Editorial
Rajaram Nityananda, Chief Editor
This issue celebrates what is now known as the ‘physics of condensed matter’, The back cover personality, Walter Kohn, is a legend among theoretical physicists. The general article, the Classics
piece extracted from his path breaking paper, and the biographical sketch leave little more to be said here. In summary, a paper
was written with the modest title ‘Inhomogenous Electron Gas’
in 1964, proving an apparently academic theorem that a certain
function of electron density exists whose minimum gives the true
ground state energy. This led to a revolution in computing the
properties of materials in our times, recognized by the 1998 Nobel Prize for Chemistry.
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It is interesting to see the rise of condensed matter physics in perspective. By the middle of the 20th century, the physics of perfect
crystalline solids, based on the quantum behaviour of electrons,
was beginning to take its present form. It needed a lot of insight
at that time to see that the physics of materials poses theoretical
questions as rich and deep as any in the realm of elementary particles. An even deeper insight came later – problems in these two
realms have more in common than one might think at first. Our
February issue told the story of Ken Wilson, one of the pioneers in
seeing this deep connection, in a very specific area – continuous
phase transitions.
Condensed matter physics expanded to embrace new phenomena
which were rapidly being uncovered by experimenters in systems of great interest in biology and technology. The list includes membranes, polymers, liquid crystals, colloids, powders,
and other systems which are condensed – not gases – but not simple liquids or solids either. Their rich range of behavior is governed by classical physics, goes by the broad name of ‘soft condensed matter’ but poses hard problems which continue to challenge the best physicists to this day.
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From the 1960s, the strange behavior which electrons exhibit
when they interact strongly with each other, has been a major
theme of condensed matter physics – see the December 2005 issue of Resonance. The new ingredient in the more recent, developments is topology. By the 19th century, mathematicians knew
of certain geometrical properties which are independent of any
notions of length, angle or size. These properties are robust –
they are preserved even if one distorts the object continuously. As
a deceptively simple example, a closed curve drawn on the plane
has an inside and an outside. If one goes from inside to outside
one crosses the boundary an odd number of times. These statements remain true however much one distorts the curve (continuously!) – hence the name ‘rubbersheet geometry’. The late 19th
and early 20th centuries saw the foundations laid for a vast and
deep generalization of these isolated ideas. Today, most mathematics degrees include a course in topology, which may not use
many figures. A simple search of the Resonance archives throws
up a large number of articles on this subject. The word itself is a
translation of Poincaré’s Latin phrase analysis situs – the ‘situs’
stands for location or position.
It is interesting that high energy physicists and in particular string
theorists were always required to learn some topology as part
of their training – and likewise those working on ordered media like liquid crystals. The application to electrons, winning the
2016 Nobel Prize, is rather diﬀerent – the seeds were sown in
the early 1970s and 1980s, but applications and understanding
are very much a work in progress. The more technical article in
this issue, on emerging trends in topological insulators and semiconductors gives a flavor of this current excitement. For a field
founded on apparently esoteric mathematics, the level of experimental activity is impressive. The fundamental reason is that a
topological property is robust against distortions. The physics of
condensed matter has once again surprised and enlightened both
practitioners and onlookers. It promises new applications and devices under ‘topological protection’ which could not have been
anticipated even a decade ago.
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Hum Kohn Hai
The Inspiring Story of Walter Kohn, The Nice Guy Who Won a Nobel

July 19, 2009, is a date I will remember. It was the first day of a summer school on density
functional theory that I was organizing at the University of California, Santa Barbara. I was
seated at a table at the opening reception, together with my graduate students Kanchan Ulman
and Sananda Biswas, who were participants in the school. As we were marveling at the slightly
unreal perfection of Southern California – gorgeous weather, smiling beautiful people who
seemed to have walked straight oﬀ the sets of Baywatch, super-sized food that somehow looked
too good to eat – an elderly man wearing a beret came up to our table and asked, a little shyly,
if he could join us. “Hello,” he said, in a voice that bore traces of a Germanic accent. “My
name is Walter Kohn. What is your name?”
Of course, as practitioners of density functional theory, all three of us had recognized Walter
Kohn, the Nobel-Prize-winning founder of our field, as soon as we had a glimpse of him. He
really had no need to introduce himself to us! Nevertheless, we were charmed by the fact that
he chose to do so, and continued to be charmed over the course of the ensuing conversation
that ranged from the etymology of Indian surnames (he seemed convinced that Kanchan must
have had a Swedish or German ancestor that everyone had forgotten about!) to gossip about
scientists and scientific institutions in India.
As Kohn chatted with us, my thoughts flashed back to an article I had read in The New York
Times twenty years ago, when I was myself a graduate student. The article’s title had stuck
in my mind, as it stated bluntly: “Nice guys don’t win Nobel Prizes”. In the intervening two
decades, I had been lucky enough to have several opportunities to gauge the validity of this
statement through personal interactions. I won’t say what conclusions I drew from these encounters; however, I can state that it was only after this meeting with Kohn that I felt completely
reassured that yes, nice guys DO win Nobels!
Walter Kohn’s life story serves as an inspiring example of how one cannot just survive through
adverse circumstances, but somehow make the best of them – and emerge with one’s niceness
and humaneness, as well as sense of hope for the future of mankind, intact.
Walter Kohn was born in Vienna on March 9, 1923, into a Jewish family. As a young boy,
Walter was more interested in learning Latin and Greek than science, though he accepted (“with
resignation and without the least enthusiasm”) that he was destined to eventually take over the
family business of producing high-quality artistic postcards. However, Walter’s life was to
change drastically when the Nazis came to power in neighboring Germany. A few days after
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Walter’s 15th birthday, there occurred the ‘Anschluss’, whereby Germany annexed Austria;
one immediate consequence for Walter was that he was expelled from his school, because of
the Nazis’ anti-Semitic policies. Indeed, all Jews were now at risk of losing not just their
educational prospects, but their lives. At that time, Jewish organizations were organizing the
‘Kindertransport’ (German for ‘children’s transport’), a now-renowned rescue eﬀort whereby
about 10,000 predominantly Jewish children were sent by train and ship from mainland Europe
to Great Britain, in order to protect them from Nazi atrocities. As a part of a Kindertransport,
Walter, who was then a young teenager, was separated from his parents and taken to England;
his older sister Minna had already been placed with a family there. Walter and Minna never
saw their parents Salomon and Gittel Kohn again – their parents were sent by the Nazis to the
notorious Theresienstadt and Auschwitz concentration camps, where they were exterminated.
Unfortunately, Walter’s travails did not end there. A year later, Great Britain entered the Second World War against Germany. As a young man of Austrian origin, Walter was considered
an ‘enemy alien’ and was imprisoned in a camp on the Isle of Man. The guards of this prison
camp were not kind to the inmates, and Walter’s experiences at this time were not happy ones.
Things improved when he was later moved to an internment camp in Canada. Many intellectuals of German origin were imprisoned there, and in conversations and lessons with them,
the young Walter began to get increasingly interested in science. They helped him study for
his high school diploma, which he obtained while imprisoned in the camp. During a much
later visit to India, Kohn described, how throughout his career, he had benefited from interactions with mathematicians, starting from his time in the Canadian prison camp. He especially
mentioned the exiled Austrian mathematician Fritz Rothberger, who had taught him set theory,
and the German-born mathematician Richard Brauer, with whom he was to later interact at the
University of Toronto.
Though Kohn’s interests had now shifted to science, he was unsure whether he wanted to focus
on physics, mathematics or engineering. However, various mentors helped him realize that his
true interest lay in physics. After a stint in the army and obtaining an undergraduate degree
from the University of Toronto (which he completed in one-and-a-half years instead of the
usual four years), Kohn went to Harvard University in the USA for a PhD in physics. Here
is how Kohn described his feelings on entering Harvard: “I felt very insecure and set as my
goal survival for at least one year.” This should hopefully reassure young students that feeling
intimidated and outclassed need not necessarily preclude later success in science. Kohn says
that he initially told his professors that he had no interest in solid state physics (something that
many young students tell me at the start of their graduate studies), but he seems to have become
fascinated by it almost against his will, much to the benefit of the field. One funny story about
Kohn and solid state physics I will quote verbatim from the autobiography he wrote at the time
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of winning the Nobel Prize: “As an ‘expert’ in solid state physics, I oﬀered a few lectures on
that subject. Wolfgang Pauli . . . when he learned of my meager knowledge of solids, mostly
metallic sodium, asked me, true to form, if I was a professor of physics or of sodium.”
Young scientists will also be interested to hear that when, at the end of his time at Harvard,
Kohn applied for several permanent academic jobs in Canada and the USA, he received no
oﬀers at all. He therefore went as a postdoc to Copenhagen, which of course attracted a stream
of illustrious visitors at the time because of the presence there of Neils Bohr and his satellites.
After this, Kohn returned to the USA, where he held faculty positions first at Carnegie Tech
and later at the University of California at San Diego, but he also spent a lot of time at Bell
Labs, which was then (and continued to be for several decades) probably the world’s leading
centre for research in both experimental and theoretical solid state physics.
Already in his time at Harvard, Kohn had applied variational principles (see the article in this
issue – ‘A Tryst with Density’) to attack and solve various problems. This approach and train of
thought was to culminate gloriously in the work he did in 1963 and 1964, when he was spending
a sabbatical year at the Ecole Normale Superieure (ENS) in Paris. It was during this time that it
occurred to Kohn that ‘density is enough’, i.e., in order to determine the ground-state properties
of a many-electron system, it suﬃces to know just its ground-state density. Importantly, one
does not necessarily have to know the many-electron wavefunction. Kohn was able to prove
this with his celebrated four-line proof; even to Kohn himself, this proof seemed so simple
that at first, he did not trust it! He therefore consulted another visitor to ENS, the American
physicist Pierre Hohenberg, who confirmed the finding. They then went on to prove their
second theorem: that there exists a universal functional of the density that becomes a minimum
at the correct ground-state density. Together, these two theorems constitute the famous 1964
Hohenberg–Kohn paper, and form the foundation for the field of density functional theory.
The next year, with his postdoc Lu Jeu Sham, Kohn went on to formulate the celebrated Kohn–
Sham system of auxiliary one-electron equations whose solution yields a ground state density
and energy that are equivalent to that obtained by solving the many-electron Schrödinger equation. They also suggested a practical method for solving these equations. This approach to
tackling many-body problems completely revolutionized the field, and changed not just how
solid state physics was carried out, but had (and continues to have) a significant impact on
fields such as quantum chemistry, drug design, mineralogy, and metallurgy.
Walter Kohn continued to carry out research at the forefront of solid state physics. However, as
he grew older, and his influence on the larger scientific community as well as spheres of government increased, Kohn also began to concern himself more deeply with the future of Earth and
its people, and to campaign actively for causes that he felt would promote a better tomorrow.
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Together with a fellow Chemistry Nobel laureate, Alan Heeger, he produced a documentary
film called The Power of the Sun, which was intended to alert governments, funding agencies
as well as the common people to the global energy crisis, and to spur them on to invest in solar
power. Kohn believed that only solar power held the answer to Earth’s energy needs. He was
especially proud of the fact that the film’s narration was provided by the British comedian John
Cleese (famous for Fawlty Towers and Monty Python’s Flying Circus). Well into his eighties, Kohn continued to travel the world showing his movie to audiences of students, scientists,
and policy-makers. He would come to each showing carrying a stack of DVDs of the movie,
which he would hand out to anyone who would promise to organize a screening of the movie
to an audience of at least ten more viewers. He was also concerned about the implications
of unchecked population growth on the future of humanity, and allied himself with eﬀorts to
address this problem.
Late in his career, Kohn moved to the University of California at Santa Barbara, where he was
instrumental in setting up its famed Institute for Theoretical Physics (ITP, now known as the
Kavli Institute). Well into his seventies and eighties, he could be spotted around the UCSB
campus, sometimes whizzing by on roller-blades! The conversation he’d had with us about
my student Kanchan Ulman’s surname took on an especially poignant colouring when I later
learnt that in memory of Jewish victims of the Holocaust, Kohn had helped organize a music
concert by the Austrian composer Viktor Ullmann, who was killed in the gas chambers at the
Auschwitz–Birkenau concentration camp; Ullmann had been imprisoned at Theresienstadt at
the same time as Kohn’s parents.
The building of the ITP at UCSB is named Kohn Hall after Walter Kohn. Two years ago, the
Quantum Espresso Foundation (Quantum Espresso is one of the most popular density functional theory computer packages) and the Abdus Salam International Centre for Theoretical
Physics in Trieste, Italy, decided to institute the ‘Walter Kohn Prize’ for quantum mechanical
materials modeling. This prize is intended to be awarded biennially to young scientists from
developing countries. Kohn was very pleased to learn that such a prize was being set up; sadly,
he passed away before the first Kohn prize was awarded in 2017 to Yanming Ma. Walter Kohn
breathed his last on April 19, 2016.
Kohn once said “Physics isn’t what I do, it is what I am.” It is therefore somewhat ironic that,
in 1998, he received the Nobel Prize not in physics, but in chemistry. Of course, in the popular
imagination, a Nobel Prize represents the culmination of a scientist’s career, and there is no
doubt that Kohn’s Nobel Prize was richly deserved. However, he was already a legend before
receiving the Nobel, and will remain a legend for years to come.
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A Tryst With Density
Walter Kohn and Density Functional Theory
Shobhana Narasimhan
Walter Kohn transformed theoretical chemistry and solid state
physics with his development of density functional theory, for
which he was awarded the Nobel Prize. This article tries to
explain, in simple terms, why this was an important advance
in the field, and to describe precisely what it was that he (together with his collaborators Pierre Hohenberg and Lu Jeu
Sham) achieved.
Introduction
Walter Kohn was an Austrian-born Canadian and American scientist who made immense contributions to solid state physics.
Though he worked on many important problems in the field, he is
best known for developing the density functional theory (DFT).
This is an extremely successful approach for handling many-body
Schrödinger equations, whose popularity among chemists, physicists, materials scientists, and even biologists and geologists, continues to grow exponentially. Reflecting the transformative eﬀect
that DFT has had on entire fields of research, Kohn was awarded
the Nobel Prize for chemistry in 19981 .
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The Quantum Many-Body Problem
What makes DFT remarkable is that it provides an approach for
solving many-body problems in quantum mechanics that makes
them unexpectedly easy to handle, yet usually gives very accurate
results. To understand what a startling and noteworthy achievement this is, let us first consider two-body and three-body problems in classical mechanics or electrodynamics. When three objects interact with each other – for example, through gravity or
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electromagnetic fields, the resulting ‘three-body problem’ is notoriously diﬃcult to solve, whereas the corresponding ‘two-body
problem’ is relatively easy to handle. Thus, while one can write
down a simple analytical equation for the elliptical orbit of the
Earth around the Sun (a two-body problem, with the Earth and the
Sun interacting with each other through the gravitational force),
it is much harder to solve for the trajectories in the three-body
problem of the Earth, the Moon and the Sun. Even if we were to
assume that the Sun, being so much more massive than the Earth
or the Moon, is stationary, one cannot write down a simple exact and analytical expression for the orbits of the Earth and the
moon, since each of them experiences not just the gravitational
pull of the Sun, but also of the other. Another three-body problem that has become famous in popular culture is that of the planet
Tatooine. Fans of Star Wars will recognize that this is the planet
that Luke Skywalker grows up on. Tatooine is unusual in that it
orbits around not one, but two suns. Not even Yoda, Luke’s wise
and all-knowing mentor, would be able to solve exactly the problem of Tatooine and its two suns, or perhaps even explain why
Tatooine has a stable orbit!
2 The central quantity of interest for a quantum mechanical system is usually its wavefunction ψ.
Just as solving the Newton equation F =
ma enables one to understand
the motion of a classical system, writing down and solving the Schrödinger equation
provides the wavefunction of a
(non-relativistic) quantum system. The physical interpretation of the wavefunction is that
|ψ|2 gives the probability density.
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Similarly, in quantum mechanics, one can obtain an exact analytical solution for the Schrödinger equation2 of the hydrogen
atom – a two-body problem consisting of an electron orbiting a
proton – but not for the helium atom which can be viewed as a
three-body problem, where two electrons interact with a nucleus
consisting of an alpha particle. Such three-body problems can
often be solved numerically (this becomes especially easy if one
uses computers), utilizing approximations and techniques such
as perturbation theory. However, as the number of interacting
bodies becomes larger, the problem becomes increasingly harder
to solve, with the computational requirements for CPU time and
memory storage growing exponentially.
To obtain a theoretical understanding of the behaviour of atoms
and molecules in chemistry, or solids in condensed matter physics,
one needs to use quantum mechanics. Apart from the hydrogen
atom, or a handful of examples that can be treated by mapping
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them onto other simple one-body problems like the quantum mechanical simple harmonic oscillator or a particle in a box, these
are all many-body problems. Here, the number of interacting entities can be so huge that these problems present a seemingly unsurmountable challenge even to various approximate numerical
techniques that have been developed over the years to deal with
many-body problems. For example, in organic chemistry, one
routinely deals with molecules that have hundreds or even thousands of electrons and nuclei interacting with one another, while
in condensed matter physics, a solid of macroscopic dimensions
has of the order of 1023 interacting electrons and nuclei.

In organic chemistry,
one routinely deals with
molecules that have
hundreds or even
thousands of electrons
and nuclei interacting
with one another, while
in condensed matter
physics, a solid of
macroscopic dimensions
has of the order of 1023
interacting electrons and
nuclei.

When one wants to understand the quantum mechanical properties of a system, usually the first step one takes is to write down
the Schrödinger equation (or, if relativistic eﬀects are important,
the Dirac equation) for the system. When one has to describe
a quantum many-body system, it is important to realize that the
hard part is not writing down the many-body Schrödinger equation, but solving it. This was stated, with typically elegant economy of words, a century ago by the physicist Paul Dirac: “The
fundamental laws necessary for the mathematical treatment of a
large part of physics and the whole of chemistry are . . . completely
known, and the diﬃculty lies only in the fact that application of
these laws leads to equations that are too complex to be solved.”
When formulating the many-body Schrödinger equation for a molecule or a solid, in order to obtain the expression for the Hamiltonian, we need to first consider which interactions are important
among the electrons and nuclei that the system is comprised of.
It turns out that of the four fundamental forces in nature, we
need to take into account only one of them – the electromagnetic
force. In fact, we usually need to consider only the electrostatic
Coulomb interaction, which has the simple form q1 q2 /r, where
q1 and q2 are the charges of the two interacting particles, and r
is the distance between them. Thus, we have pair-wise repulsive Coulomb interactions between the positively charged nuclei,
pair-wise repulsive Coulomb interactions between the negatively
charged electrons, and pair-wise attractive Coulomb interactions
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between the nuclei and electrons. Unfortunately, being able to
write down an equation does not necessarily mean that it is easy
to solve!

quantum numbers. Quantum
particles with half-integral spin
(1/2, 3/2, . . . )
are called

There is one other complication. This is purely quantum-mechanical
in origin. The solutions to the many-electron equation have to
obey the Pauli exclusion principle, since the electrons, having
spin 1/2, are fermions3 . This means that the many-electron wavefunction has to have the property that it changes sign when any
two electrons are exchanged. This requirement can be thought of
as being equivalent to having an additional interaction between
pairs of electrons, which is known as the exchange interaction.

fermions, while those with integral spin (0, 1, 2, . . . ) are
called bosons. The Pauli exclu-

Two Breakthrough Papers

3 The states of quantum mechanical particles are specified
by a set of integers called the

sion principle states that no two
identical fermions in a quantum system can have all their
quantum numbers be the same.
Though this may not seem immediately obvious, this also requires that the wavefunction of
the system be antisymmetric
with respect to exchange of two
fermions.

Kohn’s breakthrough in how to solve the many-electron problem – though only for the ground state – was presented in two
landmark papers, written in a beguilingly low-key and accessible
style, published in Physical Review. The first paper, written with
Pierre Hohenberg in 1964, was titled ‘Inhomogeneous electron
gas’ [1], while the second, co-authored with L J Sham and appearing a year later, was on ‘Self-consistent equations including
exchange and correlation eﬀects’ [2]. It is these two papers that
gave birth to the field, and indeed the industry, of density functional theory. Each of these papers has now been cited tens of
thousands of times in the literature, and undoubtedly the number
of citations would be far higher, were it not for the fact that these
papers are now considered much too well-known to need citing!

The Hohenberg–Kohn Theorems: D for Density
4 The method of reductio ad absurdum is also known as ‘proof
by contradiction’. One starts by
assuming the opposite of what
it is that one wants to prove,
and shows that this assumption
leads to a contradiction, or an
absurd result.
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The mathematician G H Hardy described the method of proving a theorem by the method of reductio ad absurdum 4 as “one
of the mathematician’s finest weapons”. In their paper, Hohenberg and Kohn showed that physicists too can use this method to
brilliant eﬀect. By first assuming the contrary, and showing that
this resulted in a contradiction, they proved that in order to determine the ground-state properties of a many-electron system, it
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suﬃces to know the ground-state density. This is a startling result, because while one pretty much takes it for granted that these
properties can be determined from knowledge of the ground-state
wavefunction, which is a function of 3N variables (where N is
the number of electrons, which can be a very large number), it
is not at all intuitive that the same can be determined from the
density, which is a function of just the 3 spatial coordinates of the
system5 .
I was once present when a world-famous mathematical physicist
first encountered this statement of the Hohenberg–Kohn theorem,
and he greeted it with howls of outrage: “This CANNOT be true!
I REFUSE to accept it!!” However, when confronted with Hohenberg and Kohn’s simple four-line proof of this theorem (which
can easily be understood by any undergraduate physics student),
he had to reluctantly concede defeat, and spent the rest of the seminar frowning unhappily as he tried to come to terms with the theorem and its implications. Physicists accept that the wavefunction
contains all the requisite information needed to compute the properties of a system. Of course, if one knows the wavefunction, then
the density is easily obtained by computing the squared modulus
of the wavefunction6 . One tends to feel that essential information
is being lost in the process of going from the wavefunction to the
density, and therefore one might think that knowledge of the density alone should not suﬃce, even if one is restricting oneself to
ground-state properties – hence the discomfort expressed by the
renowned mathematical physicist!
In his Nobel lecture [3], Kohn contrasts DFT, with its emphasis
on the electron density, with wavefunction-based methods such as
the Hartree–Fock method7 and its successors, which are beloved
of quantum chemists. Because of the large number of variables,
the computational cost of carrying out a wavefunction-based calculation rises sharply as N, the number of electrons, increases,
becoming prohibitively expensive at quite a small value of N (in
1998, he estimated the upper limit as about N = 10, though
today it is somewhat larger). However, Kohn also emphasizes
the fact that, unlike the wavefunction, the density is a physically

5 The

many-electron wavefunction
has
the
form
ψ(r1 , r2 , . . . , rN ), where ri

denotes the three spatial coordinates specifying the position
of the ith electron. Thus, it
depends on 3N variables, not
counting the electron spin
indices. In contrast, the density
has the form n(r) = n(x, y, z),
i.e., it depends on just the three
spatial coordinates (x, y, z).

6 The

many-electron wavefunction ψ and the electron
density n(r) are related
by the equation n(r)
=

N d3 r2 · · · d3 rN |ψ(r, r2 , . . . , rN )|2 .

7 Hartree–Fock is an approximate
wave-function-based
method for solving the
many-electron
Schrödinger
equation. The many-electron
wave-function ψ is approximated by a linear combination
of products of one-electron
terms, combined in a way
which guarantees that the Pauli
exclusion principle is satisified.
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measurable quantity. Thus, by giving the density a central role,
DFT achieved two things: it not only made calculations more
computationally feasible, it also stressed the importance of quantities that could, at least in principle, be measured in experiments.

The Hohenberg–Kohn Theorems: F for Functional
So now that we’ve dealt with the ‘D’ for density, let’s focus next
on the ‘F’ in ‘DFT’. The electron density is an example of a quantity that is a ‘function’ in that it depends on a variable or variables
– in this case, on the three variables specifying a position in threedimensional space. A ‘functional’, in contrast, is something that
is a function of a function, e.g., it can be a function of the density. Hohenberg and Kohn went on to show that there is a universal functional of the density that becomes a minimum at the true
ground-state density of the many-electron system. This minimum
value is then equal to the true ground-state energy of the system.

8 The ‘calculus of variations’ is
a mathematical approach where
one solves a problem by varying a functional until it achieves
either a maximum or minimum
value. Examples of applications in physics are calculating the path of a ray of light
in optics using Fermat’s principle of least time, and the
Rayleigh–Ritz variational principle in quantum mechanics.

The Hohenberg-Kohn formulation means that, in principle, one
could consider solving the many-electron problem using the calculus of variations8 . However, there remains a big problem. Hohenberg and Kohn could only prove that such a universal function exists, they did not tell us what form it takes! However, one
should not underestimate the importance of an existence proof
– it supplies a moral justification for one’s subsequent endeavours along those lines. It plays the crucial role of assuring those
searching for the final solution that the pot of gold really does exist at the end of the rainbow, and is not a mirage. ‘Do not despair!’
is its important message.
The Kohn–Sham Equations
So now we know why the method introduced by Hohenberg and
Kohn is called the ‘density functional’ theory. However, almost
no one actually solves the many-electron problem by directly applying a variational procedure to the energy functional with respect to the density. This is because the next year, Kohn and
Sham went on to suggest an alternative procedure that is not only
much easier to apply, but also lends itself more easily to physical
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interpretation. While the Hohenberg–Kohn paper of 1964 gave
the name to the technique and the field it spawned, and provided
the underlying foundation for the work that followed, “that alone
doesn’t win you a Nobel Prize”, says the physicist Richard Martin, who is widely acknowledged as a foremost authority in the
field, and has written the standard reference book [3] on the subject. “It was the Kohn–Sham paper of 1965 that really was the
game-changer.”
In this paper, Kohn and Sham showed that for the ground state,
the many-electron problem can be mapped (in principle, exactly)
onto a system of one-electron equations, known as the Kohn–
Sham equations9 . But we know how to solve one-electron equa- 9 It is important to note that
tions! So, does this then mean that we now have gained, seem- the Kohn–Sham Hamiltonian
contains no free parameters or
ingly magically, the ability to solve many-electron equations?
empirical input.
To write
Doesn’t this seem too good to be true? Alas, it is indeed. The down and solve the Kohn–
price we pay is that the Kohn–Sham equations (unlike the origi- Sham equations for a sysnal many-body Schrödinger equation) now contain a term whose tem, the only input required
is the atomic numbers of the
form is unknown. The equations no longer have just simple Coulomelements.
For this reason,
bic pair-wise interactions in the Hamiltonian, all the ugly many- DFT calculations are also often
body stuﬀ (such as the eﬀects of the Pauli exclusion principle called ‘first principles’ or ‘ab
or the unknown form of the universal Hohenberg–Kohn energy initio’ calculations.
functional) gets dumped into an additional term, called the ‘exchangecorrelation potential’ in the Hamiltonian of the Kohn–Sham equations. The Italian physicist Stefano Baroni likes to call the exchangecorrelation term ‘the stupidity term’, since it represents our stupidity – it contains all the stuﬀ that we are (at least as yet) too
stupid to know how to write down an expression for.
The Kohn–Sham equations are eigenvalue equations that look
very much like one-electron Schrödinger equations. It is therefore very tempting to interpret the eigenvalues of the Kohn–Sham
equations as electronic energies, and the eigenvectors as electronic wavefunctions, though there is no formal justification for
doing so. Strictly speaking, the only quantities that have physical
meaning are the ground-state energy and the ground-state density constructed from the eigenvalues and eigenvectors. These
are guaranteed (if we knew the true exchange-correlation func-
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tional, which is a big ‘if’) to be exactly equal to the ground-state
energy and density of the many-electron system whose properties we want to determine. However, in practice, scientists often tend to make use of the eigenvalues and eigenvectors of the
Kohn–Sham equations by interpreting them as one-electron energies and wavefunctions. Much of the time, such a procedure
leads to a physically reasonable outcome, i.e., the theoretical results agree at least qualitatively with experiments (such as photoemission spectroscopy) that measure such quantities and help
us interpret them. Still, one should not forget that this procedure
has a shaky foundation built on sand – we can shrug our shoulders and argue that it is fine to use it because it generally seems to
work. However, maybe every once in a while we will carelessly
venture onto an earthquake-prone zone, then all hell will break
loose, and our towers will come crashing down!

The Local Density Approximation
Wait a minute, you might say, what use is all this anyway, if the
form of the exchange-correlation potential (‘the stupidity term’)
is not known? Another really important thing that Kohn–Sham
paper of 1965 did was to give us a simple but rather surprisingly
successful approximation for this term.

10 A homogeneous electron gas
is one that has the same density
everywhere in space. In an inhomogeneous electron gas, the
electron density varies from
point to point in space.

The title of the Hohenberg–Kohn paper emphasizes that the inhomogeneous electron gas is more interesting and relevant for
applications in physics and chemistry, though the homogeneous
electron gas is easier (though not easy!) to study10 . We have
rather good analytical expressions as well as very precise numerical results for how the exchange-correlation potential for a homogeneous electron gas depends on its density.
Kohn and Sham suggested making the simplest possible approximation for the inhomogeneous electron gas. At every point in
space, the exchange-correlation potential is locally approximated
by that for a homogeneous electron gas of that local density. This
is known as the local density approximation (LDA).
The LDA seems like a rather crude approximation. However, it
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turns out that it works very well (almost too well!) – so much
so that it continues to be widely used today, even when more sophisticated alternatives are available. One reason for the success
of the LDA is that it happens to satisfy certain sum rules11 that
should be obeyed by any valid exchange-correlation functional.
The area of developing better functionals continues to be an active and important area of research (where, one is tempted to
comment, angels rush in but fools fear to tread). Many of the
major advances have come from the group of John Perdew, who
describes the step-wise progress towards the ‘heaven’ of the exact exchange-correlation functional in terms of a ‘Jacob’s ladder’. This term is derived from an incident in the Bible where the
Hebrew patriarch Jacob dreams about angels ascending and descending a ladder connecting earth to heaven. Successive levels
of approximation in the form of the exchange-correlation functional represent ever higher rungs in the ladder climbing up. The
LDA corresponds to the lowest rung of the ladder. The surprise
is that there are quite a few systems for which this lowest rung
works rather better than rungs that lie higher up the ladder! At
present, we think that much of the time, this is just a coincidence,
though it might also sometimes hint at something deeper.

11 A sum rule is an equation
that has to be satisfied by the
integral of a function or functional.
Any reasonable approximation to the exchangecorrelation functional has to
obey a sum rule that ensures
that in the immediate neighborhood of a given electron, there
is a reduced probability of finding another electron.

So What’s the Big Deal? An Anthropomorphic Analogy....
To try to understand why DFT and the Kohn–Sham equations represent such a huge advance in physics and chemistry, consider the
cartoon analogy shown in Figure 1. Several people (with two genders, which we can consider to correspond to electrons and nuclei) are present in a room, with complicated interpersonal interactions among them (see Figure 1(a)). The challenge posed to us
is to move the people around so that we achieve the highest level
of global happiness. This is obviously a daunting problem, whose
diﬃculty increases as the number of ‘bodies’ increase. We could
simplify it by making what is known as the Born–Oppenheimer
approximation: if the ‘males’ move slowly and sluggishly compared to the light-on-their-feet ‘females’, we do not have to si-
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Figure 1.

Anthropomorphic analogies to (a) the
many-body problem, and (b)
the auxiliary Kohn–Sham
one-body problem.
The
blue and red people are
supposed to correspond to
nuclei and electrons, respectively. The masks in
panel (b) are intended to be
schematic representations of
the exchange-correlation potential.

12 One

should

however

remember that the exchangecorrelation interaction arises
from interactions between pairs
of electrons (females) and not
between nuclei and electrons
(males and females).
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multaneously optimize the positions of everybody. We can keep
the males stationary, and for each fixed position of the males,
we have to optimize the positions of only the females. However,
since there are many females, and they are interacting with one
another, this is still a hard-to-solve many-body problem.
Now along comes Hohenberg, Kohn and Sham, and they tell us
that instead of breaking our heads trying to deal with the mess
depicted in Figure 1(a), we can instead address the situation depicted in Figure 1(b). We have a bunch of ‘males’ (nuclei) and we
have to decide where to place just one ‘female’ (electron), again
so as to achieve global happiness. And the beauty of it is that
Kohn and Sham tell us that the solution of 1(b) will be exactly
the same as the solution to 1(a)! Of course, there are some manybody eﬀects, so now the males look a little diﬀerent, as indicated
by the masks they wear 12 . The challenge that remains unsolved
to this day is how to design the ‘masks’ (the exchange-correlation
potential) so that indeed the solutions to 1(a) and 1(b) are exactly
identical in all situations. As of now, we have some rather good
mask designs, which work quite well in many cases, but we do
not (yet) know the design of THE mask, that will give us the EXACT solution in ALL cases. Is it indeed possible to design such
a mask? Could one write down an analytical (or even numerical)
expression for the exact exchange-correlation functional? These
are open questions, and anyone who answers them satisfactorily
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is pretty much assured of fame and glory, and probably a Nobel
Prize as well.
“The really clever thing that Hohenberg and Kohn and Sham did,”
says Richard Martin, “is that they did not try to solve the full
many-electron problem, because that is just hopeless. They realized that they could break it up into bits, and they could solve
just the ground-state bit, and that’s what they did, and that is just
a terrific achievement.”

Solving the Equations of DFT
Unlike some one-electron Schrödinger equations like those for
the hydrogen atom, the particle in a box, or the simple harmonic
oscillator, for which one can obtain analytical solutions using
pen-and-paper, the Kohn–Sham equations have to be solved numerically using a computer. Moreover, as indicated in the title of
the Kohn–Sham paper of 1965, these equations have to be solved
in a self-consistent loop. This is because the various terms in the
Hamiltonian are functionals of the density, i.e., in order to evaluate the terms in the Hamiltonian, one needs to first know the
density. However, when one begins the calculation, one does not
know the density, since finding out the density is the final goal of
the calculation! So one makes an initial guess for the density, and
checks if the output density obtained on solving the Kohn–Sham
equations corresponding to the Hamiltonian obtained using this
test density is consistent with this guess, repeatedly iterating the
procedure until self-consistency is achieved.
A good part of the recent explosive success of DFT has to be
attributed to the massive improvements made in computer hardware over the last 50 years, as well as the development of faster
algorithms. In the early years of the field, DFT codes used to be
run on mainframe computers that occupied a large room, and took
days if not months to yield results. Today, for simple systems like
crystalline silicon or aluminium, a DFT calculation can be performed in a few seconds on a laptop, or even a mobile phone (see
the video posted on the web by Nicola Marzari) [4]!
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Post-Kohnial DFT
After the initial work by Hohenberg, Kohn and Sham, there have
been several extensions of the basic theory. For example, the theory has been extended to apply for spin-polarized systems, i.e.,
magnetic systems where the densities of up-spin and down-spin
electrons diﬀer, and for excited states and time-dependent situations. For a long time, one big drawback was that the available
functionals could not adequately describe weak van der Waals
(dispersion) interactions, which become especially important in
many organic and biomolecular systems. However, in the past
decade, significant progress has been made in this area, so that
this no longer remains a major challenge.

13 In a model Hamiltonian
method, some or all of the
parameter-free terms in the
many-body
Schrödinger
equation are replaced by
simple analytical expressions
which somehow capture the
essential physics of interest.
Each such term is prefaced by
a coeﬃcient whose value is
typically obtained by fitting to
experiment or, sometimes, to
DFT calculations. While some
model Hamiltonians have exact
analytical solutions, others
have to be solved numerically.
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Perhaps the biggest failure of DFT in its present avatar is for
what are called ‘strongly correlated’ systems. These are (almost
by definition) systems where the present approximations for the
exchange-correlation functional fail pretty miserably, and therefore DFT gives quite incorrect results. Several important classes
of materials, such as the high-T c cuprate superconductors and
heavy fermion systems, are known to be strongly correlated. In
order to understand the underlying physics and chemistry in such
systems, DFT calculations are only of partial utility, and have
to be combined with other techniques from many-body physics,
such as those that make use of model Hamiltonians13 .
As the field has grown in size and stature, the nature of the work
done has changed too. At first, DFT calculations were used to
either confirm experimental results or, better still, to explain them
by yielding insight into underlying mechanisms. Nowadays, with
methodological improvements and the speed-up in computational
hardware, the density functional theorist can aﬀord to further flex
her muscles and be even more ambitious! It is now often cheaper
and quicker to do a DFT calculation than to conduct the corresponding experiment. Of course, this in and of itself wouldn’t be
of much use, unless one could be reasonably confident that performing the calculation would indeed be equivalent to (i.e., give
one the same results as) carrying out the experiment. Most of the
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time, one can indeed say that yes, this is so!
Moreover, DFT can now be used to design novel materials with
desired properties. One usually first uses DFT to gain some understanding of why materials have the properties they do. One
can then go on to use DFT to predict which hypothetical material might possess a certain property to an optimal extent, check
whether this material is stable, and confirm, by performing the
appropriate DFT calculation, that it indeed has the desired property. Since even a theorist has to concede that the proof of the
pudding is in the eating, one should then carry out an experiment
to confirm that the predictions of DFT are indeed borne out in reality. Barring a few unexpected surprises (since nature, on occasion, yields her secrets reluctantly), such endeavours have, on the
whole, been extremely successful. Thus, for example, DFT has
been used to predict the existence of a material14 harder than diamond [5], to design cheaper and/or better catalysts than those currently used for various industrially important reactions [6]. and to
suggest a simple way of altering the morphology of nanoparticles
[7,8]. These are only a few out of a multitude of examples existing in the literature. DFT is also a useful tool if one would like to
make use of a computer to simulate conditions that are diﬃcult or
impossible to achieve in a lab, e.g., those prevailing in the interior
of the planet Jupiter.
Two astonishing numbers bear witness to the growing dominance
of DFT in not just condensed matter physics, but in an increasing
number of areas: in the last year alone, over 40,000 papers have
been published that make use of or mention DFT; and the sixteen
most cited papers ever in the Physical Review group of journals
are all related to one or another aspect of DFT.

14 Diamonds are not just valued as jewellery. Of all the materials existing in nature, they
are the hardest, and are therefore used in various industrial
applications such as drilling. In
1989, Amy Liu and Marvin Cohen showed, by DFT calculations, that it should be possible to make a material called
beta carbon nitride that they
predicted would be harder than
diamond. This material was
subsequently synthesized in the
group of Charles Lieber. However, up to now, experimentalists have succeeded in making
only very tiny samples.

Pre-DFT Kohn
Another important contribution of Walter Kohn to solid state physics
was his theory of the Kohn anomaly15 in 1959. In this case,
the particular anomaly is that when one plots the graph of the
frequency of phonons versus their wave-vector, instead of ob-
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16 Phonons are quantized vibrations of an atomic lattice.

taining the usual smooth curve, sometimes one finds that this
graph displays an unexpected kink at a certain value of the wavevector16 . This kink results from an unusually strong electronphonon coupling at that wave-vector, as a result of which the frequency of the phonon is lowered; in extreme cases the phonon
frequency can become zero or imaginary, indicating an instability
of the lattice to a distortion with that particular wave-vector. He
is also known for the Korringa–Kohn–Rostoker (KKR) method,
which makes use of multiple scattering theory for solving the
Schrödinger equation in periodic solids.

Conclusion
I end by (mis)quoting Jawaharlal Nehru’s famous speech of 15
August 1947, and issuing a challenge to future generations of scientists: “Long years ago, Walter Kohn made a tryst with density,
and now that time comes, when we are redeeming his pledge, not
wholly or in full part, but very substantially . . . The achievement
we celebrate . . . is but a step, an opening of opportunity, to the
greater triumphs and achievements that await us. Are we brave
enough and wise enough to grasp this opportunity and accept the
challenge of the future?”
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ANNUS MIRABILIS
DFT began
In nineteen sixty four
(A wonder year for sure)
When Hohenberg and Kohn and Sham
Did work we all adore.
Up to then there’d only been
Just Thomas and Fermi,
Or better still Hartree,
And if you’d like to go for a spin,
Then Hartree-Fock maybe.
All were groping in the dark
Of many-body hell,
Till Walter found the spell
That swept away the gloomy murk
Just astonishingly well.
Then all at once the fog dispersed:
Stop playing blind man’s buﬀ!
No longer was the problem tough
(It came as quite a shock at first):
The density’s enough!
So I remain just such a fan
Of nineteen sixty four
(A wonder year for sure)
When Hohenberg and Kohn and Sham
Did work we all adore.
(Shobhana Narasimhan; after Philip Larkin)
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Principal Component Analysis:
Most Favourite Tool in Chemometrics
Keshav Kumar
Principal component analysis (PCA) is the most commonly
used chemometric technique. It is an unsupervised pattern
recognition technique. PCA has found applications in chemistry, biology, medicine and economics. The present work attempts to understand how PCA work and how can we interpret its results.
Keshav Kumar did his PhD

1. Introduction
Chemometrics is a discipline that combines mathematics, statistics, and logic to design or select optimal measurement procedures and experiments. It allows the extraction of maximum relevant chemical information by analysing chemical data and helps
in understanding chemical systems [1]. In recent years, chemometrics has emerged as an important part of analytical chemistry.
Chemometric techniques have enabled the analysis of large volumes of data obtained from various instruments (single or hyphenated) eﬃciently. The analyses of such large data sets are
otherwise a time consuming process and might end up with no
meaningful interpretation or conclusions.
Among various chemometric techniques, principal component analysis (PCA) [1, 2] is considered the ‘most favourite’. PCA has
found applications in various fields. For example, Singh et al.,
have successfully used PCA for stellar spectral classification [3].
Kumar et al., have applied PCA for (i) classifying aqueous herbal
drugs [4] and (ii) diagnosis and therapeutic prognosis of oral submucous fibrosis [5]. Kowalski et al., have used PCA for the classification of archaeological artefacts [6]. Kowalkowaski has applied PCA for river water classification [7], while Ragot and coworkers have used PCA for air quality monitoring [8].
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Data compression by
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original data set is
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dimensions of the new
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the data sets for further
analysis.

It can be realised that PCA is capable of providing a fast and
eﬀective way of analysing data sets from various disciplines viz
physics, biology, chemistry, archaeology, etc. PCA essentially
reduces the dimensions of the data set while retaining most of
the variation [1, 2]. Data compression by PCA involves finding
a new space spanned by fewer number of dimensions over which
original data set is projected. The dimensions of the new space
are orthogonal to each other simplifying the data sets for further
analysis. Theoretical and various technical aspects of PCA are
discussed below.

2. Theory
2.1 Geometrical Representation of PCA
In order to understand PCA geometrically, let us consider a two
dimensional data set I × J, where I is the number of samples and
J is the number of variables. In the present case, for convenience,
we have set the number of variables (i.e., J) to two – J 1 and J 2 .
As shown in Figure 1, these samples can be presented in a two
dimensional space spanned by J 1 and J 2 . The two axes J 1 and J 1
are orthogonal to each other. The data set acquired for the samples have considerable amount of variation along J 1 and J 2 axes.
In other words, both the dimensions are significantly important to
have the complete information about the sample set.
An anti-clock wise rotation of the J 1 and J 2 axes by an angle θ (=
45o in the present case) generates another pair of orthogonal axes
T 1 and T 2 . Mathematically, it could be shown using (1):
⎛ ⎞ ⎛
⎞⎛ ⎞
⎜⎜⎜T 1 ⎟⎟⎟ ⎜⎜⎜ cos θ sin θ ⎟⎟⎟ ⎜⎜⎜ J1 ⎟⎟⎟
⎜⎝ ⎟⎠ = ⎜⎝
⎟⎠ ⎜⎝ ⎟⎠
T2
− sin θ cos θ J2
The new variables (or dimensions) T 1 and T 2 are the linear combinations of J 1 and J 2 variables with sine and cosine as coeﬃcients
T 1 = J1 cos θ + J2 sin θ
(1)
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T 2 = −J1 sin θ + J2 cos θ

(2)

Projection of the data set in space, spanned by the new variables
T 1 and T 2 is shown in Figure 2. The data set has most of the
variations along T 1 axis and is literally invariant along T 2 axis.

RepresentaFigure 1.
tion of a data set in the
space spanned by J1 and J2 .
Data has significant variation along both the axes.

Figure 2. (a) Rotation of
axes J1 and J2 by 45o to generate another pair of orthogonal axes T 1 and T 2 . (b)
Representation of data set
in the new space spanned
by T 1 and T 2 axes. The
data set has variation along
T 1 and no variation along
T 2 . (c) Reduction of dimensions. T 2 is unimportant and hence could be removed, and T 1 can be taken
as the approximation of data
spanned in the two dimensional space spanned by J1
and J2 .
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While the score value
explains how the
samples are related to
each other, the loading
value explains how the
variables are related to
each other.

In principle, variation along T 1 axis can be taken as a good approximation of the original two-dimensional data set, and one can
easily ignore the T 2 axis. Thus, by projecting the data set in a suitable space, it is possible to reduce the dimensions of the data sets
while retaining all the information.

2.2 Commonly Used Terminologies in PCA
Before proceeding further, it is necessary that we briefly describe
some commonly used terminologies.
(i) Principal Components: The set of new variables (i.e., T 1 and
T 2 ) obtained from the linear combinations of old variables (J 1
and J 2 ) are called principal components. The variable that explains the maximum variation is called the first principal component. Second principal component explains the second highest
variation from the unexplained variance of the data set and so on.
In the above given example, T 1 is the first principal component
and explains all the variations of the data set, and T 2 is the second
principal component that explains the remaining variance of the
data set.
(ii) Loading Vectors: They essentially form the basis for projecting the original data set to obtain the principal components. In
the above example, [cos θ sin θ]T and [− sin θ cos θ]T , transpose of
first and second row of the matrix, respectively, given in (1) represents the first and second loading vectors corresponding to first
(T 1 ) and second (T 2 ) principal components. The loading vectors
in more generic sense are known as Eigen vectors of the data set.
(iii) Score and Loading Value: The numerical values associated
with principal components of each sample are called the score
values. The numerical values associated with the elements of
loading vectors are called the loading values. The score values
explain how the samples are related to each other, and the loading
values explain how the variables are related to each other.
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2.3 Fitting PCA Model
PCA model can be fitted using Eigen value decomposition method
as summarized below.
(1) In the first step, the data set is mean centered X = X−mean(X).
(2) In the second step, the covariance matrix for mean centred X
is calculated,
XT X
I−1
(3) In the next step, the covariance matrix is diagonalized to obtain the ∧ (Eigen values) and P (Eigen matrix containing the
Eigen vectors): Cov(X)P = ∧P.
Cov(X) =

Autoscaled data is very
useful when the
variables are in diﬀerent
scales or in diﬀerent
magnitudes. The data set
is autoscaled by
subtracting the mean
from each column,
followed by division
with the standard
deviation.

(4) In this step, the diagonal elements in the matrix ∧ are arranged
in the decreasing order (i.e., ∧1 > ∧2 > ∧3 ... > ∧k ), and the
corresponding arrangement is made in the loading matrix P. For
example if the positions of ∧1 and ∧3 are interchanged in the
matrix ∧, then the first and third rows of P are interchanged.
(5) Score matrix T can be calculated by projecting the data set
X in the space spanned by the Eigen vectors of matrix P : T =
XP. The score matrix T and loading matrix P are orthogonal and
orthonormal, respectively. T T T = diagonal matrix, and PT P =
identity matrix.
(6) The approximation of data set X by PCA model can be represented as: X = T PT + E.
E is the residual matrix of dimension I × J, T is the score matrix
of dimension I × K, and P is loading matrix of dimension J × K,
where K is the number of significant factors of PCA model that
explain majority of the variation in the data set and it is always ≤
min( I and J).
(7) Score value of any new sample can be calculated by projecting
X new new data on P: T new = Xnew P.
We can also use the autoscaled data in step 1 to perform PCA
analysis. It is very useful when the variables are in diﬀerent
scales or in diﬀerent magnitudes. The data set is autoscaled
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The choice of number of
factors can only aﬀect
the extent to which one
can retrieve diﬀerent
pieces of orthogonal
information. Thus, a
PCA model can be
created with any number
of factors, and each
model would provide a
true piece of information
available in the data set.

by subtracting the mean from each column, followed by division
with the standard deviation:
X = [X − mean (X)] /standard deviation (X).
Steps 2–7 can be performed on autoscaled X to create the PCA
model. It is to be noted that square matrix obtained in step 2 is
defined as the correlation matrix.

2.4 Finding Optimum Number of Factors for PCA Model
One of the significant advantages of PCA is that it is essentially
sequential in nature. In other words, K factor PCA model is always a subset of K + 1 factor PCA model. The choice of number
of factors can only aﬀect the extent to which one can retrieve different pieces of orthogonal information. Thus, a PCA model can
be created with any number of factors, and each model would
provide a true piece of information available in the data set. In
order to ensure that we capture the complete information of the
data set without overfitting the model, a general thumb rule is that
one has to first select k factors from available K factors that could
capture at least 80% of the data set.
k

Amount of variance = i=1
K

∧i

i=1 ∧i

, > 80%; k ≤ K.

One has to keep adding the number of factors if the amount of
variance captured by the model increases by more than 3–4%.

2.5 Some Statistical Parameters Involved in PCA
Lack of Fit Parameter (Q): It is a measure of the diﬀerence between the actual data set and the approximation made by the PCA
model. The lack of fit parameter (Q) of PCA model can be calculated by taking the outer product of the residual matrix E.
Q = EE T = X(I − PPT )X T .
In an ideal case, the diagonal elements of Q (a matrix of dimension I × I) should be zero.
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Hotelling’s T 2 Statistic: This parameter measures the variation
of each sample within the PCA model. It indicates the spread of
samples from the origin in the model. It could be calculated as,
T 2 = T λ−1 T T .
Leverage: It measures the influence of a sample in PCA model. A
sample with high leverage reinforces PCA model and may cause
the rotation of principal components. Leverage of a sample can
be calculated using the formula: Leverage = T (T T T )−1 T .

2.6 Detection of Outliers
Principal component analysis can be used to find the outlier in a
data set, provided we study the leverage and residual of the samples. A sample that is not well described by the model will have
unusually high residual, and the samples that have high influence
on the model will have unusually high leverage [9]. In an ideal
case, all the samples of a data set should have low leverage and
low residuals. The samples having high residual are classified as
outliers and need to be analyzed carefully. The samples having
high leverage may have high residual or low residual. The former
is called as bad leverage samples, and the latter is called as good
leverage samples. The bad leverage samples need to be analysed
very carefully because they tend to bias the model significantly.
The good leverage samples also have to be analysed carefully as
they indicate unusual variation of the variable, though the data set
of those samples are well fitted by PCA model.

3. Performing PCA: An Example
3.1 Data Used
The chromatographic data set reported in literature [10, 11] has
been used to carry out the present work. The chromatographic
data set consist of 120 oil samples. Of these samples, 68 belongs to the class of olive oils and 52 belongs to the class of nonolive vegetable oils, and oil blends (i.e., the vegetable and olive
oil blends).
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Figure 3.

The chromatograms of 120 oil samples. Of this, 68 belongs
to the class of olive oils and
the remaining belongs to the
class of non-olive oils and
blended oils.

3.2 Software Used
All the analysis and data plotting was carried out on MATLAB2014 platform. However, there are other platforms such as R,
python, etc., that can be used for the analysis.

3.3 Results and Discussion
The chromatographic data sets acquired for the olive and nonolive oils are shown in Figure 3. It can be seen that based on the
visual analysis of the chromatographic profiles, it is diﬃcult to
diﬀerentiate olive oils from non-olive vegetable oils. Moreover,
manual analysis of such a large volume of data is laborious and
time consuming, and may not provide any meaningful interpre-

Figure 4. Amount of variance captured by diﬀerent
principal components (PCs).
The plot indicates that first
two PCs are suﬃcient to explain most of the variance
(more than 85%) of the data
set without overfitting the
model.
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tations. However, PCA essentially simplifies and reduces the
dimensions of the data set, and provides a fast and eﬃcient way
of analysing the complex chromatographic data of the selected oil
samples. The chromatographic data sets are arranged in a matrix
of dimensions 126 × 4001, where 126 is the number of samples
and 4001 is the number of variables (i.e., retention time points).
The chromatographic data sets are normalized to unit area and
mean-centered prior to PCA. The optimum number of principal
components required for fitting PCA model is obtained from the
variance captured by diﬀerent principal components against the
principal component numbers, as shown in Figure 4. It can be
seen that with the addition of principal components, there is a
substantial improvement in the cumulative percentage of variance
captured by the PCA model. However, beyond 2 principal components, the addition of extra factors do not bring any substantial improvement in the cumulative variance captured by the PCA
model. Thus, one can conclude that PCA model of two principal
components that explains more than 80% variance is optimum
to capture all the important information buried in the data set.
PC1 and PC2 individually explains 78% and 5% variances of the
data sets. The PC1 versus PC2 score plot is shown in Figure 5;
PCA model clearly separates the samples in two groups. It is
found that all the samples belonging to the class of olive oils have
negative PC1 score values and the samples belonging to the nonolive oil class have positive PC1 score values. The blended oils

The optimum number of
principal components
required for fitting PCA
model is obtained from
the variance captured by
diﬀerent principal
components against the
principal component
numbers.

Figure 5.

PC1 versus
PC2 score plot classifying
the olive oil samples from
non-olive oils and blended
oil samples.
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Figure 6.

(a) Loading vectors corresponding to
PC1 that mainly contains
negatively correlated major
peaks can be used to rationalize the classification of
olive oil, non-olive oil, and
blended oil samples in the
PC1 versus PC2 score plot.
(b) Loading vectors corresponding to PC2 mainly explains the minor peaks that
can be used for the classification of the samples within
the groups.

in the score plot appear near the edges of the ellipse. The blended
oil containing more of olive oils have negative PC1 score values,
whereas the blended oils containing less of olive oils have positive PC1 score values. The loading vectors that explain how the
variables are related to each other are shown in Figure 6.
The analysis of loading vector plot can be really helpful in finding the set of variables that are really helpful in characterizing the
samples. The loading vector corresponding to PC1 mainly explains the variations of the major peaks that can be used to characterize the classes of olive oils and non-olive oils. The loading
vector corresponding to PC2 mainly explains the variation of the
minor peaks and can be used to diﬀerentiate the samples within
the olive oil and non-olive oil groups. Based on the loading vector profiles, the appearance of blended oil samples on the extreme
edges of PC2 axes can be attributed to the fact that blended oils
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Figure 7. The outlier di-

contain diﬀerent types of olive and non-olive oils. The outlier
diagnostic plot created by plotting the leverage versus residual
values can be used to find the really unusual samples called the
outliers. The outlier diagnostic plot is shown in Figure 7. All the
5 blended samples (16, 20, 40, 51, and 95) are found to have unusually high leverage values that correlate well with the fact that
they contain constituents of both olive and non-olive oils. There
are some samples with high residual values indicating that these
samples need a careful analysis. These samples might have unusual compositions or something might have gone wrong at the
sample preparation or data acquisition stages. In summary, the
obtained PCA model is found to be highly specific and sensitive
in classifying the oil samples.

agnostic plot explaining the
leverage and residual values in two component PCA
model. Nine samples (16,
20, 40, 48, 51, 52, 72, 95 and
120) are found to have high
leverage values. Of this,
5 samples (16, 20, 40, 51
and 95) are the blended oils.
Five samples (41, 84, 85, 86
and 119) are found to have
high residual values indicating that their composition is
very diﬀerent from others or
something went wrong at the
sample preparation or data
acquisition stages and need
further attention.

In most cases, PCA is well capable of classifying the samples.
Though, in some cases due to the complexity of the data sets,
the output of PCA such as score matrix needs to be further processed with some other chemometric techniques such as linear
discriminant analysis (LDA) [12], soft independent modelling of
class analogy (SIMCA) [13,14], neural network analysis (NNA)
[3,14], etc., for achieving meaningful interpretation of the data
sets.
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3.4 Conclusions
PCA is the most favourite tool in chemometrics. It reduces the
dimensions of the data sets and simplifies the data for easy and
meaningful interpretations. Using the chromatographic data set
of olive and non-olive oil samples, it has been clearly shown that
PCA can be used as an unsupervised pattern recognition technique. PCA successfully diﬀerentiated olive oil from non-olive
oil samples. It is also shown that PCA can be used for detecting
the outlier samples in the data set.
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Antibacterial Consumer Products: How Reliable Are
They?
Dhrubajyoti Chattopadhyay
Media is abuzz with advertisements of multitude of antibacterial products ranging from toothpastes, toilet soaps, and
handwashes to disinfectants and cosmetics. While, almost
every manufacturer claims that their product has 100% efficiency in eliminating microbes, the truth really is questionable. On 2 September 2016, the Food and Drug Administration of USA, banned 19 compounds used in antibacterial
products. These ingredients, as per FDA experts, are not effective as antibacterials as they are claimed to be, and few
of them even have adverse eﬀects on humans. India is the
largest consumer of such antibacterial products, but is yet to
take any regulatory measures against these products. This
article focus on the need of creating large scale public awareness about these products.
On 2 September 2016, the Food and Drug Administration of USA
announced their long awaited but quite expected final rule on antibacterial products and banned 19 antibacterial compounds on
the FDA list. Janet Woodcock, Director of FDA’s Center for Drug
Evaluation and Research, said – “Consumers may think antibacterial washes are more eﬀective at preventing the spread of germs,
but we have no scientific evidence that they are any better than
plain soap and water.” She added, “In fact, some data suggest that
antibacterial ingredients may do more harm than good over the
long term.” Some of these antibacterial ingredients are:

Dhrubajyoti Chattopadhyay
is working as Education
Oﬃcer in the North Bengal
Science Centre under the
National Council of Science
Museums. He is mainly
engaged in popularization of
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• Cloflucarban
• Fluorosalan
• Hexachlorophene

Keywords
Antibacterial, triclosan, triclocarban, biocide, toxicity.

• Hexylresorcinol
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• Iodine complex (ammonium ether sulfate and polyoxyethylene
sorbitan monolaurate)
• Iodine complex (phosphate ester of alkylaryloxy polyethylene
glycol)
• Nonylphenoxypoly (ethyleneoxy) ethanoliodine
• Poloxamer-iodine complex
• Povidone-iodine – 5 to 10 percent
• Undecoylium chloride iodine complex
• Methylbenzethonium chloride
• Phenol (greater than 1.5 percent)
• Phenol (less than 1.5 percent)
• Secondary amyltricresols
• Sodium oxychlorosene
• Tribromsalan
• Triclocarban
• Triclosan
• Triple dye

1. The Concern
Two of the most potent ingredients from this list are triclosan
and triclocarban. Many companies in India use triclosan and triclocarban in all most all the popular antibacterial soaps, handwashes, toothpastes, and some other antibacterial consumer products. This list also include almost all the so-called multinational
companies. Under such conditions, it is the duty of India’s Central Drugs Standard Control Organization (CDSCO) to take a closer
look at this matter. Being at the consuming end, the matter is also
of serious concern to the common man. Let us learn more about
triclosan and triclocarban in the following sections.
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Figure 1. The structure of
triclosan.

2. Triclosan
Triclosan (TCS) is a white, powdery, organic compound with a
slightly aromatic, phenolic odor. Its IUPAC name is 5-chloro-2(2,4-dichlorophenoxy) phenol (Figure 1).
Triclosan was first patented by a Swiss company – Ciba-Geigy in
1964. Its worldwide production and use started by early 1970s
when it was mainly used as a hospital scrub. Since then, its applications have expanded commercially and is today used in a wide
range of consumer goods such as cosmetics, shampoos, deodorants, toothpastes, mouthwashes, cleaning supplies, etc (Figure 2).
Triclosan is also part of many other products, like kitchen utensils, toys, bedding, socks, and trash bags. It is also used as a pesticide. Today, triclosan is being used in more than 2,000 consumer
products.
Being a non-polar organic compound, triclosan is slightly soluble in water but easily soluble in fat, and hence easily cross
cell membranes. At high concentrations, triclosan acts as a biocide with multiple cytoplasmic and membrane targets whereas,
at lower concentrations, it acts as a bacteriostat. When it enters
the cell, it poisons a specific enzyme which is needed for the survival of many bacteria and fungi. Triclosan blocks the active site
of the enzyme called enoyl-acyl carrier protein reductase (ENR),
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Figure 2.

Triclosan is
a part of wide range of
lifestyle products. (Source:
https://emedtravel.wordpress.com
/2013/01/25/triclosanin-cosmetics-andpersonal-care-products
www.forbes.com)

preventing the bacteria from synthesizing fatty acids required for
building their cell membranes and involved in other vital functions. Humans do not have ENR enzyme, so triclosan is considered harmless to us from this point of view. One molecule
of triclosan can permanently disable an ENR molecule, which
explains why triclosan has a powerful antibiotic action even at
very low concentrations. Precisely because of this, triclosan is
included in almost all antibacterial products and cosmetics.

Research indicates that
overuse of triclosan
contributes to the rise of
resistant microbes or the
‘superbugs’, as the
bacterial gene that
produces ENR can
mutate, giving rise to
triclosan-resistant
strains.
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Despite its uses and eﬀects, after a decade-long review, on 6
September 2016, FDA included triclosan in the list of 19 active
ingredients which are not generally recognized as safe and eﬀective. Research indicates that overuse of triclosan contributes to
the rise of antibacterial-resistant microbes or the ‘superbugs’, as
the bacterial gene that produces ENR can mutate, giving rise to
triclosan-resistant strains of bacteria. This is reported to be a fastspreading phenomenon in the environment. As science began to
focus on endocrine disruptors in the 1990s, it became clear that
triclosan was one among those chemicals that stimulate hormones
of the living body. It aﬀects the estrogen, androgen, and thyroid
hormonal systems. Evidence suggests that triclosan can aﬀect
aquatic wildlife. When it makes its way into natural bodies of
water, its estrogen-like properties aﬀects fish populations. It may
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impact male and female hormones like testosterone and estrogen,
and may also aﬀect thyroid system, which regulates weight and
metabolism. A limited body of research has also explored how
triclosan aﬀects breast cancer cells.

3. Triclocarban

A recent study shows
that triclocarban has a
hazard quotient rating
greater than one, clearly
indicating a potential for
adverse eﬀects and
toxicity on organisms
including human beings.

Another widely used antibacterial chemical in India is triclocarban. IUPAC name of this compound is 3-(4-chlorophenyl)-1(3,4-dichlorophenyl) urea (Figure 3). Like triclosan, it is also
a white powder that is insoluble in water but soluble in fat. It is
structurally similar to carbanilide compounds often found in pesticides and some drugs. The chemical formula is C13 H9 Cl3 N2 O.
Triclocarban is predominantly active against gram-positive bacteria especially those with a thick peptidoglycan cell wall. Though
the actual mechanism of its action against bacteria is unknown till
date, it is shown that they can prevent the proliferation of bacteria. Thus, like triclosan, it is also bacteriostatic in nature. That is
why many scientists believe that the antibacterial mechanism of
this compound might resemble that of triclosan which inhibits the
fatty acid synthesis in bacteria – the most crucial component for
its survival. Unlike other antibacterial compounds, triclocarban
does not interfere with the membrane. So it is believed that by
mimicking the natural substrate of enoyl-acyl-carrier protein reductase (ENR) enzyme, is acts as an inhibitor of lipoprotein synthesis. ENR is a highly conserved enzyme of lipid biosynthetic
pathways in bacteria, notably gram-negative, gram-positive, and
mycobacterial species. As this enzyme is absent in humans, like
Figure 3. The structure of
triclocarban.
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triclosan, it was also considered as a safe chemical until recently.
A recent study shows that triclocarban has a hazard quotient rating greater than one. Hazard quotients greater than one clearly
indicates a potential for adverse eﬀects and toxicity on organisms including human beings. Generally, triclocarban enhances
the gene expression of steroid hormones, including androgens,
estrogens, and cortisol. Wide use of triclocarban is increasing
its concentration in wastewater, and today, it is among the top ten
most commonly detected organic wastewater compounds in terms
of frequency and concentration. Triclocarban causes irritation of
lungs, eyes, and skin.

4. Current Status

Washing our hands with
antibacterial soaps
containing triclosan may
not be any better than
using ordinary soaps.
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Usage of triclosan in cosmetic products was restricted by the European Commission in 2014. Since January 2016, the use of triclosan and triclocarban in antibacterial products has been disapproved by the European Commission. The USA has banned these
chemicals for a year, while in Korea these are banned chemicals.
Countries like Canada and Japan also restricts the content of triclocarban in cosmetics. Now, the question arises, why is the mass
usage of these chemical based cosmetics still legal in India? Tackling the issue calls for widespread public awareness. It is important to understand that washing our hands with antibacterial soaps
containing triclosan – the most common antimicrobial ingredient
used in these soaps – may not be any better than using ordinary
soaps. Instead, the practice may lead to health hazards. The question of banning these chemicals is a controversial subject as in
India, soaps, and handwashes are classified as cosmetics, subject
to the Drugs and Cosmetics Act, 1940. Moreover, a complete
ban on any product requires robust, authentic data and evidence,
and hence, an immediate ban may not be feasible. The future
of triclosan and triclocarban is quite unknown, nonetheless, scientists are searching for more sustainable antimicrobials that can
maintain its antibacterial properties with minimum side-eﬀects
on environment, humans, and wildlife. Obviously, all the multi-
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national companies are joining the race foreseeing the business
potential. We have plenty of natural resources like neem, coconut
oil, turmeric, etc., with proven antibacterial properties. It is time
that researchers gave a thought to how to eﬀectively utilize these
natural compounds. India has a rich heritage of traditional knowledge which has withstood the test of time and may be helpful in
this context. Development in this area would benefit both people
and environment.
Clearly, this issue is going to be the subject of many questions
and concerns, and the debate will probably rage for some time.
In the meantime, it is in our best interest to avoid antibacterial
products and insist on the use of natural products. It is important
that we air our opinions and exchange our ideas to create public
awareness on this issue.
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Convolutions
Rajendra Bhatia
The article explains the importance of the convolution product of two sequences or two functions.
President’s Address to the Association of Mathematics Teachers
of India, December 2011
I am expected to tell you, in 25 minutes, something that should
interest you, excite you, pique your curiosity, and make you look
for more. It is a tall order, but I will try. The word ‘interactive’
is in fashion these days. So I will leave a few things for you to
check.
Let f1 and f2 be two polynomials, say
f1 (x) = a0 + a1 x + a2 x2 ,

(1)

f2 (x) = b0 + b1 x + b2 x2 + b3 x3 .

(2)

The author has been
Professor at the Indian
Statistical Institute, Delhi
Centre, for over three
decades. He was President of
the Association of
Mathematics Teachers of
India between 2010 and 2015.

(Here the coeﬃcients a’s and b’s could be integers, rational, real,
or complex numbers.) Their product f1 f2 is the polynomial
f1 f2 (x) = a0 b0 + (a0 b1 + a1 b0 )x + (a0 b2 + a1 b1 + a2 b0 )x2
+(a0 b3 + a1 b2 + a2 b1 )x3 + (a1 b3 + a2 b2 )x4
+a2 b3 x5 .

(3)

What pattern do you see in the coeﬃcients of the product f1 f2 ?
Let us consider the general situation. Suppose f1 and f2 are polynomials of degrees m and n, respectively:
f1 (x) = a0 + a1 x + a2 x2 + · · · + am xm ,

(4)

f2 (x) = b0 + b1 x + b2 x2 + · · · + bn xn .

(5)

Their product f1 f2 is a polynomial of degree m + n, and has the
expression
f1 f2 (x) = c0 + c1 x + c2 x2 + · · · + cn+m xn+m .
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The coeﬃcients of the
product of two
polynomials are obtained
by taking the
‘convolution product’ of
the coeﬃcients of the
two polynomials.

What is the ‘formula’ for the coeﬃcients c’s in terms of the a’s
and b’s? You can see that ck is the sum of all a j b , where j+ = k.
This can be written briefly as

ck =
a j b ,
(7)
j+=k

or as
ck =

k


a j bk− j .

(8)

j=0

A little care is needed in interpreting the meaning of this formula. The indices k vary from 0 to n + m but the j’s do not
go beyond m. So, what is the meaning of the summation in (8)
with j going up to k when k is bigger than m? If we agree to put
am+1 , am+2 , . . . , am+n , and bn+1 , bn+2 , . . . , bm+n all equal to zero,
then (8) is meanigful. This is a helpful device.
Let C00 be the collection of all sequences with only finitely many
nonzero terms. Thus a typical element of C00 is a sequence
a = (a0 , a1 , . . . , am , 0, 0, 0, . . .).

(9)

b = (b0 , b1 , . . . , bn , 0, 0, 0, . . .)

(10)

If
is another such sequence, then we define the convolution of a and
b to be the sequence
c = (c0 , c1 , . . . , cm+n , 0, 0, 0, . . .),

(11)

whose terms ck are given by (8). We write this relation between
a, b, and c as c = a ∗ b.
Let P be the collection of all polynomials (of any degree). Each
polynomial is determined by its coeﬃcients (i.e., there is exactly
one polynomial fa (x) whose coeﬃcients are a = (a0 , a1 , . . . , am ).
As I explained, it is convenient to think of this as the sequence
(a0 , a1 , . . . , am , 0, 0, 0, . . .). If we have two polynomials fa and fb
of degree m and n, respectively, then their sum is a polynomial
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whose degree is max(m, n). The coeﬃcients of this polynomial
are the terms of the sequence
a + b = (a0 + b0 , a1 + b1 , . . .).
The product fa fb is a polynomial of degree m + n. Call this polynomial fc . Then the coeﬃcients of fc are ck where c = a ∗ b.

Throw a dice twice and
add the two numbers that
turn up. The outcome is
one of the numbers
between 2 and 12. These
occur with diﬀerent
probabilities.

You have learnt about binary operations. The operation ∗ is a
binary operation on the set C00 . Here are some questions. Is this
operation commutative? Is it associative? Does there exist an
identity element for this operation? i.e., is there a sequence e in
C00 such that a ∗ e = a for all a? If such an e exists, then we ask
further whether every element a of C00 has an inverse; i.e., does
there exist a sequence a such that a ∗ a = e?
Let s(a) = a0 + a1 + · · · + am , be the sum of the coeﬃcients in (4),
and define s(b) and s(c) in the same way. You can see that
s(c) = s(a) s(b).

(12)

(Please do the calculations!)
The idea of convolution occurs at several places. One of them is
in the calculation of probabilities. Let (a1 , . . . , an ) be nonnegative
real numbers such that a1 + · · · + an = 1. Then a = (a1 , . . . , an )
is called a ‘probability vector’. (Think of an experiment with
n possible outcomes with probabilities a1 , . . . , an .) If a and b are
two probability vectors, then their convolution c = a∗b is another
probability vector. (Use the relation (12) to see this.) What is the
meaning of this?
Think of a simple game of chance like throwing a dice. There are
six possible outcomes, 1, 2, . . . , 6, each with probability 1/6. The
probability vector (or the probability distribution) corresponding
to this is (1/6, 1/6, . . . , 1/6), which for brevity I write as 16 (1, 1, . . . , 1).
Suppose we throw the dice twice and observe the sum of the two
numbers that turn up. The possible values for the sum are the
numbers between 2 and 12. But they occur with diﬀerent probabilities. The numbers 2 and 12 can occur in only one way: both
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The probability
distribution
corresponding to the sum
of two random variables
is the convolution of the
distributions
corresponding to the two
random variables.

the throws should result in 1, or both should result in 6. On the
other hand the sum can be 5 in four diﬀerent ways
5 = 1 + 4 = 2 + 3 = 3 + 2 = 4 + 1.
Thus the probability of the sum being 2 is 1/36 while its being 5
is 4/36. Let me write (a, b) to mean that in the first throw of the
dice the number a showed up, and in the second b. Let s = a + b.
Then the familiar laws of probability say that
Prob(s = 5) = Prob(1, 4) + Prob(2, 3) + Prob(3, 2) + Prob(4, 1).
That is because the probabilities add up when the events are mutually exclusive. The outcomes of the two throws are independent,
and probabilities multiply when the events are independent. So
we have
Prob(s = 5) = Prob(1)Prob(4) + Prob(2)Prob(3)
+Prob(3)Prob(2) + Prob(4)Prob(1)
1
1
1
1
=
+ 2+ 2+ 2
2
6
6
6
6
1
4
= .
=
36 9
Here again you see convolution at work:
Prob(s = k) =

k−1


Prob( j)Prob(k − j).

(13)

j=1

If we represent the probability distribution corresponding to the
throwing of a dice by p1 = 16 (1, 1, 1, 1, 1, 1), then the probability
distribution corresponding the ‘sum of two throws of a dice’ is
p2 = p1 ∗ p1 =

1
(1, 2, 3, 4, 5, 6, 5, 4, 3, 2, 1).
36

You should check by a calculation what
p3 = p1 ∗ p1 ∗ p1
is. (Now we are observing the sum of the outcomes of three
throws of a dice. There are 16 possibilities ranging between 3
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Figure 1.

Figure 2.

Figure 3.

and 18.) Plot the points corresponding to p1 , p2 , p3 ,. The plots
look like the ones in Figures 1, 2, and 3.
I will now discuss the ‘continuous version’ of the same phenomenon.
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Let p(x) be a function on the real line (−∞, ∞) satisfying two conditions
 ∞
p(x) ≥ 0 and

−∞

p(x)dx = 1.

Such a function is called a probability density function. This corresponds to a ‘random variable’ F which can possibly take all real
values, and the probability of F being in the interval [a, b] is
 b
p(x) dx.
a

If p1 and p2 are probability density functions, their convolution
p1 ∗ p2 is defined as
 ∞
p1 (t) p2 (x − t) dt.
(14)
(p1 ∗ p2 )(x) =
−∞

Observe the similarity with the discrete convolution defined in
(8). (The sum has now been replaced by an integral and the indices k and j by x and t, respectively.) The function (p1 ∗ p2 )(x) is
another probability distribution. If p1 and p2 correspond to independent random variables F1 and F2 then p1 ∗ p2 corresponds to
their sum F1 + F2 . We saw this in the case of two throws of a dice.
The general case involves a similar calculation with integrals.
As a simple example, let us consider
⎧
⎪
⎪
⎨ 1 if |x| ≤ 1/2
p1 (x) = ⎪
⎪
⎩ 0 if |x| > 1/2.
The graph of p is Figure 4.
This is called a ‘rectangular distribution’. You are invited to calclulate p2 defined as
 ∞
p1 (t)p1 (x − t)dt.
p2 (x) = (p1 ∗ p1 )(x) =
−∞

(It is a simple integration.)
You will see that
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⎧
⎪
⎪
⎨ 1 − |x| if |x| ≤ 1
p2 (x) = ⎪
⎪
⎩ 0
if |x| ≥ 1.
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Figure 4.

Figure 5.

The graph of p2 is Figure 5.
Let us persist a little more and calculate
p3 (x) = (p1 ∗ p2 )(x) = (p1 ∗ p1 ∗ p1 )(x).
The answer is

⎧
1
2
⎪
⎪
⎪
8 (3 − 2|x|)
⎪
⎪
⎪
⎪
⎨ 3
2
p3 (x) = ⎪
⎪
4 −x
⎪
⎪
⎪
⎪
⎪
⎩ 0

if

1
2

if

|x| ≤

if

|x| ≥ 32 .

≤ |x| ≤

3
2

1
2

The graph of p3 normalized so that p3 (0) = 1 is Figure 6.
We can go on and calclulate p4 (x). I asked a computer to do it for
me and to show me the graph of p4 . It is Figure 7.
Do you see a pattern emerge? The graphs seem to look more and
more like the ‘normal curve’, the famous bell-shaped curve.
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Figure 6.

Figure 7.

Was there something special about the rectangular distribution
that led to this? I start with another distribution
⎧ √
2
⎪
2
⎪
if
|x| ≤ 1
⎪
⎨ π 1−x
p1 (x) = ⎪
⎪
⎪
⎩ 0
if
|x| ≥ 1.
This looks like Figure 8.
Successive convolutions of p1 with itself p2 , p3 and p4 have graphs
Figures 9, 10, 11.
Repeated convolutions
of a probability
distribution with itself
tend towards the normal
distribution.

Here is yet another example in which the function is ‘random’
(Figure 12). Again three successive convolutions are shown in
the (Figures 12–15) that follow.
This seems to be a very striking phenomenon. Starting with different probability distributions we seem to get close to a normal
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Figure 8.

Figure 9.

Figure 10.

distribution if we take convolutions. Does this happen always?
(The answer is: ‘with rare exceptions’.) So the normal distribution occupies a very special position. One of the most important
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Figure 11.

Figure 12.

Figure 13.

theorems in probability is the ‘Central Limit Theorem’. That tells
us more about this phenomenon. I hope you will find out about
this soon. Another feature that stands out in these examples is that
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Figure 14.

Figure 15.

successive convolutions seem to make the functions smoother.
This too is a general phenomenon, exploited by mathematicians
and by design engineers.

Convolutions lead to
smoother functions. This
is exploited in the design
of noise filters.

Finally I wish to point out that there is an analogy between multiplication of ordinary numbers and that of polynomials. Every
number can be thought of as a polynomial with the ‘base’ of the
system acting as the ‘ideterminate’ x. Thus, for example, in the
decimal system
3769 = 9 + 6.10 + 7.102 + 3.103
Ordinary multiplication of numbers is, therefore akin to multiplication of polynomials. There is a famous algorithm called
the Fast Fourier Transform that computes convolutions quickly
and helps computers do arithmetic operations like multiplication
much faster.
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Multiplication of
numbers is akin to
multiplication of
polynomials.
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Nobel Prize in Physics 20161
T V Ramakrishnan
The article describes the theorietical work in the field of condensed matter physics for which the 2016 Nobel Prize in Physics
was awarded.
Introduction
The 2016 Nobel Prize in Physics was awarded for theoretical discoveries of topological phase transitions and topological phases
of matter. It honours people whose pioneering work began the
ongoing realization of the crucial role that topology can play in
condensed matter systems. The announcement says, “The Nobel Prize in Physics 2016 is awarded with one half to David J
Thouless, University of Washington, Seattle and the other half
to F Duncan M Haldane, Princeton University and J Michael
Kosterlitz, Brown University, Providence. Their discoveries have
brought about breakthroughs in the theoretical understanding of
condensed matter’s mysteries and created new perspectives on the
development of innovative materials.”
The physics of condensed matter has evolved largely from a somewhat obscure branch called solid state physics (dubbed squalid
state physics by Pauli in the late nineteen twenties; Niels Bohr
had not heard of the name in the early fifties). It is now that part
of physics in which the large majority of physicists work worldwide. Of the forty five Nobel laureates in Physics from 2000 till
now, twenty two are in this field. Perhaps the emergence of unexpected behaviour when things are close together, encapsulated in
the 1972 rallying cry of Anderson that “more is diﬀerent” is behind it; perhaps the applications which surround us (e.g.the cell
phone, the laptop, the TV display) are; perhaps both. The pioneering basic research of 2016’s Nobel laureates points to a new
direction which has already resulted in much exciting new science, and also in totally unforeseen applications.
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Figure 1.

The Nobel
Prize in Physics 2016 was
awarded jointly to David J
Thouless, Duncan M Haldane, and J Michael Kosterlitz “for theoretical discoveries of topological phase
transitions and topological
phases of matter.”

Thouless and Kosterlitz
found, unexpectedly, that
the behaviour of
topological defects in the
system (inevitably
present in them as
thermal excitations)
undergoes a qualitative
change at a certain
temperature, and that
this has far reaching
consequences.

2 A perfect three dimensional
crystal is an example of long
range order. Looking at a small
part – even one unit cell – enables us to predict the location
of all other atoms in the crystal,
however far away they may be.
This is true even at a finite temperature when the atoms undergo thermal vibrations.
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These physicists showed in the seventies and eighties of the twentieth century that ideas of topology are at the heart of the existence
and behaviour of many strange phases as well as phenomena in
condensed matter systems. While it is a truism now that qualitatively new phenomena emerge when things are put together, as in
condensed matter, the idea that topology is at the back of many of
them is quite unexpected. Since their work, and largely inspired
by their pioneering ideas, the field has exploded scientifically. In
the last decade or more, a number of families of materials which
embody them have been located and created; a quantum materials revolution spearheaded by topologically nontrivial materials is
underway. Perhaps the consequent development of new materials
will form the basis for new ways of computing as well as of storing and manipulating information. Many ideas of great elegance
and explanatory power are flowering.
It all started with a fresh look by Thouless and Kosterlitz in the
early 1970s into the question of whether long-range2 order is possible in a two-dimensional system, i.e. one which is extended in
two directions and is about as thick as the size of the constituent
entities, namely atoms or molecules, in the third. The standard
belief (buttressed by rigorous arguments) is that because of spatial fluctuations enhanced by reduced dimensionality, long-range
order is not possible in them. Thouless and Kosterlitz found, unexpectedly, that the behaviour of topological defects3 in the system (inevitably present in them as thermal excitations) undergoes
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a qualitative change at a certain temperature, and that this has far
reaching consequences. The defects bind, pairwise, below this
temperature; there are no ‘free’ defects, and the system is stiﬀ
against deformation4 , like a solid. Above this temperature, it is
like a fluid, not stiﬀ. No breaking of symmetry is involved; there
is no long-range order, but there is a ‘stiﬀ’ phase.
In the context of order parameters characterized by a single phaseangle (such as planar spins, or complex numbers as in superconductors and superfluids) the topological defect involved is a vortex, on going round which along any closed path, the phase-angle
which describes the putative order changes by an integral multiple of 2π. Such a defect is robust, characterized by an integer!
This is a topological reality just as the following is: A coﬀee mug
with a handle (as also a doughnut) is characterized by a genus
number of unity (the handle has one hole) while a mug without
a handle (e.g. a bowl or a beaker) is characterized by the number zero, being of the same genus for this purpose as a saucer.
The diﬀerence cannot be erased by any smooth deformation, and
is noticeable only in a global property; a little bit of a bowl is
similar to a little bit of the cup with a handle, but they are qualitatively diﬀerent when looked at as wholes. The discovery by
Kosterlitz and Thouless of topological phases opened up a whole
new universe of systems which were explored; these were found
in detail to be of the kind predicted by them and by others following this direction. This period also saw a deep exploration of
possible topological defects in various kinds of condensed matter.
The new phases are qualitatively diﬀerent phases of matter; they
exist only because of topologically mandated defects which can
bind.
About a decade later, quite independently, a strange low temperature eﬀect (quantized Hall Eﬀect) was observed in a thin twodimensional fluid of electrons sandwiched between two semiconductors. When a large magnetic field is applied perpendicular
to the plane of the electron fluid, the ratio between the electrical
current in plane and the voltage perpendicular to it (but still in the
same plane), called the Hall conductance, is seen to be quantized.
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3 An edge dislocation in a crystal is an example of a ‘topological defect’. This is an extra
plane of atoms ending in a line
inside the crystal. Travelling in
a closed path around that line
will reveal the presence of this
defect.

4 A solid resists change in
shape, i.e. shear deformation,
while a fluid does not.

When a large magnetic
field is applied
perpendicular to the
plane of the electron
fluid, the ratio between
the electrical current in
plane and the voltage
perpendicular to it,
called the Hall
conductance, is seen to
be quantized.
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The Hall conductance, a
long length scale, global,
property is proportional
to a topological integer,
called the Chern number.

5 See Resonance, Vol.10, No.4,
2005, for more about the
Chinese-American Mathematician S S Chern and his contributions, including the Chern number.

The quantization , in multiples of a universal value, is found to
be both unbelievably accurate (to about a part per billion) and
robust. It does not change with carrier concentration, disorder,
or temperature of the electron fluid. It became clear that we are
seeing a new state of matter now called the quantum Hall fluid.
Thouless and coworkers showed that the robustness and precision
of the quantized Hall conductance have a topological origin. The
Hall conductance, a long length scale, global, property is proportional to a topological integer, called the Chern number5 . Properties such as the Hall conductance are ‘topologically protected’.
This is the basic characteristic of the state. It also turns out that
there are necessarily zero energy modes present at the boundary
between such a phase and another which is topologically diﬀerent.
Duncan Haldane’s pioneering journey started in an apparently obscure bylane. In 1983, he showed that a chain consisting of magnetic moments (spins) interacting with their nearest neighbours
had very diﬀerent properties depending on whether the spins were
integral or half integral in units of (h/2π) where h is the Planck’s
constant – the basic quantum constant. Both classes of systems
lack long-range order. For the former, there is no gap between
the ground state and the lowest excited state, while for the latter,
there is. This stunning result was not quite believed by experts.
However, the Haldane gap exists; it has been measured experimentally. Presciently, he tracked down the origin of this gap; it
is a direct consequence of a non-zero topological term in the effective action of the entire system, this action being expressed as
a function of the spin field. So one has, in such chains, two different quantum fluids arising because of a topological distinction.
A few years later, in unrelated work, he showed that even in the
absence of an external magnetic field, a special two-dimensional
lattice system is a topological quantum Hall fluid. Interestingly,
such a system has been recently synthesized in a cold atom
lattice (this consists of about fifty thousand potassium atoms
hopping around in a special lattice generated by crossed laser
beams, the whole thing being at a temperature of about 10−7 K
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above absolute zero). This creative work by Haldane was quite
directly the inspiration for later developments of models of topological insulators, mentioned below.
These contributions had an enormous direct and indirect eﬀect
on the community of physicists, by pointing to the crucial (and
unsuspected) role of topology in condensed matter systems, by
stimulating the search for other kinds of topologically nontrivial
matter, as well as by providing actual models and methods.
One well-known instance of the far-flung consequences of the
work and ideas of the laureates has to do with topological insulators. These are semiconducting or insulating in the bulk, like so
many other materials of that kind. However, because of a topological peculiarity in their electronic structure, they inevitably have
a metallic surface; there are free electrons there. These electrons
are quite unusual. Their intrinsic spin always points perpendicular to their direction of motion, in a specific sense. Bi2 Se3 is
one out of dozens of examples. There is great promise that these
electronic states indicate even more unusual possibilities. There
are many road maps for the realization of these. For example, it
is likely that their nature will be the basis for robust, intrinsically
quantum, ways of computing. We are in the middle of a great creative ferment6 . It is therefore wonderful that the physicists whose
curiosity and work very clearly started it all, are recognized by
their peers.

6 For a more technical account
of such systems, refer to the article Emerging Trends in Topological Insulators and Topological Superconductors. by Arijit Saha and Arun Jayannavar in
this issue.
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Emerging Trends in Topological Insulators and
Topological Superconductors
Arijit Saha and Arun M Jayannavar
Topological insulators are new class of materials which are
characterized by a bulk band gap like ordinary band insulators but have protected conducting states on their edges
or surfaces. These states emerge due to the combination of
spin-orbit coupling and time reversal symmetry. Also, these
states are insensitive to scattering by non-magnetic impurities. A two-dimensional topological insulator has one dimensional edge states in which the spin-momentum locking of
the electrons give rise to quantum spin Hall eﬀect. A threedimensional topological insulator supports novel spin-polarized
2D Dirac fermions on its surface. These topological insulator
materials have been theoretically predicted and experimentally observed in a variety of 2D and 3D systems, including
HgTe quantum wells, BiSb alloys, and Bi2 Te3 , Bi2 Se3 crystals.
Moreover, proximity induced superconductivity in these systems can lead to a state that supports zero energy Majorana
fermions, and the phase is known as topological superconductors. In this article, the basic idea of topological insulators and topological superconductors are presented along
with their experimental development.

Arijit Saha is a Reader-F at
the Institute of Physics,
Bhubaneswar. His research
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and strongly correlated
electrons.

Arun M Jayannavar is a
Senior Professor at the
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aspects of mesoscopic physics
and statistical mechanics.

1. Introduction
In condensed matter systems, atoms with their electrons can form
many diﬀerent states of matter, such as crystalline solids, magnets, and superconductors. These states can be classified by the
concept of symmetry breaking. For the above mentioned examples, translational, rotational, and gauge symmetries respectively,
are spontaneously broken. Before 1980, the principle of broken
symmetry was the key concept for the classification of states of
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In recent times, a new
class of topological state
has emerged called the
quantum spin hall phase
or the topological
insulator. Such states are
topologically distinct
from all other known
states of matter,
including the QH states.
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matter. The discovery of quantum Hall eﬀect (QHE) in 1980 [1]
provided the first example of a quantum state where no spontaneous symmetry was broken. In QHE, the electrons confined in a
2D electron gas, subjected to a strong magnetic field of the order
of few tesla [1] manifests an entirely diﬀerent type of topological
order. Its behavior is independent of its specific geometry. Hence,
the quantum Hall (QH) state was topologically distinct from all
previously known states of matter1 .
In recent times, a new class of topological state has emerged
called the quantum spin hall (QSH) phase or the topological insulators (TI) [2–7]. Such states are topologically distinct from
all other known states of matter, including the QH states. QSH
systems are insulating in the bulk which means that they have
an energy gap separating the conduction and valence bands. Inspite of having a bulk band gap, they contain metallic edges or
surface states on the boundary. These boundary edges or surface states are topologically protected and immune to scalar (nonmagnetic) impurities. This means backscattering is prohibited
by such impurities along the edge or surface. Moreover, these
boundary states are protected by time reversal2 (TR) symmetry.
Here lies the important diﬀerence between a QSH state and a QH
state. The latter requires an external magnetic field which explicitly breaks the TR symmetry. In contrast, QSH states are TR
invariant and do not require an external magnetic field. The signatures of QSH states have been experimentally observed in HgTe
quantum wells [8], in BiSb alloys [9], and in Bi2 Se3 , Bi2 Te3 bulk
crystals [10, 11].

2. Quantum Spin Hall Eﬀect
In QH eﬀect, a strong magnetic field is applied perpendicular to a
2D electron gas in a semiconductor. Here, magnetic field breaks
the TR symmetry. At low temperatures and high magnetic fields,
the electrons flow along the edges of the 2D sample. In Figure 1(a), we present the schematic of a QH bar geometry where
the upper and bottom 1D edges are separated by the bulk. At
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Figure 1.

these two spinless 1D edges, electrons propagate in a chiral fashion i.e. only in forward (right moving) or backward (left moving) direction. This is in contrast to normal 1D systems where
electrons can flow in both the directions. Hence, the top or bottom edge of a QH bar contains only half the degrees of freedom
compared to a normal 1D system. When an edge-state electron
encounters an impurity, it still propagates along the same direction as backscattering is prohibited along the same edge. This is
the key reason why the QH eﬀect is topologically robust. Such
dissipationless transport mechanism can be very useful for semiconductor devices.
Now, one asks the question, can we still realize a QH eﬀect without a magnetic field i.e. without breaking TR symmetry? In recent times, it has been observed that certain materials with strong
spin-orbit coupling (SOC) can exhibit such intriguing phenomena. SOC arises in a material due to inversion asymmetry as well
as crystal asymmetry. It is a relativistic eﬀect and acts like an internal magnetic field without violating the TR symmetry. Within
such materials, we can leave the spin-up forward mover and the
spin-down backward mover on the upper edge. In the bottom
edge, the spin and the associated momentum directions are reversed. This is illustrated in Figure 1(b). A system with such
edge states is said to be in a QSH state, because it has a net transport of spin forward along the top edge and backward along the
bottom edge, just like the separated transport of charge in the QH
state. This phenomena is known as QSH eﬀect which was independently predicted by Kane–Mele [12] and Bernevig–Huges–
Zhang [13] in certain theoretical models with SOC.
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(a) Schematic
of a QH bar in which the
upper edge contains a forward mover and the lower
edge contains only a backward mover. Here, both the
1D edges are spinless. (b)
Cartoon of a QSH bar in
which both the 1D edges are
spinful and spin-momentum
locked i.e.of helical nature.
The upper edge contains
a forward mover with up
spin and a backward mover
with down spin. The spin
and momentum directions
are reversed for the lower
edge.

When an edge-state
electron encounters an
impurity, it still
propagates along the
same direction as
backscattering is
prohibited along the
same edge. This is the
key reason why the QH
eﬀect is topologically
robust.
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Although, QSH edges consist of both forward and backward movers,
backscattering by non-magnetic impurity is still forbidden. The
reason behind this can be attributed to the fact that to have backscattering, spin of the carriers also has to be flipped. Such spin-flip
scattering process is forbidden for a non-magnetic/scalar impurity. If the impurity carries a magnetic moment, then the TR symmetry is broken, and backscattering is possible due to the spin-flip
process caused by the magnetic impurity. In that sense, the robustness or topology of the QSH edge state is protected by the TR
symmetry. The possibility of obtaining symmetry protected, dissipationless spin current through QSH systems can be very useful
for future generation spintronic devices [14].

3. 2D Topological Insulators
We already mentioned that SOC i.e. coupling between spin and
orbital motion is a relativistic eﬀect most pronounced in heavy
elements (elements with large Landé g-factor). Although all materials have SOC, only few of them turns out to be topological
insulators. Here, we discuss a general mechanism for finding
a TI [13, 4]. It was predicted particularly for mercury telluride
(HgTe) quantum wells which is believed to be a 2D TI.
The typical band dispersion of a 2D TI is shown in Figure 2.
Here, the bulk conduction band and the bulk valence band is separated by an insulating gap like an ordinary band insulator. The
1D helical edge states appear within the gap with a linear dispersion. The general mechanism behind the appearance of such edge
states is band inversion in which the usual ordering of conduction
band and valence band is inverted by SOC. This mechanism, we
discuss next in detail, for the case of HgTe.
In most common semiconductors, the conduction band is formed
by s orbital electrons, and the valence band is formed from electrons in the p orbital. However, in some heavy elements like Hg
and Te, the SOC is so large that the p orbital band is pushed above
the s orbital i.e. the bands are inverted. HgTe quantum wells
can be fabricated by sandwiching the material between cad-
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Figure 2.

Schematic of
band dispersion of a 2D TI.
The conduction and valence
bands are separated by a
bulk band gap. The 1D helical edge states disperse linearly within the gap. Here,
E F is the Fermi energy.

Figure 3.

mium telluride (CdTe) (see Figure 3), which owns similar lattice
spacing as HgTe but has weaker SOC. Therefore, as one increases
the thickness d of the HgTe layer, the SOC strength is enhanced
for the entire quantum well. For a thin quantum well, as shown
in Figure 3(a), CdTe has a dominating eﬀect and the bands follow normal ordering. The s-like conduction sub-band E is located
above the p-like valence sub-band H, and the system behaves like
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Cartoon of a
HgTe quantum well structure sandwiched between
CdTe layers. (a) For a thin
HgTe well (d < dc ), conduction sub-band E and valence
sub-band H are located like
a ordinary insulator. (b) On
the other hand, in case of a
thick HgTe well (d > dc ),
the E and H sub-bands are
inverted.
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The signature of 2D TI
was observed in a recent
experiment in which
HgTe quantum wells
were grown by
molecular beam epitaxy
method.

a trivial insulator. With the enhancement of d above a critical
thickness dc , the H sub-band is pushed above the E sub-band
by SOC as illustrated in Figure 3(b). Due to band inversion, a
pair of gapless 1D edge states carrying opposite spins appear, and
they disperse linearly all the way from valence band to conduction band (see Figure 2). This pair of edge states is also known as
‘Kramer’s pair’ (TR partner) and cannot be removed by external
perturbations. This is one of the topological signatures of a 2D
TI.
The signature of 2D TI was observed in a recent experiment [8]
in which HgTe quantum wells were grown by molecular beam
epitaxy method. The thickness of HgTe layer was tuned by a
gate voltage. It was observed that when d > dc (dc ∼ 6.5 nm)
i.e. the system is in the topological phase, conductance appears
to be quantized (2e2 /h) as the two edge states of TI act as two
conducting 1D channels contributing e2 /h each. In contrast, when
d < dc , conductance comes out to be vanishingly small akin to
trivial band insulator.

4. 3D Topological Insulators
Here, we briefly discuss the phenomenology of 3D TI [5]. Note
that, the pair of 1D edge states for our previous 2D TI crosses
at k = 0 which is already depicted in Figure 2. Near the crossing point, the dispersion of these states follow a linear relation.
This is exactly the dispersion relation one obtains in relativistic quantum mechanics from the Dirac equation for a massless
free fermion in 1D. Thus, the same equation can be used to describe QSH edge states. Similar picture can be generalized to
a 3D TI which owns 2D surface states at the boundary. These
surface states consist of 2D massless Dirac fermions and the corresponding dispersion forms a single Dirac cone as depicted in
Figure 4. Similar to the 2D case, the crossing point of the surface
states is located at the tip of the cone i.e. k x = ky = 0. The latter is also a TR invariant point at which Kramer’s degeneracy is
protected by the TR symmetry. Also note that, each momentum
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Figure 4.

Schematic of
the surface dispersion relation of a typical 3D TI. The
2D surface states reveal a
single Dirac cone. Rotation
of the spin degrees of freedom around the Fermi surface exhibits spin texture.

at the surface has only a single spin state at the Fermi level E F
(spin-momentum locking), and the spin direction rotates as the
momentum moves around the Fermi surface (see Figure 4). Thus,
these surface states exhibit non-trivial spin textures and carry a
geometrical Berry’s phase3 [15] of π, which makes them topologically distinct from ordinary surface states. When disorder or
scalar impurities are incorporated on the surface, backscattering
is prohibited, and the metallic surface states remain robust against
disorder i.e. they don’t become localized or gapped.
From materials point of view, bismuth telluride (Bi2 Te3 ) and bismuth selenide (Bi2 Se3 ) are examples of 3D TI. These materials
have been investigated experimentally using angle resolved photo
emission spectroscopy (ARPES) method [10, 11] and the single
Dirac cone nature of the surface states was experimentally observed. Furthermore, spin-resolved measurements probe the spin
textures of the surface and confirms that the electron’s spin indeed
lies in the plane of the surface and is always perpendicular to the
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subjected to a Hamiltonian depending on slowly varying (adiabatic) time dependent parameters.
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momentum, which is in agreement with the theory.

5. Topological Superconductors
Topological insulators
are not superconductors
by themselves. However,
superconductivity can be
induced in them via a
process called
‘proximity eﬀect’.

Topological insulators, discussed above, are not superconductors
by themselves. However, superconductivity can be induced in
them via a process called ‘proximity eﬀect’. In this process,
if a non-superconducting material is kept in close contact to a
bulk superconductor, then superconducting correlation can tunnel
through the non-superconducting material upto a certain length
scale, depending on the dimensions of the system and the interface of the two kinds of materials.
Fu and Kane in their seminal work [16], adopted this idea and
proposed that if one places a 3D TI material (Bi2 Te3 or Bi2 Se3 )
in close proximity to an ordinary superconductor, then superconductivity can be induced in it via the proximity eﬀect (see Figure
5). Moreover, the interface between a topological insulator and
a superconductor may allow the creation of an ‘emergent’ par-

Figure 5.

Schematic of
a topological superconductor where a 3D TI is placed
in close proximity to a conventional s-wave superconductor. Majorana fermion is
formed in the vicinity of the
vortex core.
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ticle that neither material supports by itself. As discussed earlier,
the 2D surface electrons of 3D TI are massless Dirac fermions.
Hence, a superconductor deposited on the surface opens an excitation gap, which can be closed locally by a magnetic field.
The magnetic field penetrates as an Abrikosov vortex shown in
Figure 5. If a vortex line runs from the superconductor into the
topological insulator, then a zero-energy Majorana fermion (MF)
is trapped in the vicinity of the vortex core as illustrated in Figure 5. Therefore, a proximity induced TI with zero-energy MF
is commonly known as topological superconductor (TSC). Here,
the MFs are revealed as the surface states of the TSC, and they
are protected by the TR and electron-hole symmetry.

Majorana fermions
occurring at exactly zero
energy have the
remarkable property of
being their own
antiparticles. In
nanoscience and
condensed-matter
physics, being its own
antiparticle means that a
MF must be an equal
superposition of an
electron and a hole state.

6. Majorana Fermions
The underlying mechanism behind the emergence of MF in 3D
TSC is rather a complex subject, and we refer to [7, 17, 18, 19]
for further details. On the contrary, we discuss here a more physical picture of MF based on 1D systems [20] which has been experimentally investigated very recently. To start with, one can
ask the following question: What is MF and what is its significance from the application point of view? MF was originally
proposed by Ettore Majorana in 1937 while finding the real solution of Dirac equation. Majorana fermions (MFs), occurring
at exactly zero energy (also known as Majorana zero modes),
have the remarkable property of being their own antiparticles.
In nanoscience and condensed-matter physics, being its own antiparticle means that a MF must be an equal superposition of an
electron and a hole state. Mathematically, this property can be
expressed as an equality between the particle’s creation and annihilation operators i.e. γ† = γ. Also, MFs are massless, spinless, and electrically neutral. Furthermore, Majorana zero modes
are believed to exhibit a special kind of quantum statistics – so
called non-Abelian exchange statistics – which is neither Fermi–
Dirac, nor Bose–Einstein like. This special property endows MFs
to be used as a building block for the next generation topological
quantum computers, which would be exceptionally well protected
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Figure 6. Cartoon of two
unpaired MFs γ0 and γN , located at the two ends of the
1D chain. The intermediate
ones have paired to become
Dirac fermions.

from errors or decoherence [21].
The first toy model, for the realization of MF in 1D, was put forth
by Kitaev [22]. In this model, one starts from a 1D tight-binding
chain with unconventional spinless p-wave superconducting pairing. The superconducting gap – Δ, and hopping – t, are assumed
to be the same for all lattice sites. μ is the chemical potential set
for the system. The Majorana physics can be understood for a
special parameter regime when t = Δ and μ = 0. In this regime,
the chain becomes TSC, and two unpaired zero energy MFs γ0
and γN , are located non-locally at the two ends of the chain. This
feature is illustrated in Figure 6. In the general case, however, the
two MFs are not completely localized only at the two end sites of
the chain, but decay exponentially away from the end. The MFs
remain at zero energy only if the chain is long enough so that
they do not overlap. For a finite chain, the two unpaired Majorana wave-functions can also overlap and become a normal Dirac
fermion i.e. mathematically c = γ0 + iγN , where c denotes a Dirac
fermion.

7. Realization of MF in 1D nanowire

The MFs remain at zero
energy only if the chain
is long enough so that
they do not overlap. For
a finite chain, the two
unpaired Majorana
wave-functions can also
overlap and become a
normal Dirac fermion.
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Kitaev’s chain can be realized in a 1D nanowire (NW) made of a
semiconductor with strong SOC. The basic idea came from two
independent seminal works of Oreg–Refael–von Oppen [23] and
Lutchyn–Sau–Das Sarma [24]. If a 1D NW is placed in close
contact to a conventional bulk s-wave superconductor, then superconductivity can be induced in the NW via the proximity eﬀect
as shown in Figure 7(a). A constant magnetic field B is applied
parallel to the NW. Here, Bso denotes the direction of the spinorbit field in the NW. Note that the direction of B and Bso should
be perpendicular to each other to realize the desired phenomena.
Under suitable circumstances, this NW becomes a TSC, and a
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pair of MFs appears at the two ends of the NW. These two nonlocal Majorana bound states are denoted by the two green dots
in Figure 7(a).
After setting up the basic architecture required for our purpose,
now we discuss how the MFs emerge in the NW. The red and
blue curves in Figure 7(b) illustrate the band structure of the NW
in the limit B = 0. The strong SOC, present in the NW, shifts the
two parabolic bands depending on their spin polarization along
the axis of the spin-orbit field. Switching on a magnetic field B,
TR symmetry is broken, and a Zeeman gap opens up at k = 0,
which is the crossing point of the two parabolas. The new band
energies are sketched by the black solid curves of Figure 7(b).
When the Fermi level μ resides within the gap, the wire appears
‘spinless’ (see Figure 7(b)).
Next, we introduce the proximity induced pairing potential Δ.
Hence, the gap at zero momentum i.e. k = 0 decreases
 with the
enhancement of Δ and closes completely when B ≥ Δ2 + μ2 . In
this situation, the NW enters into the topological superconducting phase. Now, if we focus on the ‘spinless’ regime and project
away the upper unoccupied band, then an eﬀective intraband pwave pairing mediated by Δ appears, which connects smoothly to
the phenomenon demonstrated before by the Kitaev’s toy model.
Since the NW is in the topological superconducting phase, a pair
of MFs emerge localized at the wire’s ends (see Figure 7(a)). For
larger values of Δ, the gap reopens, but now in a non-topological
superconducting state where the NW no longer appears ‘spinless’
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Figure 7. (a) Schematic
of a 1D NW placed in close
proximity to a s-wave superconductor. B and Bso
corresponds to the homogeneous Zeeman field and internal spin-orbit field, oriented perpendicular to each
other. Two green dots denote the two unpaired MFs
located at the two ends of
the NW. (b) Band structure
of the NW in which the
red and blue curves correspond to the spin-orbit split
bands in presence of Bso .
The black curves denote the
bands after the TR symmetry is broken by the Zeeman
field B. Δ and μ are the
proximity induced pair potential and chemical potential respectively.
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resulting in a trivial phase. Therefore, the phase transition between the topological and non-topological superconducting states
can only take place at the point where the gap at k= 0 closes. This
can be achieved by satisfying the criterion B = Δ2 + μ2 .
Very recently, the signature of MFs has been experimentally observed by Mourik et al., [25] and Das et al., [26] in 1D NW systems. The experiment has been performed in a set-up similar to
Figure 7(a). The NW is made of indium antimonide (InSb) or
indium arsenide (InAs) which has a large ‘g’-factor (g ≈ 50)
i.e. strong SOC. Niobium nitride (NbN2 ) is used as a bulk superconductor to induce superconductivity in the NW. The signature of MFs is revealed via the transport measurements. When
the external magnetic
 field, applied parallel to the NW, satisfies
the criterion B = Δ2 + μ2 , zero energy Majorana bound states
appear at the wire’s ends. The tunneling conductance shows a
large peak (quantized to 2e2 /h in ideal conditions) at zero-bias
when the Majorana mode is present, and no peak when it is absent. Such zero-bias peaks can be interpreted as an experimental
evidence for the Majorana zero mode.

8. Conclusions and Outlook
In this article, we have provided a pedagogical introduction to
the exciting field of topological insulators, topological superconductors, and Majorana fermions in condensed matter systems.
We emphasize that a 2D TI has 1D helical edge states exhibiting QSH eﬀect. A 3D TI supports 2D surface sates which forms
a single Dirac cone. We also discuss that these systems can enter into a topological superconducting phase supporting Majorana
fermions at the vortex core. Finally, we illustrate that topological superconducting phase can also be realized in a 1D NW with
strong SOC and proximity coupled to ordinary s-wave superconductor. In the topological superconducting phase, two non-local
Majorana zero modes appear at the two ends of the NW. The zero
bias peak, appearing in the tunneling conductance signal, reveals
the experimental signature of MFs.
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In TI systems, one of the recent interest is to understand the effects of electron-electron interaction in them. A TI with strong
Coulomb interaction is called a ‘fractional topological insulator’
which is one of the current topics of research in this direction.
Interface between TI and other non-topological materials is also
a subject of modern interest. In the context of MF, the smoking
gun signal of Majorana zero mode is still lacking. Further experimental investigations is needed to explore their physical properties in detail. Moreover, there is a need for additional theoretical research to understand the experimental findings. The final
goal is of course to be able to control and manipulate quantum
information stored in Majorana-based qubit systems that can be
implemented for topological quantum computation.
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Classroom

In this section of Resonance, we invite readers to pose questions likely to be raised in a
classroom situation. We may suggest strategies for dealing with them, or invite responses,
or both. “Classroom” is equally a forum for raising broader issues and sharing personal
experiences and viewpoints on matters related to teaching and learning science.
The Inveterate Tinkerer
6. Bubble Raft
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Department of Mechanical
Engineering,
IIT Kharagpur, Kharagpur

In this series of articles, the authors discuss various phenomena in fluid dynamics, which may be investigated via tabletop
experiments using low-cost or home-made instruments. The
sixth article in this series explores crystalline defects and motion of dislocations using bubble rafts.
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Email:
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Materials
Petri dish, triethanolamine, glycerol, oleic acid, distilled water,
micropipette tip, aquarium pump, isopropanol, dishwashing liquid, glass tray, black paper, syringe needle, halogen lamp, cotton
earbuds.

Method
A bubble raft [1–3] is a monolayer of bubbles floating on the surface of a liquid, which may be used as a two-dimensional model
for the face-centered cubic or the hexagonal closed-packed structure of metals. The bubbles are attracted together by surface tension forces to form a raft. One may identify the analogs of several
crystalline defects as well as visualize the motion of dislocations
in the lattice upon deformation of the raft. Such defects are responsible for the electrical conductivity, mechanical strength, and
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Figure 1.

A bubble raft
with nearly crystalline order.

color of ionic crystals as well as the plastic deformability of metals. An elementary discussion of crystalline defects in metals may
be found in [4].

By compressing the raft
using a glass slide, one
may create multilayer
rafts. However,
structural details are
diﬃcult to resolve in
such a three-dimensional
raft.

802

We used the formulation given in [1] for preparing the bubble raft
solution: 13.6 g of oleic acid is mixed with 50 ml of distilled water and 73 ml of 11.3% aqueous triethanolamine solution. To this
solution, 142 g of glycerol is added. The solution is then left to
stand for a day, and the clear liquid is drawn out from below. The
clear liquid is poured into a petri dish (diameter = 13.5 cm) with a
base which is spray-painted black. A raft of bubbles is formed by
blowing air through a micropipette tip placed beneath the surface
of the solution, using an aquarium pump and valve. By controlling the flow-rate of air from the pump, the size of the bubbles
can be varied. The typical diameter of the bubbles produced by
this method is ∼3 mm. Unwanted bubbles can be removed by
touching with a cotton earbud soaked in isopropanol. By compressing the raft using a glass slide, one may create multilayer
rafts. However, structural details are diﬃcult to resolve in such
a three-dimensional raft (see [5] for more recent work). The individual bubble size depends on the (non-uniform) flow rate of
air from the aquarium pump as well as compression forces in the
close-packed lattice. As an illustration, we show a portion of the
raft which is near ‘perfect’ with no crystalline defects (see Figure
1). Some demonstrations with the bubble raft may be seen in the
video: youtube.com/watch?v=qroQ3GEcfMw
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Figure 2. Point defects.

We now discuss some analogs of crystalline defects that were observed in bubble rafts:
1. Point Defects (see Figure 2)
(a) Vacancy: A crystalline defect in which an atom or ion is missing from one of the lattice sites. Individual bubbles can be popped
to form vacancies in the bubble raft by touching with a cotton
earbud soaked in isopropanol. However, at times, there is spontaneous popping of bubbles, which has no analog in a real crystal.
Upon deformation of the raft, vacancies are not observed to move
from their respective locations.
(b) Substitutional Impurity: An atom/ion which is not normally
found in the crystal structure, but is lodged in, and replaces an
atom/ion which is ordinarily located in the crystalline lattice.
(c) Interstitial Impurity: Small impurity atoms in a crystalline
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At times, there is
spontaneous popping of
bubbles, which has no
analog in a real crystal.
Upon deformation of the
raft, vacancies are not
observed to move from
their respective
locations.
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Figure 3.

Edge disloca-

tions.

lattice that are on oﬀ-lattice sites between the lattice atoms.
(d) Frenkel Pair: When an atom or ion leaves its place in the crystalline lattice and becomes an interstitial by lodging in a neighbouring location.
2. Line Defects
Edge Dislocation (see Figure 3): This defect is equivalent to the
introduction of an extra row of atoms in the crystalline lattice.
To observe the motion of dislocations, we prepared 700 ml of
bubble raft solution by mixing 1 part by volume glycerine, 2 parts
by volume Joy dishwashing liquid (Procter and Gamble), and 50
parts by volume deionised water. The solution was poured into
a glass tray placed on a black sheet of paper. A syringe needle
was used in place of the micropipette tip to direct air under the
surface of the solution, producing bubbles of diameter ∼ 1 mm.
Air was blown gently on the edge of the raft, producing rapidly
moving dislocations which zip across the raft and are absorbed
(and emitted) at grain boundaries (see below). A halogen lamp
(500 W) was used as a light source. We also noted an instance
wherein, a moving dislocation met a vacancy, consumed it, and
climbed up one row of bubbles. In another instance, two equal
and oppositely moving dislocations were observed to cancel one
another.
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Figure 4.

Grain bound-

aries.

Figure 5. Tilt grain boundary.

3. Planar Defects
Grain Boundary (see Figure 4): Most crystals are polycrystalline
in nature, made up of small, randomly oriented crystals separated
by an interface. These interfaces may be seen by etching the crystal with an acid. Each crystal or ‘grain’ has a diﬀerent orientation
with respect to the normal vector of the planar lattice. The bubble
raft analog of grain boundaries may be seen using the aqueous
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Figure 6.

Twin grain

boundary.

glycerol-dishwashing liquid formulation mentioned above. In a
tilt grain boundary (see Figure 5), two adjacent grain boundaries
meet at an angle while lattice positions are mirrored across a twin
grain boundary (see Figure 6).

Suggestions for Further Work
Recrystallization: We used the aqueous glycerol-dishwashing liquid formulation referred to above to visualize recrystallization. If
the raft is broken up by stirring using an earbud, one observes
merging of separate rafts and reduction in the extent of grain
boundaries over a period ∼ 30 minutes as shown in the time-lapse
photographs (see Figure 7). The rate of recrystallisation may be
increased by heating the liquid in the glass tray using a hot plate
[3].

Figure 7. Recrystallisation
in the bubble raft after stirring at (a) t = 0 (b) t = 30
minutes later.
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Shobhana Narasimhan’s article ‘A Tryst With Density’ in this issue of Resonance describes a remarkable
theorem proved by Hohenberg and Kohn in 1964, and its aftermath. These authors considered a system of
electrons in an external potential. This is an excellent idealised model of an atom, molecule or solid because
the nuclei are so much heavier than the electrons and can be treated as an external potential. The diﬃculty
lies in accounting for the interaction between the electrons – what one electron is doing depends on what
all the others are doing. It therefore came as a shock when the ground state energy of this very general
and nontrivial system was shown by Hohenberg and Kohn to be the result of minimising an expression
which only contained a function of three variables. This function was just the number of electrons per unit
volume as a function of position, something which chemists and crystallographers had long dealt with as a
very meaningful and measurable quantity. The theorem showed that such an expression exists, but did not
provide the form, which could contain nonlinear terms, derivatives, and integrals of the electron density.
While approximate theories of this kind had been proposed before, it was unexpected that the idea of using
the electron density could be made exact. What a marvellous turn of events that an existence theorem,
proved by contradiction in a modestly written paper would revolutionise the modeling of materials half a
century later and win a Nobel Prize in Chemistry for one of the authors!
Even more surprising was that this proof needed no fireworks of many-body theory, which was just beginning to bloom in 1964 (and of which Kohn himself was a leading exponent). A second course on quantum
mechanics is all that is needed – in particular, the variational principle for the ground state energy of a
system. This simply states that if we evaluate the expectation of the energy with the ‘wrong’ wave function – that is, any wave function except the true, (assumed nondegenerate) ground state wave function, one
will get an answer higher than the true ground state energy. Readers armed with this can enjoy the terse,
elegant proof. They need not be put-oﬀ by the use of quantum field operators (which usually belong to a
third course in quantum theory), they only play the role of a concise language to express the kinetic energy,
energy in the external potential, and interaction between the electrons. The proof can be followed from
equations 6, 7, and 8 of Section I of the paper reproduced here.
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Information and Announcements

National Competition For Innovative Biology
Experiments (NCIBE)
The Association of Teachers in Biological Sciences is glad to announce the launch of a national
level competition for innovative biology experiments. The competition will be held every year
and is open to any person who is above 18 years of age and is enthusiastic to design and work
on such experiments. The proposed experimental design should reflect novelty and innovative
approach. Also, the experiments to be submitted for the competition should be easily doable in
a regular undergraduate lab. Hence, use of sophisticated and expensive instruments should be
avoided.
The timeline, guidelines and details regarding the competition will be uploaded on the website
of ATBS (www.atbs.in) in June/July every year. The intent of participation needs to be communicated by filling in a registration form along with a registration fee of Rs. 100/-. Details
regarding the payment of the registration fee as well as the soft copy of the registration form
will be available on the website from the 15th of July, 2017. Ten finalists, selected by a panel
of judges, would be invited to Mumbai tentatively in the first half of November to demonstrate
their experiments. Prizes would be given to three of the best entries amongst the selected 10
entries.
In case of any query, one can write to ncibe2017@gmail.com.
This year the last date for registration would be 28th August, 2017.
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Science Academies’ Refresher Course on
Bioresources: Prospecting, Utilization, and Conservation
1–14 November 2017
at
Department of Zoology, Saiva Bhanu Kshatriya College
Aruppukottai-626 101, Virudhunagar Dt, Tamil Nadu
Sponsored by
Indian Academy of Sciences, Bengaluru
Indian National Science Academy, New Delhi
The National Academy of Sciences, India, Allahabad
The bioresources constitute the elements of biodiversity that are directly or indirectly useful to humans. Therefore bioresources can be considered as the biological treasure of any country. This
course is intended to create awareness among the participants on diverse tools and techniques
available to digitize, prospect, utilize and conserve the biological resources.
A brief outline of the course is as follows: Documenting and digitizing bioresources and traditional
knowledge; mapping and quantifying bioresources; using traditional and other knowledge sources
for prospecting bioresources; bioresources as raw material for biotechnology and bio-prospecting;
biotechnological tools for conservation, genetic resource and bio-diversity, DNA finger printing technology and applications, functional genomics and targeted genome editing, genetic engineering.
The course will comprise of lectures, tutorials and experiments.
Applications are invited from teachers with experience in teaching undergraduate and postgraduate
courses in Life Sciences. Maximum 35 applications will be considered and teachers who wish
to participate in the Refresher Course may apply through proper channel with the following details:
name, date of birth, gender, Email, official and residential addresses, telephone numbers, academic
qualifications, courses taught, affiliation, positions held and tenure. It is also essential to submit a
brief statement (between 250 and 500 words) as to why they think the Course will help to improve
their classroom teaching of Life Sciences. There will be no application fee/registration fee.
Applications should be submitted ONLINE by clicking the following link:

http://web-japps.ias.ac.in:8080/Refreshcourse/RCBPZ.jsp
A printed copy of the application approved by the Head of the institution should be sent by speed
post to: Dr A Baskar, Course Coordinator (Refresher Course), Department of Zoology, Saiva Bhanu
Kshatriya College, Aruppukottai-626 101, Virudhunagar Dt, Tamil Nadu, Mobile: 09442531854;
Email: drarulbaskar@gmail.com. Outstation candidates will be provided local hospitality and
round trip bus/train (three-tier AC) fare by the shortest route. Please note that participants have to
attend the full duration of the Course. Arrival-October 31 and Departure-November 14, 2017.
Course Director: Prof. K N Ganeshaiah, Department of Forest and Environmental Sciences and
School of Ecology and Conservation, University of Agricultural Sciences, GKVK, Bengaluru-560
065. (Mobile: 09342160639; Email: knganeshaiah@gmail.com)
Last date for receipt of applications: 26 September 2017
Selected participants will be informed by: 30 September 2017

814

RESONANCE | August 2017

INF. & ANN.

Science Academies’ Refresher Course on Theoretical
Structural Geology, Crystallography, Mineralogy,
Thermodynamics, Experimental Petrology and Theoretical
Geophysics
at
Indian Academy of Sciences Facility, Jalahalli, Bangalore 20 November–04 December 2017
Sponsored by Indian Academy of Sciences, Bengaluru
Indian National Science Academy, New Delhi
The National Academy of Sciences, India, Allahabad
A course on Theoretical Structural Geology, Crystallography, Mineralogy, Thermodynamics, Experimental Petrology and Theoretical Geophysics will be conducted in the Jallahalli Campus under the
aegis of Indian Academy of Sciences during 20th November to 4th December, 2017. University lecturers, Research Scholars, MSc/M.Tech students in the field of Earth Science with good scholastic
record may apply, a knowledge of undergraduate mathematics is mandatory. TA (third class AC) as
per rule of the academy will be permitted. The number of applicants to be selected is 25. A list of
five participants would be kept on reserve in case some candidates cannot make it.
Teachers who wish to participate in the Refresher Course may apply through proper channel with
the following details: name, date of birth, gender, e-mail, official and residential addresses, telephone numbers, academic qualifications, courses taught, affiliation, positions held and tenure. It
is also essential to submit a brief statement (between 250 and 500 words) as to why they think
the Course will help to improve their classroom teaching of Geology/Earth Science. Applications
should be submitted ONLINE by clicking the following link:

http://web-japps.ias.ac.in:8080/Refreshcourse/RCCR.jsp
A print copy of the application must also be sent by speed post forwarded by the head of the
institution. Outstation candidates will be provided local hospitality and round trip bus/train (three-tier
AC) fare by the shortest route. Course Director: Professor Alok K Gupta, University of Allahabad,
Allahabad, U.P. 211 002
Course Coordinator: Dr T D Mahabaleswara, Coordinator (RC&LW), Science Education Panel, Indian Academy of Sciences, C. V. Raman Avenue, Sadashivanagar P.O., Bangalore 560 080 (Email:
sep@ias.ac.in).
It should reach the Course Coordinator before 15 September 2017.
The last day of receiving application would be 7th October. 2017.
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Science Academies’ Refresher Course in Foundations of
Physical Chemistry and its Applications
at
Indian Women Scientists’ Association (IWSA)
ICICI Multipurpose Hall
Sector 10-A, Dr. Mar Theophilus Marg, Vashi, Navi Mumbai 400 703
December 15–30, 2017
Sponsored by Indian Academy of Sciences, Bengaluru
Indian National Science Academy, New Delhi
The National Academy of Sciences, India, Allahabad
Physical Chemistry is the branch of chemistry that deals with the mechanism, the rate and the
energy transfer that occur when matter undergoes a change. Understanding the key concepts
of physical chemistry is essential for solving practical problems in research and industrial applications. A brief outline of the course is as follows: Quantum chemistry and molecular structure,
chemical thermodynamics and applications, electrochemistry and applications, physical chemistry
principles involved in analytical chemistry, physical organic chemistry, catalysis, interfacial chemistry and chemical kinetics. The course will comprise of lectures, tutorials and experiments.
Applications are invited from teachers with experience in teaching undergraduate and postgraduate
courses in chemistry. Maximum 25 applications will be considered and teachers who wish to participate in the Refresher Course may apply through proper channel with the following details: name,
date of birth, gender, Email, official and residential addresses, telephone numbers, academic qualifications, courses taught, affiliation, positions held and tenure. It is also essential to submit a brief
statement (between 250 and 500 words) as to why they think the Course will help to improve their
classroom teaching of Physical Chemistry. Applications should be submitted ONLINE by clicking
the following link:

http://web-japps.ias.ac.in:8080/Refreshcourse/RCFXP.jsp
A printed copy of the application approved by the Head of the institution should be sent by speed
post to: Dr. Shyamala Bharadwaj, Secretary, IWSA, Indian Women Scientists’ Association, Sector
10-A, Dr. Mar Theophilus Marg, Vashi, Navi Mumbai 400703. Outstation candidates will be provided local hospitality and round trip bus/train (three-tier AC) fare by the shortest route. Please note
that participants have to attend the full duration of the Course. Arrival: December 14 and Departure:
December 31, 2017.
Course Director: Dr K Indira Priyadarsini, Head, Chemistry Division, Bhabha Atomic Research
Centre, Trombay, Mumbai 400085. (Email: kindira@barc.gov.in)
Course Coordinator: Dr. Shyamala Bharadwaj, Ex-Head, Fuel Cell Materials and Catalysis Section, Chemistry Division, Bhabha Atomic Research Centre, Mumbai 400085
(Email: shyamala.bharadwaj@gmail.com).
Last date for receipt of applications: October 15, 2017.
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