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Shrikhande and Designs∗
Bhaskar Bagchi

Professor S S Shrikhande passed away in April 2020. This is
an appreciation of his contributions to mathematics. Of necessity, this article is also a short introduction to design theory, the love of his life.
Combinatorics is the branch of mathematics dealing with its discrete aspects. Professor Sharadchandra Shrikhande (1917–2020)
was a towering presence (both figuratively and literally!) among
the leading combinatorialists of the twentieth century. An elegant
and powerful mathematician and the gentlest and kindest of men,
his chosen subfield of expertise was something known as the ‘design theory’, a.k.a. ‘finite geometry’. What are these designs?
To appreciate Shrikhande’s contributions, we need to delve into
the background of design theory first. Although Euclid grappled
(unsuccessfully) with the problem of defining points and lines, the
modern point of view is to take a set-theoretic approach. Thus we
take it as an axiom:
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(A1) There is a universe: A set of objects called points, and a
special collection of subsets of this set whose members are called
lines.
Thus, a line is to be thought of as a set whose elements are the
points lying on it, whatever these ‘points’ may be. A second fundamental axiom, introduced by Euclid himself, is:
(A2) Any two distinct points are together in a unique line.
It follows that any two distinct lines have at most one point in
common. Two lines are called ‘parallel’ if they have no common
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point, i.e., if they are disjoint as sets. A third crucial axiom—
Euclid’s parallel postulate—involves this notion. Euclid’s original formulation of this axiom is rather clumsy and not very intuitive (involving, as it does, angle measurement). The following
equivalent formulation of this axiom is due to Playfair:
(A3) (Playfair’s Axiom): Given any line l and any point x not lying on l, there is a unique line passing through x which is parallel
to l.
Notice that (A3) says: The set of lines is naturally broken up (partitioned) into ‘parallel classes’ such that the lines in each parallel
class partition the point set, and any two lines from different parallel classes intersect (at a unique point—by (A2)).
Of course, there are many more axioms in Euclidean geometry.
David Hilbert made a definitive study of these axioms, and he
pointed out that Euclid had missed some of them (but used them
implicitly all the same). But let us forget the other axioms and define an (abstract) ‘Euclidean plane’ to be any non-trivial ‘model’
satisfying (A1), (A2), and (A3). Of course, the classical Euclidean plane of our intuition is one such. But there are many
more, as we shall see.
For us, the key question is, what are the finite Euclidean planes
(i.e., those having finite sets of points as their universes)? Figure
1 tries to depict the smallest of them.
In this model, there are four points, denoted 1, 2, 3, 4, and six
lines, namely {1, 2}, {3, 4} | {1, 3}, {2, 4} | {1, 4}, {2, 3}. Each line in
this model consists of two points, and each point is in three lines.
There are three parallel classes of lines (each containing two lines),
separated by vertical bars in the list of lines. This model of the
Euclidean plane is known as the Fano plane. Note that, in our
picture of this plane, given in Figure 1, we have been forced to
use a curved line to depict one of its lines.
Using elementary counting arguments, it is not hard to prove that
we have:
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Figure 1. The Euclidean
plane of order two.

Figure 2. The Euclidean
plane of order three.

Theorem 1. If π is a finite Euclidean plane then there is a number
n ≥ 2 (called the ‘order’ of π) such that (a) π has n2 points and
n2 + n lines, (b) each point of π is in n + 1 lines, each line of π
contains n points, and (c) π has n + 1 parallel classes of lines,
each containing n lines.

Thus the toy model shown above is a Euclidean plane of order
two. Figure 2 displays the lines of a Euclidean plane of order
three. Already, this is too large for a picture as in Figure 1 to be
very revealing. Instead, we represent the nine points of this plane
by the nine positions in a 3 × 3 array. Each of the four squares in
Figure 2 represents a parallel class in this plane. In each square,
the three positions marked i constitute the ith line in this parallel
class (i = 1, 2, 3).
Descartes’s introduction of co-ordinates in geometry is usually
thought of as a great computational tool and nothing more. But it
is also a great step in rigourising Euclidean geometry by present-
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ing a model of the classical Euclidean plane built out of the real
numbers alone. In the Cartesian model, the universe of points
is the set R × R of all ordered pairs of real numbers. The lines
are the graphs of the linear functions. That is, the lines are the
sets {(x, y) : y = mx + c} and {(x, y) : x = c}, where m and
c vary over all real numbers. This model ‘works’ (satisfies the
axioms A1, A2, A3) because R is a field—it has two binary operations (addition and multiplication) satisfying commutativity,
associativity and distributivity, with an additive identity 0, a multiplicative identity 1, and each real number has an additive inverse
(negative), each non-zero real number has a multiplicative inverse
(reciprocal).
Using any field F (such as the field of rational numbers) in place
of R in the Cartesian model, we obtain a non-classical Euclidean
plane. If F is a finite field, say of order (size, cardinality) q, we
get a finite Euclidean plane of order q. It is well-known since
Evariste Galois that the order of any finite field is a prime power,
and conversely, for each prime power q, there is an essentially
unique field of order q. So we have an infinite series of Euclidean
planes of prime power orders. When the prime power q is > 8
and not a prime, this construction can be perturbed to obtain other
euclidean planes of order q. But, to date, no finite Euclidean plane
of non-prime-power order has been constructed. Indeed, one of
the best known open problems in combinatorics is to settle:
Prime-power Conjecture: The orders of all finite Euclidean planes
are prime powers.
The only general result in this direction is the following nonexistence theorem. (There is also a computer assisted proof that
there is no Euclidean plane of order ten.)
Theorem 2. (Bruck and Ryser, 1949). If n ≡ 1 or 2 (mod 4) and
n is not a sum of (at most) two perfect squares, then there is no
Euclidean plane of order n.
For instance, 6 ≡ 2 (mod 4), and 6 cannot be written as a sum of
two squares. So there is no Euclidean plane of order six. This theorem settles the problem for infinitely many orders, but infinitely
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many other orders remain undecided.
Many artists and mathematicians of Renaissance Europe were uncomfortable with the idea of there being exceptional pairs of lines
in the plane which never meet. They pointed out that, in real life,
when our vision is unobstructed, so-called parallel lines appear
to meet at the horizon—think of a pair of railway tracks in an
open field. So it was observed that a Euclidean plane may be
‘completed’ by a process of ‘projectivization’. Namely, for each
parallel class of lines, introduce a new point (a point at infinity
or, an ideal point) through which all the lines in this class pass;
also, introduce a new line (the line at infinity or the horizon) on
which all these points at infinity lie. What results is a new kind
of geometry, called a ‘projective plane’. Formally, a projective
plane is a non-trivial model satisfying the axioms (A1), (A2) and
the following new axiom in place of Playfair’s:

Many artists and
mathematicians of
Renaissance Europe
were uncomfortable with
the idea of there being
exceptional pairs of lines
in the plane which never
meet.

(A4) Any two distinct lines have a (unique) point in common.
Conversely, given any projective plane, one can use the inverse
process of ‘affinization’ to create a Euclidean plane. Namely, select any line and remove it together with all the points lying on it.
In the resulting Euclidean plane, the removed line (respectively
removed points) play the role of the line at infinity (respectively
points at infinity). Coupling this construction with Theorem 1 (or
by a counting argument similar to the one used in proving this
theorem) one can prove:

Given any projective
plane, one can use the
inverse process of
‘affinization’ to create a
Euclidean plane.

Theorem 3. Let Π be a finite projective plane. Then there is
a number n ≥ 2 (called the ‘order’ of Π) such that (a) Π has
n2 + n + 1 points and n2 + n + 1 lines, and (b) each point of Π is
in n + 1 lines; each line of Π contains n + 1 points.
Notice the simplicity and elegance of Theorem 3, which was
missing in Theorem 1. In view of the projectivization-affinization
process, for any number n, there is a projective plane of order n
if and only if there is a Euclidean plane of order n. Thus both
the Bruck–Ryser theorem and the prime power conjecture may
be (and usually are) stated in terms of projective rather than Euclidean planes.
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The class of finite geometries we consider can be considerably
expanded by introducing the notion of 2-designs, as was done by
Frank Yates, a famous statistician. An ‘incidence system’ is a
model satisfying (A1). In this generality, one often uses the word
‘block’ instead of ‘line’. Let v > k > λ > 0 be integers. Then a
‘2-design’ with parameters v, k, λ (in short, a 2 − (v, k, λ) design)
is an incidence system D satisfying: (1) D has v points, (2) each
line of D contains k points, and (3) any two distinct points of D
are together in λ lines. Thus, Theorems 1 and 3 say that the finite
Euclidean (respectively projective) planes are just the 2−(n2 , n, 1)
designs (respectively 2−(n2 +n+1, n+1, 1) designs), n ≥ 2. Again,
easy counting arguments show that we have:
Theorem 4. Let D be a 2−(v, k, λ) design. Then there are positive
integers b and r such that D has b lines, and r is the number of
lines through each point of D. These numbers are given by the
formulae r(k − 1) = λ(v − 1) and bk = rv.
Note that this theorem implies that, for the existence of 2-designs,
the following conditions on their parameters are necessary— k−1
divides λ(v − 1) and k(k − 1) divides λv(v − 1). But these divisibility conditions are far from sufficient for the existence of 2designs with given parameters. The general existence question
is, of course, wide open. The first progress in this direction was
made by R A Fisher, the founding father of statistics and statistical genetics. He used very ingenious counting arguments to
prove:
Theorem 5. (Fisher, 1940) : The parameters of any 2 − (v, k, λ)
design satisfy b ≥ v. Equality holds here if and only if any two
distinct lines of the design have λ points in common.

For each fixed value of
λ > 1, there are only
finitely many square
2-designs.
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Later, R C Bose gave a much simpler proof of this theorem using
linear algebra. A 2-design is said to be a ‘square 2-design’ if
it attains equality in Fisher’s inequality. It is immediate from
Theorem 4 that a 2-design is square if and only if its parameters
satisfy k(k − 1) = λ(v − 1). Thus, the square 2-designs with λ = 1
are precisely the finite projective planes. We have seen that there
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are infinitely many of them. The following is an unpublished
conjecture of Marshall Hall, jr.
Hall’s Conjecture: For each fixed value of λ > 1, there are only
finitely many square 2-designs.
While nobody could find a construction to disprove this conjecture, nobody has succeeded in proving it either. It remains open
for each fixed value of λ, for instance, for λ = 2.
Given this state of affairs, the following generalization of the
Bruck–Ryser theorem due to Shrikhande is a major advance in
the field. It was independently proved in the same year by Chowla
and Ryser.
Theorem 6. (Shrikhande, Chowla–Ryser, 1950): For the existence of a square 2 − (v, k, λ) design, the following conditions are
necessary : (a) if v is even then k − λ must be a perfect square,
and (b) if v is odd then the equation (k − λ)x2 + (−1)(v−1)/2 λy2 = z2
must have a solution in three integers x, y, z, not all three equal to
zero.
Part (a) of this theorem, which is much simpler than part (b), was
previously proved (in 1949) by M P Schutzenberger. The proof
of part (b) required fairly sophisticated tools from number theory, such as p-adic Hilbert symbols and Hasse–Minkowski localglobal theorem. This was the first time that such non-elementary
number theory was used as a proof technique in design theory.
This is all the more creditable on the part of Shrikhande because
unlike Sarvadaman Chowla, he was no number theorist. Shrikhande’s
work was a part of his PhD thesis written under the supervision of
Professor Raj Chandra Bose. R C Bose was one of the founders
of the mathematical theory of designs and was instrumental—
among other achievements—in introducing finite fields for the
construction of designs.
The Hasse–Minkowski theory helps in proving parametric restrictions on square 2-designs partly because they are square incidence
systems—have equally many points and lines. Bose and Connor
used this technique to prove similar non-existence results for an-
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Shrikhande showed how
to adopt
Hasse–Minkowski
theory to prove
parametric restrictions
on a certain class of
non-square 2-designs,
known as affine
resolvable designs. The
full power of this
approach remains to be
exploited.
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other class of square incidence systems, so-called (square) regular divisible designs. Later, in another landmark paper of 1953,
Shrikhande showed how to adopt this tool to prove parametric
restrictions on a certain class of non-square 2-designs, known as
affine resolvable designs. The full power of this approach remains
to be exploited.

Shrikhande was a
consummate exponent of
design theory. He had
numerous elegant and
important constructions
to his credit.

Design theory is not only about proving non-existence results. An
important aspect of the theory is the construction of interesting
designs. This is both a science and an art. Shrikhande was a consummate exponent of this art form. He had numerous elegant and
important constructions to his credit. My personal favourite is his
1962 paper published in the journal Sankhya, in which he introduces a special class of 2-designs and shows how to “multiply”
any two designs from this class to produce a third design from the
same class. He also presents a construction of square 2-designs in
this class using twin primes (i.e., pairs of prime numbers differing
by two).
But Shrikhande’s best-known work is on ‘Latin squares’. A Latin
square of order n is an n × n square array whose positions are
filled in with n symbols in such a way that each symbol occurs
(once) in each row and in each column of the array. For example,
any correct solution of a Sudoku puzzle is a Latin square of order
9. The third and fourth tables in Figure 2 (but not the first two
squares there) are Latin squares of order 3. If we superimpose
these two squares, we get the square displayed in Figure 3.
Notice that, in the superimposed square of Figure 3, each of the
nine ordered pairs 1/1, 1/2, · · · , 3/2, 3/3 occur once each. We
say that the Latin squares of Figure 2 are orthogonal. More generally, two Latin squares of order n are said to be ‘orthogonal’, if,
on superimposing them, one sees the n2 ordered pairs of symbols
once each. A ‘MOL’ (mutually orthogonal set of Latin squares)
of order n is a set of n × n Latin squares any two of which are
orthogonal. It is not hard to see that any MOL of order n can contain at most n − 1 squares. A MOL of order n and size n − 1 is
said to be a ‘complete MOL’.
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Figure 3. Orthogonal Latin
squares.

The appearance of a pair of orthogonal Latin squares in Figure
2, which was constructed to display a finite Euclidean plane, is
no accident. Figure 2 contains a clear hint as to how, given any
complete MOL of order n, one can augment this set of squares by
two trivial n × n squares (a ‘row square’ and a ‘column square’,
like the first two squares in Figure 2) to construct an Euclidean
plane of order n. This process may easily be reversed to construct
a complete MOL of order n starting with a given Euclidean plane
of order n. Thus, complete MOLs of order n and Euclidean (or
projective) planes of order n are co-extensive, almost like two
names for the same combinatorial object.
The notion of Latin squares and their orthogonality was introduced by Leonhard Euler in a paper published in 1782. Given the
close link between MOLs and finite euclidean planes, it is natural
to consider the maximum size N(n) of MOLs of order n. Thus, in
general, N(n) ≤ n − 1, and N(n) = n − 1 if and only if there is a
Euclidean plane of order n. Also, N(q) = q − 1 for all prime powers q. Even though Euler knew nothing of design theory (finite
planes were introduced by G K C von Staudt only in 1856) his
studies led him to conjecture that N(n) = 1 for all n ≡ 2 (mod 4).
In other words, Euler’s conjecture was that for every ‘singly even’
number n (i.e., n = 2, 6, 10, · · · ), it is impossible to construct even
two orthogonal Latin squares of order n. This is easy to see for
n = 2 and has turned out to be true for n = 6 as well. Since, be-
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sides being one of the greatest mathematicians of all time, Euler
was also a great human-computer, it is likely that Euler verified
by computation that N(6) = 1. Perhaps this is what led him to the
general conjecture.
In a paper written in 1922, H F McNeish gave a nice product
construction for Latin squares. If A and B are two Latin squares,
of order m and n respectively, then his construction produces a
Latin square A ⊗ B of order mn. The construction is as follows.
To find the (u, v)th entry of A ⊗ B, where u, v are any two indices
(1 ≤ u, v ≤ mn), note that u and v can be written (uniquely) as
u = (i − 1)n + k, v = ( j − 1)n + l where 1 ≤ i, j ≤ m, and
1 ≤ k, l ≤ n. If the (i, j)th entry of A is ai, j and the (k, l)th entry of
B is bk,l then define the (u, v)th entry of A⊗ B to be (ai, j −1)n+bk,l .
(In this construction, we have taken the symbols in A and B to be
the numbers between 1 and m, and the numbers between 1 and
n, respectively.) McNeish’s construction has the useful property
that, if A1 , A2 are orthogonal Latin squares of order m and B1 , B2
are orthogonal Latin squares of order n then A1 ⊗ B1 and A2 ⊗ B2
are orthogonal Latin squares of order mn. It follows that, for
any two numbers m, n, N(mn) ≥ min (N(m), N(n)). Iterating this
inequality, we see that, for any factorisation n = n1 · · · nt of a
number n, we have N(n) ≥ min (N(n1 ), · · · , N(nt )). In particular,
if q1 < q2 · · · < qt are the powers of distinct primes occurring in
the unique factorisation of n, we get N(n) ≥ q1 − 1. McNeish
conjectured that actually equality holds here for all n : N(n) =
q − 1, where q is the smallest prime power occurring in the unique
factorisation of n. Note that q = 2 if and only if n ≡ 2 (mod 4).
Therefore, McNeish’s conjecture generalizes Euler’s.
The first breakthrough on this problem was achieved by E T Parker
in 1957 when he disproved McNeish’s conjecture by constructing three mutually orthogonal Latin squares of order 21. Soon
after this, when Shrikhande was visiting Bose at the University
of North Carolina, they collaborated on this problem and disproved Euler’s conjecture in a joint paper published in 1960. Here
they constructed (for example) three mutually orthogonal Latin
squares of order 14. Finally, the three of them collaborated to
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disprove Euler’s conjecture in a very strong form. They proved:
Theorem 7. (Bose–Parker–Shrikhande, 1960): For all n , 1, 2.6,
there is a pair of orthogonal Latin squares of order n.

For all n , 1, 2.6, there
is a pair of orthogonal
Latin squares of order n.

Their proof rests on a construction of MOLs of order n using as
inputs several MOLs of smaller order and a ‘linear space’ with n
points. Here, a linear space is a model satisfying Axioms (A1)
and (A2) (with possibly varying line sizes). The details of this
construction are rather involved, and certainly beyond the scope
of this expository article. Let me, instead, illustrate the kind of
ingenious techniques used in these constructions by explaining
Parker’s construction of three mutually orthogonal Latin squares
of order 21.
First observe that, given any Latin square L, say of order m, we
may obtain a second Latin square L′ by applying one or more
of the following operations on L : (i) permute rows, (ii) permute
columns, and (iii) substitute any m distinct symbols for the symbols of L. Moreover, if we apply these operations simultaneously
to all the Latin squares L1 , · · · , Lk in a MOL of order m and size
k, then we obtain a second MOL L′1 , · · · , L′k of the same order and
size. Here, we must make sure that the same row/column permutation is applied to all the squares in the first MOL, but the symbol
substitutions used may be entirely independent of each other. In
particular, using a suitable row (or column) permutation, we can
ensure that in the last square L′k obtained, the entries in the main
diagonal (i.e., the (i, i))th entry, 1 ≤ i ≤ m) are all equal. Since
the first k − 1 squares in the resulting MOL are orthogonal to L′k ,
it follows that each of these k − 1 squares have m distinct entries
in the main diagonal. Further, we can apply suitable symbol substitutions to ensure that in each of the k − 1 mutually
orthogonal Latin squares L′1 , · · · , L′k−1 (though not in L′k ), the (i, i)th
entry is = i for all i, (1 ≤ i ≤ m). In this construction, we may, of
course, take k = N(m). Thus we have proved:
Lemma: For all m, there are N(m) − 1 mutually orthogonal Latin
squares of order m such that, in each of them, the ith entry in the
main diagonal is i (for all i, 1 ≤ i ≤ m).
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For all m, there are
N(m) − 1 mutually
orthogonal Latin squares
of order m such that, in
each of them, the ith
entry in the main
diagonal is i (for all i,
1 ≤ i ≤ m).
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Now, take a projective plane Π of order 4. Since each line l of Π
has size 5 and N(5) = 4, the lemma above gives us, for each line
l of Π, three mutually orthogonal Latin squares Al1 , Al2 , Al3 such
that the rows, columns and symbols of these squares are (without
loss of generality) indexed by the five points of l (rather than the
customary indices 1, 2, · · · , 5) and such that, for each point x in l,
the (x, x)th entry in each of these three squares is = x. Now we
can construct three 21 × 21 square arrays B1 , B2 , B3 , with rows,
columns and symbols indexed by the 21 points of Π, as follows.
For i = 1, 2, 3, and any two points x, y of Π, the (x, y)th entry of
Bi is (a) the point x if x = y, and (b) if x , y, this entry is the
(x, y)th entry of Ali , where l is the unique line of Π joining x and
y. It is a routine matter to verify that B1 , B2 , B3 , thus constructed,
are three mutually orthogonal Latin squares of order 21.
Any reader who appreciates this beautiful construction will have
no trouble convincing herself that this technique proves, more
generally, that:
Theorem 8. (Bose–Parker–Shrikhande, 1960): If there is a linear space with v points, b lines and lines of size k1 , k2 , · · · , kb then
N(v) ≥ −1 + min(N(k1 ), N(k2 ), · · · , N(kb )).
If there is a linear space
with v points, b lines and
lines of size
k1 , k2 , · · · , kb then
N(v) ≥ −1 +
min(N(k1 ), N(k2 ), · · · ,
N(kb )).

It was found that when the input linear space has certain desirable properties, the bound in this theorem can be improved upon
slightly. Theorem 8, together with these improvements and the
construction of suitable linear spaces sufficed for Bose, Parker
and Shrikhande to disprove Euler’s conjecture. In the same year,
S Chowla, P Erdos and E G Strauss used these constructions together with feats of number theory to prove:
Theorem 9. (Chowla–Erdös–Strauss), 1960): There is a constant c > 0 such that N(n) ≥ nc for all sufficiently large numbers
n.
Note that, this theorem shows that as n goes to infinity, the number of mutually orthogonal Latin squares of order n increases
without bound—in dramatic contrast to the expectations of Euler
and McNeish. Actually, Theorem 9 was proved with the explicit
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constant c = 1/91. It may be conjectured that this theorem holds
for all constants c < 1/2, or, perhaps, even with c = 1/2. But
nobody has yet come anywhere close.
G C Rota, one of the leading exponents of combinatorics, had this
to say of design theory: “Progress in understanding and classification has been slow and proceeded by leaps and bounds, one
ray of sunlight followed by years of darkness”. To Professor
Shrikhande, we owe several of these leaps and bounds.
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