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Abstract. This paper proposes an analytical approach to derive voltage gain for phase-modulated dc–dc series
resonant converter (SRC) operating in discontinuous conduction mode (DCM). The conventional fundamental
harmonic approximation technique is extended for a non-ideal series resonant tank to clarify the limitations of
SRC operating in continuous conduction mode (CCM). The DCM analysis is described in a normalized form
defining appropriate base quantities. The converter is analysed both in time and frequency domain to derive a
non-linear algebraic function of diode rectifier extinction angle. The root of this function is numerically
determined using MATLAB and used to predict the dc bus voltage. Analytical derivation of critical load
resistance is discussed, which indicates the CCM–DCM boundary condition. Experimental results are presented
to validate the analysis.
Keywords. Discontinuous conduction mode (DCM); phase modulation; series resonant converter (SRC); time
domain analysis; frequency domain analysis; critical load resistance.

1. Introduction
High efficiency and power density are reportedly achieved
in dc–dc converters by adopting soft-switching techniques
[1–4], viz., zero voltage switching (ZVS) and zero current
switching (ZCS). Phase-modulated (PM) series resonant
converters (SRCs) [5, 6] are widely used for dc–dc power
conversion as they offer ZVS of full-bridge (FB) MOSFETs
and ZCS of rectifier diodes. These converters are traditionally operated in continuous conduction mode (CCM)
[7, 8], typically above resonant frequency, to guarantee
ZVS of FB switches. Since CCM operation of SRC
(CCMSRC) stipulates nearly sinusoidal state variables,
conventional fundamental harmonic approximation (FHA)
technique [10] is used to derive the voltage conversion ratio
(Av ). Thus, selection of tank parameters for given input–
output voltage levels and power rating of the converter is
straightforward. However, as discussed later in this paper,
CCMSRC compromises Av significantly while ensuring
ZVS in entire modulation range.
In contrast, discontinuous conduction mode (DCM)
operation of SRC (DCMSRC) retains the ZCS property of
rectifier diodes while ensuring ZCS of H-bridge MOSFETs
[9]. Load- and modulation-independent soft-switching,
while operating at tank resonant frequency, makes
DCMSRC superior compared with its CCM counterpart.
But FHA approach [10] and extended describing-function*For correspondence

based techniques [11, 12] are not applicable for DCMSRC
due to the discontinuous nature of inductor current.
Absence of an analytical formulation of Av complicates the
DCMSRC design process, requiring repeated circuit simulations for design convergence.
Time domain analysis of DCMSRC is reported in [13] to
derive Av as a function of PM angle (a) and diode bridge
rectifier (DBR) extinction angle (b). But this approach
overlooks the fact that b itself is a function of a and load
resistance (RL ). Thus it fails to analyse load-dependent
property of Av , which is inevitable in DCMSRC [9]. The
technique presented in [9] expresses Av as a function of not
only a and b but loading condition also. But it does not
report any analytical formulation for b and thus fails to
determine Av for any arbitrary a and RL .
Generally, SRCs exhibit two different modes of continuous conduction under fixed-frequency PM operation,
viz., CCM with energy recovery to supply (CCM1) and
CCM with no energy recovery to supply (CCM2) [14].
During CCM1, the inductor current (is ) lags the positive
rising edge of tank input voltage (vt ). It results in a
switching sub-interval when vt is positive but is is negative. It means the energy stored in resonant tank is fed
back to the input dc supply. On the other hand, CCM2
forces the current is to lead the positive rising edge of vt . It
indicates that vt remains zero when is is negative. Thus the
tank energy is dissipated in MOSFET on resistances and
effective series resistance (ESR) of tank network.
Boundary conditions for both CCM1–DCM and CCM2–
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DCM are reported in [13–15] considering above-resonance PM operation. But CCMSRC operated at resonant
frequency ensures the fundamental of is to be in phase
with the fundamental of vt and thus CCM2 does not appear
during the entire PM and load range [14]. Consequently,
this paper considers only the CCM2–DCM boundary
condition as the converter is switched at resonant
frequency.
This paper presents DCM analysis of PM SRC, switched
at resonant frequency, using time and frequency domain
representations. Structured derivation of Av is presented,
which requires numerical solution of a single well-defined
non-linear algebraic equation. Also, critical load resistance
indicating CCM–DCM boundary condition is derived by
solving two simultaneous non-linear algebraic equations.
The remaining part of the paper is organized as follows.
Section 2 analyses transfer characteristics of non-ideal SRC
using FHA approach to clarify the drawbacks of CCM
operation. Time domain analysis of DCMSRC is discussed
in section 3.1 to explain soft-switching operation of FB
MOSFETs and rectifier diodes. Section 3.2 analyses
DCMSRC in frequency domain using multi-order decomposition technique [16]. Critical load resistance is determined in section 3.3 to define the CCM–DCM boundary of
SRC. This mode boundary and analytical formulation of
converter voltage gain are experimentally validated in
section 4.

switching harmonics. The following assumptions are considered for the subsequent analysis.
1. Primary side MOSFETs and rectifier diodes are ideal.
2. Dead-time between the gating signals of FB MOSFETs
are neglected.
3. The HFT does not contain any air-gap and thus offers
very high magnetizing inductance. Hence, the parallel
magnetizing branch is excluded from analysis of the tank
network, shown in figure 1b.
4. The only non-ideality, r, comprises winding resistances
of both inductor and transformer and ESR of capacitor.
5. The leakage inductance of HFT is included in the tank
inductance L.
Assuming CCM operation, input admittance characteristic
and
voltage
transfer
characteristic
(Is ðsÞ=Vt ðsÞ)
(Vp ðsÞ=Vt ðsÞ) of the tank network are derived using FHA
approach [10]. For a given HFT turns ratio 1:N and load
resistance, RL , these transfer functions are normalized with
respect to its natural frequency x0 and expressed as follows:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s0 C=L
Is ðsÞ
¼
; s0 ¼ s=x0 ;
Vt ðsÞ s20 þ s0 ðQ0 þ Qr Þ þ 1
pﬃﬃﬃﬃﬃﬃ
Vp ðsÞ
s0 Q 0
¼ 2
; x0 ¼ 1= LC ;
Vt ðsÞ s0 þ s0 ðQ0 þ Qr Þ þ 1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Q0 ¼ R C=L; Qr ¼ r C=L; R ¼ ð8RL Þ=ðp2 N 2 Þ:
ð1Þ

2. FHA analysis of non-ideal SRC
The complete circuit diagram of series resonant boost dc–
dc converter is shown in figure 1a. The H-bridge is switched using PM approach [17–19]. It produces a high-frequency square/quasi-square wave to excite the resonant
tank. The tank comprises two resonating elements: inductance L and capacitance C. They are connected in series and
terminated at the primary of a step-up high-frequency
transformer (HFT). Secondary of the HFT is connected to
DBR, followed by a filter capacitor, Cf , to attenuate the

ZVS of all four FB MOSFETs under PM demands tank
input current is to lag positive rising edge of vt . This is
achieved by switching the converter at a frequency
x1 [ x0 . Depending on required maximum PM for voltage
regulation, x1 shifts far to the right half of x0 axis as shown
in figure 2a. However, figure 2b clarifies that switching at
x1 significantly compromises the converter voltage gain at
rated load. This analysis clarifies the limitations of SRC
when operated at CCM under PM. Thus to extract the
maximum gain during CCM operation, the switching frequency fs is chosen to be

(a)
Figure 1. (a) Series resonant dc–dc converter and (b) non-ideal tank network.

(b)
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(b)

(a)

Figure 2. (a) Input admittance characteristic and (b) voltage transfer characteristic.

pﬃﬃﬃﬃﬃﬃ
fs ¼ x0 =2p ¼ 1=ð2p LC Þ:

ð2Þ

Careful inspection of figure 2b reveals minute variation in
voltage gain at x0 during rated and 20% load conditions. It
is caused by the voltage drop across r. This effect is considered while deriving the CCM voltage gain expression
(AvC ) for the entire power train using FHA analysis [10]:
AvC ¼

\Vdc [ \Vt [ \Vp [ \Vs [ \Vdc [
¼
;
\Vg [
\Vg [ \Vt [ \Vp [ \Vs [
pﬃﬃﬃ
2 2  a R
p
sin
N pﬃﬃﬃ ;
¼
p
2 Rþr 2 2
 a R
;
¼N sin
2 Rþr
ð3Þ

where ‘\ [ ’ denotes respective rms quantities and a is the
modulation angle as shown in figure 3a.

3. DCM analysis of SRC
All the parameters and state variables are referred to the
primary side of HFT and normalized using the base quantities defined as follows:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð4Þ
VB ¼ Vgmin ; ZB ¼ L=C; IB ¼ VB =ZB ;
where Vgmin denotes minimum input voltage. Per unit (p.u.)
definitions of different parameters, state variables, input
and output voltages are listed as follows:
rpu
Vgpu

r
RL
is
vC
¼ ; RLpu ¼ 2 ; ispu ¼ ; vCpu ¼
;
ZB
N ZB
IB
VB
Vg
Vdc
vp
NiR
¼ ; Vdcpu ¼
; vppu ¼
; iRpu ¼
:
VB
NVB
VB
IB

ð5Þ

3.1 Time domain analysis
Figure 3a illustrates ideal waveforms of state variables for
steady-state DCM operation of SRC, where h ¼ x0 t and b
denotes extinction angle of DBR. Considering the halfwave symmetry of tank variables, the analysis is presented
for a half cycle of DCM switching period. This half-cycle is
further divided into three sub-intervals. Equivalent circuits
of each sub-interval are shown in figure 3b–3d.
3.1a Interval-I (0  h  a): This mode begins when the
diagonal pair M1 –M4 of FB network is turned on. Due to
discontinuous nature of the inductor current, is , secondary
side DBR also turns on at the beginning of this mode.
Switching function, S, of DBR is shown in figure 3a.
During this interval, tank capacitor voltage, vC , rises from
its initial value VC0 and is builds up from zero. This ensures
ZCS turn-on of FB MOSFETs M1 and M4 and secondary
diodes D1 and D4 . This mode ends when is reaches its peak,
Is1 , and vC rises to VC1 . The normalized state equations for
this interval are derived as




 
  
1
rpu 1 ispu
1
d ispu
Vdcpu :
¼
þ
Vgpu þ
dh vCpu
vCpu
0
1
0
0
ð6Þ
The boundary conditions of Interval-I are normalized using
respective base quantities and given by
ispu ð0Þ ¼ 0; vCpu ð0Þ ¼ VC0pu ;

ð7Þ

ispu ðaÞ ¼ Is1pu ; vCpu ðaÞ ¼ VC1pu :

ð8Þ

These mode boundaries are used to solve (6) as follows:
Is1pu ¼  A1 ex ðp þ EÞ sin c;

ð9Þ
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(b)

(c)

(d)

(a)

Figure 3. (a) Ideal waveforms of SRC operating in DCM. (b) Equivalent circuits during three intervals of DCM: interval-I, (c) intervalII and (d) interval-III.

VC1pu ¼ A1 ex ðcos c þ 2E sin cÞ þ K:

ð10Þ

Considering the steady state of capacitor voltage, vC , the
following expression is derived:

All parameters of (9) and (10) are listed in Appendix I.
3.1b Interval-II (a  h  b): ZVS turn-on of M3 and hard
turn-off of M4 define the beginning of this mode. The
source Vg remains disconnected, thus forcing is to fall. But
vC further rises and reaches VC2 at the end of this interval.
This mode ends when the DBR ceases to conduct, ensuring
ZCS turn-off of diodes D1 and D4 . The normalized state
equations for this interval are expressed as follows:

 
ispu
rpu
d
¼
dh1 vCpu
1

1
0



ispu
vCpu




 
1
Vdcpu ; h1 ¼ ðh  aÞ:
0

ð11Þ
Noting that is becomes zero at the end of this interval, the
normalized mode boundaries are presented as
ispu ðbÞ ¼ 0; vCpu ðbÞ ¼ VC2pu :

ð12Þ

VC2pu ¼ VC0pu :

These simultaneous algebraic mode equations are simplified to derive an expression for Vdcpu by eliminating intermediate variables as follows. Noting that ey 6¼ 0, the
expression for Is1pu is derived from (13) as


2
2p2 þ rpu
=2
ð16Þ
:
Is1pu ¼ A2 J; J ¼
2p cot d  rpu
Equating (9) and (16), VC1pu is simplified as
VC1pu ¼ MðK  VC0pu Þ  Vdcpu ;
M ¼ ½ex ðp þ EÞ sin c=J:

0 ¼ ey ½Is1pu cos d  F sin d;

ð13Þ

VC2pu ¼ ey ½A2 cos d þ B2 sin d  Vdcpu :

ð14Þ

ð17Þ

Rearranging (10) and (17),
VC0pu ¼ ½1  ð1=ðM þ UÞÞVgpu  Vdcpu ;

The state equations are solved using (8) and (12) as

ð15Þ

U ¼ ex ½cos c þ 2E sin c:

ð18Þ

Another expression for VC0pu is derived using (14) and (15):

All parameters of (13) and (14) are listed in Appendix I.
3.1c Interval-III (b  h  p): During this mode, the DBR is
in off state and thus is remains zero. The capacitor holds the
charge and vC remains constant at VC2 . ZCS turn-off of M1
and ZCS turn-on of M2 define the end of this interval.

VC0pu ¼ ½GVgpu  ðG þ 1ÞVdcpu =ðG  1Þ; G ¼ MDey ;
D ¼ cos d þ ½ðJ=pÞ þ ðrpu =2pÞ sin d:
ð19Þ
Equating (18) and (19), the converter voltage gain, Avt , is
expressed as a function of a and b as follows:

Discontinuous conduction mode analysis


Vdcpu 1
G1
Avt ¼
¼ 1þ
:
2
MþU
Vgpu

ð20Þ
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The fundamental component of S is given by
Sð1Þ ¼ ð2=pÞ½sin b cos h þ ð1  cos bÞ sin h:

ð27Þ

ð0Þ

Using (21), (26) and (27), IRpu is derived as

3.2 Frequency domain analysis
Frequency domain analysis of SRC is performed using the
multi-order decomposition technique [16]. The large-signal
model of the converter is considered as a superposition of
n-subsystems. Each of these operates at different steadystate frequencies, as shown in figure 4a. Due to the nonlinear nature of DBR, nth order harmonic of is generates the
following components of rectified current, iR :

 

ð0Þ
IRpu ¼ 2= rpu p2 ½Vgpu k  2Vdcpu ð1  cos bÞ;
k ¼ cosða  bÞ  cos a  cos b þ 1:

ð2Þ

Assuming the double-frequency switching harmonic, iRpu is
completely bypassed through Cf ; the normalized dc bus
voltage Vdcpu is expressed as
ð0Þ

Vdcpu ¼ IRpu RLpu :
ðmÞ
iðnÞ
spu S

¼

ðnmÞ
iRpu

þ

ðnþmÞ
iRpu ;

ð21Þ

where m is the harmonic order of switching function S. It is
ð0Þ
obvious that n ¼ m constructs the dc component of iR , IR
and n 6¼ m results in higher order switching harmonics.
Since the converter operates at resonant frequency, the
higher order harmonics are adequately attenuated. With this
simplified, yet realistic, assumption a reduced order model
is realized using n ¼ m ¼ 1 and depicted in figure 4b. The
fundamental components of tank input voltage vt and
transformer primary voltage vp are normalized using base
voltage VB and expressed as follows.
ð1Þ

vtpu ¼ ð2Vgpu =pÞ½sin / cos h þ ð1  cos /Þ sin h;

ð28Þ

ð29Þ

Rearranging (29), the voltage gain expression (Avf ) from
frequency domain analysis is derived:
Avf ¼

Vdcpu
2kRLpu
:
¼ 2
Vgpu
p rpu þ 4RLpu ð1  cos bÞ

ð30Þ

Using (20) and (30), a non-linear algebraic function of b is
defined as follows.
f ðbÞ ¼ Avt  Avf :

ð31Þ

For a given set of (RLpu ; a), the root of f ðbÞ is numerically
determined and Av is calculated from either (20) or (30).

ð22Þ

vð1Þ
ppu ¼ ð2=pÞ½Ap cos h þ Bp sin h;

ð23Þ

3.3 CCM–DCM boundary condition

Ap ¼ ðVdcpu þ VC0pu Þ sin b;

ð24Þ

If the capacitor voltage at the end of interval-II (h ¼ b),
VC2pu , is greater than Vdcpu , DBR remains in on state. Thus,
using (15), the CCM–DCM boundary condition is defined as

Bp ¼ Vdcpu ð1  cos bÞ  VC0pu ð1 þ cos bÞ:

ð25Þ

Since SRC is switched at resonant frequency, the p.u.
fundamental component of is is derived as


ð1Þ
ð1Þ
ið1Þ
¼
v

v
ð26Þ
tpu
spu
ppu =rpu :

Vdcpu ¼ VC0pu :

ð32Þ

Rearranging (18) and (32), the boundary condition for
continuous and discontinuous modes of operation is
expressed as

(a)
Figure 4. (a) Large-signal and (b) reduced order model of SRC.

(b)
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(a)

(b)

Figure 5. Experimental prototype: (a) top view and (b) bottom view.

M þ U  1 ¼ 0:

ð33Þ

It should be noted that the quantities M and U are functions
of a and b. But frequency domain analysis clarifies that b
depends on both a and RLpu . Henceforth, for a given a,
derivation of p.u. critical resistance RLcpu demands one
additional design constraint. Equating Avt and Avf at CCM–
DCM boundary, the second design constraint is derived as
Avt  Avf ¼ 0:

Table 1. System specifications.
L
3.84 lH

C
165 nF

r
100 mX

Lm
700 lH

fs
200 kHz

N
20

Cf
1 lF

Vgmin
10 V

Vg
20 V

a
32

RL (CCM)
1.4 kX

RL (DCM)
6.4 kX

ð34Þ

Subsequently, two simultaneous non-linear algebraic
equations, (33) and (34), are numerically solved using the
MATLAB function fsolve to determine RLcpu . This normalized quantity is appropriately scaled by the base
impedance to calculate critical load resistance, RLc . Obviously, RL \RLc for a given a indicates CCM operation.

4. Results and discussion
An experimental prototype of series resonant dc–dc boost
converter is fabricated and shown in figure 5. It comprises FB
switches along with the gate drivers, series resonant tank
network, HFT, the DBR and output filter capacitor. Analog
phase shift controller [17–19] is used to switch the FB MOSFETs. All the parameters of experimental hardware and
operating conditions are listed in table 1. Considering these
data, b is numerically determined using (31) in MATLAB. The
dc bus voltage Vdc is calculated from (3) and (30) for CCM and
DCM operations, respectively, and detailed in table 2.
CCM SRC is depicted in figure 6a and b, where continuous
nature of secondary side current, isec , is evident. Peak value of
tank capacitor voltage, vC , is greater than the transformer
primary voltage, vp . This ensures that the rectifier diodes
remain in on-state for the entire switching cycle, which confirms CCM operation. The spikes in vt indicate that the leading
leg of FB network (M1 –M2 ) does not experience soft turn-on
and thus increases voltage stress on switches.

Table 2. Analytical and experimental results.
Results
Analysis
Experiment

b ( ) Vdc (DCM) (V) Vdc (CCM) (V) RLc (kX)
97
92

122.5
124

106.5
106

4.23
4.1

However, DCM operation (figure 6c and d) ensures ZCS
turn-on of leading leg MOSFETs, which reduces voltage stress.
When the DBR turns off, isec does not become zero in practice
due to the presence of body capacitance across rectifier diodes.
The series LC branch resonates with diode capacitances and
oscillations are experimentally observed not only in is and isec
but also in vc . Moreover, finite magnetizing inductance (Lm ) of
HFT acts as a resonating element during DCM operation. This
causes slow transition at the edges of vp during off-state of
DBR. Obviously, reflection of capacitor voltage in transformer
primary does not appear, as shown in figure 3a. However, the
rectifier extinction angle, b, is measured as shown in figure 6c
and presented in table 2. Close agreement of experimentally
obtained Vdc with analytical prediction indicates that the effects
of finite Lm and diode body capacitances are negligible.
Figure 7a and b shows tank variables and dc bus voltage
when the converter operates at CCM–DCM boundary. It is
clear from figure 7a that the peak of vC just touches the
reflected dc bus voltage in transformer primary, which
ensures boundary operation. In this condition, the value of
RL is noted and listed in table 2. Close agreement between
analytical and experimental RLc is evident.

Discontinuous conduction mode analysis
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Figure 6. Output dc bus voltage and electrical variables of tank network: (a) and (b) CCM operation, (c) and (d) DCM operation. Scale
vt (20 V/div), Vdc (50 V/div), isec —CCM (200 mA/div), DCM (100 mA/div), is (2 A/div), vC (5 V/div), vp (5 V/div). X-axis (time—
1 ls/div).

Figure 7. CCM–DCM boundary condition—Output dc bus voltage and electrical variables of tank network. Scale vt (20 V/div), is
(2 A/div), vC (5 V/div), vp (5 V/div), Vdc (50 V/div), isec (100 mA/div). X-axis (time—1 ls/div).
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(a)

(b)

(c)

Figure 8. Analytical and experimental plots of (a) Vdc and (b) b at different loads. (c) Plots of eVdc and eb at different loads.

Analytical and experimental values of Vdc and b are
plotted at different load conditions in figure 8a and b,
respectively. The following percentage errors
eVdc ¼

jVdc ðanalysisÞ  Vdc ðexpÞj
 100;
Vdc ðanalysisÞ

ð35Þ

jeb ðanalysisÞ  eb ðexpÞj
 100;
eb ðanalysisÞ

ð36Þ

eb ¼

are calculated at different loads and shown in figure 8c.
Maximum errors in analytical prediction of Vdc and b are
observed to be less than 1% and 3.5%, respectively.

5. Conclusion
Time and frequency domain analyses for PM series resonant dc–dc converter operating in DCM are presented.
Advantages of operating SRC in DCM are discussed in
appropriate detail. Limitations of conventional approaches
are noted for DCM analysis. The analysis is described in a
normalized form considering ESR in resonant tank. Voltage
gain expressions are derived both in time and frequency
domain. The rectifier extinction angle is determined by
numerically solving a non-linear algebraic equation, which
is analytically derived. Derivation of critical load resistance
defining the CCM–DCM boundary condition is presented.
Analytical predictions for output dc bus voltage and critical
load resistance are experimentally validated. This normalized analytical approach provides a definite design guideline for PM SRC operating in DCM.

Appendix I. Parameters of mode equations


2
p ¼ 1  rpu
=4 ; A1 ¼ VC0pu  K; K ¼ Vgpu  Vdcpu
E ¼ rpu =4p; x ¼ ðrpu aÞ=2; c ¼ pa
F ¼ ðpA2 þ ðB2 rpu =2ÞÞ; A2 ¼ VC1pu þ Vdcpu ;
B2 ¼ ð1=pÞ½Is1pu þ ðrpu A2 =2Þ;
y ¼ rpu ða  bÞ=2; d ¼ pðb  aÞ:

Nomenclature
Av
AvC
Avt ; Avf
a; b
h
S
x0
fs
L, C
r
RL ; Cf
R
RLc
vt ; is
vp ; vs
vC
isec ; iR
N; Lm
Q0 ; Qr
Vg ; Vdc
ZB ; VB
IB ; Vgmin
n, m
eVdc ; eb

voltage conversion ratio of SRC
Av during CCM operation of SRC
Av during DCM in time and frequency domain
phase modulation and DBR extinction angle
phase angle of state variables
switching function of DBR
tank resonant frequency in rad/s
converter switching frequency in Hz
resonant inductor and capacitor
effective series resistance (ESR) of tank network
load resistance and filter capacitor
RL reflected in transformer primary during CCM
critical load resistance for CCM–DCM
boundary
tank input voltage and current
HFT primary and secondary voltages
voltage across capacitor C
HFT secondary and rectified currents
HFT turns ratio and magnetizing inductance
quality factor due to RL and r
input and output dc voltages
base impedance and voltage for normalization
base current and minimum input voltage
harmonic order of is and S
p.u. errors in Vdc and b
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