Classroom

In this section of Resonance, we invite readers to pose questions likely to be raised in a
classroom situation. We may suggest strategies for dealing with them, or invite responses,
or both. “Classroom” is equally a forum for raising broader issues and sharing personal
experiences and viewpoints on matters related to teaching and learning science.
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It is surprising that despite so much literature on the fourcolor theorem, no one ever computed the number of ways to
color an actual map, such as that of Canada, with four colors.
For the curiosity of the novice, in this project, we did it for a
far more challenging map of the USA.
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In 1852, cartographer Francis Guthrie claimed that one needs no
more than four colors to prepare any given geographic map. For
some countries like Canada, only three colors suffice whereas for
most, for example, France and the USA, less than four are not
enough. Guthrie’s claim remained unproven until 1976, when
Appel and Haken gave a proof in which computers were used to
check a myriad of cases the proof was reduced to. Subsequently,
several somewhat simpler proofs have appeared, but they still rely
on verification by computers. Thus a computer-free and conceptually slick proof that can be presented to the mainstream mathematician is still in order.
On a related question, “In how many ways, which could be zero,
can a given country such as Canada, France or the US, be colored with a given number of colors?". A google search produced
only one entry. It claimed, without any justification or reference,
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Figure 1. Map of the lower
48 states of the USA.

A google search
claimed, without any
justification or reference,
that the number of ways
to color the map of the
US with four colors is
19,468,490,047,488. We
shall try to convince the
reader with minimal
knowledge of
mathematics that this
randomly chosen
number is wrong.
Moreover, we give
arguments to show that
the correct number is
12,811,591,729,152.

that the number of ways to color the map of the US with four
colors is 19,468,490,047,488. We shall try to convince the reader
with minimal knowledge of mathematics that this randomly chosen number is wrong. Moreover, we give arguments to show that
the correct number is 12,811,591,729,152.
To begin with, let us look at the following map of the lower 48
states )) (Figure 1) of the USA. How we color Alaska and Hawaii
is irrelevant.
Note that no two neighboring states are colored with the same
color. The computation of the above number belongs to a branch
of mathematics called graph theory. To translate the above problem into a problem in graph theory, the states are represented
by dots, called the vertices of the graph. If a given pair of two
states are neighbors, the corresponding dots are connected by a
line called an edge. In particular, we convert the map of the lower
48 states of the USA to the graph in Figure 2.
Now, look at that part of the USA, for our purpose, we call the
Southwest, with Nevada at its center (Figure 3). The corresponding subgraph is illustrated in Figure 4, called the wheel W6 with
six vertices. (It should be obvious what we shall mean by the
wheel Wn on n vertices for which n must be at least four.)
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Figure 2. The graph of G A .

Figure 3.

Color map of

Southwest.
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Figure 4.

Graph W6 of

Southwest.

Figure 5. A coloring of W6
with 4 colors.

1 The chromatic number of a
graph is the least number of
colors to color it properly—
meaning no two adjacent vertices are given the same color.

To start coloring the map of the USA, we give say red color to
the state of NV at the center. Since the states at the rim of the
wheel are adjacent to NV, none of them could have the color red.
So that no two neighboring states on the rim get the same color,
Figure 5 is a demonstration that the chromatic number1 of W6 is
4. Therefore, the chromatic number of the map of USA is also
at least four. Combined with the Guthrie conjecture, it is exactly
four.
As we always do in mathematics, we will break this coloring
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problem into simpler parts, solve them, and finally put the information together using the so called Overlap Theorem. We begin
with some simple graphs, called paths Pn and cycles Cn on n vertices (See Figure 6). It is irrelevant how we label the vertices.

Figure 6. Paths and Cycles.

It is well-known, (https://arxiv.org/abs/1908.05694), that
the number p(G, t) of ways to color a map, or equivalently its
graph G with a given number t of colors is given by a formula
which is a polynomial p(G, t) = tn − an−1 tn−1 + ... + a1 t with integer coefficients, alternately non-negative and non-positive. The
degree n is the number of vertices of G and an−1 = the number of
its edges. Let us compute p(G, t) if G = P4 , the path on 4 vertices.
The first vertex 1 can be given any of the given t colors, whereas
there are only t − 1 choices for each of the subsequent vertices.
Hence p(P4 , t) = t(t − 1)(t − 1)(t − 1) = t4 − 3t3 + 3t2 − t.
The following formulas are well-known.
(See https://arxiv.org/abs/1908.05694):
1. p(Pn , t) = t(t − 1)n − 1,
2. p(Cn , t) = (t − 1)n + (−1)n(t − 1), and
3. p(Wn , t) = t(t − 2)[(t − 2)n−2 + (−1)n−1 ].

For the interested reader, we sketch the proof of formula 3 above,
for n = 6. In Figure 4, let e be the edge between say AZ and CA.
Its removal creates the graph W6 − e = W6′ as in Figure 7.
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Figure 7. W6 − e.

Figure 8. W6 /e.

Further if we coalesce CA and AZ and remove the extra edge that
ensures, we get W6 /e = W5 (cf. Figure 8).
The number of ways to color W6′ is more than to color W6 , because
AZ and CA must now be given the same color. But to color W6 /e
is the same as coloring W5 . Thus
p(W6 , t) = p(W6′ , t) − p(W5 , t).

(1)

A special case of the overlap theorem states that if the subgraphs
G1 and G2 of a graph G are (or overlap in) exactly one edge,
,t)p(G 2 ,t)
. Note that W6′ is a successive overlap
then p(G, t) = p(G1t(t−1)
4

p(C3 ,t)
of four 3-cycles. Hence p(W6′ , t) = (t(t−1))
3 . By repeating this
process (removing an edge and coalescing), we can use equation
(1) to prove formula 3 above, not only for n = 6 but for higher
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Figure 9. Map of France.

values of n as well. In particular, the number of ways to color the
map of the Southwest with four colors is

4[25 − 2] = 120.

France
There are computer programs that spit out the polynomial p(G, t)
if the number of vertices of G is small. For example, for the graph
of G F of the map of France,
p(G F , t) = t12 − 23t11 + 241t10 − 1519t9 + 6400t8 − 18927t7 + 40082t6 −
60751t5 + 64520t4 − 45656t3 + 19328t2 − 3696t,
which evaluated at t = 4 gives the number of ways to color it
with four colors as 5184. Since the memory required for these
programs grows exponentially with the number of vertices, it was
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Figure 10. G A as an overlap of its various subgraphs.

beyond even Mathematica, the best of these programs, to compute p(G A , t) with G A , the map of the lower 48 states of America.
However, by breaking G A into smaller pieces (see Figure 10) and
putting the pieces together we computed

p(G A , 4) = 12, 811, 591, 729, 152,
the number of ways to color the map of America with four colors.
For details, go to the link https://arxiv.org/abs/1908.05694.
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