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Abstract. This paper deals with multi-objective optimization in gait planning of a
7-dof biped robot during its double support phase, while ascending and descending
some staircases. For determining dynamic balance margin of the robot in terms of
zero-moment point, its double support phase has been assumed to be consisting of two
single support phases on non-coincidental parallel surfaces. Thus, dynamic balance
margin of the biped robot during its double support phase is obtained by using a virtual
zero-moment point of the system. Moreover, a smooth transition from single to double
support phases in a cycle is to be maintained for the walking robots. Two contrasting objectives, namely power consumption and dynamic balance margin have been
considered during optimization. Pareto-optimal fronts of solutions are obtained using
genetic algorithm and particle swarm optimization algorithm, separately. To the best
of the authors’ knowledge, it is the first attempt to solve multi-objective optimization
problem in double support phase of a biped robot.
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1. Introduction
Biped robots are extensively studied by researchers. A biped robot should be able to walk on
various terrains, such as flat, sloping surfaces, staircases and others, as the situation demands.
A biped robot’s walking cycle consists of single support phase (SSP) and double support phase
(DSP). It is in the SSP during the major portion of its walking cycle, and only a small fraction of
the cycle time is utilized in the DSP. Hence, both the phases of walking are needed to be studied
in detail to arrive at a complete knowledge of the biped walking systems on different terrains. An
extensive study has been conducted on biped walking in the SSP for different terrains, namely
flat surface, sloping surface, staircase and others, using different approaches. Most of the studies
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used the concepts of centre of mass (COM), centre of gravity (COG), zero-moment point (ZMP)
(Vukobratovic et al 1970), or the physics of inverted pendulum to dynamically balance the biped
robot walking on different terrains. Although the double support is an important phase of the
walking cycle, it has received less attention in terms of research. Only some limited studies have
been conducted on the DSP of biped robots till date. This paper concentrates on analysis of the
double support phase of a biped walking through some staircases.
A considerable amount of work had been carried out in the past related to mechanical design,
development and testing of biped robots through computer simulations and/or real experiments.
Hemami & Farnsworth (1997) studied postural and gait stability of a planar five-link model of
the biped robot in its DSP after considering both open and closed loops, and solved it by using
d’Alembert’s principle of motions. Simulations were conducted on the nonlinear system with
linear feedbacks and satisfactory results had been obtained. Li et al (1991) proposed that if the
preset ZMP of the trunk was measured, and control was achieved using a set of joint motion
patterns, then stable walking could have been obtained by the biped robot for the walking cycle
(both SSP and DSP). They experimentally verified the same on a biped robot named WL-12RIII.
They used force-moment sensors to calculate the ZMP in SSP for both the feet on flat surface
walking. The system ZMP was calculated off-line by considering the ZMP of each foot for the
DSP. It is to be noted that there was a variation between the preset and measured values of ZMP
of the system. Mitobe et al (1997) discussed the control problem of a biped walking robot during
its DSP. The biped robot’s DSP motion was considered as that of a manipulator under holonomic
constraints. The trunk’s COG position was controlled to track a desired trajectory for stability with respect to the world frame. This approach could achieve efficient walking. The control
scheme was successfully applied to an experimental walking robot, and the results demonstrated
the effectiveness of the method. Ito & Kawasaki (2000) focussed on maintaining stability by
controlling the ZMP in-between the two support regions of a two-link mechanism in a sagittal plane. To maintain the balance of the robot, the ground reactions forces should be positive.
Hence, control laws for the ground reaction were proposed and verified through computer simulations. Wieber (2002) predicted that as long as the projection of mass of a robot walking on
flat surface could lie within the convex hull of the support region, the stability of walking system
could be guaranteed. This stability criterion was tested through numerical analysis.
Jamshidi & Rostami (2008) exploited the pure dynamic synthesis of multi-body systems
with sophisticated kinematics to study the motion of the robot during its DSP motion using
Pontryagin’s maximum principle. The closed chain DSP was considered as an open one at specific joint, and penalty method was used to locate the leg at prescribed location. A feasible set
of motions was taken into consideration by using inequality constraints to limit the joint motion.
Ground reaction force components were also used as control variables. The proposed technique
could generate optimal free motions. The proposal was implemented for solving a numerical
simulation using two-point boundary value problems using a shooting method, which required
a less number of parameters to characterize the gait. Ito et al (2008) had studied side-to-side
walking of biped robot in DSP in a lateral plane, where the variation of environment and ZMP
were kept constant. This method was applied in the in-place stepping motion and stability of
the method was examined both analytically as well as through computer simulations. Finally,
the effectiveness of this method was demonstrated on an experiment using real robot. Sardain
& Bessonnet (2004) tried to solve the problem in DSP motion for the implementation of fast
and dynamic walking gaits (for example, anthropomorphic gaits), especially on uneven terrain.
For flat or uneven terrain, the authors analytically proved the coincidence of centre of pressure
(COP) and ZMP for dynamic stable walking. But, for the non-coincidental or parallel planes,
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they proposed the existence of virtual ZMP for dynamic stable walking and the same was proved
by solving numerical examples related to walking on some staircases.
A few studies dealt with intelligent control of biped robots also, some of those studies are
discussed here. Lin et al (2010) developed a fuzzy logic (FL)-based technique combined with
modern control theory for dynamic stabilization and locomotion control of biped motion. The
performance of fuzzy control rules was evaluated for the biped walking on horizontal plane
surface and climbing up a flight of stairs. Experimental results confirmed the effectiveness and
applicability of the proposed fuzzy stabilization tuning approach. Vundavilli et al (2007a, b),
Vundavilli & Pratihar (2010, 2011a, b) used soft computing-based approaches to study dynamically balanced gaits of a 7-dof biped robot in its SSP for different terrains, namely staircase,
sloping surface and ditches. However, their study focussed on optimization of a single objective
in a cycle. The present study is an extension of the above work, where more realistic conditions
for dynamic balancing in the DSP of the biped robot have been considered. It has been posed as
a multi-objective optimization problem and solved using a genetic algorithm (GA) and particle
swarm optimization (PSO) algorithm, separately.
Most of the studies on biped robots, available in the literature, are related to their walking
on flat surface. However, a biped robot should be able to walk on rough terrains also, such as
staircases, and others. The problems related to locomotion of biped robots on rough terrains are
more complex (from the analysis and control points of view) compared to those on flat surface.
Rough terrain locomotion of biped robots has not yet received enough attention, till date. In some
of the above studies, gait planning tasks of biped robots had been formulated as single objective
optimization problems. However, there is a scope to study multi-objective optimization in gait
planning of biped robots particularly during its DSP, where at least two conflicting objectives
may be considered to obtain Pareto-optimal front of solutions.
In the present work, an attempt has been made to formulate gait planning problem of a 7dof biped robot in its DSP by considering two separate SSPs. During each SSP, the robot is
assumed to be a serial manipulator consisting of four links. The ZMP is determined for each
SSP. Then, both the SSPs are combined to form a DSP. The biped robot will have to generate
dynamically balanced gaits, while walking through the staircases after consuming minimum
power. This problem related to the DSP of the biped robot has been posed as a multi-objective
optimization one. Two conflicting objectives, such as minimization of power consumption and
maximization of dynamic balance margin have been considered in the present study. A GA
and PSO algorithm have been utilized to yield Pareto-optimal front of solutions separately. A
comparison on the performances of these two optimization algorithms has also been presented.
The remaining part of this paper has been organized as follows: Section 2 deals with mathematical formulation of the problem. Section 3 explains the proposed algorithms to solve the said
problems. Results are stated and discussed in section 4. Some concluding remarks are made in
section 5.

2. Mathematical formulation of the problem
The present study deals with an analysis of a 7-dof (that is, three at hip, two at knee and two
at ankles) biped robot ascending and descending some staircases. It consists of two ankles, two
lower legs, two upper legs and a trunk connected through seven rotary joints (Vundavilli et al
2007a, b).
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2.1 Staircase ascending
The biped walking cycle consists of two phases: SSP (that is, when one foot is in contact with
the ground and the other is in air) and DSP (that is, when both the feet are in contact with the
ground as shown in figure 1).
Here, L1 , ..., L7 are lengths of the links and m1 , ..., m7 are their lumped masses; r1 , ..., r7
represent the locations of the respective lumped masses. Moreover, x1 , x2 denote the locations of
feet placement on the ground. The joint angles (θ2 , ..., θ6 ) are assumed to be positive, if these are
measured in the anti-clockwise sense with respect to the vertical axis. Moreover, both the angles:
θ1 and θ7 are assumed to be equal to zero. Here, sw and sh indicate the width and height of the
staircase, respectively; and X1 and X2 denote the projected point of the trunk mass on the double
support region. It is important to mention that the motion of the robot has been considered in the
sagittal plane only. Figure 1 shows 2-D model of a biped robot having 7 dof only. The fourth
link is massless, and it indicates hip, where three joints are assumed to be coinciding.
In the present work, DSP of the biped robot has been modelled as two SSPs. The robot consisting of seven links is represented as two serial manipulators having four links each. The mass
of each link is assumed to be concentrated at a point lying on it. For simplicity, the movement
of the biped robot and its balance are considered in one direction only. During the DSP, both the
feet are on the ground carrying the total load of the robot. For continuity of walking, the information at the end of SSP is used at the beginning of DSP, in terms of joint angles: θ2 , θ3 , trunk
angle θ4 , position of the hip joint (l1 , h1 ) (refer to figure 1). It is to be noted that the trunk mass
m4 has been distributed into two parts, such as m41 and m42 (as shown in figure 2), according to
its position with respect to two supporting feet (refer to figure 1 and Eqs. (1) and (2)).
m41 =

m4 X2
,
X1 + X2

(1)

m42 =

m4 X 1
.
X 1 + X2

(2)

For simplicity, the hip trajectory (in Cartesian coordinate system) is assumed to follow a straight
line having a slope equal to that of the staircase to ensure repeatability conditions of the cycles. A
small hip movement (δl, δh) in X, Z directions are fed as inputs to the biped for the DSP motion
to find the system dynamic stability in X direction. From figure 1, h1 , l1 can be determined as
follows:
h1 = L2 cos θ2 + L3 cos θ3 ,

(3)

l1 = L2 sin θ2 + L3 sin θ3 .

(4)

By squaring and adding Eqs. (3) and (4), we get θ2 −θ3 = cos−1 ((h21 +l12−L22−L23 )/2L2 L3 ) = φ1 .
Now, h1 , l1 can be written in terms of φ1 , as given below.
h1 = (L2 + L3 cos φ1 ) cos θ2 + (L3 sin φ1 ) sin θ2

(5)

l1 = (L2 + L3 cos φ1 ) sin θ2 − (L3 sin φ1 ) cos θ2 .

(6)
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Figure 1. A schematic view of a biped robot (in its DSP) ascending the staircase. (assumption: Three
joints coincide at the hip).
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Figure 2. Calculation of system ZMP in double support phase in the sagittal view.

Now, by multiplying Eq. (5) by l3 sin φ1 and Eq. (6) by (L2 + L3 cos φ1 ), and then adding, we
get the joint angle θ2 in SSP of the robot, as follows:


−1 h1 L3 sin ϕ1 + l1 (L2 + L3 cos ϕ1 )
θ2 = sin
,
(7)
(L2 + L3 cos ϕ1 )2 + (L3 sin ϕ1 )2
Thus, θ3 can be calculated as θ3 = θ2 − φ1 . Similarly, the angles: θ5 and θ6 can be determined
using the information of hip movement height (h2 ) and distance of the supporting ankle from the
projection of hip joint (l2 ) is as follows:


h2 L5 sin ϕ2 + l2 (L6 + L5 cos ϕ2 )
,
(8)
θ6 = sin−1
(L6 + L5 cos ϕ2 )2 + (L5 sin ϕ2 )2
where L5 and L6 are the lengths of the links: ϕ2 = cos−1 ((h22 + l22 − L26 − L25 )/2L5 L6 ). The
angle: θ5 can be obtained using the expression: θ5 = θ6 − ϕ2 .
A cycle has been divided into three equal time intervals for the purpose of analysis. The friction between the foot and the ground is assumed to be sufficient enough to prevent the slipping.
Moreover, the generated gaits are to be dynamically balanced. For a dynamically balanced gait,
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the ZMP should lie inside the foot support polygon region. The robot is said to be dynamically balanced, when the ZMP lies inside the foot support polygon. The robot is checked for its
dynamic balance using the concept of ZMP. As mentioned earlier, the DSP of the robot has been
assumed to be consisting of two SSPs, for the ease of analysis. During the SSP of each ground
foot, the ZMP is determined separately, using Eq. (9). The problem of DSP has been solved by
combining these two SSPs, as shown in figure 2.

xZMPj =

4


(Ii ω̇i + mi xi (z̈i − g) − mi ẍi zi )

i=1
4


,

(9)

mi (z̈i − g)

i=1

where j = 1, 2; Ii denotes the moment of inertia of i th link (kg-m2 ); ω̇i is the angular acceleration of i th link in (rad/s2 ); mi denotes the mass of i th link (kg) (for i = 4, mi is to be replaced
by mij ); (xi , zi ) is the coordinate of i th lumped mass; g is the acceleration due to gravity (m/s2 ),
z̈i represents the acceleration of i th link in z-direction (m/s2 ); ẍi is the acceleration of i th link in
x-direction (m/s2 ).
Torque τ required at each joint of the robot for its locomotion has been determined using
Lagrange formulation (Fu et al 1987). Figure 3 shows the D-H parameters setting at various
joints of the robot. The relationship between the generalized parameters (qi ) and joint angles (θi )
are as follows:
q1 = θ1 ; q2 = (90 − θ2 ); q3 = (θ2 − θ3 ); q4 = (θ3 − θ4 );
q5 = (θ 4 − θ 5 ); q6 = (θ5 − θ6 ); q7 = (θ7 − (90 − θ 6 )).
The generalized angles are assumed to follow cubic polynomials in order to ensure their smooth
variations, as given below
qi (t) = ai0 + ai1 t + a i2 t 2 + a i3 t 3 ,
where i = 1, 2, ..., n joints, and ai0 , ai1 , ai2 , ai3 are the coefficients, whose values are to
be determined using some known conditions. The angular velocity and acceleration can be
determined by differentiating qi (t) with respect to time once and twice, respectively.
The amount of power consumed by i th joint can be calculated as the product of motor torque
τ (refer to the Appendix A) and angular velocity. If the amount of heat loss of the motor Nishii
et al (1998) is considered, the average power consumption over a cycle of time period T is
calculated as follows:
n 
1  T
Pi =
(|τi q̇i | + Kτi2 )dt,
(10)
T
0
i=1

where K is a constant, whose value has been assumed to be equal to 0.025 (Nishii et al 1998); n
indicates the number of joints.
The ground reaction forces are formulated based on the assumption that the contact tips of
the feet with the ground can be modelled as hard point contacts with friction, which indicates
that interaction between the tip of the leg and ground is limited to three components of force:
one normal and two tangential to the surface. The components of ground reaction forces for the

T

T
first and second supporting legs are denoted by f1 = fx1 , fy1 , fz1 and f2 = fx2 , fy2 , fz2 ,
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Figure 3. A schematic view showing D-H parameters setting.

respectively. The external
force vector F acting at the centre of trunk mass is assumed to have

the components as Fx , Fy , Fz . There are six equilibrium equations that balance the forces and
moments, as given below.
7

mi ẍi + FX + fX = 0
(11)
i=1

7


mi ÿi + Fy + fy = 0

(12)

mi (z̈i − g) + Fz + fz = 0

(13)

i=1

7

i=1
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−

7


mi ÿi zi +

−

mi (z̈i − g)yi +

mi (z̈i − g)xi +

−

7

i=1

7


mi ẍi zi +

mi ẍi yi +

7

i=1

Ii αi + Fz y4 − Fy z4 + fz YZMP − fy ZZMP = 0 (14)

mi ÿi xi +

7


Ii αi + Fx z4 − Fz x4 + fx ZZMP − fz XZMP = 0 (15)

i=1

i=1

i=1

7

i=1

i=1

i=1

7


7
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7


Ii αi + Fy x4 − Fx y4 + fy XZMP − fx YZMP = 0

(16)

i=1

The Eqs. (11–13) represent force equilibrium equations and Eqs. (14–16) denote moment equilibrium equations, which are written with respect to the ankle joint. It is to be mentioned that as
the motion of the robot is considered in the sagittal plane only, Eq. (12) will have no contribution in the analysis. The stability of the biped robot had been determined using a composition
method, where the robot was standing on flat surface Li et al (1991). It is important to mention
that ground reaction force acts through the ZMP. The ground reaction force vectors, namely f1 ,
f2 acting on the ZMPs of the left and right feet were combined to form a DSP and consequently,
the system’s ZMP (XZMP ,system ) (refer to Eq. (17)) is determined by considering the intersection point of the two forces. A different situation arises in the present study, where the biped
robot in DSP stands on two parallel (non-coincidental) surfaces, as shown in figure 1. Sardain
& Bessonnet (2004) propounded the existence of a virtual ZMP for the biped robot’s stability
in DSP on non-coincidental planes. They extended the concept of Li et al (1991) for the biped
robot’s DSP to two non-coincidental and coincidental surfaces. In the present study, the DSP
of the biped robot standing on two feet placed on two parallel planes has been assumed to be
consisting of two SSPs. At each SSP (refer to figure 2), the ZMP is determined using Eq. (9).
Using the ground reaction force acting under each foot, the ZMP of the whole robotic system
(that is, XZMP ,system ) is derived, as shown in figure 2. The expression for XZMP ,system has
been obtained by considering the intersection of the directions of two forces f1 and f2 (that is,
Z-heights of the directions of two force vectors are equal at the point of intersection) as given
below.
XZMP ,system =

fˆ2 − fˆ1 + tan(θl )XZMP1 − tan(θr )XZMP2
.
tan(θl ) − tan(θr )

(17)

Here, fˆ1 and fˆ2 represent the directions (that is, straight lines on X − Z plane) of the forces: f1
and f2 (which could be resolved into X and Z directions only). It is to be noted that in Eq. (17),
the dimensions of fˆ1 and fˆ2 are nothing but that of position. Moreover, the ground reaction
forces f1 and f2 make the angles θl = tan−1 (fˆz1 /fˆx1 ) and θr = tan−1 (fˆz2 /fˆx2 ), respectively,
with the X– direction. The external forces (Fy , Fz ) on the trunk mass are assumed to be equal to
zero. In a very special situation of DSP, when two ground reaction forces become parallel to one
another, say in case of static standing, there is no finite intersection point. Here, it is assumed
that the system ZMP coincides with the vertically projected point of the centre of mass (COM)
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of the whole body. Dynamic balance margin (DBM) of the robotic system in its DSP can be
determined as follows:
DBMsystem =

sw − x1 + x2 + fs
− XZMP ,system .
2

(18)

2.2 Staircase descending
Figure 4 displays the schematic view of a biped robot descending a staircase in double support
phase. It is to be noted that fourth link of figure 4 is massless, which, in fact, represents the hip.
Three joints are assumed to be coinciding at the hip. The swing foot of the biped robot at the
end of its SSP lands on the surface without impact and exerts a force on the ground, thus, enters
the DSP. The trunk mass (m4 ) is distributed on two supporting legs (left and right). The lengths
of projection of trunk mass m4 in the double support region are denoted by X1 and X2 (refer to
figure 1). For simplicity, the movement of the biped robot and its balance is considered in one
direction only. The hip trajectory has been assumed in the similar way, as it has been done for
the ascending case. It is important to note that a similar expression given in Eq. (9) can be used
for determination of ZMP, but g has to be replaced by −g in this expression. The generalized
angles are to be determined as given below.
q1 = θ1 ; q2 = (−90 + θ2 ); q3 = (θ3 − θ2 ); q4 = (θ4 − θ3 );
q5 = (θ 5 − θ 4 ); q6 = (θ6 − θ5 ); q7 = (θ7 − (90 + θ 6 )).
The aim of this study is to minimize power consumption, after keeping a maximum value of
dynamic balance margin. As these two objectives contradict one another, Pareto-optimal front of
solutions may exist. Thus, this problem may be treated as a multi-objective optimization problem. Both unconstrained and constrained optimization problems have been solved as discussed
below.
Case 1. Unconstrained gait planning for ascending and descending the staircase
This problem may be mathematically stated as follows:
Minimize power consumption
Pi =

n 
1  T
(|τi q̇i | + Kτi2 )dt,
T
0
i=1

and Minimize


sw − x1 + x2 + fs
− XZMP ,system
1/DBMsystem = 1/
2
subject to
rimin ≤ ri ≤ rimax ,

where

i = 1, 2, 3, 4.

max
mmin
4 ≤ m 4 ≤ m4
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Figure 4. A schematic view showing descending of a 7-dof biped robot.

The parameters: r1 , r2 , r3 and r4 denote the mass center positions of first, second, third and fourth
links, respectively, and m4 represents the trunk mass, T indicates cycle time and n represents
the number of joints. It is important to mention that the parameters like ri (i = 1, 2, 3, 4) and
m4 have been considered to be the design variables during optimization. Due to symmetry of the
biped robot, r5 , r6 and r7 have been kept equal to r3 , r2 and r1 , respectively (refer to figures 1
and 4).
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Case 2. Constrained gait planning for ascending and descending staircase
In order to avoid jerky motion of the robot, the change in joint torque at each step of a cycle
should be less than some pre-specified small value. It has been considered as a functional
constraint of this optimization problem. This problem may be stated as follows:
Minimize power consumption
n 
1  T
Pi =
(|τi q̇i | + Kτi2 )dt,
T
0
i=1

and Minimize
1/DBMsystem



sw − x1 + x2 + fs
− XZMP ,system
= 1/
2

subject to
τij ≤

τspecif ied ,

and
rimin ≤ ri ≤ rimax ,

where

i = 1, 2, 3, 4.

max
mmin
4 ≤ m4 ≤ m4 .

Here, τij represents the change in torque of i th joint at j th time interval. It is to be noted that a
violation of this functional constraint changes the torque requirement of the joint suddenly. Due
to this sudden change in torque requirement, the motor connected to this joint may be overloaded
and consequently, it may have jerky motion and fail. It is also to be noted that the parameters,
namely ri (i = 1, 2, 3, 4) and m4 are considered as the design variables during optimization.

3. Proposed algorithm
The DSP starts at the end of SSP in a walking cycle. The problems of gait planning in DSP
of a biped robot ascending and descending the staircase have been studied as multi-objective
optimization ones. For the purpose of analysis, the trunk mass (m4 ) is distributed into m41 and
m42 depending on its position in the DSP (refer to figures 1 and 4). The ZMP is calculated for
each of the ground feet, such as XZMP1 for left leg and XZMP2 for right leg, respectively, to form
a DSP of the biped robot for staircase gait planning. In the DSP of the robot, two conflicting
objectives, namely power consumption (P ) and DBMsystem have been determined.
The robot should be able to maintain more dynamic balance margin at the cost of less power
consumption. However, in order to have more balance margin, more power is to be consumed
to ensure sufficient amount of rotation of the joint links to reach the desired configuration of the
robot. Therefore, the above two objectives are conflicting one another. The problem of multiobjective optimization has been solved using a genetic algorithm named NSGA-II Deb et al
(2002) and a particle swarm optimization algorithm called MOPSO_CD (Raquel & Naval 2005;
www.particleswarm.info). Both the algorithms start with a population of initial solutions generated at random. It is to be noted that the terminal positions of the joints in SSP have been
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considered as the starting values of joint angles in DSP. The biped robot’s DSP motion on noncoincidental planes is achieved by a small hip movement of δl and δh in X and Z directions,
respectively (refer to figure 1).
3.1 Genetic algorithm
Genetic Algorithm (GA) (Holland 1975; Goldberg 1989) is a population-based probabilistic
search technique, which works based on the principle of natural genetics. The genetics itself
relies on the survival of the fittest. The evolution occurs through reproduction, crossover, and
mutation. The GA has been used for solving multi-objective optimization problem also. Nondominating Sorting Genetic Algorithm (NSGA-II) is one of such algorithms.
Initially, a random population of solutions is generated. Each solution is compared with the
others lying in the population in terms of its fitness to find, if it is dominated. In this regard, two
entities are calculated, namely (i) domination count np , that is, the number of solutions, which
dominate the solution p, and (ii) sp , a set of solutions that the solution p dominates. Now, using
the concept of np and sp , the whole population of solutions is divided into some fronts like first,
second, third, and so on.
In order to preserve good spread in the obtained set of solutions, a concept of crowding distance is utilized. A crowding comparison is used to test as density estimation metric, that is,
to get an estimation of the density of solutions surrounding a particular solution in the population. The average distance of two points on either side of this point along each of the objectives
is calculated. This distance is nothing but the perimeter of the cuboid formed using the nearest
neighbours as the vertices, which is known as crowding distance. The crowding distance values
are used for sorting the population according to each objective function value in ascending order
of magnitude. Therefore, for each objective function, the boundary solutions (solutions with
the smallest and largest function values) are assigned an infinite distance value. All other intermediate solutions are assigned distance values equal to the absolute normalized differences in
the function values of two adjacent solutions. This calculation is continued with other objective
functions. The overall crowding distance value is calculated as the sum of the individual distance
value corresponding to each objective. Each objective function is normalized before determining
the crowding distance. For all solutions in the non-dominated set, initialize the distance for each
solution to zero. For each objective function (fitness) value, sort all other non-dominated values in descending order. The crowded-comparison selection process at the various stages of the
algorithm guides towards uniformly spread-out Pareto-optimal front using non-domination rank
and crowding distance. For two solutions with different non-domination ranks, the one with the
lower rank will be selected. Otherwise, if both solutions belong to the same front (that is, rank)
the solution located in a less crowded region is selected.
This process is repeated until the number of generation reaches the pre-specified maximum
number of generations. NSGA-II algorithm (Deb et al 2002) is also capable of handling constrained optimization problems. A concept of fixed penalty function approach (Pratihar 2008)
has been used, if there is a violation of any constraint.
The following steps are used in NSGA-II algorithm:
1.
2.
3.
4.
5.

A random population of solutions is generated.
Solutions are sorted for non-domination and then ranked as rank 1, rank 2,..., etc.
Reproduction is implemented.
Crossover is used to bring changes in the solutions.
Mutation is implemented to bring a local change in the solutions.
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6. To maintain the diversity and spread in the ranks, the concept of crowding distance is utilized.
Every individual solution is ranked. If the solutions belong to different ranks, then the solution
with the lower (that is, the better) rank is preferred. If the comparing solutions belong to the
same rank, the solution located in the less crowded region is preferred.
The GA will try to determine the solution corresponding to the maximum dynamic balance
margin of the robot but at the expense of minimum power. The power consumption and dynamic
balance margin of the robot have been calculated to formulate it as a multi-objective optimization
problem, and accordingly, the fitness values of GA-solutions have been calculated.

3.2 Particle swarm optimization algorithm
Particle Swarm Optimization (PSO) is a technique, which works based on the concept of swarm
behaviour in searching food in the neighbourhood space efficiently and effectively. The particle
is defined with respect to its two parameters, namely position and velocity in search space. The
i th particle’s position and velocity vectors in d-dimensional search space can be represented as
Xi = (xi1 , ......., xid ) and Vi = (vi1 , ........., vid ), respectively. The value of Vi vector can be
varied in the range of [−vmax , vmax ] to reduce the tendency of particles to leave the search space.
The value of vmax is usually chosen to be equal to k × xmax , where 0.1 ≤ k ≤ 1.0 (Eberhert et al
1996). The trajectory of each individual in the search space is adjusted dynamically according
to its own flying experience and information provided by other particles in the search space. The
swarm’s global best solution is achieved simply by adjusting the trajectory of each individual
toward its own best location and the best particle of the entire swarm at each time step (also
known as generation) (Kennedy & Eberhart 1995; Clerc & Kennedy 2002). For a given fitness
function, each particle’s best solution (P best) at time t is given as Pi = (pi1 , ......., p id ) and the
swarm’s fittest particle (Gbest) during the same time t is denoted by Pg = (pg1 , ......, pgd ). The
new velocities and positions of the particles for the next fitness evaluation are calculated using
the following two equations:
vid (t + 1) = W vid (t) + c1 rand (·) (pid − xid (t)) + c2 Rand (·) (pgd − xid (t)),
xid (t + 1) = x id (t) + vid (t + 1) ,

(19)
(20)

where vid is the velocity of d th dimension of i th particle, W is a constant known as inertia
weight (Shi & Eberhart 1999), c1 and c2 denote the acceleration coefficients, and rand (·) and
Rand (·) are two separately generated uniformly distributed random numbers lying in the range
of {0, 1} . The first part of Eq. (19) represents the previous velocity that provides the necessary
momentum to the particles to move across the search space. The second part of the Eq. (19)
represents cognitive component responsible for personal thinking of each particle. It helps the
particles to move toward their respective best solutions. The third part of Eq. (19) indicates social
component, which controls collaborative effect of the particles in order to find the globally best
solution. The PSO is able to gain much attention nowadays due to its simple architecture, ease
of implementation and ability to quickly reach the global optimal solution.
Multi-objective PSO (that is, MOPSO-CD) (Raquel and Naval 2005; www.particleswarm.
info) incorporates the mechanism of crowding distance of NSGA-II (Deb et al 2002) into the
PSO. The concept of crowding distance together with mutation operator maintains the diversity of non-dominated solutions. The MOPSO-CD can also handle constrained optimization
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problems. The working principle of MOPSO-CD can be stated in steps as follows (Das & Dehuri
2011):
(i) A population of particles is generated at random, whose velocities are set equal to zero.
(ii) Each particle’s best fitness (P best), swarm’s best fitness (Gbest) are computed and stored
in archive. The crowding distance values are calculated and sorted in descending order. A
solution is randomly selected as Gbest from the top (10%) of the values. Gbest acts as the
global best guide for the non-dominated solutions.
(iii) Velocities and positions of the population of particles are updated.
(iv) Non-dominated solutions obtained from the updates are inserted into the archive. All dominated solutions are deleted from the archive. The crowding distance values are computed
and sorted in descending order. Select randomly the most crowded values (bottom 10%) as
the particle’s P best. Update the particle’s P best.
(v) Repeat iterations.
As discussed above, the values of two objectives, namely power consumption and dynamic
balance margin are dependent on ten variables, which have been coded in the PSO-solutions.
The fitness values of PSO-solutions are determined corresponding to the said two objectives, as
these are calculated for the GA-solutions. A penalty function approach has been adopted in order
to penalize a solution, if there is a violation of functional constraint.
4. Results and discussion
The biped robot consists of links with the masses (in kg): m1 = m7 = 0.5; m2 = m6 = 2.0;
m3 = m5 = 5.0 and m4 is varied in the range from 10.0 to 50.0 kg. The links are assumed to
have the lengths (in m) as follows: l1 = l7 = 0.06, l2 = l6 = 0.34, l3 = l5 = 0.30, l4 = 0.6. A
cycle time of three seconds has been divided into three equal time intervals. During optimization,
the ranges of design variables: r1 , r2 , r3 , r4 and m4 are kept equal to (0.01, 0.02,), (0.1, 0.32),
(0.1, 0.28), (0.1, 0.54) and (10.0, 50.0), respectively. In simulations, the other parameters, such
as θ2 , θ3 , θ4 , δl and δh are varied in the ranges of (33.25, 36.75), (−84.00, −76.00), (11.74,
12.98), (0.0027, 0.003) and (0.0027, 0.0033), respectively. Computer simulations are conducted
on a P–IV PC.
4.1 Results of unconstrained optimization
Results of unconstrained multi-objective optimization problems related to ascending and
descending the staircases, as obtained by the GA and PSO algorithm separately, have been stated
and discussed below.
4.1a Ascending the staircase: As the performances of both the GA and PSO algorithm are
dependent on their respective parameters’ values, a thorough parametric study has been carried
out for each of them, separately. In this study, only one parameter has been varied at a time, keeping the others fixed. The following GA-parameters are found to give the best results: crossover
probability pc = 0.82; mutation probability pm = 0.0055; maximum number of generations =
100 and population size = 100. Similarly, the following PSO parameters have obtained the best
results: number of runs = 100; swarm size = 100. The GA has obtained the optimized values
of the design variables as follows: r1 = 0.015 m, r2 = 0.22 m, r3 = 0.18 m, r4 = 0.45 m,
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m4 = 35 kg. On the other hand, the optimal values of the design variables are found to be as
r1 = 0.016 m, r2 = 0.24 m, r3 = 0.18 m, r4 = 0.35 m, m4 = 38 kg by the PSO algorithm.
Figure 5 displays the variations of XZMP ,system in a cycle as obtained by the GA- and PSO-based
optimization separately. It shows that the robot is able to maintain its dynamic balance in the
cycle using the optimal parameters yielded by the GA and PSO algorithm, separately. Moreover,
the PSO algorithm is able to provide more dynamically balanced gaits of the robot compared
to the GA. Figure 6 shows the Pareto-optimal fronts of solutions obtained by the GA and PSO
algorithm for the staircase ascending problem. It is interesting to observe that the GA has been
defeated by PSO algorithm in terms of the quality of Pareto-optimal front of solutions obtained
by them. It may have happened due to the reason that the PSO algorithm can carry out both the
global and local searches simultaneously; whereas the GA is weak in its local search capability,
although it is a potential tool for global optimization. Moreover, the particles (solutions) in PSO
algorithm use their memory and intelligence, while moving from one population to the next,
which is missing in the GA-search. It is to be noted that any point lying on the Pareto-optimal
front is an optimal solution yielded by considering a particular set of weights on two objective
functions. Thus, the designer will have a choice to select the appropriate optimal solution out of
all the points lying on the Pareto-optimal front.
4.1b Descending the staircase: The optimized GA- and PSO-parameters have been obtained
separately for the problems of staircase descending also. The best results are yielded with the
following GA-parameters: crossover probability pc = 0.88, mutation probability pm = 0.0060,
maximum number of generations = 100 and population size = 100. The GA has yielded the
optimal values of the design variables as r1 = 0.011 m, r2 = 0.21 m, r3 = 0.25 m, r4 = 0.37 m,

Figure 5. Variations of XZMP ,system , as obtained by the GA and PSO algorithm separately for unconstrained optimization in staircase ascending problems.
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Figure 6. Pareto-optimal fronts of solutions obtained by the GA and PSO algorithm separately for
unconstrained optimization in staircase ascending problems.

m4 = 39 kg. Moreover, the best results have been obtained for the following PSO-parameters:
number of runs = 100, swarm size =100. The optimized values of the design variables are seen
to be as follows: r1 = 0.015 m, r2 = 0.26 m, r3 = 0.18 m, r4 = 0.38 m, m4 = 46 kg.
Figure 7 shows the variations of XZMP ,system . The Pareto-optimal fronts of solutions obtained
by the GA and PSO algorithm separately, for this problem, are shown in figure 8. Once again,
the PSO algorithm has outperformed the GA in terms of the quality of Pareto-optimal front of
solutions. It may be so, due to the reasons mentioned above. The minimum power consumption
of the robot, is found to be equal to 7.02128W (figure 8).
4.1c Discussion: The left top-most point of the Pareto-optimal front of solutions obtained by
the GA and PSO separately, as shown in figures 6 and 8 correspond to the minimum power
consumption and DBM, whereas the maximum values of power consumption and DBM are
indicated by the right-most point of the said figures. Moreover, the trunk mass is found to reach
its minimum and maximum values at the left- and right-most points of the Pareto-optimal front
of solutions, respectively. Thus, both power consumption as well as DBM is seen to increase
with the trunk mass. It is in line with the experiences of human-beings ascending and descending
the staircases.
Figures 6 and 8 indicate that for a particular value of power consumption, DBM is more in
descending gaits compared to that of ascending gaits. Moreover, ascending gaits have been found
to consume more power in comparison with the descending gaits for a particular value of DBM.
These observations match with the general experiences of human-beings.
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Figure 7. Variations of XZMP ,system in a cycle (seconds) as obtained by the GA and PSO algorithm for
unconstrained optimization in staircase descending problems.

Figure 8. Pareto-optimal fronts of solutions obtained by the GA and PSO for unconstrained optimization
in staircase descending problems.
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The performances of the GA and PSO algorithm have been compared through figures 6 and 8
in terms of the quality of Pareto-optimal fronts of solutions obtained by them. The PSO algorithm
has shown better performance compared to the GA for the problems of both ascending and
descending gait generations. It has happened so, due to the reasons discussed above. Moreover,
the PSO is a greedier algorithm compared to the GA.
4.2 Results of constrained optimization
Constrained optimization problems related to ascending and descending the staircases have also
been tackled using the GA and PSO algorithm, separately. A penalty function approach has been
adopted to penalize a solution, if there is a violation of functional constraint. The results are
stated, discussed and compared below.
4.2a Ascending the staircase: The following GA-parameters have yielded the best results:
pc = 0.78, pm = 0.0050, maximum number of generations = 100 and population size = 100.
The GA has yielded the optimized values of the design variables as r1 = 0.011 m, r2 = 0.21 m,
r3 = 0.22 m, r4 = 0.44 m, m4 = 40 kg. Similarly, the following PSO-parameters obtained
through a careful study are seen to give the best results: number of runs = 100, swarm size = 100.
The optimal values of the design variables are found to be as follows: r1 = 0.015 m, r2 = 0.31 m,
r3 = 0.23 m, r4 = 0.34 m, m4 = 44 kg. The variations of XZMP ,system in a cycle are shown in
figure 9. The Pareto-optimal fronts of solutions as obtained by the GA and PSO algorithm separately for this problem, (figure 10). The PSO algorithm has outperformed the GA again, and the
reasons behind this fact have been explained above. Any point present on this front is an optimal

Figure 9. Variations of XZMP ,system in a cycle as obtained by the GA and PSO algorithm for constrained
optimization in staircase ascending problems.
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Figure 10. Pareto-optimal fronts of solutions obtained by the GA and PSO algorithm for constrained
optimization in staircase ascending problems.

solution obtained after assigning a particular set of weights on two objective functions. Thus, the
designer will have a choice to select an appropriate optimal solution out of all the points lying
on the Pareto-optimal front.
Figure 11 shows the movements of different links and joints of the biped robot during its
double support phase, while ascending the staircases. The duration for double support phase has
been assumed to be equal to 3.0 seconds, and this figure shows the positions of different links of
the biped robot at the end of first, second and third seconds.

4.2b Descending the staircase: The optimal set of GA-parameters has been obtained through a
parametric study as follows: crossover probability pc = 0.86, pm = 0.005, maximum number of
generations = 100 and population size = 100. The GA has determined the optimal values of the
design variables as follows: r1 = 0.018 m, r2 = 0.28 m, r3 = 0.22 m, r4 = 0.34 m, m4 = 41 kg.
The optimal PSO-parameters are found to be like the following: number of runs=100, swarm
size = 100. The PSO algorithm has obtained the optimized values of the variables as r1 = 0.012 m,
r2 = 0.22 m, r3 = 0.25 m, r4 = 0.36 m, m4 = 47 kg. Figures 12 and 13 display the variations
of XZMP ,system in a cycle and Pareto-optimal fronts of solutions, as yielded by the GA and
PSO algorithms, respectively. It is to be noted that the PSO algorithm has achieved an optimal
solution corresponding to a minimum power consumption of 4.80243 W. Once again, the GA
has been defeated by the PSO algorithm in terms of the quality of obtained Pareto-optimal fronts
of solutions.
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Figure 11. A schematic view showing the movements of different links and joints during its double
support phase, while ascending the staircases.

Figure 14 shows the positions of different links at the end of first, second and third seconds
during its double support phase, while descending the staircases.

4.3 Discussion
A comparison between Figures 10 and 13 indicates that the DBM in descending gait becomes
more than that in ascending gait generation for a particular value of power consumption. Moreover, ascending gait requires more power than descending gait does for a particular value of
DBM. Once again, the PSO is found to outperform the GA in terms of the quality of obtained
Pareto-optimal fronts of solutions. It has happened so, for the reasons given above.
This paper concentrates on the analysis of DSP of walking of a biped robot negotiating staircases. The DSP has been assumed to be consisting of two SSPs for the purpose of analysis. It
has been formulated as a multi-objective optimization problem in order to maximize dynamic
balance margin of the biped robot after consuming the minimum power, and it has been solved
using a GA and PSO algorithm, separately. To the best of the authors’ knowledge, it is a novel
approach for tackling DSP of biped walking as a multi-objective optimization problem, in which
Pareto-optimal fronts of solutions have been obtained.
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Figure 12. Variations of (a) XZMP ,system in a cycle as obtained by the GA and PSO algorithm for
constrained optimization in staircase descending problems.

Figure 13. Pareto-optimal fronts of solutions obtained by the GA and PSO algorithm for constrained
optimization in staircase descending problems.
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Figure 14. A schematic view showing the movements of different links and joints during its double
support phase, while descending the staircases.

5. Concluding remarks
This study deals with gait planning problems of a 7-dof biped robot in its double support phase
while ascending and descending some staircases after consuming minimum power and maintaining a high dynamic stability margin. As these two objectives contradict each another, it is an
ideal problem for multi-objective optimization. Both the constrained as well as unconstrained
optimization problems have been solved using the GA and PSO algorithm separately, and Paretooptimal fronts of solutions have been obtained. The findings of this study in terms of power
consumption and dynamic stability margin are in tune with the general experience of humanbeings ascending and descending some staircases. The PSO algorithm is found to perform better
than the GA. The former carries out both the global and local searches simultaneously, whereas
the latter is a potential tool for the global search only. The obtained Pareto-optimal fronts of
solutions may help the designer to select some appropriate optimal solutions depending on the
requirements. Thus, it helps the designer to arrive at a suitable design of the biped robot. In the
present study, a simplified model of biped robot having 7-dof has been considered, whose movement has been restricted in the direction of its travel, that is, X direction. However, its movement
in Y direction has been neglected for simplicity. A real humanoid robot has its movements in
both X and Y directions, besides its motion along Z direction. Therefore, the present model is a
simplified version of a real humanoid robot. However, the present analysis may help to carry out
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the similar analysis for a realistic humanoid robot. It has been kept in the scope of future work.
Therefore, the proposed method is yet to be validated using a real robot, which will be tried in
future. For simplicity, the hip is assumed to follow a straight path (in Cartesian coordinate system) with the slope kept equal to that of the staircase in order to maintain repeatability of the
cycle. However, some other trajectories may also be tried for the hip joint and their impacts on
power consumption and DBM will be studied in future. In the present study, only one functional
constraint, that is, change in joint torques to be within a pre-specified range, has been considered.
However, there may be some other functional constraints like acceleration limit and power rating of the motor, and others, which will be studied in future. In the present study, the joint angles
are assumed to be cubic polynomials for simplicity. However, fifth-order polynomials might be
applied to ensure jerk-free motion of the joints, which has been kept in the scope for future study.
The aim of this study is to obtain optimized mechanical structure of the biped robot. However,
the problem of biped robot’s motion has not been optimized here. It will be tried in future after
the real biped robot is manufactured.
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Appendix A
Expressions for Joint Torques
The equations of n joint torques can be written as follows (Fu et al 1987):
τi =

n


Dik q̈k +

k=1

Dik =

n 
n


hikm q̇k q̇m + Ci , i = 1, 2..., n,

(A1)

k=1 m=1

n


T r(Uj k Jj UjTi ),

i, k = 1, 2, ..., n,

(A2)

j =max(i,k)

hikm =

n


T r(Uj km Jj UjTi ), i, k, m = 1, 2..., n,

(A3)

j =max(i,k,m)

Ci =

n


j

(−mj gUj i r j ), i = 1, 2..., n,

(A4)

j =1

where Dik denotes inertia terms, hikm represents the Coriolis and centrifugal terms, and Ci
indicates information of the gravity terms.
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