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Abstract. This paper presents an analytical investigation to study the heat transfer and ﬂuid ﬂow characteristics in the slip ﬂow region for hydrodynamically and thermally fully developed ﬂow between parallel plates.
Both upper and lower plates are subjected to asymmetric heat ﬂux boundary conditions. The effect of ﬁrst order
velocity slip, temperature jump, asymmetric heat ﬂux ratio and viscous dissipation on the heat transfer performance is analyzed. Closed form expressions are obtained for the temperature distribution and Nusselt
number. Present predictions are veriﬁed for the cases that neglect the viscous heating and microscale effects. The
effect of asymmetric heat ﬂux ratio with and without viscous dissipation on Nusselt number for both macroscale
and microscale is highlighted. The heat transfer characteristics are found to depend on various modeling
parameters, namely, modiﬁed Brinkman number, Knudsen number and heat ﬂux ratio.
Keywords.
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1. Introduction
Recent advances in micro technologies and miniaturization
of electronics require new approaches to handle higher heat
ﬂuxes. For a given volume a microdevice such as micro
heat exchanger provides larger heat transfer areas compared
to the conventional heat exchanger. In addition, the application of micro technologies is observed in various ﬁelds of
engineering including micro-electro-mechanical systems
(MEMS), microchannel heat sinks for electronic cooling
and biomedical engineering [1].
It may be noted that at microscale, the molecular mean
free path can be of the same order as the channel diameter.
In the case of gaseous ﬂows, the effect of rarefaction is
described by the Knudsen number (Kn) and it is deﬁned as
the ratio of mean free path (k) to the characteristic
dimension (Dh) of the system. Different ﬂow regimes are
classiﬁed based on the value of Knudsen number [2]. This
includes continuum ﬂow (Kn \ 0.001), slip ﬂow
(0.001 \ Kn \ 0.1), transition ﬂow (0.1 \ Kn \ 10) and
free molecular ﬂow (Kn [ 10). The interaction of ﬂuid with
solid surface and the heat transfer in microdevice is different compared to the macrodevice. A gaseous ﬂow in
microdevices does not obey the classical continuum physics. On the contrary, the ﬂow exhibits non-zero ﬂow
velocity (slip velocity) at the solid wall and the ﬂuid
*For correspondence

temperature and the solid wall temperature does not remain
same at the solid boundaries. This indicates that slip
velocity and temperature jump is present at the solid
boundaries and found to change the ﬂuid ﬂow and heat
transfer characteristics during ﬂow.
Numerous studies have been reported that consider either
theoretical simulation or experimental investigation to
analyze the ﬂow and heat transfer characteristics of
microdevices. These studies considered various factors
namely, rarefaction, viscous dissipation, compressibility,
axial conduction in their analysis. In addition to the Navier–
Stokes and energy equations, these studies used the velocity
slip and temperature jump boundary conditions to analyze
the ﬂow phenomena [1–4].
The effect of viscous heating is usually considered when
the viscosity of the ﬂuid is large or the ﬂow velocity is high.
The viscous dissipation effect is usually characterized by
the Brinkman number. In the case of microdevices with
gaseous ﬂows, even though the velocity is small, the viscous dissipation effect is signiﬁcant. The role of the viscous
dissipation on heat transfer during the ﬂow through
microchannels has been studied both through theoretical
simulation and experimental investigation [5]. The laminar
forced convection in a pipe with viscous dissipation for two
different cases such as constant wall temperature and
constant heat ﬂux was reported by Aydin [6–9]. It is
reported that both aspect ratio of the microchannel and the
Reynolds number play an important role in determining the
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inﬂuence of the viscous dissipation on the Nusselt number
[10]. It is observed that with viscous heating the friction
factor decreases with the increase in the Reynolds number
[11]. The effects of viscous dissipation and temperature
dependent viscosity both in thermally developing and
hydrodynamically fully developed ﬂows through the
straight microchannels of arbitrary but constant cross-sections were studied by Giudice [12]. The effect of viscous
dissipation on the temperature proﬁle and friction factor
was studied by Koo and Kleinstreuer [13]. The viscous
effects are found to be important for ﬂuids that possess low
speciﬁc capacities and higher viscosities even with lower
Reynolds number ﬂows. Hossainpour and Khadem [14]
analyzed the ﬂuid ﬂow and heat transfer in microchannels
by applying slip and temperature jump boundary conditions. It is observed that the Nusselt number is more sensitive to the roughness density compared to the roughness
shape. Inman [15] studied the heat transfer characteristics
of gaseous ﬂows through parallel plates and round tube.
The forced convective heat transfer in straight microchannels of uniform but arbitrary cross sections was reported by
Hooman [16] employing the superposition approach. Rij
et al [17] reported the effect of various parameters such as
rarefaction and viscous dissipation on Nusselt number.
These parameters are found to affect the convective heat
transfer rate signiﬁcantly in the slip ﬂow regime. Tunc and
Bayazitoglu [18] reported the convective heat transfer for
steady state, laminar, hydrodynamically fully developed
ﬂow in microtubes with uniform heat ﬂux boundary conditions by employing integral transform technique.
Recently, Kushwaha and Sahu [19, 20] presented closed
form solutions for the Nusselt number by using second
order velocity slip and temperature jump conditions with
viscous dissipation. Miyamoto et al [21] reported the effect
of viscous dissipation on heat transfer characteristics of
choked gas ﬂows through a narrow parallel plate channel by
employing uniform heat ﬂux at the walls. The convective
heat transfer of the argon gas ﬂow through a micro/nano
channel with uniform heat ﬂux wall boundary condition by
using the direct simulation Monte Carlo (DSMC) method
was reported by Balaj et al [22]. In another study the
authors [23] considered the effect of shear work due to the
velocity slip on the non-equilibrium heat transfer in a
pressure driven micro/nano channel under the constant wall
heat ﬂux boundary conditions. The effects of rarefaction,
property variation and compressibility were considered in
the analysis. The authors reported that the magnitude of
viscous dissipation is in the same order as the order of the
wall heat ﬂux and could not be neglected. Therefore, both
viscous dissipation and rarefaction must be considered
simultaneously to predict the heat transfer behavior. Dongari and Agrawal [24] reported the modeling of the Navier–
Stokes equations with the conventional second order slip
boundary condition at high Knudsen numbers by including
the Knudsen diffusion phenomenon in rareﬁed gas ﬂows.
The authors consider the effect of thermal creep in rareﬁed

gas ﬂows through microdevices. In another study the
authors [25] presented the solution of the gaseous slip ﬂow
in long microchannel with a second order slip boundary
condition at the wall. It has been reported that thermal
creep contribution mainly appears in the entrance region for
the developing ﬂow where higher tangential temperature
gradients occur and vanish in the fully developed region.
Cetin [26] reported the deviation in the Nusselt number by
considering thermal creep is 1.63% and 3.71% compared to
the Nusselt number without thermal creep for the case of
Kn = 0.04 and 0.12, respectively. Studies have also been
reported that consider the effect of thermal creep on heat
transfer and ﬂuid ﬂow analysis in the developing region for
an isoﬂux condition [27–29]. In addition, Demsis et al [30]
evaluated the heat transfer coefﬁcient of gaseous ﬂows in
the slip ﬂow regime through an experimental investigation.
Efforts have been made to analyze the effect of viscous
dissipation on the heat transfer characteristics of Newtonian
ﬂuid between two inﬁnite parallel plates with asymmetric
heat ﬂux boundary conditions at the wall [31–36]. Zhu [32]
reported the ﬂuid ﬂow and heat transfer characteristics of
gaseous ﬂows between parallel plates with unsymmetrical
wall heat ﬂux condition in the slip ﬂow regime neglecting
the effect of viscous dissipation. The heat transfer characteristics of plug ﬂows through parallel plates and concentric
annuli with asymmetric heat ﬂux condition at the walls was
reported by Shojaeian et al [33]. It was reported that the
Nusselt number may increase or decrease depending on the
parameters such as rarefaction, wall heat ﬂux ratio and
annulus aspect ratio. Kushwaha and Sahu [34] studied the
sole effect of second order velocity slip on heat transfer
characteristics of gaseous ﬂows through parallel plates
under different heat ﬂux boundary conditions. Zhang et al
[35] reported convective heat transfer characteristics of
gaseous ﬂow through a two dimensional microchannel in
the slip region including the effects of velocity slip, temperature jump and viscous dissipation. The authors found
that the Nusselt number decreases with the increase in the
Brinkman number. Sadeghi and Saidi [36] presented forced
convection heat transfer of gaseous ﬂow through microannulus and parallel plate microchannel with asymmetric heat
ﬂux boundary conditions. The authors reported the effect of
viscous dissipation on Nusselt number is insigniﬁcant at
higher values of Knudsen number, while, in the absence of
viscous dissipation Nusselt number decreases with the
increase in Knudsen number.
It is evident from the literature that only a single investigation [36] has been reported that consider the effect of
velocity slip, temperature jump, rarefaction and viscous
dissipation by employing asymmetric heat ﬂux boundary
conditions at microscale. Therefore, further investigation is
required to analyze the heat transfer and ﬂuid ﬂow in the
slip ﬂow region with asymmetric heat ﬂux boundary condition. The objective of the present analytical investigation
is to study the effect of asymmetric heat ﬂux ratio, viscous
dissipation and rarefaction on the ﬂuid ﬂow and heat
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transfer behavior of gaseous ﬂow through parallel plates. In
the previous study Kushwaha and Sahu [19, 20] considered
the second order velocity slip and temperature jump to
analyze the heat transfer behavior of gaseous ﬂows through
parallel plate microchannels with symmetric heating condition. The second order models are more accurate compared to ﬁrst order models, while the models increase the
mathematical complexity and do not yield the solution in
the form of closed form expressions. Here, the ﬁrst order
velocity slip and temperature jump is used for the analysis.
Closed form expressions are obtained for the temperature
distribution and Nusselt number as a function of various
modeling parameters. The effect of asymmetric heat ﬂux
ratio with and without viscous dissipation on Nusselt
number for both macroscale and microscale is highlighted.
The present prediction is validated for the case that neglects
microscale effects (Kn = 0) and exhibits reasonably good
agreement with other analytical results.

2. Theoretical analysis
The schematic of steady gaseous ﬂow between inﬁnite ﬁxed
parallel plates with different constant heat ﬂuxes (q1 and q2)
boundary conditions at the surface is shown in ﬁgure 1.
Here, the plates are maintained at a distance of W apart in
the transverse direction (ﬁgure 1). For the case of long
channel and low speed ﬂows (small pressure gradients), the
ﬂow is approximated as hydrodynamically and thermally
fully developed; also, the ﬂow is considered to be incompressible. It is argued that the fully developed Nusselt
number is almost invariant for constant and variable
properties cases because of reduced temperature gradients
in this region [37]. In this study, the effect of property
variation on the ﬂow behavior is considered to be negligible. It is reported that thermal creep affects the slip velocity
in the entrance region only and vanishes in the fully
developed region, therefore, the effect of thermal creep is
neglected here [26, 29]. It is argued that the effect of axial
conduction is signiﬁcant in the thermal entrance region and
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becomes small in the fully developed region [38]. Present
study neglects the axial conduction in the analysis.
The heat transfer and ﬂuid ﬂow behavior through parallel
plates is analyzed in the fully developed region and usual
continuum approach is coupled with two main characteristics of the microscale phenomena i.e. velocity slip and
temperature jump at the wall. Utilizing the above assumptions, the momentum equation can be written as
 
d du
1 dp
ð1Þ
¼
dy dy
l dx
Subjected to the following boundary conditions:

du
¼0
dy y¼0

2  F du
k 
u s  uw ¼ 
F
dy y¼w

ð2aÞ
ð2bÞ

where us and uw denote the velocity of ﬂuid at the wall and
the velocity of wall, respectively. Here, k and F represent
the mean free path and tangential momentum accommodation coefﬁcient, respectively. The value of F can be taken
as unity for air because its impact can be included in Kn
[1–4]. The value of uw is considered to be zero with respect
to ﬁxed reference frame.
The following dimensionless variables are deﬁned:
X¼

x
;
W

Y¼

y
;
W

Kn ¼

k
W

ð3Þ

The fully developed velocity proﬁle for the slip ﬂow can
be derived from the momentum equation by using the ﬁrst
order velocity slip condition. Utilizing Eqs. (1)–(3) the
velocity distribution as a function of transverse coordinate
can be written as


u
3 1 þ 4Kn  y2 =w2
¼
ð4Þ
um 2
1 þ 6Kn
Utilizing the assumptions made in section 2, the energy
equation can be written as
qucp

 2
oT
o2 T
ou
¼k 2 þl
ox
oy
oy

ð5Þ

Subject to the boundary conditions, given by
(i)
q1 ¼ k


oT 
;
oy y¼w

T ¼ T1

at

y¼w

ð6aÞ

(ii)

Figure 1. Schematic of parallel plates.


oT 
q2 ¼ k 
oy y¼w

ð6bÞ
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Taking a cue from earlier analyses [9, 18, 26, 35, 36], the
temperature jump at the wall can be written as

2  Ft 2c k oT 
ð7Þ
T s  Tw ¼ 
Ft ðc þ 1Þ Pr oy y¼w
The value of thermal accommodation coefﬁcient (Ft) is
assumed to be unity in the present analysis. For the present
conﬁguration the ﬂow is assumed to be fully developed and
the axial temperature gradient is considered to be constant
[1–4].
oT dTs dTm
¼
¼
ox dx
dx

ð8Þ

In order to solve the energy equation (Eq. 5), the axial
temperature gradient can be obtained by applying the ﬁrst
law of thermodynamics to an elemental control volume as
[1–4].
R
dTm q00 P þ l/dA
¼
ð9Þ
mcp
dx
The non-dimensionalized variables are deﬁned as follows:
k
lu2
; Brq1 ¼ m ;
qcp
q1 W
T m  T1
hm ¼
ðq1 W=kÞ
a¼

h¼

T  T1
;
ðq1 W=kÞ

ð10Þ

Utilizing Eqs. (4)–(6), the governing equation (Eq. 5) in
dimensionless form can be written as
d2 h 3 um ð1þ4Kn4Y 2 Þ kW dT1 144Brq1 Y 2

¼
dY 2 2 a ð1 þ 6KnÞ q1 dx ð1 þ 6KnÞ2

ð11Þ

Subject to the following boundary conditions:
ði Þ
ðiiÞ

oh
¼ 1;
oY

h¼0

oh
q2
¼
oY
q1

at

at

Y¼

Y ¼

1
2

1
2

ð12aÞ

It may be noted that for the case of Kn = 0, and
Brq1 = 0, present prediction (Eq. 13) reduces to Eq. (15)
and it is identical to that obtained by the researchers
[9, 18, 31, 32, 35, 36].






Y 4 3 3q2
Y 2 3 3q2
1 1 q2
þ
þ

hð Y Þ ¼ 
þ
þY
2 2 q1
3 2 2q1
2 2 2q1
3 q2 13
ð15Þ
þ

32 q1 32
Using Eqs. (4), (13) and (14), the bulk mean temperature
(hm) is obtained as
!


3
q2 1 þ 14Kn
6Brq1
1þ
hm ¼ 
1þ
1120
q1 ð1 þ 6KnÞ2
ð1 þ 6KnÞ2
!


3
q2 ð1 þ 14KnÞð1 þ 10KnÞ
6Brq1
1þ
1
þ
þ
80
q1
ð1 þ 6KnÞ2
ð1 þ 6KnÞ2
!


9Brq1 ð1 þ 14KnÞ 1
q2
6Brq1
1
þ
þ
1
þ

4
q1
ð1 þ 6KnÞ2
140ð1 þ 6KnÞ3
!



9Brq1
1
q2
6Brq1
5 þ 24Kn
1

1
þ
1
þ


1 þ 6Kn
2
q1
4ð1 þ 6KnÞ2 32
ð1 þ 6KnÞ2

ð12bÞ

Utilizing Eqs. (11) and (12) one can obtain the temperature
distribution as a function of transverse coordinate for the
parallel plates and can be expressed as
hðY Þ ¼

Utilizing Eq. (13), one can evaluate the temperature distribution of the ﬂuid in transverse direction for the given
value of Knudsen number (Kn), ratio of constant heat ﬂux
parameter (q2/q1) and modiﬁed Brinkman number (Brq1).
In the case of an internal ﬂow with heat transfer, the
temperature of the ﬂuid at any axial location of the duct
varies in the transverse direction. In case of internal ﬂow,
the mean or bulk temperature (Tm) of the ﬂuid is usually
used to evaluate the heat transfer coefﬁcient (Nusselt
number). It may be noted that the mean or the bulk temperature Tm at a given cross section of the duct is deﬁned on
the basis of thermal energy transported by the ﬂuid stream
that passes through the given cross section and can be
expressed as [3, 4]:
R
quTdA
ð14Þ
Tm ¼ R
qudA

!



1
1
q2
18Brq1
Y 2 ð1 þ 4KnÞ Y 4
1þ

3þ
2
2 1 þ 6Kn
2
q1
3
ð1 þ 6KnÞ
!
!


12Brq1 Y 4
1
q2
6Brq1
6Brq1
1
þ
1
þ

þ
Y
1

þ
2
q1
ð1 þ 6KnÞ2
ð1 þ 6KnÞ2
ð1 þ 6KnÞ2
!



1
q2
5 þ 24Kn
6Brq1
1þ
1þ

32
1 þ 6Kn
q1
ð1 þ 6KnÞ2
!


1
q2
6Brq1
9Brq1
1
1þ
1þ
þ


4
q1
ð1 þ 6KnÞ2
4ð1 þ 6KnÞ2 2

ð13Þ

ð16Þ
Utilizing Eq. (7) and Eq. (16) the temperature in dimensionless form can be expressed as
!


3
q2 1 þ 14Kn
6Brq1
1þ
1
þ
q1 ð1 þ 6KnÞ2
1120
ð1 þ 6KnÞ2
!


3
q2 ð1 þ 14KnÞð1 þ 10KnÞ
6Brq1
1þ
1
þ
þ
80
q1
ð1 þ 6KnÞ2
ð1 þ 6KnÞ2
!


9Brq1 ð1 þ 14KnÞ 1
q2
6Brq1
9Brq1
1þ
1þ
þ


4
q1
140ð1 þ 6KnÞ3
ð1 þ 6KnÞ2
4ð1 þ 6KnÞ2
!



1
q2
6Brq1
5 þ 24Kn
2Knc q2 1
1þ



1þ
2
32
1 þ 6Kn
Prð1 þ cÞ q1 2
q1
ð1 þ 6KnÞ

hm ¼ 

ð17Þ
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For the case of Kn = 0, the bulk mean temperature
obtained by present analysis (Eq. 16) is identical to that
derived by the researchers [9, 18, 31, 32, 35, 36].


9 q2 13 27
  Brq1
hm ¼
ð18Þ
70 q1 35 35
The Nusselt number is deﬁned as [9, 18, 31, 32, 35, 36]:

hW
q1 W
1 dh 
or
) 
ð19Þ
Nu ¼
k
hm dY wall
T1  Tm k
Utilizing Eq. (17) and Eq. (19), the Nusselt can be written
as
2
6
6
6
6
6
6
6
6
6
6
Nu ¼ 6
6
6
6
6
6
6
6
6
6
4

! 31


3
q2 1 þ 14Kn
6Brq1
1þ
1
þ
7
1120
q1 ð1 þ 6KnÞ2
ð1 þ 6KnÞ2 7
!7


7
7
3
q2 ð1 þ 14KnÞð1 þ 10KnÞ
6Brq1
7
1þ
1þ
þ
2
2
80
q1
ð1 þ 6KnÞ
ð1 þ 6KnÞ 7
7
!7


7
9Brq1 ð1 þ 14KnÞ 1
q2
6Brq1
7
þ
1þ
1þ

7
4
q1
ð1 þ 6KnÞ2 7
140ð1 þ 6KnÞ3
7
!

7


9Brq1
1
q2
6Brq1
5 þ 24Kn 7
7
1þ


1þ
7
1 þ 6Kn 7
q1
4ð1 þ 6KnÞ2 32
ð1 þ 6KnÞ2
7
2Knc q2 1 5


Prð1 þ cÞ q1 2


ð20Þ
From the analysis, a closed form expression is obtained for
the Nusselt number as a function of various parameters
such as: modiﬁed Brinkman number, Knudsen number, the
ratio of different heat ﬂuxes and ratio of speciﬁc heats
(Eq. 20). It may be noted that Eq. (20) reduces to Eq. (21)
for the case of Kn = 0 and is identical to that derived by the
researchers [9, 18, 31, 32, 35, 36].
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70
Nu ¼
26  9 qq21 þ 54Brq1

#
ð21Þ

For the case that considers equal heat ﬂuxes for both the
upper and lower plates, Eq. (21) reduces to Eq. (22).


70
Nu ¼
17 þ 54Brq1


ð22Þ

For the case of q1 = q2 and Brq1 = 0, present prediction
(Nu = 70/17) is exactly same as obtained by the
researchers [9, 18, 31, 32, 35, 36].

3. Results and discussion
3.1 Comparison and validation
In this study attempts have been made to compare present
predictions with other models [9, 18, 28, 35] for symmetric
heat ﬂux ratio (q2/q1 = 1) and various modiﬁed Brinkman
number (0, 0.01, -0.01) and is shown in tables 1–3. The
results obtained by Aydin and Avci [9], Tunc and Bayazitoglu [18], Sun et al [28], Zhang et al [35] and present
prediction are shown in tables 1–3. For Kn = 0, all previous
analytical results agree closely with the present solution. The
agreement becomes poor with the increase in Knudsen
number. It is interesting to note that the agreement between
various reported models weakens with the increase in the
Knudsen number. A comparison among various studies such
as Aydin and Avci [9], analytical model of Inman [15],
Hooman [16], Miyamoto et al [21], DSMC solution of Balaj
et al [22], and the present prediction for the case of positive

Table 1. Comparison of the Nusselt number at Pr = 0.7, Brq1 = 0, q2/q1 = 1.
Kn

Present

Aydin and Avci [9]

Tunc and Bayazitoglu [18]

Sun et al [28]

Zhang et al [35]

0.00
0.02
0.04
0.06
0.08
0.10

4.118
3.735
3.395
3.098
2.842
2.619

4.118
3.750
3.421
3.131
2.878
2.657

4.118
3.750
3.421
3.131
2.878
2.657

4.365
4.109
3.804
3.499
3.216
2.962

4.118
3.979
3.739
3.582
3.374
3.226

Table 2. Comparison of the Nusselt number at Pr = 0.7, Brq1 = 0.01, q2/q1 = 1.
Kn

Present

Aydin and Avci [9]

Tunc and Bayazitoglu [18]

Sun et al [28]

Zhang et al [35]

0.00
0.02
0.04
0.06
0.08
0.10

4.011
3.642
3.314
3.027
2.779
2.564

4.078
3.725
3.405
3.120
2.869
2.652

4.086
3.729
3.405
3.119
2.869
2.651

4.183
4.002
3.740
3.459
3.191
2.945

4.051
3.914
3.724
3.566
3.344
3.196
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Table 3. Comparison of the Nusselt number at Pr = 0.7, Brq1 = -0.01, q2/q1 = 1.
Kn

Present

Aydin and Avci [9]

Tunc and Bayazitoglu [18]

Sun et al [28]

Zhang et al [35]

0.00
0.02
0.04
0.06
0.08
0.10

4.281
3.876
3.517
3.206
2.937
2.704

4.442
4.146
3.784
3.454
3.149
2.952

4.748
4.289
3.879
3.934
3.207
2.938

4.564
4.221
3.869
3.539
3.242
2.978

4.188
3.973
3.804
3.635
3.402
3.233

Figure 2. Comparison of Nusselt number for positive and negative values of Brinkman number.

value of Brinkman number shown in ﬁgure 2a. Figure 2b
depicts the comparison of present prediction for the case of
negative value of Brinkman number with the results obtained
by various models namely, Aydin and Avci [9], Hooman
[16] and Miyamoto et al [21]. It may be noted that the
Nusselt number is found to decrease with the Knudsen
number in the case of positive and negative values of
Brinkman number. The results are presented for argon gas
(Pr = 2/3, c = 5/3). For the case of positive Brinkman
number, present prediction exhibits reasonably good agreement with the model of Inman [15] and Hooman [16] as
shown in ﬁgure 2a. While the results by Miyamoto et al [21]
and the DSMC simulation [22] predict lower value of Nusselt number compared to present prediction, the model of
Aydin and Avci [9], Inman [15] and Hooman [16]. It is
observed that analytical solutions and the DSMC solution
reported by various researchers do not match with each
other. This may be due to the different solution methodology
and assumptions adopted in their study. While, in the case of
negative Brinkman number, present model exhibits lower
value of Nusselt number compared to results obtained by
Miyamoto et al [21], Aydin and Avci [9] and Hooman [16]
as shown in ﬁgure 2b.

3.2 Parametric variation
In this study an attempt has been made to investigate the
effect of viscous dissipation, heat ﬂux ratio and rarefaction

on ﬂuid ﬂow and heat transfer characteristics of hydrodynamically and thermally fully developed ﬂow between
parallel plates. Here, the upper and lower plates are subjected to different constant heat ﬂuxes q1 and q2, respectively. In this study, air is considered as working ﬂuid and
results are obtained by using constant values of Pr = 0.7
and c = 1.4. The results are presented for Knudsen number
within the range of 10-3 to 10-1, heat ﬂux ratio within the
range of 1–5 and for a wide range of modiﬁed Brinkman
number. It may be noted that for the given range of
Knudsen number (0.001 \ Kn \ 0.10), the hydraulic
diameter of a microchannel can be obtained in the slip ﬂow
range. From the analysis, closed form expressions are
obtained for the temperature distribution and Nusselt
number. The present prediction is validated for the case that
neglects viscous heating (Brq1 = 0) and microscale effects
(Kn = 0). The Nusselt number for Kn = 0 is found to be
exactly same as reported by earlier researchers
[9, 18, 31, 32, 35, 36].
The effect of asymmetric heat ﬂux ratio on temperature
proﬁle that consider no viscous heating and no rarefaction
effect (Brq1 = 0, Kn = 0) is depicted in ﬁgure 3a. It is
observed that asymmetric heat ﬂux ratio alters the variation
in temperature proﬁle and the difference in temperature
between upper and lower plate increases with the increase
in asymmetric heat ﬂux ratio. Figure 3b depicts the variation in temperature distribution that considers viscous dissipation and no rarefaction effect (Brq1 = 0.1, Kn = 0). By
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Figure 3. (a)–(d) Effect of Kn and Brq1 on temperature distribution for different heat ﬂux ratios.

considering viscous dissipation, it is observed that the difference in temperature between upper and lower plate
increases signiﬁcantly with the increase in asymmetric heat
ﬂux ratio. For the case that considers viscous dissipation,
the difference in temperature between upper and lower
plate is found to be 1.6 times higher compared to the case
that neglects viscous dissipation in the model (ﬁgure 3a–b).
This indicates that in the presence of viscous dissipation,
the asymmetric heat ﬂux ratio severely affects the temperature proﬁle in case of parallel plates. The effect of
asymmetric heat ﬂux ratio on the temperature proﬁle for the
case that neglects viscous dissipation and considers rarefaction (Brq1 = 0, Kn = 0.10) and the one considers both
rarefaction and viscous dissipation (Brq1 = 0.1,
Kn = 0.10) is depicted in ﬁgure 3c and ﬁgure 3d, respectively. It is noticed that asymmetric heat ﬂux ratio alters the
variation in temperature proﬁle. The case that neglects
viscous dissipation and considers rarefaction (Brq1 = 0,
Kn = 0.10) exhibits signiﬁcant temperature difference
compared to the case that considers both rarefaction and
viscous dissipation (Brq1 = 0.1, Kn = 0.10).
The ratio of heat generation because of viscous dissipation and the heat exchange between the ﬂuid and the wall is

characterized by the modiﬁed Brinkman number. Positive
values of the modiﬁed Brinkman number correspond to the
wall heating case that indicates the heat transfer from wall
to the ﬂuid, while the opposite is true for the negative
modiﬁed Brinkman number [9, 32, 35]. The effect of the
Knudsen number on the temperature distribution for different values of the modiﬁed Brinkman number and heat
ﬂux ratio is shown in ﬁgure 4a–c. Figure 4a shows the
variation in temperature with Knudsen number for the case
of no viscous dissipation. It is observed that with the
increase in Knudsen number, the temperature jump at the
heated wall increases leading to a decrease in the temperature. Further, the variation in temperature with Knudsen
number in the presence of both positive and negative values
of Brinkman number is shown in ﬁgure 4b–c. It is observed
that the slope of the temperature is highest for the case of
negative value of modiﬁed Brinkman number
(Brq1 = 20.1), while the slope decreases gradually for the
case of Brq1 = 0 and Brq1 = 0.1. This indicates that for a
given Knudsen number, the heat transfer is highest in the
case of negative Brinkman number and gradually decreases
as the modiﬁed Brinkman number is increased from 0 to
0.1. The viscous dissipation is found to increase the bulk
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Figure 4. (a)–(c) Effect of Kn on temperature distribution at different modiﬁed Brinkman number for the case of q2/q1 = 1.

temperature because of internal heating of the ﬂuid. Consequently, it reduces the temperature difference between
the ﬂuid and wall for positive value of the modiﬁed
Brinkman number (ﬁgure 4b). In the case of negative value
of the modiﬁed Brinkman number, heat transfer occurs
from ﬂuid to wall leading to a decrease in bulk temperature
of the ﬂuid, while viscous dissipation increases the temperature of the ﬂuid (ﬁgure 4c).
Figure 5a–c demonstrates the effect of higher heat ﬂux
ratio in the presence of rarefaction (Kn) and viscous dissipation on temperature distribution. The results are presented for various modiﬁed Brinkman numbers (Brq1 = 0,
0.1, -0.1), Knudsen number (0–0.10) and q2/q1 = 5.
Here, the extreme points of the temperature distribution at
the lower wall are found to move towards the positive or
negative direction with the increase in Knudsen number.
In all the cases the temperature proﬁle is severely distorted for the given modiﬁed Brinkman number and heat
ﬂux ratio with the varying Knudsen number range. Similar
results have been reported by earlier researchers
[9, 18, 31, 32, 35, 36]. The variation of temperature for
various modiﬁed Brinkman number (Brq1 = 20.1, 20.01,

0, 0.01, 0.1) and Knudsen number (Kn = 0, 0.06, 0.1) is
shown in ﬁgure 6a–c. It is observed that for positive
values of the modiﬁed Brinkman number the wall temperatures are greater than the bulk temperature. The difference between the wall and the bulk temperature
increases with increase in the modiﬁed Brinkman number.
It is observed that, for a given value of the Knudsen
number, the ﬂuid temperature attains same value at a ﬁxed
transverse location irrespective of the modiﬁed Brinkman
number for various Knudsen number. For a given value of
heat ﬂux ratio (q2/q1 = 1), the transverse locations are
found to be at Y ¼ 0:3964 and Y ¼ 0:3974 for
Kn = 0.06 and 0.10, respectively.
Figure 7a–c demonstrates the variation of Nusselt number with the modiﬁed Brinkman number for various heat
ﬂux ratios (q2/q1 = 0, 1, 26/9, 5) and Knudsen number
(Kn = 0, 0.06, 0.10). For the case of no rarefaction effect
(Kn = 0), the Nusselt number decreases with the increase
in modiﬁed Brinkman number (ﬁgure 7a). It is observed
that the variation of Nusselt number with modiﬁed Brinkman number is not continuous and singular points are
observed at different Brq1 for each Knudsen number. From
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Figure 5. (a)–(c) Effect of Kn on temperature distribution at different modiﬁed Brinkman number for the case of q2/q1 = 5.

the analysis, we have presented the mathematical expression among various modeling parameters and expressed in
Eq. (18). Using Eq. (18), one can evaluate the point of
singularity at different modiﬁed Brinkman number, Knudsen number and heat ﬂux ratio. For Kn = 0, the singular
points for q2/q1 = 1 and 26/9 are obtained at Brq1 = 0.286
and 0.0001, respectively. The variation in Nusselt number
variation for Kn = 0.06 and 0.10 is shown in ﬁgure 7b–c.
For Kn = 0.06, the onset of singularity for various heat ﬂux
ratios q2/q1 = 1, 26/9, 5 is observed at Brq1 = 1.891,
1.263, 1.155, respectively (ﬁgure 7b). While, for
Kn = 0.10, the onset of singularity for various heat ﬂux
ratios q2/q1 = 1, 26/9, 5 can be obtained at Brq1 = 3.724,
2.764, 2.593 (ﬁgure 7c). It may be observed from the ﬁgures that the onset of the point of singularity is altered with
the inclusion of rarefaction effect and viscous dissipation.
The point of singularity essentially signiﬁes the balance
between the heat generated due to viscous dissipation and
the heat supplied by wall to the ﬂuid. Therefore, for a given
heat ﬂux ratio (q2/q1), there could be a particular value of
modiﬁed Brinkman number for which the ﬂuid temperature
(due to viscous heating) may become equal to the wall

temperature. In such a case, no heat transfer takes place in
either direction and results in an unbounded swing in the
Nusselt number as seen in ﬁgure 7a–c.
The effect of various parameters such as Knudsen
number, heat ﬂux ratio and modiﬁed Brinkman number on
Nusselt number is presented in tables 4–7. Table 4 presents
a comparison of present results for the case of q2/q1 = 0,
Brq1 = 0 and 0:001\Kn\0:1. For the case of no viscous
dissipation (Brq1 = 0, Kn = 0), the difference in Nusselt
number between the cases such as q2/q1 = 2 and q2/q1 = 1
is found to be 52.94%. While for the case of (Brq1 = 0,
Kn = 0.1), the difference in Nusselt number between these
two cases reduced to 37.50%. This indicates that the change
in Nusselt number because of change in heat ﬂux ratio is
signiﬁcant in macroscale (Kn = 0) compared to the
microscale (Kn = 0.10) in the absence of viscous dissipation. Similar observations have been made for q2/q1 = 0
and q2/q1 = 1 as shown in table 4. Also, an attempt has
been made to evaluate the effect of heat ﬂux ratio considering both viscous dissipation and rarefaction effect and is
shown in tables 5 and 6. For Brq1 = 0.01 and Kn = 0, the
difference in Nusselt number between two cases such as q2/
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Figure 6. (a)–(c) Effect of Brq1 on temperature distribution at different Knudsen number for the case of q2/q1 = 1.

q1 = 2 and q2/q1 = 1 is found to be 51.56%. While for the
case of Brq1 = 0.01 and Kn = 0.10, the difference in
Nusselt number between these two cases reduced to
36.52%. This indicates that the change in Nusselt number
because of the change in heat ﬂux ratio is signiﬁcant in
macroscale (Kn = 0) compared to the microscale
(Kn = 0.10) with viscous dissipation as well. Similar
observations have been made for various heat ﬂux ratios
such as q2/q1 = 0 and q2/q1 = 1 as shown in table 4. Also,
for the case of negative value of modiﬁed Brinkman
number (Brq1 = -0.01), the change in Nusselt number
because of the change in heat ﬂux ratio is signiﬁcant in
macroscale (Kn = 0) compared to the microscale
(Kn = 0.10). Similar results have been reported by Zhang
et al [35]. For the case of symmetric heat ﬂux ratio (q2/
q1 = 1, Kn = 0), the difference in Nusselt number between
the cases such as Brq1 = 0 and Brq1 = 0.01 is found to be
2.59%. While for the case of q2/q1 = 1, Kn = 0, the difference in Nusselt number between these two cases reduces
to 2.13%. The inﬂuence of viscous dissipation on Nusselt
number for various values of Knudsen number is found to
be insigniﬁcant.

4. Conclusions
In this study an analytical investigation has been carried out
to evaluate the heat transfer and ﬂuid ﬂow characteristics in
slip ﬂow region for hydrodynamically and thermally fully
developed ﬂow between parallel plates. Here, the effect of
ﬁrst order velocity slip, temperature jump, viscous dissipation and asymmetric heat ﬂux ratio are considered in the
analysis. Closed form expressions are obtained for the
temperature distribution and Nusselt number. Present predictions are veriﬁed for the cases that neglect the viscous
heating and microscale effects. Based on the analysis following conclusions have been made and elaborated below.
• The viscous dissipation is found to distort the temperature distribution, signiﬁcantly.
• The heat transfer characteristics are found to depend on
various modeling parameters, namely, modiﬁed Brinkman number, Knudsen number and heat ﬂux ratio.
• The variation in Nusselt number with the modiﬁed
Brinkman number is not continuous and singularities
are observed at different modiﬁed Brinkman number
for each Knudsen number.
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Figure 7. (a)–(c) Variation of the Nusselt number with modiﬁed Brinkman number.
Table 4. Percentage variation of the Nusselt number at Brq1 = 0.
Present
Kn

(a) q2/q1 = 1

(b) q2/q1 = 2

(c) q2/q1 = 0

(b - a/b) 9 100

(a - c/a) 9 100

0.00
0.02
0.04
0.06
0.08
0.10

4.118
3.735
3.395
3.098
2.842
2.612

8.750
7.408
6.307
5.431
4.736
4.179

2.692
2.496
2.322
2.167
2.030
1.908

52.94
49.58
46.17
42.96
39.99
37.50

34.63
33.17
31.61
30.05
28.57
26.95

• For a given asymmetric heat ﬂux ratio, onset of
singularity point shifts towards the higher value of
modiﬁed Brinkman number with the increase in
Knudsen number and heat ﬂux ratio.
• The variation in Nusselt number because of the change
in heat ﬂux ratio is signiﬁcant at macroscale (Kn = 0)
compared to the case of microscale (Kn = 0.10) for
both the cases i.e. with or without viscous dissipation.
• For a given heat ﬂux ratio, the inﬂuence of viscous
dissipation on Nusselt number is found to be insignificant at higher values of Knudsen number.

Nomenclature
Brq1
cp
h
k
Kn
L
Nu
q1
q2

modiﬁed Brinkman number, deﬁned in Eq. (10)
speciﬁc heat at constant pressure, J/kg-K
convective heat transfer coefﬁcient, W/m2-K
thermal conductivity, W/m-K
Knudsen number, k/W
width of the plate, m
Nusselt number
upper wall heat ﬂux, W/m2
lower wall heat ﬂux, W/m2
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Table 5. Percentage variation of the Nusselt number at Brq1 = 0.01.
Present
Kn

(a) q2/q1 = 1

(b) q2/q1 = 2

(c) q2/ q1 = 0

(b - a/b) 9 100

(a - c/a) 9 100

0.00
0.02
0.04
0.06
0.08
0.10

4.011
3.642
3.314
3.027
2.779
2.564

8.281
7.051
6.033
5.217
4.564
4.039

2.646
2.455
2.284
2.132
1.998
1.878

51.56
48.35
45.07
41.98
39.11
36.52

34.03
32.59
31.08
29.56
28.10
26.76

Table 6. Percentage variation of the Nusselt number at Brq1 = -0.01.
Present
Kn

(a) q2/q1 = 1

(b) q2/q1 = 2

(c) q2/ q1 = 0

(b - a/b) 9 100

(a - c/a) 9 100

0.00
0.02
0.04
0.06
0.08
0.10

4.281
3.876
3.517
3.206
2.937
2.704

9.524
7.987
6.745
5.771
5.006
4.399

2.762
2.559
2.379
2.219
2.078
1.952

55.05
51.47
47.86
44.45
41.33
38.53

35.48
33.98
32.36
30.79
29.25
27.81

Table 7. Percentage variation of viscous dissipation effect on Nu for the case of q2/q1 = 1.
Kn

(a) Brq1 = 0

(b) Brq1 = 0.01

(c) Brq1 = 0.1

((b - a)/a) 9 100

((a - c)/a) 9 100

((b - c)/b) 9 100

0.00
0.02
0.04
0.06
0.08
0.10

4.118
3.735
3.395
3.098
2.842
2.619

4.011
3.642
3.314
3.027
2.779
2.564

3.821
3.476
3.170
2.901
2.667
2.464

2.597
2.487
2.383
2.289
2.205
2.131

7.197
6.903
6.627
6.376
6.152
5.955

4.722
4.529
4.348
4.183
4.037
3.907

T
T1
T2
Ts
Tw
u
um
uw
us

temperature, K
upper wall temperature, K
lower wall temperature, K
surface temperature, K
ﬂuid temperature at the wall, K
velocity, m/s
mean velocity, m/s
wall velocity,m/s
 
2F ou
slip velocity ¼  F koy
, m/s

y
Y

U
w
W
x

dimensionless velocity
half channel height, m
channel height (=2w), m
co-ordinate in the axial direction, m

Subscripts

y¼w

co-ordinate in the vertical direction, m
dimensionless vertical co-ordinate

Greek symbols
a
h
hm
k
l
q

s
m

thermal diffusivity, m2/s
dimensionless temperature
mean dimensionless temperature
molecular mean free path, m
dynamic viscosity, kg/m-s
density, kg/m3

properties at the surface
mean
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