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Abstract. Thin liquid films can be made to spread along a solid surface by application of temperature gradients at the liquid–gas interface. The surface tension of
usual liquids decreases linearly with temperature thus producing the driving thermocapillary stresses due to the applied temperature gradient. These spreading films are
susceptible to a fingering instability at the advancing solid–liquid–vapor contact line,
which is linked to the development of a capillary ridge near the advancing front. A thin
film climbing up on a vertical substrate against gravity shows interesting dynamics
due to strong opposing gravitational counterflow. At the contact-line of the spreading
film, slip-model is used to alleviate the stress-singularity due to more usual no-slip
boundary condition. It is shown that depending upon the magnitude of a gravitational
drainage parameter the steady-profiles of the spreading films show qualitatively different dynamics. The dynamics is in agreement with the experimentally observed
profiles in the literature as well as computed profiles using precursor-film model at
the contact-line in some earlier theoretical studies. Briefly, their stability behavior is
also discussed.
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1. Introduction
Thin liquid films spreading on a solid substrate has been a topic of research for past several
decades. One fundamental question that researchers have tried to address is the stress-singularity
at the solid–liquid contact-line that arises due to more commonly used no-slip boundary condition. Three most common methods to relieve stress-singularity while modeling spreading
phenomena are slip-model, precursor film model, and introduction of explicit intermolecular
forces at the liquid–solid contact line. Detailed explanation of these methods can be found in
the classical work of Huh & Scriven (1971). A recent review article by Kirkinis & Davis (2013)
discussed the numerical methods to implement these models for moving contact lines. It is
important to note that the precursor film model is applicable for perfectly wetting liquids where
as slip-model can accommodate partially wetting liquids.
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In the present work, dynamics of a thin film spreading due to a thermocapillary stress is modeled within lubrication approximation. In microscale flows, the large surface to volume ratios
allow interfacial stresses to exert a driving influence. This ability to drive thin film using thermocapillary stress is used to spread film for micro-fabrication related applications. The dynamics
of such flows has been studied extensively for example see Kataoka & Troian (1997), Davis &
Troian (2003), Davis et al (2003), Bertozzi et al (1998) and Grigoriev (2003). The thermal gradient applied to a thin liquid film on a solid substrate can induce a thermocapillary shear stress
due to the variation, mostly assumed linear, of surface tension with temperature. It has also been
noted that thin films of Newtonian liquid when driven to spread on flat, homogeneous surfaces
by these stresses are susceptible to a fingering instability at the solid–liquid–vapor contact line.
Linear stability analysis for example by Davis & Troian (2004) has shown that the instability is
linked to the development of a capillary ridge near the advancing front.
For the spreading of a thin film several theoretical studies have shown quantitative agreement between the base state profiles and dispersion curves obtained using precursor-film and
slip model for thin films driven solely by an applied shear stress (Davis 2003) or body force
(Spaid & Homsy 1996). Computed predictions for the wavelength and growth rate of the instability are generally in good agreement with experimental data. There has been considerable work
on the dynamics of thermocapillary spreading films with competing gravitational counterflows
(Bertozzi et al 1998, 1999; Davis et al 2006), and the precursor film model has been used in
most of these studies (Kataoka & Troian 1998; Bertozzi et al 1998, 1999). With two competing
forces namely the thermocapillary stress and gravity, complex wave form solutions are obtained
that evolve in time and space. In addition to the usual compressive shocks that appear in the
problem involving only one driving force, these films also exhibit “undercompressive” traveling
wave solutions that have been observed in experiments. In addition solutions with simultaneous
compressive and undercompressive waves are also found that propagate at different velocities
as shown by Bertozzi et al (1998, 1999, 2001). Furthermore, it has been shown by Kataoka &
Troian (1998) using a precursor film model that a sufficiently large gravitational counterflow
suppresses the capillary ridge and produces a linearly stable film.
In this paper, the dynamics of thermocapillary spreading films is analyzed using the Greenspan
slip model (Greenspan 1978) for the entire range of gravitational drainage, beginning at zero and
increasing until it balances the thermocapillary stress and a stationary film profile is attained. In
addition, effect of dynamic contact angle is considered on the solution forms. The dependence
of the contact angle on slip-velocity of the contact-line is similar to that used by Lopez et al
(1996). Importance of more degrees of freedom in slip-model is demonstrated as compared to
the precursor film model in the context of the film dynamics involving to competing forces.
2. Problem formulation
A thin film of a Newtonian liquid of density ρ, viscosity µ, and surface tension σ that is driven
to spread by thermocapillary stresses along a planar vertical surface. The schematic is shown in
figure 1(a). The fingering instability at the spreading front associated with such film spreading
problems is shown in figure 1(b). A decreasing linear temperature profile is imposed on the
solid substrate such that dT /dx < 0 where T is the temperature at the liquid–gas interface.
Furthermore, the Biot number is assumed very small such that the temperature at the liquid–air
interface is essentially the same as that imposed on the solid substrate which is a valid assumption
for such thin films. The surface tension, σ , for most liquids has linear dependence on T , σ (T ) =
σ0 − γ (T − T0 ), where γ = dσ/dT > 0 is a constant (e.g. see Davies & Rideal 1963). The

Model of a spreading thin film using slip-model

(a)

1025

(b)

Figure 1. (a) Schematic of a thin liquid film climbing up a vertical substrate in the −x-direction due to
thermocapillary stress; (b) Schematic of fingering instability developing at the three-phase contact line.

applied temperature gradient imposes a thermocapillary stress τ = −dσ/dx at the liquid–air
interface, which forces the film to spread up the inclined plane in the −x-direction. It is assumed
that the liquid is supplied from the reservoir at constant flux. The z-direction points outwardly
normal from the substrate, and y is the transverse coordinate in the plane of the substrate. The
local film thickness is h, and h∞ is the constant film-thickness away from the spreading edge of
the film where capillary effects are negligible. Note that the physical properties are evaluated at
the reference temperature T0 in the dimensionless groups introduced below.
Within the lubrication approximation and assuming that nothing happens in y-direction the
Navier–Stokes equation and continuity equation can be simplified to give the film evolution
equation as,




 2
1 3
ρg 3
τh
(h + αh) +
(h + αh) (σ hxx )x = 0.
(1)
+
ht −
2µ x
3µ
3µ
x
x
At the solid boundary, the well-known Greenspan slip-model (Greenspan 1978) is applied to
alleviate the stress-singularity at the contact line,

α ∂u 
,
(2)
u|z=0 = us =
3h ∂z z=0

where α is the dimensional slip-coefficient. Taking α/ h2∞ ≪ 1 restricts slip to a small region
near the moving contact line.
Equation (1) is made non-dimensional near the contact line by using the dynamic capillary length, lc = h∞ /(3Ca)1/3 as the characteristic length in the x-direction, and h∞ as the
characteristic length scale in the z-direction. The capillary number is Ca = µUc /σ0 , where
Uc = h∞ τ/2µ is the characteristic velocity of the thermocapillary flow.
After rescaling the variables, Eq. (1) becomes
ht − (h2 )x + B(h3 + αh)x + [(h3 + αh)(hxxx )]x = 0,

(3)
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where B = 2ρgh∞ /3τ is the non-dimensional parameter that represents the importance of
drainage due to gravity relative to the thermocapillary stress.
The solid–liquid–vapor contact line is located at x = a(y, t), which gives the condition
h(x = a(y, t)) = 0.

(4)

At the contact line, a dimensionless relationship between the dynamic contact angle, θ =
∂h/∂x(x = a(y, t)), and the contact line velocity, at , is assumed which is similar to that used in
the theoretical study of non-isothermal spreading of liquid films on an inclined plane by Lopez
et al (1996),
hx (x = a(y, t)) = θs + D(−at )1/3 ,

(5)

where D = (Uc /k)1/3 (lc / h∞ ) is a dimensionless parameter quantifying the dependence of the
contact angle on the velocity of the contact line, θs is the static contact angle and k is a fitted
positive constant.
As D → 0, the motion of the contact line does not affect the contact angle, which corresponds
to the limit of a fixed contact angle that was used in most previous studies for example by Davis
& Troian (2004) and Grigoriev (2003).
The static reference frame is transformed into one that moves with the contact line velocity by
introducing
ζ (x, t) = x − a(t),

(6)

such that ζ = 0 corresponds to the location of the contact line. In the moving reference frame,
Eq. (1) becomes
ht − at hζ − (h2 )ζ + B(h3 + αh)ζ + [(h3 + αh)hζ ζ ζ ]ζ = 0.

(7)

For a steady traveling wave, solution ht = 0 and therefore Eq. (7) can be simplified to
hζ ζ ζ = −B +

h + at
,
h2 + α

(8)

For a steady traveling-wave, the constant wave speed can be found by realizing that at ζ → ∞
derivatives become zero and film-thickness is unity. Thus the constant wave speed is given by
at = −1 + B(1 + α).

(9)

The boundary conditions at the contact line given by Eqs. (4)–(5) are rewritten for the base
profiles as (Lopez et al 1996)
h(ζ = 0) = 0, hζ (ζ = 0) = θs + D(−at )1/3 .

(10)

The boundary conditions far from the contact line correspond to a flat film,
h(ζ → ∞) = 1, hζ (ζ → ∞) = 0.

(11)

As will be discussed in the next section under some conditions, it is not possible to find
steady traveling-wave solution. For such case, the transient term in Eq. (7) cannot be dropped
and therefore an unsteady equation will be solved along with the above-mentioned boundary
conditions.
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3. Results and discussion
The traveling-wave solution using Eq. (8) was found by a shooting method with fourth-order
Runge-Kutta scheme. In figure 2 the parameter space division is shown based on the qualitatively
different profiles for film-thickness, h(ζ ), depending on the strength of gravitational drainage.
In region-I steady traveling-wave solutions could be found for all values of static contact angle
θs . As drainage parameter B is increased region-II is attained in which traveling-wave solution could not be found and unsteady film-profiles were obtained. In region-III (large B) steady
traveling-wave solutions were found but for some specific values of the static contact angle.
These qualitatively different film-thickness profiles corresponding to the three regimes are shown
in figure 3.
The film-thickness base profiles are shown in figure 3 for slip-coefficient α = 0.1, staticcontact angle θs = 0.1 and D = 0.1. For this combination of parameters of the slip-model,
BL = 0.22 and BU = 0.685 which can found from figure 2. BL and BU define the lower and
upper limits respectively in the parameter space within which traveling-wave solutions cannot be
found. In figure 3, the film profiles for B = 0.1 and B = 0.2 (B < BL ) are steady traveling-wave
profiles. It is evident that as B is increased from 0.1 to 0.2 the height of the capillary ridge near
the moving contact line increases. This increase in height is due to the opposing gravitational
drainage indicated by the increase in value of B. In the work of Lopez et al (1996) gravity
driven films were considered and it was found that larger capillary ridge (which was due to larger
contact-angle in their case) was more unstable to fingering instability. For a thermocapillary
driven film with opposing gravity steady traveling-wave solutions were also found by Bertozzi
et al (1998) but using precursor film model at the contact-line. They had also observed a similar
increase in height of the capillary ridge with increase in drainage (though their scaling methods
were different than used in this study making a direct quantitative comparison not possible).
They had found that increase in capillary ridge leads to stabilization of the ridge which was
contrary to the behavior of gravity driven films such as that in the work of Lopez et al (1996).
An important parameter of the slip-model used in this study is D that relates the motion of
the contact-line to the apparent contact-angle. The relation is shown in Eq. (5). For a non-zero
value of D, the apparent contact-angle is higher than the static contact-angle. It was shown in
the work of Lopez et al (1996) that as the value of D increased (implies increase in apparent

Figure 2. Division of the parameter space in drainage parameter for slip-model. The nature of the base
profile varies significantly in these solution regimes.
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contact-angle) keeping all parameters of slip-model same the behavior of the film profile changes
and becomes more unstable to transverse (in y-direction) perturbations. Similarly, D is found to
have significant effect on the behavior of film profiles in this study. One curve for BL for D = 0
with all other parameters same (α = 0.1, θs = 0.1) is shown in figure 2. It can be noted that
with decrease in D (decrease in apparent contact-angle) region-I shifts more to higher values of
B. Another perspective is that as D or the apparent contact angle increases, the size of region-I
shrinks (moves to smaller values of B).
For region-II, i.e. BL < B < BU , a non-traveling-wave solution was found which is inherently unsteady. One such profile at a particular time instant is shown in figure 3 for B = 0.5.
Other parameter values are mentioned in the figure. In this regime, two ridges develop, one
near the contact-line and the second one rolls down due to gravity. Similar two waves were
found experimentally and theoretically using precursor film model in the work of Bertozzi
et al (2001). They called the ridge near contact-line as under-compressive shock and the trailing
wave which rolls down as compressive shock. The stability analysis of such a structure showed
that the compressive shock was linearly unstable but much less stable (smaller eigenvalues) than
the traveling-wave solutions found in region-I. The instability for these unsteady structures was
located at the trailing compressive shock. To perform the linear stability analysis, the traditional
method of forming a stability matrix operator that depends on the 2D base-profile is performed
but with the base-profile “frozen” at a time instant for example the one shown in figure 3.
The other method is to solve the unsteady base-profile equation along with the linear stability
equation in time and track the growth-rate of a random initial perturbation.
For region-III, i.e. B > BU , a traveling-wave solution was found again but only for a fixed
value of θs for given values of α and D. For other values of θs , unsteady non-traveling solutions
were found. Curves that represent the value of θs at each B (larger than BU ) for fixed α and
D = 0.1 for which steady film profiles were found as shown in figure 4. One such film-profile for
B = 0.75 is shown in figure 3. The moving front in this region is monotonically decreasing from
a constant film-thickness to zero at the contact-point. Thus only the under-compressive shock
exists for this region. Using a precursor film model and experiments, Sur et al (2003) showed
that this under-compressive shock is linearly stable to transverse perturbation. In the work of
Kataoka & Troian (1998), it was shown that for a precursor film model and B > BU there is
only one value of precursor film thickness that leads to the steady traveling-wave solution. This

Figure 3. Computed base-profiles for different drainage values. The different form of solutions correspond to the regime found in figure 2.
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Figure 4. Specific values of θS for which traveling-wave solution exists in regime-III (figure 2) when
D = −0.1.

is in contrast to the slip model results presented here in which steady solutions could be found
for any value of slip-coefficient α but θs cannot be fixed independently. This fact highlights the
wider applicability of the slip-model due to more degrees of freedom. Overall it is interesting to
note that as the value of B is increased from region-I through region-III the film profile attains
qualitatively different shapes. Furthermore, it is evident that the gravitational drainage has a
stabilizing effect on the film.
The drainage parameter B is the important parameter of this study. Therefore, a brief discussion on the typical magnitude and its dependence on other factors is now presented. Munch
(2002) theoretically derived the asymptotic thickness (away from the advancing front) of the
film spreading due to thermocapillary stress above the meniscus. As per the prediction, the
film-thickness h∞ was proportional to the square of the applied stress τ 2 . Furthermore, the filmthickness was found to be inversely proportional to C03 where C0 is the curvature of the meniscus.
The result was an extension of some of the earlier previous theoretical studies (Carles & Cazabat
1993; Fanton et al 1996) and showed very good agreement with experimental data (Fanton et al
1996). In all of these theoretical studies because h∞ ∝ τ 2 , so B ∝ τ and larger thermal gradients
correspond to larger B and an increased effect of drainage for the thicker films. Several other
experiments of Cazabat et al (1990) and Fanton et al (1996) had found film-thickness corresponding to 0.01 < B < 0.11. Therefore, these studies were found to belong to region I in which
gravitational drainage has a small effect on the film dynamics. Much larger values of B were
obtained in the early experiments of Ludviksson & Lightfoot (1971). The larger values can be
attributed to the experimental method of preparing the films. A film was first dip-coated onto the
plate by withdrawing it from a liquid reservoir, and the temperature gradient was then applied,
which resulted in a film thickness different than predicted by Munch (2002), and therefore large
values of B.

4. Conclusion
The effect of gravitational drainage on the dynamics of thermocapillary spreading films was
explored in this work using a lubrication-based model. The three-phase contact-line was allowed
to slip due to which the contact angle θ and slip coefficient α were introduced into the model
as parameters. The dynamic contact angle was considered in which contact angle was allowed
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to depend on the slip-velocity of the contact line. Depending on the magnitude of gravitational
drainage compared to the driving thermocapillary force (represented by drainage parameter B)
three qualitatively different spreading regimes were found. The two critical values of this parameter that separate these regions are denoted by BL and BU , with 0 < BL < BU < 1. For B < BL ,
corresponding to small drainage, a capillary ridge forms at the contact-line. For this regime, θ
and α can be specified independently, and the base states are steady, traveling-wave solutions.
For B > BL the film shape is no more a steady traveling-wave solution but evolves continuously
in time. For B ≥ BU , traveling wave solutions can be found, but only for one particular combination of α and θ for each B. The film profile in this region shows monotonically decreasing
spreading front. The results generally agree well with the widely used precursor film model in
the literature. For precursor film model, there is only one traveling solution for each B ≥ BU
which is not the case with slip-model due to more adjustable parameters in the slip-model.
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