c Indian Academy of Sciences
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Abstract. Multilayer flows are oftensusceptible to interfacial instabilities caused
due to jump in viscosity/elasticity across thefluid–fluid interface. It is frequently
required to manipulate and control these interfacial instabilities in various applications
such as coating processes or polymer coextrusion. We demonstrate here the possibility
of using a deformable solid coating to control such interfacial instabilities for various flow configurations and for different fluid rheological behaviors. In particular, we
show complete suppression of interfacial flow instabilities by making the walls sufficiently deformable when the configuration was otherwise unstable for the case of flow
past a rigid surface. While these interfacial instabilities could be suppressed in certain
parameter regimes, it is also possible to enhance the flow instabilities by tuning the
shear modulus of the deformable solid coating for other ranges of parameters.
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1. Introduction
The flow of multiple immiscible liquid layers involving one or more fluid–fluid interfaces
is encountered in various technologically important processes, for example, in production of
laminated sheets, coating processes, lubricated pipelining, coextrusion of polymers, and more
recently in microfluidic devices to produce uniform sized microdrops and bubbles. These multilayer flows are prone to several interfacial instabilities arising due to jump in either viscosity
or elasticity across the fluid–fluid interface (Yih 1967; Chen 1991). These interfacial instabilities are undesirable in applications like coating or polymer coextrusion where a smooth interface
between different liquid layers is required to impart unique mechanical and optical properties.
On the other hand, such interfacial instabilities are the primary mechanism that breaks a liquid
column into smaller droplets (Rayleigh 1878, 1892) and hence, are responsible for the creation of microdrops and emulsions in microfluidic devices. Thus, a key aspect in multilayer
flows is the ability to control and manipulate interfacial instabilities to meet the finished product
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requirements. In the present work, we demonstrate the control and manipulation of interfacial
instabilities by using a soft, deformable solid coating for a variety of geometric configurations
and for different fluid rheological behavior.
When a fluid flows past a flexible surface, the dynamics of fluid and solid are coupled via
velocity and stress continuity conditions at fluid–solid interface. It has been now well established,
by a series of theoretical and experimental studies, that such elastohydrodynamic coupling
induces new fluid–solid interfacial instabilities both at zero and finite Reynolds number which
are qualitatively very different from those present in flow past rigid surfaces (Kumaran 2000;
Verma & Kumaran 2013). All these studies illustrated that the presence of deformable fluid-solid
interface renders flow unstable at Reynolds number which is much lower than that observed in
case of flow past rigid surfaces. In contrast to above mentioned studies, Shankar and coworkers
investigated the effect of including a deformable solid coating on the instability of fluid–fluid
interface arising due to viscosity/elasticity contrast in case of flow of multiple liquid layers for
a diverse class of geometrical and physical settings (Shankar 2005; Jain & Shankar 2007, 2008;
Gaurav & Shankar 2010a, 2013). These studies demonstrated that it is possible to completely
suppress the interfacial instabilities by tuning the deformability of the solid layer when the instability existed for the case of flow past rigid surface. It was also shown that it is possible to even
destabilize the fluid–fluid interface when the interface otherwise remains stable in rigid limit.
In the present paper, we summarize these findings related to the manipulation and control of
interfacial instabilities by using a deformable solid coating.
A common feature of all the configurations considered in the present work is the presence of
a liquid–liquid (LL) and/or a gas–liquid (GL) interface which undergo instabilities due to jump
in properties across the interface. The stability characteristics depend strongly on the geometric configuration as well as on the rheological properties of the fluids. For example, inertia is
required to destabilize the GL free surface in case of a single Newtonian liquid film falling down
an incline (Yih 1963), or to destabilize the LL interface for the case of flow of two immiscible
Newtonian liquid layers in a rectangular channel (Yih 1967). On the other hand, multiple Newtonian liquid films falling down an incline (Chen 1993) or plane Couette flow of two viscoelastic
liquid layers become unstable even in creeping flow limit (Renardy 1988). The presence of cylindrical fluid–fluid interface introduces an additional surface tension induced capillary instability
along with instability present due to viscosity/elasticity contrast (Preziosi et al 1989). Various
strategies like imposing in-plane oscillations for the case of single and two layer liquid film flows
(Lin & Chen 1997; Huang & Khomami 2001), imposing a temperature gradient along the wall
(Demekhin et al 2006), and adding insoluble surfactants at LL or GL interface (see for example,
Bassom et al (2012)) have been investigated to explore the possibility of controlling interfacial
instabilities in different settings. While these studies have suggested ‘active’ methods (i.e. externally imposed oscillations or heating of the plate) toward suppressing the fluid–fluid instabilities,
here, we examine the feasibility of a ‘passive’ method, where a soft solid coating is proposed for
suppressing the interfacial instabilities in different flow situations.
2. Methodology
The flow configurations considered here consist of one or more fluid layers and a deformable
solid layer. The fluid layers are modeled either as Newtonian fluid or viscoelastic fluid represented by an Oldroyd-B model. The total stress tensor for the fluid layer is T = −pI + τ , where
τ = μ[∇v + (∇v)T ] for a Newtonian liquid with viscosity μ. For a viscoelastic Oldroyd-B
fluid model, τ is referred as extra-stress tensor comprising of a polymeric contribution (τ p ) and
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a Newtonian solvent contribution (τ s ): τ = τ p + τ s . The polymeric contribution is given by
upper convected Maxwell equation:
τR

 ∂τ p
∂t


+ v · ∇τ p − (∇v)T · τ p − τ p · ∇v + τ p = μp [∇v + (∇v)T ],

(1)

while the solvent is considered to be a Newtonian solvent: τ s = μsol [∇v + (∇v)T ] In the
above equations for Oldroyd-B model, μp is the polymer contribution to the shear viscosity,
τR is the relaxation time characterizing the elasticity of the fluid and μsol is the solvent viscosity. The governing equations for fluid and solid layers are nondimensionalized by using the
following scales: the total thickness of fluid layer(s) R for lengths, V as characteristic velocity and μV /R for stresses and pressure. The dimensionless governing equations for liquid layer
are
 ∂v

ρgR 2
∇ · v = 0 , Re
+ v · ∇v = ∇ · T +
.
(2)
∂t
μV
v represents the velocity field in the liquid, Re = ρV R/μ is the Reynolds number, and the
dimensionless Cauchy stress tensor for Newtonian liquid is τ = [∇v + (∇v)T ]. For Oldroyd-B
fluid model, two nondimensional parameters appear, namely, Weissenberg number W = τR V /R
which is a measure of elasticity or relaxation time of fluid, and a ratio of solvent to total viscosity
S = μsol /(μsol + μp ).
The deformable solid layer is modeled using a simple nonlinear neo-Hookean solid model
which captures the behavior of real soft, deformable materials like rubber reasonably well
(Macosko 1994). We use a Lagrangian framework to write the governing equations for solid
and Eulerian description for writing down the governing equations for fluid layer(s). In
Lagrangian description, spatial positions in reference (unstressed) configuration denoted by
X = (X, Y, Z) are used as independent variables to describe the dynamics of neo-Hookean
deformable solid layer. The current spatial position is denoted by x = x, y, z and forms
the independent variable in Eulerian description for fluid layers. The dimensionless Cauchy
stress tensor for neo-Hookean solid is σ = −pˆs I + Ŵ1 E, where pˆs is the pressure in the


solid layer, and E is the general nonlinear strain tensor given as E = F · FT − I . Here,
F = ∇ Xw is the deformation gradient tensor and w(X) = (wX , wY , wZ ) denotes the current position of the material particle in the deformed state of the solid layer. The parameter
Ŵ = μV /GR, where G is the shear modulus of the solid layer, is one of the most important parameter for problems under consideration characterizing the deformability of the solid
layer. For rigid solids (with very high values of shear modulus G ∼ 1010 Pa), Ŵ → 0 and
higher values of Ŵ (equivalently lower shear modulus) indicate more and more softer solid.
The dimensionless mass and momentum conservation equations for a neo-Hookean solid layer
are
 2 
ρgR 2
∂ w
= ∇X · P +
det(F) = 1 , Re
.
(3)
2
μV
∂t X
where P is the first Piola-Kirchhoff tensor and is related to Cauchy stress tensor as P = F−1 · σ .
For the falling film configuration shown in figure 1, the dimensionless base state velocity and
pressure field in fluid layer are
vx = (1 − z2 ) ,

vz = 0 ,

p = (2 cot θ)z .

(4)
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Figure 1. Schematic diagram showing the configuration and non-dimensional coordinate system: gravitydriven flow of a Newtonian liquid layer falling down an incline which is coated with a deformable solid
layer.

and the base state deformation and pressure field in the solid layer are given as
1
wX = X + Ŵ[(1 + H )2 − Z 2 ] , wZ = Z , p̂ s = + (2 cot θ)Z .
Ŵ

(5)

where p̂s is a pressure-like function related to actual pressure in solid as p̂s = ps + Ŵ1 .
A standard temporal linear stability analysis is carried out by imposing small perturbations
on base state solution: f = f + f ′ . Here f is any dynamical variable in liquid or solid layer,
f denotes the base state and f ′ is the small perturbation imposed on f . The perturbations are
expanded in the form of normal modes: f ′ = f˜(z) exp[ik(x − ct)], where f˜(z) is the complex
amplitude function of the disturbance, k is the wavenumber of perturbation and c = cr + ici is
the complex wavespeed. If ci > 0 (or ci < 0), flow will be unstable (or stable). For solid layer,
x and z are replaced by X and Z. Following the standard procedure, the governing equations for
liquid layer are
dṽz
+ ikṽx = 0 ,
(6)
dz

 2
d
Re [ik(vx − c)ṽx + (dz vx )ṽz ] = −ik p̃ +
(7)
− k 2 ṽx ,
dz2

 2
dp̃
d
Re [ik(vx − c)ṽz ] = −
(8)
− k 2 ṽz .
+
dz
dz2
and for solid layer are

dwX
dw̃Z
ik w̃Z = 0 ,
(9)
+ ik w̃X −
dZ
dZ


d2
1
−k 2 +
w̃X = k 2 c2 Re w̃X , (10)
−ik p˜s + (2 cot θ)ik w̃Z +
Ŵ
dZ 2



1
dp˜s
d2
dwX
−k 2 +
ik p˜s = k 2 c2 Re w̃Z . (11)
w̃
−(2 cot θ)ik w̃X −
+
+
Z
dZ
Ŵ
dZ
dZ 2
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The linearized kinematic and boundary conditions at unperturbed free surface (z = 0) are
obtained by Taylor-expanding the conditions about z = 0:
ik[vx (z = 0) − c]h̃ = ṽz (z = 0) ,
dṽx
−2 h̃ + (
+ ikṽz ) = 0 ,
dz
dṽz
−p̃ − (2 cotθ)h̃ + 2
− k 2 gl h̃ = 0 .
dz

(12)
(13)
(14)

where gl = γgl /μV is the nondimensional GL surface tension with γgl being the dimensional
surface tension. The linearized velocity and stress continuity conditions at LS interface are
ṽz =
ṽx + w̃Z (dz vx )z=1 =



dw̃X
dwX 2
dwX dw̃Z
+ ik w̃Z +
−
ik w̃Z =
dZ
dZ
dZ
dZ
dp
2 dw̃Z
− k 2 ls w̃Z + w̃Z
=
−p˜s +
Ŵ dZ
dz

−ikc w̃Z ,
−ikc w̃X ,

dṽx
Ŵ
+ ikṽz + w̃Z (d2z vx )Ŵ ,
dz
dṽz
−p̃ + 2
.
dz

(15)
(16)
(17)
(18)

Finally, the boundary conditions at rigid surface (z = 1 + H ) are zero displacement conditions
w̃ = 0. Equations (4)–(18) govern the linear stability of the falling film configuration shown in
figure 1. A similar set of equations governing the linear stability can be derived for other flow
configurations.
3. Effect of solid layer on long-wave interfacial instabilities
The jump in viscosity/elasticity across a fluid–fluid interface results in a long wavelength
instability; therefore, we first discuss the effect of deformable solid layer on long wavelength disturbances. In the following, we use falling film configuration shown in figure 1 as a representative
example to briefly discuss the salient features of long-wave asymptotic analysis. Subsequently,
we discuss long-wave results for other flow configurations and for different fluid rheological
behaviors.
3.1 Suppression of gas–liquid free surface instability
For solid thickness H ∼ O(1), k ≪ 1 implies long-wave or low wavenumber limit. The complex wavespeed c is expanded in an asymptotic series in k: c = c(0) + kc(1) + · · · . The variables
in fluid and solid layers are also expanded in asymptotic series in k. For example, if we set
ṽz ∼ O(1), then Eqs. 6 and 7 respectively, imply ṽx ∼ O(k −1 ) and p̃ ∼ O(k −2 ). Thus,
(0)
(1)
(0)
(1)
ṽz = (ṽz + kṽz + · · · ), ṽx = k −1 (ṽx + kṽx + · · · ), p̃ = k −2 (p̃ (0) + k p̃ (1) + · · · ), and
similarly for variables in solid layer. Such expansions for both fluid and solid layers are substituted in governing stability equations (Eqs. 6–8 and 9–11) and the velocity field in fluid layer
and deformation field in solid layer are obtained at each order of k analytically. The velocity in
fluid and deformations in solid are coupled via interfacial conditions at LS interface. On substitution of expansions in velocity and stress continuity conditions at LS interface, it turns out
(0)
(0)
that the leading order velocity field satisfies no slip conditions (ṽz = 0, ṽx = 0) similar to
the case of flow past rigid surface. Further, the equations at leading order show that the fluid can
be solved independent of solid and the leading order velocity field in the presence of soft solid
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layer remains identical to leading order velocity field for flow past rigid incline. Therefore, the
leading order wavespeed c(0) remains identical to the case of flow of falling film down a rigid
incline. This conclusion of c(0) being identical to the rigid counterpart holds for any composite
fluid–solid flow configuration involving at least one LL/GL interface. The value is determined
to be c(0) = 2 for falling film configuration. Thus, the configuration is neutrally stable at this
(0)
(0)
order. However, liquid layer exerts tangential stress at LS interface (dz ṽx = 1/ Ŵdz w̃X ) which
imparts a nonzero displacement in the solid layer at leading order. This leading order deformation field set-up in solid layer by leading order velocity field affects the first correction to velocity
field as evident from velocity continuity conditions at O(k).
(0)

ṽz(1) = −ic(0) w̃Z ,

(0)

(0)

(0)
ṽ(1)
x + dz vx |z=1 w̃Z = −ic w̃X .

(19)

Thus, the leading order deformation field could affect the first correction to wavespeed. Subsequent calculations for c(1) indeed confirm this and the first correction to wavespeed is found out
to be purely imaginary and hence, determine the stability of composite fluid–solid system in the
low wavenumber limit.
(20)
The above expression for c(1) consists of two qualitatively different contributions. First, the
underlined terms, proportional to Re and cot θ, are exactly identical to the expression for c(1)
for flow past rigid incline (Yih 1963) and hence, the underlined terms are referred as rigid contribution. Second, the boxed term proportional to solid layer deformability (Ŵ) and thickness of
solid layer (H ) is referred as soft solid contribution. For other flow configurations as well, the
expression for c(1) always consists of a rigid contribution and a soft solid contribution with rigid
contribution remaining exactly identical to the expression for c(1) as obtained if no deformable
layer is present. The above equation for c(1) clearly shows that the falling film becomes unstable
to low-k disturbances when Re > 5/4 cot θ in the limit of rigid solid (Ŵ → 0) or in the absence
of deformable solid layer (H → 0). The term proportional to Ŵ and H occurs with negative sign
which implies that the soft solid contribution is always stabilizing on GL interfacial mode. Thus,
a soft solid coating (i.e. nonzero H ) with appropriately chosen shear modulus (i.e. deformability
parameter Ŵ) is capable of suppressing free surface instability in long-wave limit when it was
otherwise unstable for a rigid incline.
If the falling film is a viscoelastic liquid modeled using an Oldroyd-B constitutive relation,
then the expressions for c(0) and c(1) are given as

(21)
Again, the rigid contribution is marked by an underline while the soft solid contribution is represented by boxed term. The rigid contribution contains terms proportional to Re and cot θ which
remain present for a Newtonian film and an additional destabilizing term proportional to Weissenberg number W representing the elastic nature of liquid film. The leading order wavespeed
is also identical to the Newtonian case (c(0) = 2). More interestingly, the soft solid contribution also remains identical to the case of Newtonian film indicating that it is independent of the
fluid rheological behavior. The details of low-k analysis reveal that the leading order velocity
field developed in the liquid layer, even on using an Oldroyd-B model, matches exactly with the
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leading order velocity field developed for Newtonian film. The low-k analysis presented above
shows that the leading order velocity field is responsible for setting of leading order deformation
field in solid layer which in turn affects the first correction to wavespeed c(1) . Since the leading
order velocity and deformation field remain identical to the Newtonian case, the soft solid contribution in above equation matches perfectly with that given in Eq. (20) for Newtonian falling
film. Thus, it is possible to use a deformable solid coating to suppress the free surface instability
even for a viscoelastic liquid film.

3.2 Simultaneous suppression/manipulation of GL and LL interface
We next consider the gravity driven flow of two Newtonian liquid layers falling down an incline
(refer figure 2) to explore the possibility of simultaneous control of both GL and LL interfacial
instabilities by using a deformable solid coating. Here, β is the dimensionless thickness of top
liquid (Liquid A) layer and μr = μa /μb is the viscosity ratio of top and bottom liquid layers.
In the absence of deformable solid layer, i.e. in the rigid limit, the stability behavior depends
crucially on whether less viscous liquid is adjacent to wall (μr > 1) or more viscous liquid is
near the inclined surface (μr < 1). We first discuss the case of more viscous fluid near the wall
and as a representative example, we fix μr = 0.5 and β = 0.5. Here, we obtain two values of
c(0) and c(1) corresponding to two interfacial (GL and LL) modes.
(22)
(23)

Figure 2. Schematic diagram showing the configuration and (non-dimensional) coordinate system: two
Newtonian liquid films flowing past an inclined plane lined with an elastic neo-Hookean solid layer.
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For both GL and LL interfacial modes, the term proportional to Re is destabilizing and the term
proportional to cot θ is stabilizing. Thus, both GL and LL interfaces can become unstable as Re
increases above a critical value in the absence of deformable solid layer (Ŵ or H = 0). The
(1)
(1)
expressions for cgl and cll show that the soft solid contribution is stabilizing for both interfaces
and hence it is possible to appropriately choose the values of Ŵ and H such that both GL and LL
mode perturbations can be suppressed. We have verified that such suppression of both GL and
LL interfaces holds for other values of β as well for μr < 1.
We fix μr = 2 and β = 0.5 for discussing μr > 1 case. The low-k results for both interfacial
modes are
(24)

(25)
(1)

The expression for cgl shows that the GL mode perturbations can still be suppressed by suitably
choosing values of Ŵ and H in a manner similar to μr < 1. However, the qualitative nature
(1)
of both rigid and soft solid contributions for cll is reversed as compared to the μr < 1 case.
The term proportional to Re becomes stabilizing while the terms proportional to cot θ and ŴH
are destabilizing. Thus, the deformable solid layer has stabilizing effect on GL interface but
(1)
destabilizing effect on LL interface. For given Re and θ, the above expression for cll suggests
that (ŴH ) < (0.0147Re − 0.167 cot θ) for LL interface to remain stable. However, Eq. (24)
shows that (ŴH ) > (0.106Re − 0.167 cot θ) in order to stabilize GL interface. Thus, it is not
possible to simultaneously suppress both GL and LL mode perturbations by using a soft solid
coating for μr = 2 and β = 0.5. We have verified this conclusion for other values of β and
μr > 1. Interestingly, the above discussion indicates selective destabilization of LL interface
by wall deformability for μr > 1. The values of Ŵ and H can be selected in such a way that
the GL interface perturbations are suppressed while the LL interface becomes unstable. Such
selective destabilization of one interface can be of potential use in pattern transfer applications
or in generation of micro-droplets in microfluidic devices which utilize interfacial instabilities
to produce drops or particles of desired size. For the sake of brevity, we do not present the
results for the control of LL interfacial instabilities in channel flows and simply remark here
that a similar manipulation and control of LL interfacial instability is observed in these cases as
well.
3.3 Simultaneous suppression of capillary and interfacial instabilities
All the results presented above correspond to planar flow configurations for which surface tension forces remain sub-dominant in the long-wave limit. Here, we consider pressure-driven
core-annular flow arrangement of two immiscible Newtonian liquids in a flexible tube where,
due to the presence of cylindrical fluid–fluid interface, capillary instability is also present in addition to fluid–fluid interfacial instabilities caused due to viscosity contrast across the interface.
The schematic is shown in figure 3. Preziosi et al (1989) have shown that it is possible to obtain
stable core-annular flow (CAF) in a rigid tube when the less viscous fluid is adjacent to the wall
(i.e. μr = μa /μb > 1) and occupies sufficiently less space than the more viscous core fluid. The
other configuration when more viscous fluid is near the wall (μr < 1) is always unstable. We
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Figure 3. Schematic diagram showing the configuration and (non-dimensional) coordinate system: two
immiscible fluids flowing in core-annular arrangement in a tube coated with deformable solid layer.

first discuss μr < 1 case and as a representative example, we set μr = 0.5, a = 0.7, and H = 2.
The leading order and first correction to wavespeed are

(26)
The above expression clearly shows that the term proportional to Re, present due to viscosity
stratification, and the term proportional to dimensionless interfacial tension  (capillary instability) are both destabilizing and hence CAF remains unstable in rigid limit (Ŵ = 0). The soft solid
contribution (boxed term) is stabilizing and thus deformability parameter Ŵ can be appropriately
chosen to suppress both capillary and two-fluid interfacial instabilities. The above equation is
written for μr = 0.5 and a = 0.7; but, we have verified that the nature of soft solid contribution
is stabilizing for all values of a and μr < 1. A similar suppression of capillary and GL free surface instabilities was also observed for the case of liquid film flow outside/inside of a tube coated
with deformable solid layer (Jain & Shankar 2008). The nature of rigid and soft solid contributions in the expression of c(1) for CAF changes when less viscous fluid occupies the annular
space. If μr = 2, a = 0.7, and H = 2, c(0) and c(1) are given as
(27)
Note that among the rigid contributions, the term proportional to interfacial tension is still destabilizing while the contribution due to viscosity stratification has now become stabilizing and it
is this term which is responsible for stabilizing CAF system in rigid limit. However, the presence of deformable solid layer is destabilizing for this case and hence, the stable CAF can be
rendered unstable by varying the wall deformability parameter Ŵ. We have verified that this
destabilizing nature of wall elasticity is present for different values of mean LL interface position
and μr > 1. The above discussion clearly shows that the soft solid layer could have a stabilizing or destabilizing effect depending on whether more or less viscous fluid is present near
the wall.
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4. Numerical results: manipulation for arbitrary wavelength disturbances
The results in Section 3 indicated the potential of using a deformable solid layer in suppressing or enhancing the fluid–fluid interfacial instabilities, but, are restricted to long wavelength
disturbances. In this section, we extend the above low-k results to arbitrary wavenumbers to
ensure whether the predicted suppression in long wave limit holds for finite and high wavenumber perturbations as well. Furthermore, flow past deformable solid surface (involving only a
fluid–solid interface) could become unstable on increasing the deformability in the absence of
inertia (Kumaran et al 1994; Gkanis & Kumar 2003), and several additional unstable fluid–solid
modes proliferate when inertia is present (Chokshi & Kumaran 2008; Gaurav & Shankar 2009,
2010b). All these fluid–solid unstable modes are not captured by the low-k analysis presented in
the previous section. For stable flow configuration, fluid–solid interface must also remain stable
for parameter regime where solid layer deformability has stabilizing effect on fluid–fluid interfacial mode. We used a spectral collocation method which resolves the complete eigenspectrum
at any arbitrary wavenumber and hence captures the complex wavespeeds corresponding to all
interfaces present in the system. The composite fluid–solid system usually involves one unstable
eigenvalue corresponding to each fluid–fluid interface present in the system and multiple unstable eigenmodes corresponding to fluid–solid interface. The identification of fluid–fluid (GL or
LL) interfacial mode is done by comparing the eigenspectrum obtained from spectral collocation
method at low-k values with the long-wave asymptotic results for a particular GL/LL interface. The eigenvalue which matches with the complex wavespeed predicted from low-k analysis
is identified as GL/LL interfacial mode. Any other unstable mode is referred as fluid–solid or
LS interfacial mode.
4.1 Suppression of interfacial instabilities
Most of the results are presented in the form of Ŵ vs k neutral curves demarcating stable and
unstable regions for a given set of parameters. We do not provide extensive data, but, present
key results for different flow configurations demonstrating the main aspect that the solid layer
deformability parameter could be adjusted so as to suppress or enhance fluid–fluid interfacial
instabilities. Figure 4 shows neutral stability diagram for gravity-driven flow of an OldroydB viscoelastic liquid film falling down a vertical incline coated with deformable solid layer.
The expression of c(1) (see Eq. 21) shows that the viscoelastic liquid film falling down a vertical incline becomes unstable for any nonzero Re and W . Thus, in figure 4 for Re = 0.1 and
W = 0.5, the free surface remains unstable in rigid limit Ŵ → 0. As deformability parameter
Ŵ is gradually increased above the lower neutral curve, the GL free surface instability is suppressed and we obtain a stable region where both GL and LS interfaces remain unperturbed.
The lower neutral curve is obtained by extending the long-wave asymptotic results (Eq. 21) to
finite wavenumbers and shows that the suppression predicted in low-k limit holds for any arbitrary wavenumber. With further increase in Ŵ, we obtain several neutral curves corresponding to
destabilization of GL mode and multiple LS modes. There exists a wide gap in terms of deformability parameter Ŵ where both interfaces remain stable and hence, the viscoelastic film which
was unstable in rigid limit becomes stable in pressure of a deformable solid coating. We have
verified the existence of such a wide stable gap for a wide variety of parameters, for example, for
Newtonian films (i.e. W = 0) at different values of angle of inclinations. The above result was
presented for W = 0.5 and it is well known that fluid elasticity has destabilizing effect on fluid–
fluid interfacial mode. We observed that the width of stability window decreases with increase
in Weissenberg number and it finally vanishes when W increases above a critical value (results
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Γ = µ V/(G R)
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unstable

unstable
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All modes stable
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Unstable GL
0.01
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1

Wavenumber, k
Figure 4. Suppression of free surface instability for a viscoelastic film falling down an incline: Ŵ vs k for
Re = 0.1, W = 0.5, S = 0.5, θ = 90 ◦ , gl = 2, ls = 1 and H = 1.

not shown). A similar closing of stability window is observed in case of Newtonian falling film
as well when Re is sufficiently increased. Thus, the conclusion of free surface instability suppression holds for both Newtonian and viscoelastic liquid films for a range of values of Re and
W when the film was otherwise unstable in rigid limit. However, when Re and W are large, it is
not possible to obtain stable flow configuration.
We next consider gravity-driven flow of two Newtonian liquid layers falling down an incline
surface in order to examine the possibility of simultaneous suppression of GL and LL interfacial
modes in the presence of a deformable solid coating. The low-k results demonstrated that the
role of deformable solid coating is stabilizing for μr < 1 and destabilizing for μr > 1. Here, we
present the neutral curves for the case when the soft solid contribution is stabilizing. Figure 5
depicts neutral stability diagrams for μr = 0.5, β = 0.5 and Re = 0.1 for a vertical incline.
The GL and LL interfaces remain unstable for flow down a rigid vertical incline for above given
parameters (for example, refer Eqs. (22) and (23) for Ŵ = 0 or H = 0). As Ŵ is increased, the
LL interface becomes stable and with further increase in Ŵ above lower GL mode neutral curve,
the GL interface also becomes stable. Following this, there exist a range of Ŵ values where
both GL and LL modes are stabilized due to solid deformability while the LS interface remains
unperturbed. Thus, the two-liquid film flow becomes stable at Re = 0.1 for a range of values
of solid deformability parameter. When Ŵ is sufficiently increased, all three interfaces become
unstable as shown by the presence of three upper neutral curves for each of GL, LL and LS
interfaces. The existence of stability window depends strongly on mean dimensionless top liquid
layer thickness β. The neutral stability curves for different values of β indicate that increasing
β reduces the width of stable gap and we observed that for β = 0.7, the width of stable gap
decreases significantly (results not shown here) so as to close the gap for all practical purposes.
We now consider core-annular flow of two immiscible Newtonian liquids in a flexible tube
for which the fluid–fluid interface becomes unstable due to both capillary forces and viscosity
stratification in the rigid limit. The asymptotic analysis presented above demonstrated that the
low-k perturbations can be suppressed by using a deformable solid coating for μr < 1 (see
Eq. 26). Figure 6 shows results in terms of Ŵ vs k neutral curves for all wavenumbers for μr =
0.5, mean interface position a = 0.9, and at two different values of Reynolds number. For
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Figure 5. Simultaneous suppression of free surface and liquid–liquid interfacial instabilities for two-layer
Newtonian film flow down an incline in the presence of a deformable solid coating: Ŵ vs k for μr =
0.5, β = 0.5, Re = 0.1, , θ = 90 ◦ , gl = ll = 0.25, ls = 0 and H = 2.

Re = 0.1 in figure 6, the fluid–fluid interface remains unstable due to nonzero ll and Re in
the limit Ŵ → 0. The neutral curves presented in figure 6 clearly show the existence of a wide
stable gap in terms of deformability parameter Ŵ where the flow configuration is stabilized in the
presence of sufficiently soft solid coating. When Re is increased to 5, the lower LL mode neutral
curve, which gives transition value of Ŵ above which flow becomes stable, significantly shifts
upwards. On the other hand, the critical Ŵ value above which the LL and LS interfaces become
unstable (shown by upper neutral curves) does not alter significantly. As a result of this, the
stability window shrinks significantly and is quite small as compared to Re = 0.1. A parametric
investigation with respect to variation of Re shows that the stable gap vanishes for Re ∼ O(10),
and that stable CAF arrangement in deformable tube could be obtained only for Re  O(1).
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Figure 6. Suppression of capillary and liquid–liquid interfacial instabilities for CAF in a flexible tube: Ŵ
vs k for μr = 0.5, a = 0.9, ll = 0.1, ls = 0 and H = 2.
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4.2 Selective destabilization or enhancement of interfacial instabilities

The low-k results for Newtonian/viscoelastic single liquid falling film with a free surface, in
either planar or cylindrical geometry, show that the soft solid contribution is always stabilizing
for GL free surface. Thus, the only possibility of GL interface becoming unstable due to solid
deformability is depicted by upper neutral curves presented in the previous section (for example,
see figure 4). However, for flow configurations involving two fluid layers, the soft solid has a
destabilizing effect depending on μr in low-k limit, and solid deformability could be altered to
render flow unstable for those values of parameters where the flow otherwise remains stable in
rigid limit. In this section, we examine such cases to investigate the role of deformable solid
layer in enhancing or selectively destabilizing the fluid–fluid interfacial instabilities. Figure 7
depicts neutral curves for two Newtonian liquid films falling down a vertical incline coated with
deformable solid layer. The data is presented for μr = 2, β = 0.5 and H = 2. The expression of
c(1) for GL and LL interfaces in Eqs. (24) and (25), respectively for μr = 2 and β = 0.5 clearly
shows that the solid layer has stabilizing effect on GL interface, but have a destabilizing effect
on LL interface perturbations. In rigid limit (Ŵ → 0) for θ = 90◦ , Re = 0.1, the GL interface
remains unstable while the LL and LS interfaces are stable. As Ŵ is increased over lower LL
mode neutral curve, there is a transition from stable to unstable perturbation for LL interface
due to increase in solid layer deformability. The LL mode neutral curve is now a single curve
with region left to it being unstable and region right to it being stable. The GL and LS interfaces
become unstable on sufficiently increasing deformability parameter Ŵ as depicted by presence
of upper GL and LS neutral curves. For region in between lower and upper GL mode neutral
curves, the LL interface is selectively destabilized due to solid layer deformability while GL
mode perturbations are suppressed by soft solid layer without exciting LS mode perturbations.
We observed a similar destabilization of LL interface for the case of core-annular flow of two
immiscible Newtonian liquids in a flexible tube (results not shown) when less viscous liquid
is adjacent to the wall (i.e. μr > 1). Recall that the low-k result presented in Eq. (27) shows
that the destabilizing contribution comes from term proportional to interfacial tension ll and
soft solid term which is proportional to Ŵ. The term proportional to Re is stabilizing. We set
100
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Unstable
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Unstable LL, stable GL and LS
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Figure 7. Neutral curves showing selective destabilization of LL interface for flow of two liquid films
down an incline plane coated with deformable solid layer: Ŵ vs k for μr = 2, β = 0.5, Re = 0.1ll =
gl = 0.1, ls = 0, θ = 90◦ and H = 2.
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Figure 8. Growth rate vs wavenumber curves demonstrating enhancement of rate of growth of perturbations on increasing deformability: Data for μr = 2, a = 0.7, Re = 0, ll = 1, ls = 0, and
H = 2.

Re = 0 to suppress any stabilizing effect and compare the two destabilizing contributions present
in Eq. (27). Figure 8 shows the growth rate vs wavenumber data for H = 2, Re = 0 and
ll = 1 at different values of Ŵ. This figure clearly shows that the rate of growth of perturbations
can be significantly enhanced by making walls more and more deformable. For example, the
maximum growth rate with Ŵ = 0.1 is at least an order of magnitude higher than the growth rate
(∼ O(0.001)) for Ŵ = 0. This feature could be potentially used in increasing mixing rates of
two fluids in microchannels which are often fabricated using soft elastomers.
We finally present neutral curves for μr = 0.5, a = 0.3, ll = 0.1 and H = 2 for CAF
in deformable tube in figure 9. For μr < 1, the effect of soft solid layer is stabilizing for twofluid interfacial mode in long wave limit. Figure 9 shows that the fluid–fluid interface remains
unstable for Ŵ → 0 due to capillary instability. The interface becomes stable for perturbations
with wavenumbers k < 1 as Ŵ increases above a threshold value, However, for k ≈ 1 − 3,
the strong destabilizing capillary forces dominate over stabilizing soft solid contribution and
the flow remains unstable within this band of wavenumbers. Thus, while stabilization of LL
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Figure 9. Neutral curves showing selective destabilization for CAF in deformable tube: Data for μr =
0.5, Re = 0, ls = 0, and H = 2.
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interface is not achieved for this parameter set; but, this figure shows that a selective band of
wavelengths can be excited by tuning the wall properties and interfacial tension. Figure 9 also
shows data for μr = 0.5, a = 0.5, ll = 1 and H = 2. This set of data shows that the
band of unstable wavenumbers become more selective for a = 0.5 and  = 1. Such selective
destabilization of a band of particular wavelength perturbations could be utilized in producing mono-dispersed microdroplets in microchannels which relies on instability of a fluid–fluid
interface for generating micro-sized drops.
5. Conclusions
In the present paper, we discussed the role of deformable solid coatings on liquid–liquid and
gas–liquid interfacial instabilities for a variety of flow settings and for both Newtonian and viscoelastic fluids. The low wavenumber asymptotic analysis revealed that the soft solid layer can
have a stabilizing effect on fluid–fluid interfacial mode when the interface remains unstable in
the rigid limit. Numerical results demonstrated that the stabilizing effect of deformable solid
layer continues to finite and high wavenumbers as well. The neutral curves clearly illustrated the
presence of a sufficiently wide range of solid deformability parameter Ŵ (or alternatively shear
modulus of solid layer) where interfacial instabilities are completely suppressed at all wavenumbers. Further, the suppression was shown to be generic in nature and holds for both Newtonian
and viscoelastic liquid layers. The results also demonstrated that it is possible to destabilize the
interface by using a soft solid coating when it is stable in the absence of deformable solid coating.
Thus, the present work demonstrates the efficacy of deformable solid coatings in manipulation
and control of interfacial instabilities.
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