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Liquid Drop Model Explaining Melting Point
Depression of Nanoparticles∗
Abhinaba Das
Nanoparticle research is an exciting field. Serving as a link
between bulk materials and atoms, these materials, existing
on a nanometre scale (10−9 m), display some fascinating properties. One such property is the depression of melting point.
As the particle size decreases, the melting temperature decreases dramatically. This article describes a model explaining the origin of this behaviour of nanomaterials (Figure 1).
To reinforce the concept in the text and force the reader to
think carefully about the quantitative aspects, short problems
have been included in the end.
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Figure 1. Decrease in melting temperature with decrease in particle size.

1. Introduction
On moving from bulk form to micrometre scale (Figure 2), the
physical properties of materials remain essentially the same; however, materials in the nanometre range may exhibit properties remarkably diﬀerent from that of bulk.
∗
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Figure 2. How big an object are we talking about? A
size comparison of nanoparticle with other objects.
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On dividing a
macroscopic object into
smaller parts, the ratio of
the number of surface
atoms to interior atoms
increases dramatically.
This high
surface-to-volume ratio
is a very important
characteristic of
nanomaterials.
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Indeed, good things come in small packages! To illustrate, take
the example of gold. Gold, as we know, is a shiny, yellow noble
metal. It is known to be non-magnetic and melts at 1336 K. However, gold nanoparticles (Au NPs) behave quite diﬀerently. They
cease to exhibit the characteristic yellow colour in solution. Instead, a range of colours is observed depending on the size of the
particle, as illustrated in Figure 3a. (In fact, gold has traditionally
been used to impart a red colour to glass, Figure 3b). Its melting
temperature decreases with decreasing particle size. They serve
as an excellent catalyst for a wide range of reactions, including
(but not limited to) oxidation of CO into CO2 , polymerization of
alkylsilane and reduction of nitrogen oxides. Au NPs are magnetic. Their structure changes to icosahedral symmetry from a
face centred cubic and interestingly, they turn out to be insulators!
The principal reasons why nanomaterials show properties so different from their bulk counterparts are: (1) an increased fraction
of surface atoms (which we would call the ‘surface eﬀect’) and
(2) quantum size eﬀect. On dividing a macroscopic object into
smaller parts, the ratio of the number of surface atoms to interior
atoms increases dramatically (see Figure 4). This high surface-tovolume ratio is a very important characteristic of nanomaterials.
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Atoms at the surface have fewer neighbours than atoms in the
bulk. Because of this lower coordination and the exposed dangling bonds at the surface, surface atoms are less stabilised than
bulk atoms. (This is also the reason why nanoparticles show ‘lattice contraction’. Because of the unsatisfied coordination, there
is a net inward force that acts on the surface atoms. This reduces
the bond distance between the surface atom and the sub-surface
atom. Since the particle size is small, such a decrease in the bond
length becomes significant, resulting in an overall reduction in
lattice constant.)
The other prominent eﬀect of reducing the size of materials to the
nanometre range is the appearance of quantization eﬀects due to
the spatial confinement of delocalised electrons. Quantum size
eﬀect is involved when the de Broglie wavelength of the electron
wave function is of the same order as the size of the particle. The
behaviour of the electrons, in such cases, can be approximated by
the ‘particle-in-a box’ model, and as per standard quantum mechanics, the energy separation between adjacent levels increases
with decreasing dimensions. (For a greater discussion on quantum confinement, an interested reader may consult previous articles in Resonance1,2 . In its essence, quantum size eﬀect can be
described as a) a widening of the band gap and b) discretization
of the energy levels as shown in Figure 5.
Because of their unique size-dependent properties, nanomaterials
exhibit superior qualities and has become indispensable in many
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Figure 3. Image of solutions containing gold
nanoparticles.
As the
size of the nanoparticles
decreases, the colour of the
solution changes.
While
smaller-size particles (∼30
nm) absorb light in the
blue-green region of the
spectrum thus getting a
reddish appearance; absorption for larger particle (of
size about 90 nm) shifts
towards longer wavelength
making the nanoparticles
appear blue.
(Source:
https://commons.wikimedia.
org/wiki/File:Gold255.jpg );
(b) Shows how addition of
colloidal gold to the molten
glass, during preparation,
imparts
a
characteristic red colour! (Source:
https://en.wikipedia.org/wiki/
Cranberry glass)
1 Meera Ramrakhiani, Quantum Size Eﬀects in Nanostructured Material, Resonance,
Vol.12, No.10, pp.71–78, 2007.

2 Jayakrishna

Khatei

and

Karuna Kar Nanda, Various
Quantum Mechanical Concepts for Confinements in
Semiconductor Nanocrystals,
Resonance, Vol.18, No.8,
pp.771–776, 2013.
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Figure 4. A schematic representation of how surface to
volume ratio increases with
decrease in particle size.

Figure 5. Figure showing
the change in the density of
electronic energy levels as a
function of the size. In addition to discretization of electronic energy level, the energy separation between adjacent levels increases with
decreasing dimensions.

areas of human activity (see Table 1). Although a plethora of
size-dependent physical properties is currently known, there may
be more such yet to be discovered! Depression in the melting
point of nanomaterials below that of the bulk has been known for
a long time. Here, to understand this phenomenon, a theoretical
explanation based on the liquid drop model is presented.
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Company

Commercialized

Description Product

3M Company

KetacTM Nano LightCuring Glass
Ionomer Restorative
R
NanoGLIDE

Teeth restoration

NanocubicTM
R
NanoSphere

Data storage

KES Science and
Technology, Inc.

AiroCide filters

Air purifier

Oxonica Ltd.

OptisolTM

Sunscreen doped with
manganese
modified titanium dioxide
nanoparticles to eﬀectively
absorb UV

R
Yonex

R
NanoRay

Lightweight badminton racquet
with a greater
manoeuvrability

NanoMech
Fujifilm
R


Schoeller

Lubricant

Altering the surface of textiles
with nanoparticles, making
them water and dirt
repellent

Table 1. A representative

2. Liquid Drop Model and the Semi-empirical Mass Formula
First proposed by George Gamow in 1928, the liquid drop model
provides an intuitive explanation of the phenomenon of spontaneous fission3 of some nuclei. The ‘Liquid Drop Model’ (LDM)
assumes that the nucleus is similar to a liquid drop. The nucleus
consists of nucleons (protons and neutrons), held together by nuclear forces, similar to a liquid drop, which consists of molecules
held together by intermolecular forces. Intermolecular forces are
attractive at short range and repulsive at very short range. In
case of the nucleus, a balance between the short-range, attractive nuclear forces and the Coulombic repulsive force maintains
the shape. When a heavy nucleus is excited through the capture
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selection of companies that
make commercial products
using nanomaterials.

3 Fission is a physical process
by which a heavy nucleus fragments into two relatively less
massive nuclei coupled with the
release of energy and surplus
neutrons.
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In case of the nucleus, a
balance between the
short-range, attractive
nuclear forces and the
Coulombic repulsive
force maintains the
shape. When a heavy
nucleus is excited
through the capture of a
thermal neutron, surface
oscillations are set up
which distorts the drop
from its original shape.

of a thermal neutron, surface oscillations are set up which distorts the drop from its original shape. If the excitation energy is
high enough, the nucleus separates into two or more intermediate mass nuclei. If fission does not occur, the excited compound
nucleus emits either a γ-ray or a neutron and returns to its stable
shape. The liquid drop model delivers a good approximation for
the binding energy and the mass of nuclei. Although some refinements have been made over the years to better fit the experimental
binding energy values, the overall structure of the formula derived
using the model has remained the same.
The semi-empirical mass formula, as it is called, gives the binding energy of a nucleus in terms of the number of protons and
neutrons it contains and has five terms.

The Volume Term
The binding energy is proportional to the number of particles (i.e.
the volume) since the nucleons in the nucleus are surrounded by
other nucleons, and they are all held together by their mutual attractive forces. Hence, the energy of the bound nucleus will be
lower compared to the total energy of the nucleons taken separately. We have,
Eb,v = C1 A ,

(1)

C1 is some constant, A is the mass number and Eb,v is the portion
of the binding energy proportional to the volume (the subscript v
denotes volume).

The Surface Term
However, not all nucleons are surrounded by other nucleons (see
Figure 6)! To account for the fact that some of the nucleons are on
or near the surface rather than in the interior and hence not completely surrounded by other nucleons, a surface term is added to
the volume term. The number of nucleons present on the surface
is proportional to the surface area of the nucleus and, therefore,
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Figure 6. Nucleons situated at the surface of the
nucleus have fewer immediate neighbours and are
hence, less strongly bound
than those in the interior.

to R2 (and so is proportional to A2/3 because R ∝ A1/3 , where R
is the radius of the nucleus). As such, the surface term is taken
proportional to the surface area of the nucleus. It is given by:
Eb,s = −C2 A2/3 ,

(2)

where C2 is some constant, and the negative sign denotes the reduction in binding energy.

Coulomb Energy Term
Nuclei contain protons and there exists a repulsive force between
them which we have not accounted for yet.
The Coulombic repulsion between the protons lowers the binding
energy, and this reduction is taken care of by the Coulomb energy
term. Let us try to see what this term looks like.

The Coulombic
repulsion between the
protons lowers the
binding energy.

Suppose there are Z mutually repelling protons. The net Coulomb
energy of the nucleus is, therefore, proportional to the number
of pairs of charged particles, i.e. Z(Z − 1). It is also inversely
proportional to the radius of the nucleus, R (or A1/3 ). Thus, this
term looks like:
Eb,c = −C3
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.
A1/3
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Figure 7. Binding energy
curve as predicted by the liquid drop model (considering
just the volume, surface and
Coulombic terms).

Let us take a moment to see how we are faring! On combining
the above three terms, we get the binding energy as:
Eb = Eb,v + Eb,s + Eb,c

Eb = C1 A − C2 A2/3 − C3

Z(Z − 1)
.
A1/3

(4a)

(4b)

In Figure 7, we plot the binding energy per nucleon as obtained
from expression (4a) as a function of A (i.e. the mass number).
By comparing this theoretical curve with the experimental data
given in Figure 8, it is seen that the theoretical curve fits well
except for the variations noticed for the light nuclei.

The Asymmetry Term
Neutrons act as a
‘binder’ by virtue of
being attractive and also
by reducing the
Coulomb repulsion by
providing extra
separation between the
protons.
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Stable lighter nuclei have approximately the same number of
neutrons as protons. But as A increases, an asymmetry in the
nucleon number develops i.e. nucleus needs more neutrons than
protons to be stable. More neutrons are required to increase the
binding as well as to reduce the repulsive forces between the protons. Neutrons act as a ‘binder’ by virtue of being attractive (neutrons, as well as protons, are sources of the strong, attractive nuclear force acting at very short distances) and also by reducing
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Figure 8. The binding energy curve. Note the variations for the light nuclei.
(Modified from Evans [4]).

the Coulomb repulsion by providing extra separation between the
protons.
Pauli exclusion principle states that no two identical fermions4
can occupy exactly the same quantum state. Since neutron and
proton energies for given quantum states are comparable, for a
given number of nucleons, an overall lower energy can be obtained by filling them both to the same level rather than having
one or more of either in higher quantum levels. A picture is worth
a thousand words! So, let us look at the illustration. Figure 9a
shows a schematic energy level diagram of 3 He. It contains 2
protons and 1 neutron all of which lie in the lowest energy level.
An additional neutron can be accommodated in the same energy
level, Figure 9b. However, an additional proton can only be added
to the next energy level, Figure 9c. This results in the making of
4 Li, which has a higher energy. (If we try to add the extra proton
in the same energy level, we would be violating Pauli’s exclusion principle, since there would be two protons having the same
spin.)

4 Fermions are particles (electrons, protons and neutrons
for example) which have halfinteger spin and therefore are
constrained by the Pauli exclusion principle.

Particles with

integer spin are called bosons.

Configuration 9b has a lower energy than 9c and results in 4 He
which is a highly stable nucleus. The above discussion forms the
basis of the asymmetry term given by:
Eb,a = −C4 (A − 2Z)2 /A .
RESONANCE | February 2020
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Figure 9. Schematic describing the origin of the
asymmetry term.

Pairing Energy Term
It is found that the
even-even nuclei (i.e.
even number of protons
and even number of
neutrons) have enhanced
stability while the
odd-odd nuclei have less
binding energy than
otherwise expected.
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The last term which will be considered the pairing energy. It is
found that the even-even nuclei (i.e. even number of protons and
even number of neutrons) have enhanced stability while the oddodd nuclei have less binding energy than otherwise expected. The
pairing energy term takes into account the Heisenberg exchange
interaction between the nucleons, a purely quantum mechanical
interaction arising from quantum indistinguishability. For particles with spin, Dirac pointed out that most of the eﬀects of this
interaction may be simply captured by considering the two spins
as coupled by a potential. Here, this spin coupling increases the
binding energy if a particle with opposite spin is added to an energy level with a lone particle in it. Since Pauli exclusion principle ensures that pairs of protons/neutrons in the same energy level
will have opposite spins, the nucleus would have a lower energy
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if the number of protons with spin up were equal to the number of
protons with spin down (same applies for neutrons). If both Z and
N are even there is an enhancement of binding above the situation
where only one of them is even, and if both are odd there will be
a depression in binding energy with respect to only one of Z or N
being odd. The expression is as follows:

Eb,p

= + δ for even-even nuclei
= 0 for odd-even and even-odd nuclei
= − δ for odd-odd nuclei ,

(5)

where δ is found empirically to be given by δ = C5 A−3/4 .

3. A Liquid Drop Model for Nano Particles!
Like the nucleons in the nucleus, the atoms in a nanoparticle can
be thought of as being held together by short-range forces. The
mass of a bulk material is less than the sum of its constituent
atoms. This mass defect is a measure of the binding energy since
mass and energy are equivalent (E = mc2 !). This eﬀect is proportional to the number of atoms present (N) and is called as the
volume binding energy Ev (since volume is proportional to N).
Thus, Ev ∝ N or
Ev = av N ,

(6)

where av is constant of proportionality.
Since some of these atoms are at the surface and are not completely surrounded, it requires a slight adjustment! A parameter,
Es (called the surface energy) is introduced — a correction to the
volume term (Es ). Supposing the particle to be spherical with radius R, Es will be proportional to the surface area of the particle
and hence proportional to R2 (or N2/3 )5 and will be given by:

5 Volume V ∝ R3 but V ∝ N,
thus a relation between R and N

Es = −as N 2/3 .
RESONANCE | February 2020

can be found out.
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On combining (6) and (7), we obtain the net binding energy, Eb
Eb = Ev + Es

(8)

Eb = av N − as N 2/3 .

(9)

Thus, the binding energy per atom ‘a’ is given by
a = Eb /N = av − as N −1/3 .

(10)

Since the properties of
nanoparticles are
dominated by the surface
atoms, their binding
energy can be eﬀectively
represented by the
volume and surface
dependent terms as in
the liquid drop model.

This is like the expression of the nuclear binding energy per nucleon obtained from the liquid drop model. Since the properties
of nanoparticles are dominated by the surface atoms, their binding energy can be eﬀectively represented by the volume and surface dependent terms as in the liquid-drop model. Other terms
such as asymmetry and pairing terms are not considered as they
are not relevant here. (In the case where the constituent atoms or
molecules have a magnetic moment associated with their spin, the
spin-spin interaction, as discussed above, gives rise to the various
forms of spontaneous magnetism found in diﬀerent materials.)

In the case of a solid, the
thermal energy will be
equal to the mean kinetic
energy of vibration of
the atom or molecule
about the equilibrium
position.

The mean thermal energy per atom or molecule for any material
at temperature T , is proportional to kB T. In the case of a solid, the
thermal energy will be equal to the mean kinetic energy of vibration of the atom or molecule about the equilibrium position. For
the bound atom or molecule in a solid, the mean kinetic energy
of vibrational motion will be half the binding potential energy of
the atom or molecule by virtue of the virial theorem. As a solid
is heated, the amplitude of the vibrations increases. When the
amplitude becomes ‘too large’, the atoms or molecules become
free to move about and the solid melts. From this we may infer
that there must be a relation between the binding energy per atom
or molecule and the melting temperature (please refer to Box 1).
The cohesive (or binding) energy per coordination of diﬀerent elemental solids was plotted against the melting temperature (see
Figure 10), and for each crystal structure, we see that there does
exist a linear relationship between these two parameters.
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Figure 10. Plot for binding energy vs melting temperature for diﬀerent crystal
structures. (Adapted from
Nanda et.al., 2002).

If the melting temperature of the nanoparticles is also similarly
taken as proportional to the binding energy per atom, a can be
replaced with T m in (10). Thus, we obtain:

T m = T m,b –C/R ,

(11)

where R = N1/3 , T m = melting temperature, T m,b = bulk melting
temperature. This indicates that the melting temperature of the
particle drops as R decreases!
And for sure, when the above relation is plotted for gold (see
Figure 11), a result in accordance with the behaviour seen experimentally is obtained!

Conclusion
The key to developing future nanotechnologies lies in understanding how materials behave at tiny length scales. The present article
explains the phenomenon of melting point depression of nanoparticles, taking a simple approach based on the liquid drop model;
a model which can be used beyond its original purpose!
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Box 1. Lindemann Criterion
An empirical relation was obtained by plotting the cohesive energy per coordination of diﬀerent elemental
solids against the melting temperature (see Figure 10). The inspiration to do so came from an already known
relation between the bulk cohesive energy and the melting temperature which is based on the Lindemann
criterion [10]. It was surmised that by replacing the bulk cohesive energy by cohesive energy per atom per
coordination, one might be able to find a relation between it and the melting temperature.
But what is the Lindemann criterion? Lindemann’s criterion is a frequently used theoretical criterion to
analyse the melting conditions. First formulated in 1910, it states that on heating a solid, the amplitude of
thermal vibrations of the atoms increase, and when it becomes relatively large, melting occurs. Lindemann
assumed that melting can occur when < u2 > /d2 = k2 , where < u2 > is the mean square amplitude of
thermal vibration, d is the crystal lattice spacing while k is Lindemann’s constant. k is assumed to be ∼ 0.1.
Thus, melting might be expected if the root mean squared amplitude of the vibrations of the atoms in a
crystal exceeds 10% of the nearest neighbour distance.

Figure 11.

The melting
temperature behaviour of Au
as predicted from (11). The
values of T mb and C are
1340 K and 12000 Ȧ K respectively. (Adapted from
Nanda, 1998).

Problems
Now that we sort of know that melting temperature decreases with
decreasing particle size, let us sharpen our ideas by solving a few
problems.
1 (a) The old Chinese proverb “true gold fears no fire”, stems
from the fact that gold remains unaﬀected by wood fire which
has a temperature of around 600o C (and no, I am not referring to
the ‘One Ring’, which certainly is an exception since it displays
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inscriptions when placed in a fire! Don’t know what I am talking
about? No better time to watch (or still better, read) The Lord of
the Rings). But suppose we want gold to melt at a temperature
100o C below its melting temperature, what size of nanoparticles
should we aim for? Easy-peasy! (Hint: Use equation (11) and
have a look at Figure 11).
Here, we have made an assumption, can you guess it? (Note: You
will not find this assumption explicitly stated in the main text, but
do you recall the pillar on which the liquid drop model stands?)
(b) In continuation of the previous question, can you figure out
the number of atoms in the nanoparticle? Given: Au has a facecentred cubic (FCC) structure with an edge length of 0.408 nm
(and yes nerd, you are right! Gold nanoclusters do adopt an icosahedral symmetry. But for the sake of simplicity, let’s assume it
has a face-centered cubic structure. But if you are persistent and
yelling, “This is all wrong! Gold has an icosahedral symmetry”,
well, in that case, “a detailed solution for this problem has not
been presented but has been left for the reader as an exercise”).
2) Now, can you say something about the size of the gold particles
that melt at half the bulk melting temperature? Also, for what size
of nanoparticle will the melting point of gold go lower than even
room temperature i.e. less than 25o C? Compare the number of
atoms present in the nanoparticle for each case. Do you note any
diﬀerence?
(A detailed solution for this problem has not been presented but
has been left for the reader as an exercise. May the force be with
you!)
Answers
1) (a) T m = T m,b – C/R (equation (11), see main text)
where T m = melting temperature of the particle, T m,b = melting
temperature of the bulk, R = radius of the particle, C = a constant
whose value, in case of gold, is 12000 Å K
T m,b for Au = 1340 K (given in main text) and T m = (1340 −
100) K = 1240 K (the question asks melting temperature to be
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decreased by 100 o C and not to 100 o C)
On substituting the values,
1240 = 1340 – (12000/R)
⇒ 100 = 12000/R
⇒ R = 120 Å or 12 nm

Assumption
The above formula we have just used, comes from LDM which
assumes that the nucleus is similar to a liquid drop. We have
assumed that nanoparticles take on a spherical shape. But this
assumption is not necessarily true! For particle size smaller than
5 nm, the melting behaviour does not follow the smooth trend
as depicted in Figure 11 but shows a dramatic departure. Thus,
nanoparticles show not just size dependence but both shape and
size-dependent melting!
(b) FCC unit cell has 4 atoms.
The edge length is given to be 0.408 nm, so the volume of the
cube is (0.408 nm)3 = 0.0679 nm3 .
(Note: The unit cells of gold nanocrystals are cubic, but gold
nanoparticles themselves are pretty much spherical, at least that
is what we have assumed remember!)
The radius of the nanoparticle was calculated to be 12 nm, so the
volume of the nanoparticle is 7238.23 nm 3 (Volume of a sphere =
4/3πR3 )
Thus, the number of unit cells = 7238.23/0.0679 = 106600 (approximately).
Since, there are 106600 unit cells per nanoparticle and there are 4
atoms per unit cell, the number of atoms per nanoparticle will be
426400!
2) For the first case, the size (by size I mean the radius) should
be around 1.8 nm while for the other case, it would be less than
about 1.1 nm. Though it is intuitive that a smaller nanoparticle
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will accommodate a lesser number of atoms, it is to be noted that
at such a small size most of the atoms are exposed on the surface
compared to a nanoparticle of size 1.8 nm, where most of the
atoms still reside inside the particle. Hence, the large diﬀerence
in melting temperature.
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