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Abstract. Wind-induced and earthquake-induced vibrations of structures such as super-tall towers and bridges
can be efficaciously controlled by tuned liquid dampers (TLDs). This work presents a numerical simulation
procedure to study the performance of TLDs–structure system through sigma (r)-transformation-based fluid–
structure coupled solver. For this, a ‘C’-based computational code has been developed. The structural equations,
which are coupled with the fluid equations in order to achieve the transfer of sloshing forces to structure for
damping, are solved by the fourth-order Runge–Kutta method, while the fluid equations are solved using finitedifference-based sigma-transformed algorithm. Different iterative and error schemes are used to optimize the
code for larger convergence rate and higher accuracy. For validation, a few experiments are conducted with a
three-storey structure using TLDs arrangement. The present numerical results of response of TLD-installed
structures match well with the experimental results. The minimum displacement of structure is observed when
the resonance condition of the coupled system is achieved through proper tuning of TLDs. Since real-time
excitations are random in nature, the performance study of TLDs under random excitation has also been carried
out in which the Bretschneider spectrum is used to generate the random input wave.
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1. Introduction
A partially filled water tank can be used as an effective
damper for suppressing horizontal vibration of structures.
This damper is called tuned liquid damper (TLD) because it
utilizes the dynamic effect of liquid sloshing. A TLD is
liquid confined in a container that uses the sloshing energy
of the water to diminish the vibration of the system when
the system is subjected to external excitation such as wind
load and earthquake load. Several TLD systems can be kept
in a structure to effectively control the structural oscillations with distributed sloshing frequencies over a range
near the structural frequency and this is known as MTLD.
MTLD has also been found to be very effective in revoking
vibrations caused due to wind. However, in this work,
several TLDs are used with same sloshing frequencies for
mitigation of structural vibration. This damper is extremely
practical and works on the principle of energy dissipation
through liquid sloshing and wave breaking on the free
surface. Fundamental mode frequency of liquid sloshing is
*For correspondence

tuned to the natural frequency of the structure, and the
damping ratio of the sloshing mode is set to an optimal
value. As depicted by Tamura [1], the first TLD installation
of an actual ground structure was performed successfully in
Nagasaki Airport Tower (NAT), Nagasaki, Japan, in 1987.
Now these dampers are used in many super-tall structures
and bridges of developed countries, for example, in the
John Hancock Tower in Boston, Citicorp Building in the
New York and Ikuchi bridge and Sakitama bridge in Japan
[2, 3].
When building a structure or component, it is important
to calculate wind load to ensure that it can withstand high
winds [4]. Mass and liquid dampers and base isolators are
used to suppress the vibrations of the structures among the
various alternatives. This paper will emphasize on one of
these devices, TLD. A TLD consists of, partially filled
liquid (usually water) tanks, which is typically situated on
the top of a building. As the building moves in the extreme
wind or earthquake attack, the fluid contained within the
tank starts sloshing. Vibrational energy from the structure
will be engrossed by the fluid, which transforms it into
kinetic and potential energy of the sloshing fluid. Sloshing
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forces from the damper are used to mitigate structural
responses. Since its inherent benefits include easy installation and handling, easy maintenance and lower cost,
TLDs are gradually being used as vibration absorbers and
have attracted increasing research interest in recent years
[5]. Practical analysis of such dampers has been reported
mainly for controlling structures due to wind loads [1, 6].
In this paper, a ‘C’-based computational code is developed using finite-difference approach to capture the liquid
free surface and liquid load estimation. Here the liquid free
surface is captured using r transformation as it eliminates
the requirement for free surface smoothing and re-meshing.
The calculated liquid loads are effectively coupled with
structural equations to estimate the displacement of a TLDcoupled structure.

1.1 r-Transformation technique
Along with appropriate fluid equations, an additional
algorithm is required to capture the moving free surface.
For this, algorithms such as marker and cell (MAC)
method, level set method (LSM), volume of fluid (VOF),
etc. are commonly used during the simulation process
[7–14]. The coordinate transformation technique can also
be used to track the liquid free surface [15, 16]. The particular type of coordinate transformation that features
stretching in vertical direction is known as r transformation. This approach has earned reputation because of its
simplicity, since all others requires a complex computer
programming in order to treat the time-varying free surface
boundary and update the computational mesh.
Initially, Phillips [17] proposed the r-transformation
technique for meteorological forecasting. Later, Blumberg
and Mellor [18] applied this to oceanic and coastal flows.
The r transformation was applied to nonlinear steep waves
in fixed and base-excited tanks by Chern et al [19] and
Turnbull et al [20]. Frandsen [21] studied steep free surface
sloshing in fixed and base-excited rectangular tanks with a
focus on moving liquid tank with horizontal and vertical
excitations. Chen and Nokes [22], Dai and Xu [23],
Eswaran et al [16], Wu et al [24] and Eswaran and Reddy
[25] applied r transformation to appraise the sloshing
effects on simple 2-D and 3-D tanks such as a horizontal
cylindrical container and rectangular tank, etc. In this work,
the r transformation is used to study the effectiveness of
TLDs to track the free surface in fluid–structure coupled
finite-difference solver.

modelling. This spring–mass model is available for only
simple geometries like rectangular and cylindrical tanks
and procedures can be found in ACI [26] and Housner [27].
This model does not consider the nonlinear motion of the
wave. The response of a TLD, even for small amplitude
motion, is highly nonlinear due to liquid sloshing. For
accurately capturing the motion of sloshing water in a
vibrating tank, nonlinear functions must be employed.
Hence, a dynamic fluid–structure coupled analysis is necessary. Therefore, it is necessary to develop a fluid–structure partitioned code for the accurate predictions of the
structural motion, which is coupled with TLDs. Here, the
fluid and structure equations are solved separately and
effectively coupled in each iteration to study the performance of TLDs. The objectives of the present work are as
follows.
(i) To develop a computational fluid–structure coupled
algorithm for the TLDs with a three-storey structure
(as shown in figures 1 and 2) under base excitation.
The code is used to analyse the effectiveness of the
TLDs in reducing the structural oscillations under
regular and random excitation through a fluid–
structure coupled solver.
(ii) To optimize the code performance using various
iterative schemes, error norms, stopping criteria for
larger convergence rate and accurate solutions.
(iii) To validate the numerical solution with experimental results for various cases to increase the code
credibility.
(iv) To study the floor-wise performance of TLDs.
In order to accomplish this, a modified r-transformation
technique is used to map the asymmetric physical domain
onto a rectangle computational domain, such that the
moving free surface in the physical plane becomes a fixed
plane surface in the computational domain. A finiteSingle TLD

Several TLDs

TLD

Skeleton 3-storey
structure

Accelerometer

Vibrator

1.2 Problem definition and objective
In order to find the structural displacement in TLD-coupled
structure, many works approximate the behaviour of the
liquid through the spring–mass model, as the actual liquid
motion is complex and not amenable to exact mathematical

Fixed bottom

Figure 1. Simple TLD and TLDs arrangements in three-storey
skeleton structure.
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Figure 2. Schematic of a TLD–structure system with notations.
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Figure 3. Physical domain with initial wave profiles 1 and 2.

difference scheme is used to solve the discretized fluid
governing equations in the transformed computational
domain to obtain the free surface elevation time histories,
phase plane diagram, spectrum analysis and free surface
profiles in the physical domain. Structural equations are
solved by the fourth-order Runge–Kutta method. Section 2
elaborates on the mathematical formulation of fluid, its
mapping procedure and the structural formulations. In
section 2.2, the finite-difference discretizations of the fluid
governing equation and boundary conditions in the computational domain have been described. Experimental procedure is explained in section 3. After a performance
analysis of various iteration schemes, error schemes and
independence study, a detailed validation is performed with
experiments. Experimental results are compared with
numerical results qualitatively and quantitatively in section 4. The concluding remarks are in section 5.

y
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Mean or still
water level
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ζ

BW
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FW

RW
hs

BMW
l

2. Mathematical formulation

Figure 4. Sectional view of liquid tank with notations.

2.1 Fluid formulations
Formulation for three-story structure-coupled TLDs is
developed in this section. A rectangular Cartesian coordinate system is initially engaged with origin on the mean
liquid free surface at the left wall of the container. Primarily, a nonlinear wave problem is considered, as depicted
in figures 3 and 4, where f is the free-surface elevation
above still water level, l is the length of the container and hs
is the still water depth. Here, the fluid in the container is
assumed to be inviscid and irrotational. Due to the

assumption that the fluid is governed by the potential flow
theory, the velocity potential / satisfies the Laplace equation. The velocity components normal to the fixed boundaries are zero by boundary condition. The left, right, front,
back and bottom boundaries are indicated by LW, RW, FW,
BW and BMW, respectively (figure 4). Two boundary conditions are to be applied at the free surface (i.e., the free
surface occurs at the interface between two fluids). The first
boundary condition is a kinematic condition that relates the
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motion of the free interface to the fluid velocities at the free
surface (i.e., TW1), while the second one is a dynamic
condition, which is concerned with the force balance at the
free surface (i.e., TW2). Liquid velocity components normal
to the walls and bottom of the container are zero. Zero
pressure at the free surface of the fluid is also assumed in
the analysis. In view of the afore-mentioned fact, kinematic
and dynamic conditions must be satisfied on the free surface. The following quantities are introduced for generating
dimensionless governing equations for the present study
[16, 28]:
x
x0 ¼ ;
l

y
y0 ¼ ;
l

Y€t
0
Y€t ¼ ;
g

w
f €0 X€t
; f0 ¼
Xt ¼ ;
l rﬃﬃﬃ A
g
g
1
t0 ¼
t; /0 ¼ pﬃ /;
l
A lg

w0 ¼

Z€t
0
Z€t ¼ ;
g

ð1Þ

where g is the acceleration due to gravity; l, w are,
respectively, the length and width of the rectangular liquid
damper. Here, X€t ; Y€t and Z€t are the acceleration of the
containers in the horizontal, vertical and lateral directions,
respectively, which can be neglected from the free surface
dynamic boundary condition for fixed container analysis.
A is the wave amplitude, and t is the time.
The forcing characteristics amplitude is calculated as
Af ¼ F=A, where F is the total external force applied to

the system. The ff is the force parameter (¼Af qgh2 ) and
it is a measure of nonlinearity. Hereafter, primes are
omitted for simplification; the non-dimensional governing
equation and boundary conditions can be written as
follows:
o2 / o2 / o2 /
þ
þ 2 ¼0
ox2 oy2
oz

ð2Þ

o/
¼ 0 on x ¼ 0; l
LW and RW :
ox

ð3Þ

o/
¼ 0 on z ¼ 0; w
oz

ð4Þ

FW and BW :
BMW :

o/
¼ 0 on y ¼ hs
oy

of
o/ of
o/ of o/
þ ff
þ ff
¼
on y ¼ f
ot
ox ox
oz oz oy




o/
1
þ ff
r/r/ þ 1 þ Y€t f þ xX€t þ zZ€t
TW2 :
ot
2
¼ 0 on y ¼ f
TW1 :

ð5Þ
ð6Þ

of the moving free surface is not known a priori and (ii) the
boundary conditions on the free surface (i.e., Eqs. (6) and
(7)) contain second-order differential terms or products of
unknown parameters.
2.1a Mapping procedure: Through proper coordinate
transformations, the time-varying liquid free surface can be
mapped onto a fixed plane surface by the r transformation,
which prevents the need for free surface smoothing for the
cases considered herein. In this paper, r transformation is
applied in the horizontal direction, which stretches between
the left and the right wall and in the vertical direction it
stretches between the moving liquid free surface and the
bottom of the liquid container, to convert the moving freesurface physical domain onto a fixed square computational
domain. The following section discusses the transformation
technique in a 3-D container in detail. In this formulation
portion, the longitudinal and lateral excitation terms are
removed from free surface boundary equations. During
transformation, the corresponding governing equation and
boundary conditions will change appropriately.
2.1b Coordinate transformation: This transformation
adopted the r-transformation technique to map the liquid
domain onto a rectangle, such that the moving free surface
in the physical plane (figures 4 and 5) becomes a fixed
horizontal line in the r-transformed domain (figure 6). The
mapping function rðx; z; tÞ is defined as
r¼

y þ hs
;
h

where
hðx; z; tÞ ¼ Ib fðx; z; tÞ þ hs :

Eqs. (2)–(7) form an initial boundary value problem, which
is the Laplace equation with nonlinear boundary conditions
imposed on the free surface. Here, the nonlinearity of the
free surface is significant for two reasons: (i) the elevation

ð9Þ

Here, rðx; tÞ is the stretching factor, which varies from 0
to 1. The value of r at the bottom of the container is 0,
while at the free surface it is 1. The first-order derivatives of
r can be calculated as follows:


or o y þ hs
r of
or
r of
¼
and
¼ Ib
: ð10Þ
¼ Ib
ot ot
h ot
ox
h ox
h
The potential function /ðx; y; z; tÞ in the physical domain
is transformed to the potential function UðX; r; Z; TÞ in the
r-transformed domain. The mapping relations for first
transformation are as follows:
X ¼ 2x  1; Y ¼ 2r  1; Z ¼ 2z  1 and T ¼ t:

ð7Þ

ð8Þ

ð11Þ

Hence the transformed governing equation becomes
o2 U
oU
o2 U
o2 U
o2 U o2 U

K

K
þ
K
þ
K
þ
¼0
1
2
3
4
oX 2
oY
oXoY
oZoY
oY 2 oZ 2
ð12Þ
where
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Y

RB3D

The boundary conditions are given as

Z
X

LW and RW :

oU 2r oh oU

¼ 0 on X ¼ 1; þ1
oX
h oX oY

ð14Þ

FW and BW :

oU 2r oh oU

¼ 0 on Z ¼ 1; þ1
oZ
h oZ oY

ð15Þ

LB3D

RF3D
LF3D
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BMW :

oU
¼ 0 on Y ¼ 1:
oY

ð16Þ

On the free surface
of
oU
oU of
oU of
¼ K5
 4Ib
þ 4Ib
on Y ¼ þ1
oT
oY
oX oX
oZ oZ
ð17Þ
"

oU
oU
oU
oU 2
TW2 :
¼ þK6
 ð1 þ Y€t Þf þ 2Ib
 K7
oT
oY
oX
oY

2 
2 #
1 oU
oU
oU
 K8
þ
þ
on Y ¼ þ1
ð18Þ
h oY
oZ
oY
TW1 :

where

Figure 5. Physical domain with grid.

"

 
 #
2 8Ib r of 2 8Ib r of 2
þ
þ
;
K5 ¼
h
h
oX
h
oZ
2r oh
2r oh
; K8 ¼
:
K7 ¼
h oX
h oZ

Y
Z
X

Y

K6 ¼

2r oh
;
h oT

ð19Þ
2.1c Grid stretching near free surface: The mapping relations for second transformation are given as follows:

X

X $ n, n ¼ X; Z $ j, j ¼ Z; T $ s, s ¼ T; and
Y $ g,
h i .
h i
ln a2 þ Yþ1
a2  Yþ1
hcd
hcd
g ¼ a1 þ ð1  a1 Þ
:
ln½ða2 þ 1Þ=ða2  1Þ

Z

ð20Þ

Figure 6. The 3-D intermediate domain after coordinate
transformation.

"

#
 
 
4r oh 2 2r o2 h 4r oh 2 2r o2 h
K1 ¼ 2

þ

;
h oX
h oX 2 h2 oZ
h oZ 2

2r oh
2r oh
1
; K3 ¼
; K4 ¼ 2 þ K22 þ K32 :
K2 ¼
h oX
h oZ
h
ð13Þ

The mapping is performed from the r-transformed
UðX; Y; Z; TÞ domain to the computational domain
uðn; g; j; sÞ. The height of the liquid, hðX; Z; TÞ surface, is
transformed to the height of the liquid in the transformed
computational domain h ðn; j; sÞ. The hcd is the height
between two successive nodal points along the Y axis of the
grid after the first coordinate transformation. The derivatives of the function UðX; Y; Z; TÞ with respect to X, Y, Z
and T are transformed into derivatives of uðn; g; j; sÞ with
respect to n; g; j and s. After the second coordinate transformation the governing equation in the fluid domain
becomes
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o2 u
ou
o2 u
o2 u
o2 u

C

C
þ
C
þ
C
U
U
4
3
1
3
2
5
og
onog
ojog
og2
on2
o2 u
þ C6 2 ¼ 0
oj

8Ib r
U9 ¼
h
ð21Þ

U8 ¼ C3

 2  2 !
oh
oh
þ
;
on
oj
2r oh
;
h oj

U6 ¼ C3

U7 ¼ C3

2r oh
h os

2r oh
;
h on
ð28Þ

where
ga1
ga1 !
logða2  1Þða2  1Þ1a1 logða2 þ 1Þða2 þ 1Þ1a1

U3 ¼
;
ð a1  1Þ
ð a1  1Þ
ga1
ga1 !
logða2  1Þða2  1Þ1a1 logða2 þ 1Þða2 þ 1Þ1a1
þ
U4 ¼
ð a1  1Þ
ð a1  1Þ
"
 
2  
2 #
1
2r oh
2r oh
ð1  a1 Þ
4a2  r  C2
U5 ¼ 2 þ
þ

;
; C1 ¼
2
h
h on
h oj
hcd  a22  r2
ln aa22 þ1
1
"
 
2  
2 #
og
1
2r
oh
2r
oh
oj


; C5 ¼ C32  2 þ
þ
; C7 ¼
C3 ¼
oY
h
oZ
h2 on
h oj
h
ga1
ga1 i
"
ga1
ga1 #!
1a1
1a1
b

ð
a

1
Þ

ð
a
þ
1
Þ
 U4
2
2
a2  U 3
ða2 þ 1Þ1a1 ða2  1Þ1a1

C2 ¼
; r ¼ a2
ga1
ga1 þ
h
ga1
ga1
ga1
ga1 i2
1a1
1a1
ða2 þ 1Þ1a1 þða2  1Þ1a1
ða2 þ 1Þ1a1 þða2  1Þ1a1
ða2 þ 1Þ þða2  1Þ
!!
"




 
2  
2 #
4r
oh 2 oh 2
2r o2 h o2 h
1
2r
oh
2r
oh


C4 ¼
þ
þ 2 þ C1  U5 ; C6 ¼ C72  2 þ
þ

:
h
h2
on
oj
h on2
oj
h2 on
h og



2r oh
U1 ¼
;
h on



2r oh
U2 ¼
;
h oj

ð22Þ

Boundary conditions after the second transformation are
given as follows:
ou 2r oh ou
LW and RW :

¼ 0 on x ¼ 1; 1 ð23Þ
C3
on
h
on og
FW and BW :

ou 2r oh ou

¼ 0 on j ¼ 1; 1 ð24Þ
C3
oj
h
oj og
BMW :

ou
¼ 0 on g ¼ 1
og

On the free surface,


of
ou of ou of
TW1 :
þ
¼ 4Ib
os
 on on oj oj
2
ou
on g
þ C3
þ U9
h
og
¼ 1

ð25Þ

2.2 Finite-difference discretization
in the computational domain
ð26Þ

"
 
 #
ou
ou
ou 2
ou
ou 2
¼ 2Ib
 U7
 U8
TW2 :
þ
os
on
og
oj
og

2

C3 ou
ou 
 1 þ Ys f on g ¼ 1
 2Ib
þU6
og
h og
ð27Þ
where

The stretched grid system will exactly match the timedependent free-surface wave profile due to the r transformation. Since the mean water level in the container remains
constant, the sum of the wave height along the x direction is
kept at zero to maintain the volume conservation. Since
sloshing is a highly nonlinear phenomenon, the amplitude
of excitation, frequency of excitation and container
dimensions play a vital role in determining the shape of the
nonlinear free surface. An amplitude–frequency relationship for the fluid response in a two-dimensional rectangular
container is presented by Faltinsen et al [29].

In this work, the finite-difference scheme is used for liquid
sloshing simulation. The governing equation and boundary
conditions in the computational domain (Eqs. (21)–(28))
are discretized using the finite-difference method. The
Adams–Moulton scheme is utilized for the computation of
nonlinear solutions. As the Adams–Moulton scheme requires results from previous time steps to calculate the
current time step result, a semi-implicit scheme is used to
generate the initial time steps.
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2.2a Semi-implicit scheme at top boundary (free surface): A
semi-implicit scheme has been applied at the top boundary
of the computational domain. As discussed, the top
boundary consists of two conditions, viz., kinematic condition and dynamic condition. In computational domain, the
kinematic condition (Eq. (26)) is discretized by a forward
scheme at g = 1 as follows:




of n
oun
of n oun
¼
L
C
4I
ð29Þ
4 3
b
og 
on on 
os 
where


of
oT

n

fnþ1  fn
¼
DT

ð30Þ

At r ¼ 1, the dynamic condition (Eq. (27)) is discretized
as follows:
n
n

ou
ou 
¼ C3 L5   1 þ Ys f jnþ1
os 
og
" 
 2 
 2 #
ð31Þ
oun
oun
C3 oun
 2Eb
C
L
þ
3 6
on 
og 
h2 og 
where



ou n unþ1  un
:
¼
oT
DT
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ð32Þ

The value of fnþ1 is computed using Eq. (29) and is
substituted in Eq. (30). Then, the new unþ1 is found at the
top boundary of the computational domain using Eq. (32).
The first- and second-order derivatives in these equations
are discretized by means of a second-order central difference scheme within the liquid domain, and second-order
forward and backward differences are employed at the
boundaries.
2.2b Adams–Moulton scheme: Generally, Adams methods
are known as explicit schemes because current and previous
time step values are used to obtain the values for future
time steps. However, the Adams–Moulton scheme is a set
of multi-step methods, which are known as implicit methods. This method is initiated using either a set of known
results or from the results of a Runge–Kutta method to start
the initial value problem. It uses the explicit scheme to
estimate the initial guess and uses the value to estimate the
future time steps. Here, a four-point Adams–Moulton
scheme is used as follows.
Predictor step: Adam–Bashforth four-point explicit
scheme for the initial guess.

1. Camera setup to record slosh height; 2. Weight for fixed support; 3. Motor with
eccentric weight for external vibration; 4. Extra weight; 5. Skeletal structure; 6. TLDs; 7.
Acceleration probe; 8. Data acquisition system; 9. Auto-transformer for voltage variation.
Figure 7. Experimental set-up of three-storey structure with TLDs.
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 Dt
55un  59un1 þ 37un2  9un3
Dunþ1 ¼
24

Start

ð33Þ

Initialize variables

and

Main()






unþ1 ¼ un þ Dunþ1 þOðDt4 Þ:

ð34Þ

Corrector step: Use the Adam–Moulton three-point
implicit scheme to take a second step.
ðDuÞ nþ1 ¼

Dh  nþ1 
9 u
þ19un  5un1 þ un2
24

Initialize displacement, velocity, mass

Define the physical, computational grid for all TLDs

Define initial free surface profile for fluid,
fixed boundary conditions
Yes

and ðunþ1 Þ ¼ un þ ðDuÞnþ1 þOðDt4 Þ.

time < tfinal

2.2c Discretization: The governing equation (Eq. (21)) is
discretized by the standard fourth-order central difference
approximation and is given by
d2n ¼

ui2;j þ 16ui1;j  30ui:j þ 16uiþ1;j  uiþ2;j

Fluid solver inner loop

No

Moving Boundary using Adam Moulton
three-point implicit scheme

Solve the fluid governing equations

12ðDn2 Þ

þ Oðn4 Þ
ð35Þ


1 uiþ1;jþ1  uiþ1;j1 ui1;jþ1  ui1;j1

dn dg ¼
2Dn
2ðDgÞ
2ðDgÞ
þ Oðn2 ; g2 Þ
ð36Þ
where uði; jÞ denotes uðni ; gj Þ; dn ; d2n and dg ; d2g are the firstand second-order central difference operators along n and g
directions, respectively, and dn dg is the mixed second-order
central difference operator.

Update the liquid free surface

Compute the integrated force on tank wall,
Base shear force, Internal force fi
Structural solver inner loop
Solve structural equations for first floor
Update structural displacement ( x1,y1 )
Solve structural equations for second floor
Update structural displacement ( x2,y2)
Solve structural equations for third floor
Update structural displacement ( x3,y3)

time=time + dt

2.3 Structural formulation

Stop

2.3a Formulations for three-storey structure: In this study, a
three-storey skeleton structure has been taken as shown in
figures 1 and 7. The equations for individual floor have to be
formulated in such a way that the updated displacement,
velocity and acceleration values of the previous floor should
be incorporated in solving the equation of the current floor.
The structure equations floor-wise are calculated as follows:
for 1st floor; M1 d€1 ¼ kd1 þ kðd2  d1 Þ  cd_1 þ cðd_2
 d_1 Þ þ Fexc þ Fi 1
ð37Þ
for 2nd floor; M2 d€2 ¼ kðd2  d1 Þ þ kðd3  d2 Þ  cðd_2
 d_1 Þ þ cðd_3  d_2 Þ þ Fi 2
ð38Þ
for 3rd floor; M3 d€3 ¼ kðd3  d2 Þ  cðd_3  d_2 Þ þ Fi 3 :
ð39Þ
The terms d1 ; d_1 and d€1 represent the displacement,
velocity and acceleration of floor 1, respectively. The total

Figure 8. Flowchart of the present numerical algorithm.

fluid mass of TLDs is calculated, by virtue of which the
structure mass is obtained; mass ratio is maintained at 1%.
The total structure mass is divided to the floor masses in
such a way that the masses M1, M2 and M3 carry equal
values initially. The total TLDs mass is then added to the
respective floor carrying the TLDs. The effective floor
stiffness k is evaluated from the structural stiffness so that
the frequency of the structure is made equivalent to that of
the TLDs. The floor-wise damping c is calculated from the
respective mass and stiffness with a minimum damping
ratio of 0.13%. The external excitation force is taken as
Fexc ¼ A cosðxtÞ, which is included in the equation of first
floor to serve as the base excitation. Here A and x are,
respectively, the excitation amplitude and frequency where
t is the time. The internal force due to liquid sloshing of
TLDs system for first, second and third floors is denoted as
Fi 1 , Fi 2 and Fi 3 , respectively. The internal force developed
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due to the action of liquid sloshing at 3rd floor is given as
follows:
internal force ðFi3 Þ at 3rd floor ¼ BSF3 þ PF3

ð40Þ

where BSF3 and PF3 are the total liquid shear force from
3rd floor dampers and total force due to pressure on tank
walls from 3rd floor dampers, respectively. Base shear of
a damper (BSF) in physical domain is calculated as
follows:
1
 z; tÞ2  fðb;
 z; tÞ2 :
BSF ¼ qg fð0;
2

ð41Þ

Liquid slosh force for a damper (PF) can be obtained by
integrating the pressure values over the right and left tank
walls:
Fi ðtÞ ¼

Zf

pðx; y; tÞdy; over x ¼ 0 and b;

ð42Þ

hs

where pressure (p) is obtained from the unsteady Bernoulli
equation in the physical domain:
p
o/
1
¼
 gy  xXt00  ðr/Þ2
q
ot
2

ð43Þ

over the left and right tank walls. The initial conditions are
such that the structure is assumed to be at rest and the water
surface is still and undisturbed:
 ¼ 0Þ ¼ 0; fðt
 ¼ 0Þ ¼ 0; X 00 ð0Þ ¼ Fe ð0Þ=m; Xt ð0Þ
/ðt
t
0
¼ 0 and Xt ð0Þ ¼ 0:
ð44Þ
Many schemes are available to solve the structural
nonlinear time integration equations. In this work, structural equations are solved by the fourth-order Runge–
Kutta method, since the present system has moderate
vibrations.

457

2.5 Convergence criteria used for the iterative
solver
Each and every numerical algorithm necessarily solves a
linear equation A/ ¼ B in the computational domain at
every time step. To solve this equation, various methods are
available such as the simply implicit procedure (SIP)
[30–32], bi-conjugate gradient stabilized method (BiCGSTAB) [33], preconditioned bi-conjugate gradient stabilized method (PBiCGSTAB) [32], etc. De [32] found that
the rate of convergence improves significantly from the SIP
to the PBiCGSTAB technique while BiCGSTAB lies
between them with non-monotonic convergence. Figure 9
shows the number of iterations required for Gauss–Seidel
successive over-relaxation (GS-SOR), SIP, BiCGSTAB
and PreBiCGSTAB schemes. The PreBiCGSTAB iterative
method has been chosen for this work to find the solution to
the velocity potential / at every time step since these
methods have the advantages of lesser discretization error
and better speed of computation as compared with other
direct methods as shown in figure 10. The volume error is
computed for n = 1; Xx = 1.253; ff = 0.0033 and
Kx = 0.015 over non-dimensional time, where Xx and Kx
are liquid frequency ratio (= excitation frequency to natural
frequency) and wave number in x direction, respectively.
While using an iterative solver it is very important to
stop the iterations at the right time, i.e., when the iteration
error has decreased by an acceptable amount. The volume
errors for all the cases studied are found to be within the
range of ½108 ; 108  as shown in figure 11.
Various iterative solver stopping criteria are used for
optimization of the present code using the simple tank
problem as shown in figure 11. It can be noted that the
difference norm falls well below 0.1 9 10-8 by 50

10

GS-SOR
SIP
BiCGSSTAB
PreBiCGSSTAB

-5

2.4 Fluid–structure coupled solver
10-6

Error

Structural equations are coupled with fluid equations in
order to achieve the transfer of sloshing forces to structure
for damping. A numerical algorithm for the three-storey
structure is developed and a flowchart of the algorithm is
illustrated in figure 8. In order to incorporate the damping
action of TLDs into the structure, the resisting internal
forces due to sloshing are calculated floor-wise by
adopting the acceleration developed in the previous or
bottom floor, which is included in the equation of the
respective floor. In case of random excitation, the present
external force equation is replaced by the force developed
due to the acceleration generated by the Bretschneider
spectrum, which serves to be the source for random input
waves.
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Figure 9. Comparison of iteration schemes.
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Figure 11. Comparison of error norms.

Figure 10. Volume error (for n = 1; Xv = 1.253; Kv = 0.4;
Eb = 0.0033 and Kx = 0.015) versus non-dimensional time (xt).

0.003

3. Experimental procedure
An experimental study is conducted to evaluate the performance of TLDs and their effectiveness in reducing the
structural response. TLD tanks made of acrylic sheets of
thickness 4 mm are fabricated. The tanks are made leak
proof by applying a combination of resin powder and
chloroform at the edges. The length, width and height of the
tanks are taken as 50 mm 9 50 mm 9 60 mm. A threestorey skeletal structure is taken for study as shown in
figure 7. The height of each floor is 300 mm, which

41 x 41 x 41

61 x 61 x 61

61 x 81 x 61

0.002

Free Surface Elevation / A

iterations, whereas the exact iteration error is still above
0.3 9 10-5 and hence this stopping criterion is not suited
for this case. Taking into account the residual norm, it is
clear that it has quite a higher value than the exact iteration
error for all iterations. The estimated iteration error is
almost the same as the exact iteration error in this case
(except for the initial iterations, where it shows slight
oscillations). The residual stopping criterion ensures that
the exact iteration error has fallen well below the tolerance
limit, but it results in higher computational time for the
solver without achieving higher accuracy than the estimated
iteration error stopping criterion. Comparisons made for
later time steps also showed a similar behaviour of the
norms of the stopping criteria with iterations. Hence, the
error estimation stopping criterion with the PreBiCGSTAB
iterative scheme is the most suited for the current problem.
As shown in figure 12, grid independence study is performed and 61 9 61 9 61 grid size is taken for the present
study.

0.001

0

-0.001

-0.002

-0.003
0

0.5

1

1.5

x / hs

Figure 12. Grid independence study.

occupies a flat plate of dimensions 300 mm 9 300 mm and
a thickness of 10 mm. The ground floor movement is
constrained by the addition of heavy weights. An exciter
(motor connected with an eccentric weight and dimmerstat)
is attached to the first floor, which acts as the source of
external vibration. The frequency of excitation can be
altered by the use of dimmerstat, by virtue of which the
voltage is regulated to obtain the desired frequency of
excitation. The limitation of this exciter is its ability to
excite only in one direction. The top two floors are utilized
for placing liquid dampers as shown in figure 7. Acceleration probes are attached to the floors, which are connected
to the data acquisition system for recording the data. A
camera is fixed on a stand in order to capture the slosh
height.
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4. Results and discussion
The effect of the liquid sloshing on the structural motion is
established by the fluid-to-structure mass ratio Mr and
tuning ratio relative to the structure Xt ¼ xn =x0 where xn
and x0 are the sloshing frequency of mode n and first mode
structural frequency, respectively. The free-surface behaviour is investigated by varying the external forcing
amplitude through the forcing parameter (ff ¼ Af qgh2 ).

4.1 Code validation with experiments
To prove the credibility of the present numerical code,
results need to be compared with the experimental results.
Experiments are conducted as explained in section 3. The
natural frequency of TLDs is tuned with a structural system
by adjusting the water fill level and is kept on the threestorey structure as shown in figure 7. This case involves
qualitative
comparison
between
numerical
and
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experimental results by showing the free surface profile at
different time instants with five TLDs at the top floor as
shown in figure 13. Snapshots of the experimental and
numerical free surface profile are shown and it is observed
that the numerical results are in good agreement with the
experiment.

4.2 Effect of forcing frequency ratio (b)
b (¼ x=x0 ) is defined as the ratio of excitation frequency
to first mode structural frequency. This case study features
the effect of frequency ratio at Xt = 1, Mr = 0.01 and
ff = 0.0001. Figure 14 shows the non-dimensional displacement variation over non-dimensional time with and
without five-TLDs at the top floor. It is seen that the
structural displacement significantly reduces with the
application of the TLD when it is tuned to the structural
natural frequency. Figure 15 illustrates the fast Fourier
transformation (FFT) plot of displacement with the TLD

(a) 0.5 s

(b) 1 s

(c) 1.8 s

(d) 3.25 s

(e) 3.9 s

(f) 4.3 s

Figure 13. Qualitative comparison of free surface profile for experimental and numerical results at different time instants.

460

M Eswaran et al

0.4

- 0.6
- 0.974
- 1.04
- 1.2

4

Without MTLD
With MTLD (5 TLDs kept at top floor)

3

0.2

/Ad

d/Ad

2

0

1
0

-0.2

-1
-2

-0.4

0

50

100

150

Time*

200

Figure 14. Displacement plot with and without TLD.
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Figure 15. FFT plot of displacement curve with TLD.

case in which two dominant frequencies are obtained.
Frandsen [28] discussed about the existence of two distinct
frequencies for an effective tank–structure coupled system
and also described the two values as eigen-frequencies of
the system, obtained by solving the equations of motion
through an analytical approach. Here, it is observed that the
maximum response is found at b = 0.974 and 1.04 as
presented in figure 15. There will be a rise in amplitude of
the corresponding sloshing mode due to the structural
oscillations, when one of the sloshing frequencies is close
to the structural natural frequency. This increase in sloshing
mode begins to interact with the structure, thereby resulting
in a change in the natural frequency of the coupled system.

0

50

100

Time*

150

200

Figure 16. Displacement plot at various b values.

To lend credibility to the numerical code, the results are
further compared with the experimental results quantitatively for different b. Quantitative validation with the
numerical code for selected cases has been performed and
the structural displacement is illustrated in figures 16, 17,
18, 19, 20 and 21. For this purpose, the required parameters
are taken as h = 1 m, b/h = 2, Mr ¼ 1%, Xt = 1,
ff = 1E–4, n = 0.0013, Mt = 202, k = 291.013, c = 0.63
and nine TLDs kept at the top floor. Figure 16 shows the
plot of non-dimensional displacement against non-dimensional time for different frequency ratios. For the lower
frequency ratio, the numerical results exhibit an excellent
match with the experiments as shown in figure 17, whereas
figure 18 shows the numerical and experimental structural
displacement at b = 1.2.
Due to violent motion of the structure, small deviation is
found at b = 0.974 (figure 19). The violent motion is
caused because of the TLD frequency matching with a
structural frequency, which leads the displacement sensor
to over-prediction. The eccentric arrangement used creates
a few additional frequencies in the experimental data.
During the violent motion of a structure the difference
becomes more due to the above issues. Numerical dissipation can be controlled by higher-order upwind schemes.
However, dominant frequencies are the same in both cases.
The repeatable patterns in the phase plane diagram in figure 20 show the nonlinear cyclic behaviour of the displacement curve. The effectiveness of TLDs in a single
floor is shown in table 1. The nine MLTDs are placed at the
top floor and reduction of structural displacement is noted
for various Mr and b. The maximum reduction is found at
Mr = 1.4% and b = 0.974. As stated before, the TLD
performance is more for Mr between 1% and 5%.
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Figure 17. Experimetal and numerical comparison at b = 0.6.
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Figure 19. Experimetal and numerical comparison at b = 0.974.
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Figure 18. Experimetal and numerical comparison at b = 1.2.

4.3 Effect of TLDs in floor-wise numerical
investigations
The effect of introducing TLDs on structure floors is discussed in this section. The numerical predictions are put
forward for different TLDs system configurations. Case
studies of without TLD, three TLDs on the top floor and
single TLD on each floor are conducted as shown in
figure 21a, b and c, respectively. The results of the aforementioned cases under normal excitation and random
excitation are illustrated in figures 22 and 23, respectively.
In most practical situations, the excitation or the time
variation of the system parameters is random in nature.

-0.01

-0.004

-0.002

0

0.002

0.004

Structural displacement (m)
Figure 20. Numerical phase plane diagram n at b = 0.974.

Hence, random motion has also been taken into consideration in this section. Linear superposition of a number of
monochromatic waves can generate a random input wave.
Vibration control dampers are usually designed based on
random acceleration input such as real earthquake time
history [34]. In this work, the Bretschneider spectrum has
been selected to serve as the input excitation spectrum to
generate the random input wave. A floating random number
generating algorithm is used for the selection of linear
angular frequencies and phase angle within the prescribed
range. More details on the generation of random waves can
be found in Sriram et al [35] and Eswaran et al [16].
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Figure 21. Numerical case studies on multiple TLDs.

Table 1. Effectiveness of multiple TLDs in a single floor.
Max. displacement in m
Method
Experiment
Numerical
Experiment
Numerical
Experiment
Numerical

b

No. of TLDs

Mass ratio Mr (%)

Without TLD

With TLD

Reduction (%)

0.6
0.6
0.974
0.974
0.974
0.974

9
9
9
9
9
9

0.56
0.56
0.56
0.56
1.4
1.4

4.5E–4
4.5E–4
2.1E–3
2.2E–3
5.3E–3
5.3E–3

2.5E–4
2.5E–4
3.3E–4
3.2E–4
3.5E–4
3.7E–4

44.44
44.44
84.2
85.45
93.40
93.02

Displacement from top floor of the structure and fTLD = 3.86, Mf= 0.56 kg.

0.12
without TLD
3 TLDs on top floor
Single TLD on every floor

without TLD
3 TLDs on top floor
Single TLD on every floor
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Top floor d/Ad

Top floor d/Ad
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Figure 22. Non-dimensional displacement plot under normal
excitation.
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Figure 23. Non-dimensional displacement plot under random
excitation.
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From figures 22 and 23, it can be observed that there is
minimum structural displacement when the TLDs are
placed on the top floor of the structure when compared with
that arranged in individual floors. It can also be stated that
the multiple TLDs arranged on a single floor provide more
resisting sloshing forces required for damping the structural
vibration. In the random case, the TLDs on top floor provided more damping initially but as time proceeds, both the
cases show similar effects in mitigating structural response.

surface smoothing. The present potential flow model may
be readily extended to the prediction of magnetorheological
(MR) fluid sloshing effects.

5. Summary

List of symbols

The international guidelines for liquid tank designs are based
on the spring–mass model system. Since they are based on
linear theory and also provide static liquid load, the estimation of a liquid load leads to imprecision. For accurate prediction, a dynamical fluid–structure coupled analysis is
necessary. Therefore, it is also essential to develop a fluid–
structure coupled code for the accurate predictions of the
structural motion, which is coupled with TLDs.
In this work, the fluid and structure equations are solved
separately and coupled effectively in each iteration to study
the performance of TLDs. Structural equations are coupled
with fluid equations in order to achieve the transfer of
sloshing forces into the structure for damping using a partitioned FSI solver. Structural equations are solved by the
fourth-order Runge–Kutta method while fluid equations are
solved using a finite-difference-based sigma-transformed
algorithm. Different iterative schemes and error schemes
are used to optimize the code for larger convergence rate
with higher accuracy. The error estimation stopping criterion with PreBiCGSTAB iterative scheme suits well for the
current problem. Grid independence study has also been
performed. To lend credibility to the numerical code, the
computed results are compared with experimental data. For
this, a detailed experiment on TLDs is conducted. The
numerical results match well with the experimental results.
The present numerical approach is easy to implement,
computationally accurate and efficient. The cases presented
herein eliminate the requirement for free surface smoothing
and re-meshing. This model offers a simple way of simulating steep non-breaking waves.
It is clear from the above study that as the mass ratio is
increased, the TLDs can effectively damp the structural
vibration. In this case, the mass ratio is increased by
increasing the number of TLDs actively participating in
mitigating the structural vibration. Although the arrangement of TLDs in single floor seems to provide greater
damping than that of dividing the same number of TLDs
among the top two floors, the latter configuration proved
effective in mitigating structural response in both of the
perpendicular directions.
The numerical model is simple, computationally inexpensive and accurate and there is no necessity for free
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b
di ; d_i ; d€i
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p
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x
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Mr
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n
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Xt
Xx
b
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wave amplitude of ith linear wave
non-dimensional constant
forcing characteristics amplitude
external force characteristic amplitude
grid stretching factors
length of tank
structural displacement, velocity and
acceleration, respectively, of floor i
instant water height from tank bottom
still water depth
significant wave height
number of linear monochromatic waves
density of water
acceleration due to gravity
non-dimensional free surface elevation
non-dimensional structure mass, damping
and stiffness, respectively
non-dimensional structural displacement
non-dimensional time
non-dimensional velocity potential
function
non-dimensional external force of
excitation
non-dimensional internal force of sloshing
mode number of oscillation
pressure
the nth mode sloshing angular frequency
first mode sloshing angular frequency
structural natural frequency
excitation angular frequency
frequency of ith linear wave
peak frequency of wave spectrum
wave number of nth mode
mass ratio
non-dimensional total mass
damping ratio
forcing factor
tuning ratio
liquid frequency ratio in x direction
forcing frequency ratio
velocity potential function in physical
domain (x, y, z, t)
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UðX; Y; Z; TÞ
m 1 ; m 2 ; n1 ; n2
Sf
wi
BSF
c
CFD
Fext
FFT
k
M
PF
t
TLCD
TLD
TSD
x
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velocity potential function in
computational domain (X, Y, Z, T)
coordinate points on computational
domain axes
Bretschneider spectrum wave energy
phase angle of ith linear wave
base shear force
damping
computational fluid dynamics
external force
fast Fourier transform
stiffness
mass of the floor
force due to pressure on tank walls
time (s)
tuned liquid column damper
tuned liquid damper
tuned sloshing damper
structural floor displacement
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