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Fillable Fractions
Jyotirmoy Sarkar

In this article, I present a series of puzzles aiming to reinforce
the following mathematical concepts: fraction, factoring, representation of numbers in diﬀerent bases, mathematical induction, proving impossibility, limit points, and approximations.
Introduction
Jyotirmoy Sarkar is a

On the Internet, I came across a riddle, which prompted me to
pose some puzzles that are progressively more advanced. I asked
my family members, houseguests, and students to solve these
puzzles. When I sat down to write up the results, I discovered
some fascinating truths.
Let us begin with the riddle, which appears on wu::forums [1].
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1. Glass Half-Full Riddle
Before you is a transparent glass that is a right cylinder, and it
looks like it is half-full, but you are not sure. See Figure 1. You
have no rulers or marking utensils. How can you accurately ﬁgure
out whether the glass is more than half-full, less than half-full, or
exactly half-full?
To derive optimal beneﬁt from this article, I suggest readers proceed as follows:
1. Read the article linearly starting from the beginning;
2. Pause when a question mark appears towards the end of a paragraph;
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3. Try to answer the question – ﬁrst individually, and then in collaboration with one or more partners; and
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Figure 1. Is this cylindrical, transparent glass more
than half-full, less than halffull, or exactly half-full?

4. Read my solution and propose alternative solutions.

To facilitate the recommended pauses, I provide either a page
break, a ﬁgure, or a digression immediately after raising each
such question. I also pose one problem that remains unsolved.
Now, to solve the riddle, gently tilt the glass so that the water
reaches the open rim, just short of falling oﬀ. If the water surface
exposed to air does not intersect the bottom circular surface of the
glass inside the glass, then it is more than half-full. on the other
hand, if part of the bottom is exposed, then it is less than halffull. If the bottom is barely visible, then it is exactly half-full.
See Figure 2.
Ordinary milkmen in
India routinely measure
out half-liter milk using
a one-liter cylindrical
metal mug.

In fact, the above solution demonstrates that transparency of the
glass is not necessary. Ordinary milkmen in India routinely measure out half-liter milk using a one-liter cylindrical metal mug.
On the other hand, if the glass is transparent, then it need not be a
right cylinder. For a glass of any shape, as long as it is transparent,
you can solve the riddle in four steps:
1. Cover the mouth of the glass with your left palm;
2. Mark the water level by the thenar webbing (connection between
the thumb and the foreﬁnger) of your right palm;
3. Turn the glass upside down; and
4. Check whether the water level is above the webbing, below it, or
exactly at it.
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Figure 2.

Tilt the glass
gently to check if it is more
than half-full, less than halffull, or exactly half-full.

Some people object to covering the mouth of the glass with a
palm, which they argue does not form a plane surface. They are
right, and we agree with their objection. One easy remedy to such
an objection is to replace the glass with a transparent bottle with
a lid.
Let us now move on to newer puzzles where we restrict attention
to transparent glasses and allow them to have any shape, but we
disallow covering the mouth of the glass or turning it upside down
unless you wish to empty it.

2. The Two-Glass Puzzle
Imagine that you are visiting me and you are sitting at my dining
table when I bring to you two identical and transparent glasses
and a large jug of water, which suﬃces to ﬁll both glasses and
then some. See Figure 3. Your task is to ﬁll exactly 3/8 part of a
glass with water. You can use your ﬁve senses, your body parts
and a ﬂat tabletop; but not any other tools. In addition, you cannot
assume any particular shape of the glass such as a cylinder, or a
frustum of a cone or a pyramid. How can you ﬁll either glass 3/8
of the way?

Imagine that you are
visiting me and you are
sitting at my dining table
when I bring to you two
identical and transparent
glasses and a large jug of
water, which suﬃces to
ﬁll both glasses and then
some. Your task is to ﬁll
exactly 3/8 part of a
glass with water.

Here is my solution, which you should read only after you have
tried long enough to solve the problem on your own. Let us label
the glasses A and B respectively. As is usually true, let us assume
that the glasses are stable on the tabletop and when ﬁlled fully the
water surface will be ﬂush with the top open rim. Initially, both
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Figure 3. Given two identical and transparent glasses
and a jug of water, can you
ﬁll a glass 3/8 of the way?

glasses are empty, which state we denote by writing (0, 0); the
left number within parentheses tells us what fraction of Glass A
is full, and the right number tells us what fraction of Glass B is
full. Below we describe the steps needed to ﬁll a glass 3/8 of the
way. (You can derive from Lemma 1 that this solution uses the
fewest steps.)
Starting from State (0, 0), the only useful thing we can do is to
ﬁll one glass, say Glass A, full, and reach State (1, 0). Next, we
pour from Glass A to Glass B so that the two glasses have equal
amounts, as judged by seeing that the water surfaces in the two
glasses are at the same level. Now we have reached State (1/2,
1/2).
Next, we completely ﬁll Glass A and reach State (1, 1/2). Again,
we pour from Glass A to Glass B until the water in the two glasses
are level; and we reach state (3/4, 3/4). Then we empty Glass B
(by pouring the water back into the jug); and as a result we reach
State (3/4, 0). Finally, we pour from Glass A to Glass B until
the water in the two glasses are level; and we reach State (3/8,
3/8). Thus, in fact, we have ﬁlled both glasses 3/8 of the way.
We summarize the entire process by the following sequence of
transformations:











1 1
1
3 3
3
3 3
(1, 0) → ,
→ 1,
→ ,
→ ,0 → , .
2 2
2
4 4
4
8 8
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Figure 4. My son claims
that each glass is 3/8 full.
Can you verify?

Thus, we have solved the two-glass puzzle completely. The story
could end here, but then we miss the opportunity to discover some
fascinating properties! Therefore, let us dwell on the problem
for a while, and add a few afterthoughts. In the same context of
two identical and transparent glasses and a large supply of water,
you should be able to answer several natural follow-up questions
presented in the next few subsections.

2.1 Can You Verify a Claimed Fraction?
If someone claims to have ﬁlled a glass to a fraction 3/8, can you
demonstrate whether it is indeed exactly 3/8 of a full glass, or a
bit more, or a bit less than 3/8? See Figure 4, where we have ﬁlled
the other glass also to the same level.
Let us call the given state (x, x). We simply reverse, if possible,
the sequence of transformations in (1) to obtain the sequence below:

If someone claims to
have ﬁlled a glass to a
fraction 3/8, can you
demonstrate whether it is
indeed exactly 3/8 of a
full glass, or a bit more,
or a bit less than 3/8?

(x, x) → (2x, 0) → (2x, 2x) → (1, 4x − 1) →
(4x − 1, 4x − 1) → (8x − 2, 0).

(2)

These transformations are possible if and only if all terms in
(2) are between 0 and 1 (both inclusive). This necessary-and-
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suﬃcient condition can break down if either (i) 2x > 1, or (ii)
4x − 1 < 0. In the former case, x > 1/2 > 3/8; in the latter case
x < 1/4 < 3/8. If all transformations in (2) are possible, then
x is equal to, more than or less than 3/8 according as 8x − 2 is
equal to, more than or less than 1, which we can verify by visual
inspection.

2.2 Is Every Eighth a Fillable Fraction?
Can you ﬁll a glass k/8
of the way, where k
denotes any integer
between 1 and 7?

Can you ﬁll a glass k/8 of the way, where k denotes any integer
between 1 and 7? Before we document these solutions, let us revisit the original problem of ﬁlling 3/8 of a glass, and develop an
eﬃcient notation. Let us denote the three permissible transformations – (1) empty, (2) ﬁll to full, and (3) equalize or average – by
E, F and Q respectively. To ﬁll a glass 3/8 of the way, starting
from the initial state (0, 0), we apply the sequence of transformations F-Q-F-Q-E-Q, in that order from left to right. Since it really
does not matter which glass we ﬁll or which one we empty following an averaging, there is no need to use a subscript to denote
which glass we ﬁll or empty.
One may wish to permit another transformation P: Pour the contents of one glass into another, if possible; that is, pour until the
donor glass is empty or the receiver glass is full. However, we
claim that such a transformation P is unnecessary in the presence
of transformations E, F and Q! Let us explain why: Since we do
not allow markings on the glasses, we cannot ﬁll them to unequal
proper fractions of known values. On the other hand, if we ﬁll
them to equal and known proper fractions, and then combine the
contents (modulo 1), we are actually reversing what we have done
earlier. More speciﬁcally, suppose that we wish to apply transformation P to (x, x) to obtain (2x, 0) if x ≤ 1/2, or (1, 2x − 1) if
x ≥ 1/2. Let us ask ourselves, “how did we ever arrive at (x, x)?”
We must have done so, by applying transformation Q on (2x, 0) if
x ≤ 1/2, or by applying transformation Q on (1, 2x−1) if x ≥ 1/2.
Thus, the contemplated transformation P is either the inverse of
EQ or the inverse of FQ, and as such, P is an unnecessary transformation.

34

RESONANCE | January 2019

GENERAL ARTICLE

Moreover, to reduce the number of steps we should never apply
EF or FE, or the same transformation in succession. Therefore,
the only permissible operations are pairs of transformations FQ
and EQ.
Hence, we write the sequence of operations needed to ﬁll 3/8 of
a glass as FQ-FQ-EQ. Since the very last transformation is averaging, we end up with both glasses containing the same desired
amount. If we so choose, we can optionally empty one of the
glasses at the end.
Using variations on the sequence of operations FQ and EQ, we
can ﬁll each glass k/8 of the way, for each 1 <= k <= 7. In
fact, while ﬁlling each glass 3/8 of the way, we have already seen
how to ﬁll it 4/8 of the way (FQ), or 6/8 of the way (FQ-FQ)! The
remaining four cases are as follows: To ﬁll it 2/8 of the way, apply
FQ-EQ; to ﬁll it 1/8 of the way, apply FQ-EQ-EQ; to ﬁll it 5/8
of the way, apply FQ-EQ-FQ; and to ﬁll it 7/8 of the way, apply
FQ-FQ-FQ. At the end of each solution above, we may optionally
augment an operation E, if we insist on ﬁlling only one glass k/8
of the way.

2.3 Which All Fractions are Fillable?
Indeed, more generally, we can ﬁll a glass k/2m of the way for
any two integers m ≥ 1 and 1 ≤ k ≤ 2m − 1. For example, how
can you ﬁll a glass 47/64 of the way? See Figure 5.

We can ﬁll a glass k/2m
of the way for any two
integers m ≥ 1 and
1 ≤ k ≤ 2m − 1.

We can write down the general method of ﬁlling a glass k/2m of
the way in at most m steps using Algorithm 1, which constructs a
sequence of operations in three steps.
Algorithm 1 (To ﬁll each of two glasses k/2m of the way)
1. Write k/2m in binary notation; that is, write k in binary notation,
preﬁx a point and strike out any trailing 0’s;
2. Read the digits in the binary expansion in reverse (that is, from
right to left); and
3. Replace each 1 by FQ and each 0 by EQ (separated by hyphens).
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Figure 5. How can you ﬁll
each glass 47/64 of the way?

For example, 47/64=.101111. Reading the digits backwards, we
get 111101. Next, substitution leads to FQ-FQ-FQ-FQ-EQ-FQ.
Likewise, 26/64=.011010=.01101 leads to FQ-EQ-FQ-FQ-EQ.
Since we strike out the trailing 0’s in the binary expansion of
k/2m , the solution necessarily starts with FQ. This makes practical sense, since starting from two empty glasses, the only meaningful thing we can do is ﬁll a glass fully. Moreover, striking out
trailing 0’s is equivalent to reducing the fraction k/2m to its simplest form l/2m−i (so that l is an odd whole number). Thus, to ﬁll
a glass k/2m = l/2m−i (with l odd) of the way, we need (m − i)
operations in all. Also, we can easily reverse Algorithm 1 to determine what fraction of a glass is full when we begin with FQ
and then choose FQ or EQ arbitrarily for several more times. For
example, by applying the sequence FQ-EQ-FQ-EQ-EQ-FQ-FQ,
we ﬁll each glass to a fraction .1100101 in binary notation, which
in decimal represents 101/128.
Indeed, after the initial FQ, we may do nothing (which yields only
one possibility and ﬁlls each glass to 1/2), or we may do only one
more operation (which has two possibilities: FQ or EQ), or we
may do two more operations (having 22 possibilities), and so on
. . . up to (m − 1) more operations (having 2m−1 possibilities).
Each such option ﬁlls each glass to the same unique fraction.
Therefore, the total number of possible fractions, using at most
m operations, is
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1 + 21 + 22 + · · · + 2m−1

(3)

which simpliﬁes to 2m − 1, as we can prove by mathematical induction. Alternatively, by adding 1 more to (3), we can directly
check that the sum becomes 2m .
Algorithm 1 and its inversion establish a bijection or a one-to-one
correspondence between the set of integers {1, 2, ..., 2m − 1} and
the set of sequences of at most m operations formed by always
starting with FQ and then augmenting to it at most (m − 1) more
operations by choosing between FQ and EQ as we please.
Let us deﬁne the notion of a ﬁllable (proper) fraction.
Deﬁnition 1. A fraction is called a 2-ﬁllable fraction if it is attainable with two identical and transparent glasses. Furthermore,
if a 2-ﬁllable fraction belongs to (0,1), then it is called a 2-ﬁllable
proper fraction. Likewise, for g ≥ 3 glasses, we can deﬁne the
notions of a g-ﬁllable fraction and a g-ﬁllable proper fraction.

2.4 Is 1/3 a 2-Fillable Fraction?

A fraction is called a
2-ﬁllable fraction if it is
attainable with two
identical and transparent
glasses. Furthermore, if
a 2-ﬁllable fraction
belongs to (0,1), then it
is called a 2-ﬁllable
proper fraction.

Given two identical and transparent glasses, can you ﬁll a glass
1/3 of the way? My wife claims to have ﬁlled them as shown in
Figure 6.
Claim 1: Using two glasses, it is not possible to ﬁll 1/3 of a
glass.
Whereas a ﬁllable fraction needs only a demonstration, to establish that a fraction is not ﬁllable we demand a logical proof.
Can you provide such a proof of impossibility?
Proof. Algorithm 1 demonstrates that we can ﬁll a glass k/2m of
the way for any two integers m ≥ 1 and 0 ≤ k ≤ 2m . Furthermore,
if k is odd, fewer than m operations will not ﬁll a glass k/2m of
the way. Conversely, since FQ and EQ are the only permissible
operations, all ﬁllable fractions are of the form k/2m . Since 3 is
not of the form 2m , it is impossible to ﬁll a glass 1/3 of the way in
a ﬁnitely many steps.
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Figure 6. “Each glass is
1/3 full” says my wife. How
did she do it?

Having seen a proof that 1/3 is not 2-ﬁllable, do you think my
wife made a false claim? I beg you not to judge yet. Please wait
until the end of Section 2. Claim 1 extends to prove that no proper
fraction other than k/2n is 2-ﬁllable. Hence, we have Lemma 1,
the main result of Section 2.
Lemma 1. The set of all 2-ﬁllable proper fractions is


k
m
Φ2 = m : 1 ≤ m < ∞, 1 ≤ k ≤ 2 − 1 .
2

(4)

2.5 How Can We Approximate 1/3 via 2-Fillable Fractions?
Given two identical and transparent glasses, although it is impossible to ﬁll a glass 1/3 of the way, we can come closer and closer
to the fraction 1/3 as we increase the number of steps. How?
We apply Algorithm 1, and note that 1/3 in binary notation becomes .010101. . . , which is a recurring expansion. If we truncate
the expansion .010101. . . after several places, we can approximate 1/3 by the terminated expression. Of course, the approximation gets better and better as we truncate farther and farther
away from the beginning; that is, we keep more and more terms.
We translate the truncated expression, as in Steps 2 and 3 of Al-
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gorithm 1, and obtain the corresponding sequence of operations.
That is, we repeat the pair of operations (FQ-EQ) several times.
As we implement the operations in this systematic pattern, we ﬁll
Glass A to a fraction given in the following sequence
.1, .01, .101, .0101, .10101, .010101, .1010101, .01010101, ...
which, as a sequence of decimal fractions, becomes

1/2, 1/4, 5/8, 5/16, 21/32, 21/64, 85/128, 85/256, . . .

(5)

What happens if we continue the process indeﬁnitely? In fact,
sequence (5) does not have a limit; rather it has two limit points.
To ﬁnd them, suppose that after inﬁnitely many repetitions of the
pair (FQ-EQ) we have ﬁlled each glass to a fraction x. Thereafter,
another FQ operation will ﬁll each glass to (x + 1)/2, and the next
EQ operation will ﬁll each glass to 1/2 of (x + 1)/2, which must
agree with x. That is,
1 (x + 1)
·
= x.
2
2

(6)

Solving (6), we obtain x = 1/3. Therefore, the two limit points
of sequence (5) are x = 1/3 and (x + 1)/2 = 2/3.
Thus, we can ﬁll each glass as close to 1/3 as we desire simply by
increasing the number of iterations of the pair (FQ-EQ). Thereafter, one extra operation FQ will ﬁll each glass to approximately
2/3.

2.6 To Change or Not to Change the Assumptions
To ﬁll a glass exactly 1/3 (or 2/3) of the way, we must let the
process continue ad inﬁnitum. This is a departure from an implicit
assumption in the original problem that the method must end in
a reasonable number of steps. Allowing inﬁnitely many steps
seems like a sleight of hand. Surely, my wife did not ﬁll the
glasses 1/3 of the way by letting m = ∞ in Algorithm 1! She does
RESONANCE | January 2019
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not have an inﬁnite amount of time or patience. How then did she
do it?

If we stick to the original
assumptions and allow
only ﬁnitely many steps
and no markings, then a
simple modiﬁcation to
the puzzle allows us to
ﬁll a glass 1/3 of the
way...let there be three
identical and transparent
glasses! We simply need
to split the content of
one full glass and two
empty glasses evenly
among the three glasses.

Other deviations from the set of assumptions may give rise to
alternative solutions. For example, suppose that we have a rubber
band, using which we can mark oﬀ an arbitrary (but unknown)
level on Glass A, below the 1/2 mark. We ﬁll both glasses to that
level, and pour all of A into B. Then we ﬁll A again up to the
rubber band mark, and slowly pour from A into B until one of
three things happens: (1) B is not full and A is empty; or (2) B
is full and there remains an additional amount in A; or (3) B is
full and A is empty. In Case 1, we raise the rubber band; and in
Case 2, we lower the rubber band. Then we repeat the process all
over again, until Case 3 happens. At this point, the rubber band
mark shows the exact 1/3 level. How many attempts you will
need to reach this solution depends on your skill in adjusting the
placement of the rubber band. Did my wife solve the problem
this way? I doubt it.
If we stick to the original assumptions and allow only ﬁnitely
many steps and no markings, then a simple modiﬁcation to the
puzzle allows us to ﬁll a glass 1/3 of the way...let there be three
identical and transparent glasses! We simply need to split the
content of one full glass and two empty glasses evenly among
the three glasses. Most likely, my wife used this simple solution
– for, while you did not know it when you were visiting me in
my home, she knew quite well that we have many such identical
glasses in the cupboard.
Let me make a confession: My wife had bought a set of one dozen
glasses, of which one is no more. . . because of my clumsy handling.
Let us now discuss the three-glass puzzle.

3. The Three-Glass Puzzle
I give you three identical and transparent glasses, and a large jug
of water, which suﬃces to ﬁll all the glasses and then some. See
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Figure 7. Given three identical and transparent glasses
and a jug of water, can you
ﬁll a glass 5/12 of the way?

Figure 7. You can use your ﬁve senses, your body parts and a ﬂat
tabletop, but not any other tools. Can you ﬁll exactly 5/12 part of
a glass?
Here is how I do it. First, using only two glasses, I ﬁll each glass
to 1/4 using the sequence of operations FQ-EQ as described in
Subsection 2.2. Then I ﬁll one of these two glasses all the way.
It is now time to use the third glass, which has remained empty
all along. I split the 5/4 glasses of water evenly among the three
glasses. Let us call this last transformation T (three-way equal
split). Thus, FQ-EQ-FT ﬁlls each glass 5/12 of the way.
The above solution is by no means unique! Alternatively, you
can ﬁll each glass 1/3 of the way by splitting the water in one full
glass and two empty glasses evenly among the three glasses. (The
method, I think, my wife used.) Next, set aside Glass C, empty
Glass B, and split evenly the water in Glass A between A and B.
Again empty Glass B and again split evenly the water in Glass A
between A and B. Now Glasses A, B, C contain respectively 1/12,
1/12, 1/3. Finally, pour the water in Glass C into Glass A. Let us
call this last transformation M (mixing). Now Glasses A, B, C
contain respectively 5/12, 1/12, 0. We summarize this solution as
EFT-EQ-EQ-M.
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There is also a third solution! The availability of a third glass
empowers us to take complement; that is, interchange the ﬁlled
fraction and the empty fraction within a glass – a task that was
impossible to do with only two glasses. To elaborate, if Glass
A contains a fraction x, we can ﬁll Glass B to a fraction (1 −
x) by pouring from a full Glass B into an empty Glass C just
enough water so that C levels with A. Let us denote this series
of transformations by FER. For example, EFT-FFT will ﬁll each
of the three glasses to 7/9. Then we apply operations EQ-EQ
to Glasses B and C to ﬁll each glass (1/4) ∗ (7/9) = 7/36 of
the way. Next, ﬁll Glass A also to the same level as B and C.
Combine the total content of the three glasses (that is, 7/12) into
Glass A. Finally, by applying the operation FER to a full Glass B
and empty Glass C, we leave in Glass B exactly 5/12 fraction of
a full glass (the complement of Glass A).
To ﬁll one of three glasses to 5/12, how many distinct solutions
are there? Let me leave this question to the interested reader.
While a multiplicity of solutions makes the three-glass puzzle
somewhat more attractive, it can also cause some discomfort not
knowing which solver will adopt which solution. Therefore, we
like to develop a method that always yields one unique solution
and write a computer code that will produce the solution. Here
is such a method, which comes in two major parts (Algorithms
2 and 3). The method does not use operation FER at all, and
it straightforwardly generalizes to puzzles involving more than
three glasses!
Algorithm 2 (To ﬁll each of three glasses h/3n of the way)
1 Write h/3n in ternary notation; that is, write h in ternary notation,
preﬁx a point and strike out any trailing 0’s;
2 Read the digits in the ternary expansion in reverse (that is, from
right to left); and
3 Replace each 2 by FFT, 1 by EFT, and each 0 by EET (separated
by hyphens).
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For example, to ﬁll each of the three glasses to 7/27 of the way,
write 7/27 in ternary notation as .021. Then translate it as the
sequence of operations EFT-FFT-EET.
Algorithm 3 (To ﬁll one of three glasses k/(2m 3n ) of the way)
1 Write k = j.3n + h, where j is the quotient and h is the remainder
when k is divided by 3n . Hence,
j
1 h
k
=
+
.
2m 3n 2m 2m 3n

(7)

Note that h/3n , 1/2m and j/2m are all proper fractions.
4 Apply Algorithm 2 to ﬁll all three glass h/3n of the way.
5 Deﬁne Glass C ﬁlled to h/3n as a new measure of ‘whole’. Apply
Algorithm 1 on Glasses A and B to obtain a fraction 1/2m of h/3n
in each of Glasses A and B; that is, whenever Algorithm 1 tells
us to ﬁll a glass, we actually ﬁll it to the same level as in Glass
C.
6 Set aside Glass A, which contains 1/2m of h/3n . Apply Algorithm 1 on Glasses B and C to obtain a fraction j/2m of a truly
full glass in each of Glasses B and C. This time, whenever Algorithm 1 tells us to ﬁll a glass, we ﬁll it completely (and not to the
level in Glass A).
7 Pour the content of Glass B into Glass A to get the desired fraction k/(2m 3n ) in Glass A, in view of (7).

For example, to ﬁll one of three glasses to a fraction 43/72, we
write 43/72 = 1/2 + (1/8) ∗ (7/9). Since 7/9 equals .21 in
ternary notation, Algorithm 2 says that EFT-FFT ﬁlls each of
three glasses to 7/9. We use Glass C as the deﬁnition of a new
‘whole’, and empty glasses A and B. Since 1/8 = .001 in binary
notation, Algorithm 1 says that FQ-EQ-EQ applied to Glasses A
and B will ﬁll each glass to (1/8) ∗ (7/9) = 7/72. We set aside
Glass A, empty Glasses B and C, and apply FQ to ﬁll Glasses B
and C to 1/2. Finally, we pour the water in Glass B into Glass A
to get the desired 1/2+7/72=43/72 in Glass A.
We are ready to prove the main result of Section 3.
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Lemma 2. The set of all 3-ﬁllable proper fractions (that is, attainable by using three identical and transparent glasses) is



k
m n
Φ3 = m n : 0 ≤ m, 0 ≤ n, 1 ≤ n + m, 1 ≤ k ≤ 2 3 − 1 . (8)
2 3
Proof. Algorithms 2 and 3 prove that every element of Φ3 is in
fact 3-ﬁllable. It remains to show that any fraction of the form
k/t, where t has a prime factor p ≥ 5, is not 3-ﬁllable. Suﬃces
it to show that the extended set Φ̄3 = Φ3 ∪ {0, 1} is closed under
each of the permissible transformations E, F, Q, T, M, R; that is,
starting from one or more fractions in Φ̄3 , each transformation
results in one or more fractions that also belong to Φ̄3 .
1 Transformation E ﬁlls a glass to 0 and transformation F ﬁlls it to
1, both of which belong to Φ̄3 .
2 Transformation Q equalizes the contents of two glasses containing fractions x, y ∈ Φ̄3 , so that each glass end up with (x + y)/2,
which belongs to Φ̄3 .
3 Transformation T splits equally the contents of three glasses containing fractions x, y, z ∈ Φ̄3 , so that each glass end up with
(x + y + z)/3, which belongs to Φ̄3 .
4 Transformation M mixes the contents of two or three glasses containing fractions x, y, z ∈ Φ̄3 , so that the receiving glass ends up
with (x + y) or (x + y + z), which belongs to Φ̄3 .
5 Transformation R complements a fraction x ∈ Φ̄3 in a glass, so
that the other two glasses end up with x and (1− x), both of which
belong to Φ̄3 .
Although k/t, where t
has a prime factor p ≥ 5,
is not 3-ﬁllable, we can
ﬁll a glass to fraction k/t
within any desired
degree of closeness; and
we can do so, using only
two glasses.
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This completes the proof of Lemma 2.
Comparing the set Φ̄2 in (4) and the set Φ̄3 in (8), we note that
many more fractions become ﬁllable when we can use three (instead of two) glasses.
Although k/t, where t has a prime factor p ≥ 5, is not 3-ﬁllable,
as done in Subsection 2.5, we can ﬁll a glass to fraction k/t within
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Figure 8.

Given eleven
identical and transparent
glasses and a jug of water,
can you ﬁll a glass 797/1540
of the way?

any desired degree of closeness; and we can do so, using only two
glasses. Since Φ2 is a dense set (that is, any open subinterval of
[0,1], however small, contains a member of this set Φ2 ), we can
approximate k/t by a 2-ﬁllable fraction whose denominator is a
large enough power of 2. We leave the details to the reader.

4. The g-Glass Puzzle
Consider the general problem of ﬁlling one out of g identical and
transparent glasses to a desired proper fraction k/t. For example,
how can you ﬁll one of 11 glasses to a fraction 797/1540? See
Figure 8.
Without loss of generality, assume that k/t is in reduced form.
The fundamental theorem of arithmetic (FTA) or the unique prime
factorization theorem (see [2]) says that any integer t can be uniquely
factored as the product of prime powers; that is,
t = qn11 qn22 · · · qnaa ,

(9)

where the bases q1 < q2 · · · < qa are distinct prime numbers and
the indexes n1 , n2 · · · , na ≥ 1 are integers. We can ﬁll one out of
g glasses to a desired rational proper fraction k/t if and only if t
has no prime factor larger than g. Indeed, we need not use all g
glasses; only qa ≤ g glasses suﬃce. We explain the details below.
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Let r = k (mod qnaa ) be the remainder when k is divided by qnaa .
We begin with q = qa glasses and ﬁll a proper fraction r/qnaa in
all glasses using an extension of Algorithm 2 given below.
Extended Algorithm 2 (To ﬁll each of q glasses r/qn of the way)
1 Write r/qn in base q notation; that is, write r in base q, preﬁx a
point and strike out trailing 0’s;
2 Read the digits in the base q expansion in reverse (that is, from
right to left); and
3 Replace each digit d (0 ≤ d ≤ q − 1) in the base q expansion
by an operation F d E q−d S q ; that is, ﬁll d glasses, empty (q − d)
glasses, and then split evenly the total contents into the q glasses
(separated by hyphens).
a−1
Next, we deﬁne one such glass containing r/qna−1
as a new ‘whole’.
a−1
a−1
of r/qna−1
Using qa−1 < qa glasses, we obtain a fraction 1/qna−1
by applying Extended Algorithm 2 on q = qa−1 glasses. We continue this process of division by a power of a prime until we get a
fraction
1
r
r
1
1 1
(10)
n1 n2 · · · na−2 na−1 ∗ na =
t
qa−2 qa−1 qa
q1 q2

in each of q1 glasses. We set aside one such glass (which we will
combine later with other glasses yet to be set aside).
Next, note that (k−r)/t is of the form l/s, where, in view of (9), the
numerator is l = (k − r)/qnaa , and the denominator is s = t/qnaa =
a−1
. If necessary, reduce l/s. Thus, we reduced the
qn11 qn22 · · · qna−1
original problem of ﬁlling a glass to a fraction k/t, into another
problem of ﬁlling a glass to a fraction l/s whose denominator
involves one fewer distinct prime factor. Therefore, we can repeat
the above process, working with q = qa−1 < qa glasses.
For each distinct prime factor of t, we set aside one glass or none
according as the corresponding remainder r is non-zero or zero.
When all prime factors of t are exhausted, we end up with at most
a glasses that have been set aside. Combine the contents of all
glasses set aside to obtain the desired proper fraction k/t. Note
that we need not use all g glasses; qa ≤ g glasses do suﬃce.
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For example, to ﬁll one of 11 glasses to 797/1540, we write

797
1540

18 1 1 1
72 ∗ 11 + 5
=
+ ∗ ∗
2 ∗ 5 ∗ 7 ∗ 11
35 4 7 11
2


2 1 4
1 1 1
=
+ ∗
+ ∗ ∗
5 5 7
4 7 11

=

(11)

Then we read the right hand side of (10) from right to left and
construct the solution as


F1 E S 11 , F 1 E S 7 , F 1 E S 4
10

6

11

3

77



+



F14 E 3 S 7 , F 4 E 4 S 5
7



+ F12 E 3 S 5
where F x denotes a glass ﬁlled to a fraction x.
We summarize below the main result of Section 4, which, being a straightforward extension of Lemma 2, requires no separate
proof.
Theorem 1. Given g identical and transparent glasses, the set of

all g-ﬁllable proper fractions are of the form k/ q≤g qnq , for any
set of integers nq ≥ 0 (not all 0) corresponding to each prime

number q ≤ g, and for any integer 1 ≤ k ≤ q≤g qnq − 1. In
particular, it is impossible to ﬁll any one of the g glasses to a
rational proper fraction k/t if t has a prime factor larger than g.
Interested readers may write their own codes (in their favorite
language) to implement Algorithms 2 and 3 and their extensions
to document the steps needed to ﬁll one of g identical and transparent glasses to a fraction k/t, or to declare that such a task is
impossible. Alternatively, they can contact the author for codes
written in R.
Did I mention that I broke one of the one dozen identical glasses
my wife had bought? Denoting the set of all g-ﬁllable proper
fractions by Φg , from Theorem 1, we have
Φ2 ⊂ Φ3 = Φ4 ⊂ Φ5 = Φ6 ⊂ Φ7 = · · · = Φ10 ⊂ Φ11 = Φ12 ...
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Figure 9. Given two identical metal tumblers and a jug
of water, can you ﬁll a tumbler 49/64 of the way?

with strict inclusion whenever the latter subscript is a prime, and
equality otherwise. Thus, in the presence of 11 glasses, a twelfth
glass does not expand the set of ﬁllable proper fractions. In view
of this property, I think, my wife can forgive me the folly of breaking one glass. Henceforth, I must be careful not to break any
more!

5. Transparency Eliminated
Let us conclude this article with one more change to the 2-glass
puzzle, together with a solution to ﬁt the change. Suppose that
the glasses are identical, but not transparent (say, they are made
of metal) so that we cannot visually check if the levels are equal.
Henceforth, we call them tumblers, instead of glasses. See Figure
9.
When we eliminate transparency, transformations F and E are still
permissible, but transformation Q is not. One way to readmit
Q is to allow dipping a drinking straw, longer than the height
of each tumbler, to measure water level. When the straw barely
touches the top surface of the water, we pinch the straw where
it touches the top rim of the tumbler. Using that portion of the
straw as a measuring rod, we can verify if its length equals the
corresponding distance in the other tumbler. Thus, Q becomes
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permissible again!
There is an added advantage when a straw is available: We can
use the straw also as a dropper to transfer small amounts of water
from one tumbler to the other simply by dipping the straw in water, closing the top end of the straw by the index ﬁnger and lifting
the straw by the other ﬁngers. This gives us additional ﬂexibility
in equalizing the contents in the tumblers.
In view of Algorithm 1, we ﬁll each tumbler to 49/64 by using the
sequence of operations FQ-EQ-EQ-EQ-FQ-FQ.
Likewise, we can solve any g-tumbler puzzle, if a straw is available.

6. Conclusion
I hope this intellectual excursion, which started with a simple riddle and culminated in a general theorem describing all g-ﬁllable
proper fractions, has been both pleasant and proﬁtable to you. I
have left unsolved the problem of counting all distinct ways to ﬁll
one of g glasses to a desired fraction. I have also invited you to
write computer codes to accomplish the results of Theorem 1.
I encourage you to indulge in your own pursuit of mathematical
problem solving, always adding some thoughtful reﬂections. A
rich source of many easy-to-understand problems is [3]. As you
reﬂect on these and other problems, I wish that you would uncover hidden truths and surprises at the many twists and turns.
Bon voyage!
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the problem discussed in this article.
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