconstruction error values indicates the ability of the proposed algorithm to produce
results close to those by the thin-plate spline method.
Further, the experiment reveals the ability of the proposed
method to handle large sampling gaps just like the thinplate spline method.
In our next experiment, we applied our algorithm on
randomly spaced samples obtained from two well-known
test images, namely the pepper image and the brain image.
For each sample location, the sample value is computed
using a linear interpolation of nearest grid values. The

Figure 5. Evaluation using 20% of noiseless pepper image samples: (a) original image, (b) sample locations, (c) reconstruction by
RGWS (proposed method) and (d) thin-plate spline reconstruction.

Sådhanå (2018) 43:5
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Figure 6. Evaluation using 20% of noiseless brain image samples: (a) original image, (b) sample locations, (c) reconstruction by
RGWS (proposed method) and (d) thin-plate spline reconstruction.

Figure 7. Comparison of reconstruction error with thin-plate
spline method: noisy case with 20 dB SNR.

reconstruction was performed for a series of data sets with
sample density ranging from 5% to 65% and reconstruction

errors for both thin-plate spline method and proposed
reconstruction were evaluated. For each value of sample
density, the reconstruction error was evaluated 10 times by
performing reconstructions on 10 sets of independently
generated random sample locations. The relative reconstruction error curves corresponding to pepper image are
shown in figure 4. A similar reconstruction error plot is
observed for brain image. We see that both the proposed
and thin-plate methods have similar reconstruction error.
This result confirms that our method is capable of producing results close to those by the thin-plate spline method
and its ability to effectively tackle the large sampling gap.
Furthermore, we see that the proposed method does not
suffer from numerical instabilities even at high sampling
densities, unlike the thin-plate method. Figures 5 and 6
display the reconstructed images corresponding to 20%
sample density for pepper and brain images, respectively.

5
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Figure 8. Evaluation using 20% of noisy brain image samples: (a) original image, (b) sample locations, (c) reconstruction by RGWS
(proposed method) and (d) thin-plate spline reconstruction.

We see that the reconstructed image using the proposed
method is as good as the thin-plate reconstruction in both
cases.
In our next experiment, we evaluated the performance
of the proposed method in the presence of noise and
compared it to that of thin-plate spline. For this, we added
white Gaussian noise (AWGN) to the measurements such
that the signal to noise ratio was 20 dB. Here as well, we
considered the sampling densities in the ranges 5  65%.
The relative reconstruction error curve is shown in figure 7. The reconstructed images with 20% noisy measurements from pepper and brain images for thin-plate
spline and proposed method are shown in figures 8 and 9,
respectively. These results indicate that the proposed
method exhibits the same noise-robustness of thin-plate
spline reconstruction.

Now we compare the reconstruction speed of the proposed and the thin-plate spline method. We use the pepper
image with its pixel density being varied from 5% to 65%.
The input measurements are generated as before. Figure 10
compares the reconstruction time for different reconstruction methods. We see that the time required for thin-plate
spline reconstruction grows rapidly with the sampling
density. This is due to the time required for generating the
coefficient matrix and for solving the system of equations
using GMRES. However, in the proposed method, the
reconstruction time decreases as the sampling density
increases. This is because of the improvement in the condition number of the system matrix.
In our next experiment, we compared the relative
reconstruction error and time for the proposed method with
the PoU approach in [31]. For this, we varied the sampling

Sådhanå (2018) 43:5
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Figure 9. Evaluation using 20% of noisy pepper image samples: (a) original image, (b) sample locations, (c) reconstruction by RGWS
(proposed method) and (d) thin-plate spline reconstruction.

Figure 10. Comparison of reconstruction time between thin-plate
spline method and RGWS (proposed method).

density from 5% to 65% of the 256  256 pepper image. As
before, sample locations are generated from a uniform

distribution. The measurement locations along with measurements are given as input to both the proposed and the
PoU approach. The experiment is repeated 10 times to
average out the effect of random sampling. The relative
reconstruction error curve is shown in figure 11 and time
taken for reconstruction is shown in figure 12.
The reconstruction error plot clearly shows that the
proposed method produces better reconstruction than the
PoU approach. Thus our method produces reconstruction
comparable to that of the thin-plate spline method while
taking less time and computations than the state of the art
PoU approximation to thin-plate spline as shown by the
reconstruction time plot.
The PoU method [31], with which we compared the
proposed method earlier, is one of the recent advancements
in developing computationally affordable SDA. Hence, in
the following, we provide even more extensive comparison

5
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Figure 11. Comparison of relative reconstruction error between
PoU method and RGWS (proposed method).

Figure 12. Comparison of reconstruction time between PoU
method and RGWS (proposed method).

using various data sets. For this purpose, we used eight test
images of size 256  256, which are displayed in figure 13.
The images with label ‘CIL’ are from Cell Image Library
[38]. The sample locations were drawn from a uniform
distribution and the corresponding measurements were

Sådhanå (2018) 43:5
corrupted by additive white Gaussian noise. The noise
variance was set to maintain the signal to noise ratio at 20
dB. The input sampling density was varied from 20% to
60% with an increment of 10%. The comparison results are
reported in tables 1 and 2. As evident from the table, our
method outperforms the PoU method both in terms of speed
and reconstruction accuracy.
These reconstruction examples emphasize the fact that
the proposed method is much more computationally efficient than the thin-plate spline method with only a little
compromise in the reconstruction accuracy. The factors
contributing to the computational efficiency are the following: (i) the linear system of equations to be solved is
better-conditioned; (ii) there is no expensive re-sampling
required in the proposed method as done in the thin-plate
spline method; (iii) in the proposed method, the condition
number of the system to be solved improves with increase
in the sample density as opposed to the thin-spline method,
where the condition number of the system gets worse; (iv)
the matrix representing the linear system of equations is not
required to be stored explicitly; (v) the iterations involved
in solving the linear system of equations for getting the
reconstruction require only regular grid digital filtering and
array multiplication; (vi) our method allows multi-resolution, leading to fast reconstruction. The only constraint in
applying the proposed method is that the reconstruction
step size should be known a priori. If it is not known, we
can apply the proposed method with the step size equal to
the smallest gap between the given samples. In that case,
the size of the linear system to be solved in the proposed
method will be much larger than that of the thin-plate spline
method. However, due to factors (i), (ii), (v) and (vi), the
proposed method will still be faster than the thin-plate
spline method.

Figure 13. Test images: (a) Lena, (b) Boat, (c) Barbara, (d) Baboon, (e) CIL 10016, (f) CIL 248, (g) CIL 1585 and (h) CIL 7437.
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Table 1. Table listing the relative reconstruction error between proposed approach (RGWS) and PoU approach.
Percentage of samples
20

Lena
Baboon
Barbara
Boat
CIL 248
CIL 1585
CIL 7437
CIL 10016

30

40

50

60

RGWS

PoU

RGWS

PoU

RGWS

PoU

RGWS

PoU

RGWS

PoU

0.1090
0.1433
0.1185
0.1210
0.1677
0.1777
0.1311
0.1702

0.1275
0.1526
0.1402
0.1406
0.2212
0.2464
0.1563
0.2401

0.0979
0.1333
0.1079
0.1109
0.1551
0.1557
0.1242
0.1509

0.1135
0.1457
0.1252
0.1293
0.2000
0.2178
0.1473
0.2118

0.0925
0.1261
0.1023
0.1049
0.1393
0.1418
0.1110
0.1377

0.1052
0.1399
0.1154
0.1213
0.1848
0.2008
0.1338
0.1953

0.0880
0.1217
0.0974
0.1003
0.1331
0.1356
0.1066
0.1306

0.0988
0.1351
0.1090
0.1159
0.1747
0.1960
0.1270
0.1795

0.0848
0.1179
0.0933
0.0961
0.1287
0.1291
0.1025
0.1248

0.0927
0.1318
0.1025
0.1095
0.1659
0.1805
0.1214
0.1680

Table 2. Reconstruction time in seconds for proposed approach (RGWS) and PoU.
Percentage of samples
20

Lena
Baboon
Barbara
Boat
CIL 248
CIL 1585
CIL 7437
CIL 10016

30

40

50

60

RGWS

PoU

RGWS

PoU

RGWS

PoU

RGWS

PoU

RGWS

PoU

2.4000
2.6100
2.6900
2.1700
2.4300
2.2700
2.6000
2.7400

5.5200
5.5200
5.4700
5.6000
5.4800
5.6200
5.4300
5.6500

1.9000
1.7800
1.9200
1.6700
1.5700
1.7200
1.7300
1.7100

6.2500
6.0100
5.9600
6.0100
5.9700
6.1800
6.0500
6.3600

1.3100
1.5200
1.4300
1.3600
1.3600
1.3500
1.5000
1.6800

7.7400
7.6700
7.6800
7.6400
7.5700
7.7000
7.5900
7.7400

1.0900
1.2800
1.0600
1.0300
1.1200
1.0300
1.2100
1.2800

9.8000
9.4300
9.4300
9.5400
9.4900
9.3300
9.3100
9.3200

1.0000
1.2700
0.9400
1.0300
0.9300
0.9200
0.9500
0.9200

10.0400
11.2400
11.2000
11.0300
11.1900
11.0600
11.1800
11.5100

4. Conclusion
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