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Natural Hexagons∗
Honeybee’s Pursuit of Perfection and Revered Mystery
Kishore Dutta

The absolute perfection with which honeybees construct their
hexagonal comb cells has astonished human beings since ancient times. The deep mystery is not why hexagons, but how
such a perfect geometrical shape is fabricated, without any
geometrical portrait or tools. Do they possess divine intelligence? Recent studies shed light on this revered mystery and
show beyond doubt that it is the thermo-mechanical properties of beeswax and the knitting mechanism of bees that
remould fresh circular cells into rounded hexagonal shape.
How does this remoulding happen? In this article, we describe the inner mechanism involved in such spontaneous transformation of shapes, and explore the hidden mystery behind
honeybee’s architecture.
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Introduction

name a few.

Simplicity is the ultimate sophistication.
Leonardo da Vinci (1452–1519)
Fascination with patterns is as old as civilization. One of the spectacular architectures that have fascinated natural philosophers for
centuries is the nest of honeybees and the hexagonal structure
of honeycomb [1–6]. How do honeybees build the cells of their
honeycombs in an array of hexagons (Figure 1) with astounding
precision? What sophisticated instinct do honeybees possess that
allow them to construct perfect hexagons without the assistance
of geometrical tools such as protectors or compasses? Although
there are several explanations in the literature, the construction
∗
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Figure 1. Honeybee’s relentless pursuit of perfection
in comb building.

of hexagonal comb cells to the highest point of perfection has
long been shrouded in mystery. In this article, we shall provide a
glimpse of the scientific endeavour focused on understanding the
intelligent design and artistry of such a small creature in the light
of their pursuit of perfection.

How Wax is Manipulated
In a beehive, thousands of female (the worker) bees live together
and do all the work—from building their house and collecting
nectar for making honey, to rearing their brood. The male bees
(the drones) do nothing except mate with the queen at the appropriate time and most often, the males are driven away from
the hive by the females once their use as a source of sperm is
expended. In contrast to most insects and birds, bees construct
their nests from their own secretions. Although other species of
eusocial bees (such as bumblebees and stingless bees) mix their
wax with other foreign substances (such as plant resins and pupal
silk) during nest construction, honeybees are quite unique among
them in using their pure glandular wax for nest building [7] normal worker bee possesses eight pairs of wax glands under their
abdomen that produce small flat wax scales up to 3 mm long and
0.5 mm deep. When such a worker bee creates comb, she scrapes
a wax scale from her abdomen using the spines on her pollen bas-
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Figure 2. Close packing a
plane space with (a) squares
(b) equilateral triangles and
(c) regular hexagons.

ket and passes them to her front legs. Holding the scale in place,
she then mixes it with saliva by chewing with her mandibles [8].
This adjusts the malleability of the wax, making it more suitable
as a building material. This processed wax is then used very carefully to build a cell, an endless repetition of which by thousands
of bees working simultaneously and in succession create the honeycomb in a large array of hexagonal cells. As the production of
wax takes time and energy, it makes sense for bees to use this extremely precious resource as little as possible when building their
combs.
If we look at honeycomb architecture from this economic point
of view, the basic instinct for building them from hexagonal cell
seems to be an optimization solution [3–5], i.e., to create maximum cell space using a minimal amount of beeswax. If the challenge is to enclose a single unit area with minimum perimeter,
then the optimal shape is not a hexagon but a circle. Once we
shift to consider multiple cells, it becomes clear that using circles
is disadvantageous because they cannot be fitted together without
leaving gaps between the cells. There are only three geometric
choices to fill up a two-dimensional plane space with equal-sided
and equal-angled cells without leaving gaps.
These regular polygons are equilateral triangles, squares, or hexagons
which can be packed together as shown in Figure 2. If this is so,
why then honeybees prefer hexagonal cells instead of triangular
or square cells? We know from elementary geometry
√ 2that the
area (S ) of a regular hexagon having side length a is 3 23a while,
the area of an equilateral triangle and a square having the same
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√

2

2
side length (a) are 3a
4 and a , respectively. The corresponding
perimeters (P) are 6a for the hexagon, 3a for the triangle, and 4a
for the square. Thus, the perimeter-to-area ratios are SP = √4 ,
√12 , 4
3a a

3a

for the regular hexagon, triangle and square, respectively.
This clearly indicates that the total length of the cell walls for
hexagonal cells filling a given area is less than that of square or
triangular cells enclosing the same area. Essentially, it takes less
materials to make hexagonal walls, saving energy and time [9].
Does it solve the mystery? Doesn’t it seem highly enigmatic?
Quite straightforwardly, it itself entails upon the bees a divine intelligence as to how they know this mathematics of optimization.

The Underlying Mystery
The problem that has
vexed natural
philosophers for nearly
four hundred years is the
inherent skill of the
honeybees in shaping
their cells into perfect
hexagons.

The problem that has vexed natural philosophers for nearly four
hundred years is the inherent skill of the honeybees in shaping
their cells into perfect hexagons. Have bees acquired some sophisticated geometrical tools over their evolutionary history? It is
only recently that some researchers have been able to decipher
a vital clue regarding this long-standing revered mystery [10–
12]. These studies reveal that the hexagonal cells appear spontaneously from the fresh circular cells solely due to the thermomechanical properties of the construction material. It is the mechanical manipulation of their self-synthesised wax, that helps in
reshaping the fresh circular comb cells into a hexagonal shape.
Below we shall describe how scientists and engineers elucidate
and shed light on the microscopic sophistication of honeybee’s
engineering.
The advent of sophisticated sensors and instruments in the fields
of science and engineering has offered endless possibilities for
precise measurements and direct visual observations of those processes that are nearly impossible to view with naked human eyes.
Modern thermal analysis methods, differential scanning calorimetry (DSC) thermograms, infrared and thermographic video observations, the invention of high-resolution optical microscope and
environmental scanning electron microscope (ESEM), etc., aids
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Figure 3. Pursuit of perfection: Initial stage in the
construction of a comb with
isodiametric circular cells
(left), leaving six triangular
gap around each cell (right).

in understanding the microscopic mechanism related to bee’s engineering [13, 14].
With such reliable instruments and methods, various experimental studies have been performed on the building behaviour of honeybees [10, 11, 15] and it has been visualised that wax combs are
not hexagonal when they are built but rather circular, as speculated a few decades ago by Hepburn [1]. This observations immediately indicate that hexagonal geometry in honeycomb cells
can arise only if isodiametric cells are arranged in a way that each
one is surrounded by six other similar cells, as shown in Figure
3. If this is so, then a question naturally arises as to how bees
transform the isodiametric circular cells into hexagonal shapes.
In order to understand this, we have to explore both the thermomechanical properties of beeswax and the structure of fresh circular cells. Below we shall discuss the thermo-mechanical properties of the building material together with the knitting mechanism
of bees that remould the fresh circular cells into rounded hexagonal shape.

Hexagonal geometry in
honeycomb cells can
arise only if isodiametric
cells are arranged in a
way that each one is
surrounded by six other
similar cells.

Transformation: Thermo-mechanical Properties of Beeswax
The beeswax is a strong yet resilient viscoelastic material primarily comprising alkanes, fatty acids, and long-chain esters [16, 17].
Although very similar in appearance and composition, the waxes
of different honeybee species differ in their inherent mechanical
and thermal properties [1–3, 7, 13, 14]. Being a multi-component
material, beeswax melt over a temperature range rather than a
specific temperature. In Table 1, the measured values of various
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Parameters
Melting temperature range (δT m )
Thermal conductivity (κ)
Coefficient of thermal expansion (β)
Heat capacity (c p )
Latent heat (L)
Density (ρ)
Poison ratio (ν)
Young modulus (Y)
Yield stress (τY )
Thickness of fresh circular cell wall (t)
Radius of fresh circular cells (R)

Values
39◦ − 64◦ C
0.4 W m−1 K−1
344 × 10−6 K−1
2025 J kg−1
242.81 kJ
970 kg m−3
0.313
39 × 106 Pa
≈ 2 × 106 MPa
88 ± 10 µm
3 mm

Method of measurement
DSC
DSC
–
DSC
DSC
DSC
Micro indention
Compression test
Compression test
ESEM
Visual record

Refs.
[18, 13]
[19]
[20]
[7]
[19]
[19]
[14]
[21]
[22, 18]
[14]
[15, 10]

Table 1.

Measured values of various parameters
related to the thermomechanical properties of
beeswax and structure of
fresh circular cells. Abbrev:
DSC (Differential scanning
calorimetry), ESEM (Environmental scanning electron
microscope).

parameters, obtained via different measurements are listed.
Experimental observations and thermogram records of comb building showed that the builders actively heat up the wax by increasing their thorax temperature within the range 32.3 to 39.6◦ C [15,
23, 24]. However, the generated wax temperature never exceeds
37.8◦ C. This strongly indicates that there is an increase in temperature during cell building and the onset of wax melting (≈ 39◦ C)
closely coincides with the upper limit of ambient nest temperatures. However, it never reaches the melting range as noted in Table 1. Further, although an average radius of the fresh isodiametric cells made by Italian honeybees (Apis mellifera) is R ≈ 3 mm
[15, 10], the sizes of cells can differ among honeybee races. The
bees use their mandibles to shape the cells, their legs to transmit
the required force, and their antennae to identify the cells. Once
the isodiametric cells are formed, the workers knead and heat the
wax flakes near the triple junctions and make a bridge between
the neighbouring circular cells, as shown schematically in Figure
4.
How does bridging the gaps transform the isodiametric cells into
a hexagonal structure? Is it necessary to reach the melting point
T m inside a comb cell to form a rounded hexagonal cell? Recently, a numerical simulation was performed by Karihaloo et
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Triangular
Junction

(a)

(b)

al., [10] showing that fresh circular cells transform into rounded
hexagonal cells if the molten wax flows visco-elastically near the
triple junctions at about 45◦ C. If bees are unable to heat their
wax even to the onset of melting, then how is such transformation possible? Well, the rapid advances in computer hardware
and graphics bring opportunities to perform affordable in silico
experiments that are designed to replace the need for expensive
laboratory technology and work. How can we make use of such
an unprecedented opportunity in order to understand the mechanism of bee’s engineering?
The simplest possible way to achieve this has been described in
[12] where, with the help of computer experiment, it is revealed
that without heating the beeswax to the entire melting range, bees
can progressively stretch the adjoining walls, increase the contact
area between them, straighten them up, and transform the isodiametric cells into a rounded hexagonal shape. Technically speaking, it is the thermal expansion due to temperature gradient that
is maintained by bees in the vicinity of a triple junction for which
stress is generated, and circular walls gradually become elongated
and hexagonal. Below we present the computational method that
has been used in [12], with a hope that it will ignite intellectual
passion in an enthusiastic mind to design more sensible computer
experiments in near future to enlighten the deep physical insights
of honeybee’s artistry.
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Figure 4.

Bridging the
gaps at the triangular junction with hot beeswax.

How does bridging the
gaps transform the
isodiametric cells into a
hexagonal structure?

It is the thermal
expansion due to
temperature gradient that
is maintained by bees in
the vicinity of a triple
junction for which stress
is generated and circular
walls gradually become
elongated and
hexagonal.
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Figure 5. A very fine computational mesh for a triple
junction containing ≈ 5×104
mesh elements.

Revealing the Transformation Through Computation
The method that we shall describe here comprises the creation
of computational geometry and the implication of the finite element method (FEM). As shown in Figure 5, a three-dimensional
computational geometry for a triple junction from three adjacent
isodiametric circular cell walls of radius 3 mm and thickness 90
µm (see Table 1) can be easily created with the help of freely
available software packages such as FreeFem++, FreeCad, etc.
In order to mimic the bee’s knitting mechanism, three small surfaces are added at each junction of adjacent circular cell walls.
After constructing the fresh isodiametric circular cell walls, bees
start depositing wax at these corners, heating them, and gradually
sealing the contact area of the rims. Let’s see how this happens
mechanically. After constructing the mesh, it needs to filled with
beeswax. Then computation is performed using FEM solver. All
these can be done with a graphical user interface called ElemerGUI [25]. In ElmerGUI, there is a material section that can be
used to prepare beeswax as a material just by inserting the values
of the parameters (as listed in Table 1), representing its thermomechanical properties. After filling up the computational mesh
with the beeswax, a temperature difference can be created by imposing a relatively high temperature on the small surfaces at the
junctions and maintaining the entire rims at a constant temperature. This temperature distribution should be such that it resem-
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Figure 6. A typical temperature field in the vicinity of
the triple junction when the
hot junctions are maintained
at 35◦ C (308 K) and the cold
surfaces are at 22◦ C (295 K).
The colour bar indicates the
temperature scale in Kelvin.

bles the bee’s knitting mechanism. One can follow the experimental observations [15, 23, 24], suggesting that the bees can
heat the wax up to 37◦ C.
As such, one can see the temperature distribution on the entire
geometry by maintaining the small surface at the corners at 35◦ C
and the fresh circular rims at a room temperature of 22◦ C. In
ElmerGUI, the temperature field can be computed using the heat
equation solver under the subroutine called HeatSolver where
heat conduction takes place obeying Fourier’s law and incompressible heat equation, given by
ρc p

∂T
= ∇ · (κ∇T ),
∂t

where ρ is the density, c p the heat capacity at constant pressure,
∂
T the temperature, κ the thermal conductivity, and ∇ = (î ∂x
+
∂
∂
ĵ ∂y +k̂ ∂z ) is the usual gradient operator. The resulting temperature
distribution that is generated by HeatSolver is as shown in Figure
6.
Such a temperature gradient produces stress at the adjacent circu-
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lar cell walls. Mathematically, if an elastic solid bar is maintained
at a finite temperature gradient, the stress so produced is related
to the strain following the tensorial relation
βi j (T − T 0 ) = Ci jkl εkl − τi j ,
where τi j is the stress tensor, βi j the thermal expansion tensor, εkl
the strain tensor, Ci jkl the fourth-order elastic modulus tensor, and
T 0 is a reference temperature. The linearised strain ε is related to
the displacement d as
ε=

i
1h
∇d + (∇d)T .
2

The resulting displacement can be computed for the given geometry in ElmerGUI using linear elasticity solver. As shown in Figure 7, the rims undergo a finite displacement, and it is maximum
in magnitude at the middle of the rim.
Although the deformation in the rims is small, it suffices to trigger the transformation of the geometry. In order to confirm this,
one needs to compute another mechanical parameter known as
von Mises stress (τv ). In addition to the displacement, the linear
elasticity solver of ElmerGUI can produce the strain and stress
fields associated with the solution. Once the stress field is known,
the von Mises stress can be easily computed using the relation
s
(τ11 − τ22 )2 + (τ22 − τ33 )2 + (τ33 − τ11 )2 + 6(τ212 + τ223 + τ231 )
.
τv =
2
The von Mises stress is a metric of measurement to determine
whether the structure has started to yield at any point [26].
The yield stress is defined as the amount of stress at which a material begins to deform plastically. According to von Mises criterion, a given structural material is safe as long as the maximum
value of the distortion energy per unit volume in that material remains smaller than the distortion energy per unit volume required
to cause yield. In other words, it states that a deformed state is
permanent if the von Mises stress is higher than the yield stress of
the material. As listed in Table 1, the experimentally determined
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Figure 7.

Deformation
of the circular cell walls
due to temperature distribution shown in Figure 6.
The colour bar shows the
displacement magnitude in
mm.

value of the yield stress for honeybee’s wax is τY ≈ 2 × 106 Pa
[18, 22].
We then calculate von Mises stress both at the rims and at the concave meniscus. When the hot surfaces are maintained at 35◦ C, the
computed distribution of von Mises stress is as shown in Figure 8.
The values of von Mises stress at the meniscus and the rims are
found to be 4.9 MPa and 5.27 MPa, respectively. These values
are higher than the yield stress of beeswax, which is ≈ 2 × 106
Pa. This clearly indicates that deformations of the cell walls are
permanent. Thus, as proved earlier [27], beeswax exhibits both
elastic and plastic properties.
What clues do we get from the above computations regarding
bee’s engineering? Well, what bees actually do is they progressively deposit wax at the new contact point of two adjacent circular cells and heat them up. As a consequence, the two adjacent rims progressively come closer to each other, just like stitching two pieces of cloths by threads. At the same time, the wax
gets squeezed, and the bees with her legs utilise the extra wax
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Figure 8.

Distribution
of von Mises stress. Red
patches correspond to highest magnitude of von Mises
stress, as indicated in the
colour bar.

and repeat the process until the contact point comes closer to the
centre of the triple junction. At each step, starting from the beginning, the displacements of the rims are enhanced and finally,
they straighten up. Since the deformation in the vicinity of all
the six triple junctions around a circular cell is permanent as suggested by the computed von Mises stress, the rounded walls become elongated and the circular cell takes a rounded hexagonal
shape, as shown schematically in Figure 9.

Conclusion
Honeybees have always been accredited with a sense of reverence
for the time and effort they expend in collecting nectar and making honey and understanding their engineering design has been a
interesting mystery. Driven by the search for simplicity, a number
of recent scientific endeavours bring to light the reality, revealing that the central mystery of honeybee’s engineering is hidden
not on the construction of hexagonal cells but on the isodiametric cells. It is the astounding thermo-mechanical properties of
their self-synthesised wax that make bees an extremely fascinating creature who can transform their freshly-built circular cells
into hexagonal structures.
What is still not clear is the bees’ artistry in creating exactly
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Figure 9.

Progressive
transformation of fresh isodiametric circular cells into
a rounded hexagon.

perfect isodiametric cells. Systematic observations showed that
building errors occur if the cells are not surrounded by six other
cells [11]. In that case, their final shape is not hexagonal but
rather matches that of a polygon with as many sides as the number of surrounding cells. This indirectly hints at the influence of
the pre-existing pattern on the final shape of cells. Although it is
mysterious for time being, it somehow points to the special role
that bee’s body size, antennae, legs, and mandibles play during
construction. Unless a very close observation with sophisticated
instruments is not performed, a deeper understanding of this mystery would not be possible. The mystery remains speculative, and
thus open to question, making the adventure more fascinating!
Perhaps, the time and effort that the bees expend in the pursuit of
perfection are incredibly large compared to our intellectual struggle.

Perhaps, the time and
effort that the bees
expend in the pursuit of
perfection are incredibly
large compared to our
intellectual struggle.
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