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Beautiful Results from a Beautiful Mind
Y Narahari

The modern era is marked by magniﬁcent advances in information and communication technologies and has created opportunities for powerful new applications. In many of these applications, the research challenges can be eﬀectively
addressed using game theory and mechanism design. In this article, we highlight the key role
that the brilliant discoveries of John Nash continue to play in these fascinating applications of
game theory and mechanism design.
1. Game Theory and Mechanism Design
This article is about the landmark scientiﬁc contributions of John Nash and the phenomenal inﬂuence these
contributions have had on modern economic and engineering applications. To understand and appreciate
these pioneering contributions of John Nash, we need
a minimal background of game theory which we try to
provide in this section. Game theory and mechanism design [1,2] deal with interactions among strategic agents.
While game theory is concerned with analysis of games,
mechanism design involves designing games with desirable outcomes. Currently game theory and mechanism
design are lively and active areas of research for interdisciplinary problem solving. Disciplines where they
have traditionally been used include economics, business
science, sociology, political science, biology, philosophy,
and engineering. In engineering, game theory and mechanism design have been most widely used in industrial
engineering, inventory control, supply chain management, electronic commerce, artiﬁcial intelligence, and
multiagent systems. More recently, game theory and
mechanism design have been embraced by computer
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A game is a
mathematical model
of an interaction
involving decision
makers (also called
players or agents)
who are strategic.

Informally, an
equilibrium specifies a
strategy for each
player such that the
players are happy not
to change their
respective strategies.
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science, and electrical, electronics, and communication
engineering disciplines in a signiﬁcant way.
A game is a mathematical model of an interaction involving decision makers (also called players or agents)
who are strategic. By strategic agents, we mean agents
who are rational and intelligent. Informally, rationality
of a player means that the player chooses the strategies
so as to maximize a well-deﬁned individualistic payoﬀ,
while intelligence means that players are fully equipped
to compute their best strategies. Game theory is a tool
for logical and mathematical analysis; it models conﬂict
as well as cooperation between the decision makers and
provides a scientiﬁc way of predicting the result of the interactions among the players using equilibrium analysis.
An equilibrium, informally, is a collection of strategies
of players such that the players are happy not to change
their respective strategies. Common traditional games
such as chess, bridge, and the like represent games that
are somewhat easily understood. Games that game theory deals with are more general and could be viewed
as abstractions and extensions of the traditional games.
These abstractions and extensions are powerful enough
to include subtle complexities and characteristics of social/human interactions. For this reason, game theory
has proved to be an extremely valuable tool in social sciences in general and economics in particular. We hasten
to add that the games that we present in this article are
not very complex, deliberately chosen so, for ease of understanding.
There are two broad categories of games: (1) non-cooperative games are those in which the actions of individual players are the basic units of study; (2) cooperative
games are those in which joint actions of groups of players form the basic units of study.
Mechanism design can be viewed as the reverse engineering of games or equivalently as the art of designing
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the rules of a game to achieve a speciﬁc desired outcome.
The focus of mechanism design is to devise a protocol of
interaction among the individual agents which will result in a desirable outcome even though the interacting
individual agents act strategically and may hold private
information. A well-designed mechanism induces a game
among strategic agents in order to realize a system-wide
objective or desirable social outcome, in an equilibrium
of the game. Mechanisms have been used and practiced
from times immemorial. For example, auctions, which
provide a popular instance of mechanisms, have been in
vogue for several centuries.

Game theory is
concerned with
analysis of games
while mechanism
design deals with
design of games.

We provide two illustrative examples which illustrate the
value of game theory and mechanism design in modeling
situations of conﬂict and cooperation among strategic
agents. These examples are abstractions of representative real-world situations and applications.
1.1 Example 1. A Coordination Problem
Imagine two typical students (call them 1 and 2) who
are close friends and belong to, say, the Indian Institute
of Science (IISc), Bangalore. The students derive utility
by spending time together either studying (in IISc) or
going to MG Road (Mahatma Gandhi Road, a location
in Bangalore, frequented by young students seeking entertainment). Thus to spend time together, they have
two options (or strategies): (A) IISc and (B) MG Road.
If both of them are in IISc, each one gets a payoﬀ of 100
units. If both of them go to MG Road, each gets a payoﬀ
of only 10 units. If one of them remains in IISc and the
other goes to MG Road, the payoﬀ is 0 for each. The
payoﬀs are shown in Figure 1 and are self-explanatory.
Assume that the above payoﬀ matrix is common knowledge, that is, both the students know the matrix, both
the students know that both the students know the matrix, etc. Suppose the two friends have to choose their
strategies simultaneously and independently of each other.

RESONANCE ⎜ September 2016

A well-designed
mechanism induces
a game among
strategic agents in
order to realize a
system-wide
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Figure 1. Payoffs for the students in different situations.

A Nash equilibrium
specifies a strategy
for each player such
that each player finds
it in her interest not to
unilaterally deviate
(only herself
deviating) from that
strategy.

Being rational and intelligent, each one would like to select the best possible strategy. It is clear that both opting for IISc is the best possible outcome and both opting
for MG Road is also ﬁne, though clearly worse than both
opting for IISc. The worst happens when they choose
diﬀerent options since each ends up with zero utility.
Game theory helps us with a principled way of predicting
the options that would be chosen by the two students.
In this case, the outcome of both opting for IISc and the
outcome of both opting for MG Road can be shown to be
what are called Nash equilibria. Informally, a Nash equilibrium is a collection of strategies of the players such
that no player is better oﬀ by unilaterally deviating from
his/her equilibrium strategy (see Section 3 for a formal
deﬁnition of the notion of Nash Equilibrium). Game theory also provides yet another prediction for this game,
which on the face of it is counter-intuitive but represents an equilibrium outcome that the students will not
be averse to playing. This outcome which is technically
called a mixed strategy Nash equilibrium corresponds to
the situation where each student chooses IISc with prob1
and MG Road with probability 10
. This perability 11
11
haps explains why some students are found mostly in
MG Road and not in IISc!
The above game which is often called the coordination
game is an abstraction of many social and technical
situations in the real world. To understand why a simple game such as the above is important to study, let
us consider the following situation. There are two companies, call them 1 and 2. Each company is capable
of producing two products A and B, but at any given
time, a company can only produce one product, due to
high setup and switchover costs. When the two companies produce the same product, they have equal market
share. This market share is 10 times as much for product
A as for product B. On the other hand, if the two companies produce diﬀerent products, they neutralize each
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other through competitive advertising, and a third company may capture all the market share, leaving nothing
at all for companies A and B. The two companies have
to simultaneously decide (each one does not know the
decision of the other) which product to produce. This is
a typical strategic decision facing companies in competition. Game theory enables a scientiﬁc way of predicting
the outcome of such interactions among decision makers.
1.2 Example 2. Fair Division of Common Resources
The following popular story captures the idea behind
mechanism design quite strikingly (see Figure 2). We
will see more examples of mechanism design in Section
4. The story is that of a mother with two kids, who
has to design a procedure or protocol to make her kids
share a cake equally. If the mother slices the cake into
two equal pieces and distributes one piece to each of
the kids, the solution is not necessarily acceptable to
the kids because each kid will have the perception that
he/she got the smaller of the two pieces. On the other

If the mother decides
to cut the cake into
two equal slices and
distribute the slices to
the kids, the solution
may or may not be
acceptable to the
kids.

Figure 2. Mechanism design
for cake cutting.
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The cake cutting
problem has
significant
implications for
modeling and solving
resource sharing
problems that arise
in engineering and
social science
applications.

hand, consider the following protocol or mechanism: (1)
One of the kids slices the cake into two pieces and (2)
the other kid gets the chance to pick up any of the two
pieces, leaving the remaining piece to the kid who sliced
the cake. Kid 1, who slices the cake will cut it exactly
into two equal halves (in his eyes), since any other division will leave him with the smaller piece (since kid 2 will
pick the larger of the two slices). Kid 2 is happy because
she gets to choose and also chooses what in her eyes is
the larger of the two slices. This mechanism implements
the desirable outcome of fair division of the cake, and
further each kid as well as the mother have every reason
to be happy about the outcome. In this example, the
mother is the mechanism designer or social planner; she
has induced a game among her two kids. The induced
game has the remarkable property that the kids sharing
the cake equally is an equilibrium outcome.
This example may appear to be innocuous but has farreaching implications for many real-world situations. In
the international context, the example here can be immediately mapped to a conﬂict situation that arises when
two neighboring countries have to negotiate over a disputed territory. In the internal Indian context, this
could be mapped to the all-too-familiar river-water sharing problem between neighboring states. There are many
engineering situations where this example is relevant; for
example, it serves as an elegant abstraction of resource
allocation that is routinely encountered in sharing computing resources, network resources, manufacturing resources, etc.
2. Contributions of John Forbes Nash Jr.
We are now ready to get introduced to some of the stunning scientiﬁc contributions of Nash who is considered
one of the most original mathematicians of the 20th century. He was born in 1928 in Blueﬁeld, West Virginia,
USA. He completed his BS and MS in the same year
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(1948) at the Carnegie University (now the Carnegie
Mellon University), majoring in mathematics. He became a student of Professor Albert Tucker at the Princeton University and completed his PhD in mathematics
in 1950. His celebrated 27-page doctoral thesis proposed
the brilliant notion of Nash Equilibrium, which, in a single stroke, helped expand the scope of game theory far
beyond two player zero-sum games. Two player zerosum games are those in which there are two players and
all the outcomes are such that one of the players wins
all, with the other player losing all.

The notion of Nash
equilibrium and the
breakthrough
result of Nash
helped expand the
scope of game
theory far beyond
the special class
of two player zerosum games.

2.1 Existence of Equilibrium in Non-Cooperative
Games
Perhaps the most inﬂuential result in non-cooperative
game theory is the theorem that Nash proved in his PhD
work on the existence of a mixed strategy Nash equilibrium in any ﬁnite strategic form game [3, 4]. This result
had been established for the very special class of two
player zero-sum games (with ﬁnite strategy sets) by von
Neumann and Oskar Morgenstern in 1928, as an implication of their minimax theorem. The pioneering contribution of Nash was to deﬁne the notion of equilibrium
in games having any number of players; this notion is
now famously called the Nash equilibrium. The notion
of Nash equilibrium is perhaps the single most extensively used notion by game theory researchers. Nash
settled the question of existence of at least one equilibrium point in any game with ﬁnite number of players,
each having a ﬁnite strategy set.
In 1994, John Nash was awarded the Nobel Prize in
Economic Sciences, jointly with John C Harsanyi and
Reinhard Selten for their pioneering work in analyzing
equilibria in the theory of non-cooperative games.
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2.2 Solution to the Two Person Bargaining Problem

The Nash bargaining
problem and its
solution have
significant
implications for many
difficult negotiation
problems in the real
world.

Bargaining [5] refers to a situation involving two individuals who have the possibility of concluding a mutually beneﬁcial agreement. There is a conﬂict of interest
about which agreement to conclude, and no agreement
may be imposed on any player without that player’s
approval. The Nash bargaining theory represents a brilliant piece of work by John Nash in 1948–49. Given two
rational and intelligent players and a set of feasible allocations from among which a unique allocation is to be
chosen, the Nash bargaining theory proposes an elegant
axiomatic approach to solve the problem. Nash showed
that there exists a unique solution that satisﬁes a set
of ﬁve axioms that he deﬁned. Nash also showed that
this solution is extremely simple and can be found easily
by solving a trivial optimization problem involving just
variables.
The Nash bargaining result has been applied in many
important contexts including:
• Management labor arbitration where the management negotiates contracts with the labor union.
• International relations, where two nations or two
groups of nations work out agreements on issues
such as nuclear disarmament, military cooperation, anti-terrorist strategy, bilateral emission control initiatives, etc.
• Duopoly market games where two major competing companies work out adjustments on their production to mutually maximize their proﬁts.
• Bilateral trade situations where a buyer and seller
engage in bargaining over the trade.
• Supply chain contracts where a buyer and a supplier work out a mutually beneﬁcial contract that
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facilitates a long-term relationship.
• Negotiation protocols in multiagent systems.
• Property settlement disputes between corporations
or individuals.
2.3 Many Other Signal Contributions
Besides his contributions to equilibrium analysis and
bargaining theory, Nash is credited with several important breakthrough results in mathematics. In fact, he
received the prestigious Abel Prize in Mathematics in
May 2015 jointly with Louis Nirenberg for “striking and
seminal contributions to the theory of nonlinear partial
diﬀerential equations and its applications to geometric
analysis” [6]. According to another Abel Prize Laureate
Michael Gromov, “What Nash has done in geometry is,
from my point of view, incomparably greater than what
he has done in economics, by many orders of magnitude. It was an incredible change in attitude of how you
can think about manifolds.” John Nash’s path-breaking
contributions to mathematics are covered in a companion article in this issue.

Besides game theory,
Nash has produced
several breakthrough
results in mathematics
that have been
recognized as all-time
great contributions by
leading
mathematicians.

In the rest of this article, we will focus on Nash’s contribution to equilibrium analysis in game theory and the
deep implications that his results have as a founding
principle for design of rigorous engineering and computer science applications.
3. Nash Equilibrium
In this section, we deﬁne, in more precise terms, the
notions of pure strategy Nash equilibrium and mixed
strategy Nash equilibrium.
Consider the example of the student coordination problem discussed in Section 1 (Figure 1). There are two
players 1 and 2; each of them may choose any strategy from the set {A, B}. They choose their individ-
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ual strategies simultaneously, independent of each other.
Depending on the strategies chosen, the two players obtain payoﬀs as shown in Figure 1. This situation motivates the following deﬁnition.
DEFINITION (Strategic Form Game). A strategic form
game is a tuple N, (Si )i∈N , (ui)i∈N , where
• N = {1, 2, . . . , n} is a set of players;
• S1 , S2, . . . , Sn are sets called the strategy sets of
the players 1, . . . , n, respectively; and
A strategic form game
consists of a set of
players where each
player has a set of
strategies to choose
from. The game
specifies a real-valued
payoff obtained by
each player in each
outcome that results
when the players
simultaneously
choose their
respective strategies.
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• ui : S1 × S2 × · · · × Sn → R for i = 1, 2, . . . , n
are mappings called the utility functions or payoﬀ
functions.
For the above example, the elements of the game are as
follows.
N = {1, 2}; S1 = S2 = {A, B};
u1(A, A) = 10; u1 (A, B) = 0; u1 (B, A) = 0; u1(B, B) = 1;
u2(A, A) = 10; u2 (A, B) = 0; u2 (B, A) = 0; u2(B, B) = 1.
Note that the utilities of a player depend not only on
this player’s strategies but also on the strategies played
by the other players.
The strategies are also called actions or more speciﬁcally pure strategies. A strategy proﬁle is a vector of
strategies of the players (more precisely, an element of
the Cartesian product S1 × S2 × · · · × Sn ). Each strategy
proﬁle corresponds to an outcome in the game. Let us
denote by S−i the Cartesian product S1 × · · · × Si−1 ×
Si+1 × · · · Sn of strategy sets of all players other than
player i. We denote by s−i a typical strategy proﬁle
in S−i . When we are focusing on a particular player
i, a convenient way of representing a strategy proﬁle is
(si , s−i ) where si ∈ Si and s−i ∈ S−i .
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A strategic form game captures each agent’s decision
problem of choosing a strategy that will counter the
strategies adopted by the other agents. Each player is
faced with this problem and therefore the players can
be thought of as simultaneously choosing their strategies from the respective sets S1, S2 , . . . , Sn . We can view
the play of a strategic form game as follows: each player
simultaneously selects a strategy and the outcome and
utilities are computed using the payoﬀ matrix.
DEFINITION (Pure Strategy Nash Equilibrium). Given
a strategic form game N, (Si ), (ui), the strategy proﬁle s∗ = (s∗1, s∗2 , . . . , s∗n ) is called a pure strategy Nash
equilibrium if, for all players i = 1, 2, . . . , n,
ui (s∗i , s∗−i ) ≥ ui (si , s∗−i ) ∀si ∈ Si .
Another way of stating the above is
ui (s∗i , s∗−i ) = max ui(si , s∗−i ) ∀i = 1, 2, . . . , n.
si ∈Si

That is, each player’s Nash equilibrium strategy is a best
strategy to play when all other players are playing their
respective Nash equilibrium strategies.

A Nash equilibrium
specifies a strategy
for each player
ensuring that
unilateral deviation
(only one player
deviating at a time)
from the specified
strategy will not
benefit any player.

An immediate example is the coordination game whose
payoﬀ matrix is shown in Figure 1. It is easy to see that
the strategy proﬁles (A, A) and (B, B) are both pure
strategy Nash equilibria. The proﬁle (A, A) is a Nash
equilibrium because when player 1 chooses strategy A,
it is best for player 2 to choose A, and vice versa.
3.1 Interpretations of Nash Equilibrium
We have seen that a Nash equilibrium is a proﬁle of
strategies of the n players, such that each player’s choice
is the player’s best response given that the rest of the
players play their Nash equilibrium strategies. By deviating from a Nash equilibrium strategy, a player will
not be better oﬀ, given that the other players do not
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deviate from their Nash equilibrium strategies. Following are several interpretations for Nash equilibrium put
forward by game theorists.

The notion of Nash
equilibrium can be
interpreted in many
different ways
based on the
context in which
the game is played
and based on how
the game model
has been
formulated.

Prescription: A common interpretation views a Nash
equilibrium as a prescription. An adviser or a consultant
to the n players would logically prescribe a Nash equilibrium strategy proﬁle to the players. If the adviser recommends strategies that do not constitute a Nash equilibrium, then at least one player would ﬁnd she is better
oﬀ doing diﬀerently than advised. If the adviser prescribes strategies that do constitute a Nash equilibrium,
then the players are quite happy because playing the
prescribed strategy is best under the assumption that
the other players will play their prescribed strategies.
Thus a logical adviser would recommend a Nash equilibrium proﬁle to the players. We have to be cautious
however. A Nash equilibrium is an insurance against
only unilateral deviations (that is, only one player at a
time deviating from the equilibrium strategy). Two or
more players deviating might result in players improving
their payoﬀs compared to their equilibrium payoﬀs.
Prediction: Another common interpretation of Nash
equilibrium is that of prediction. If the players are rational and intelligent, then a Nash equilibrium provides
one possible, scientiﬁc prediction for the game. For example, a systematic elimination of strategies that are
dominated will lead to a reduced form that will include
a Nash equilibrium. Often, repeated elimination of dominated strategies leads to a prediction which would be a
Nash equilibrium. Here, we have used the phrase dominated strategy to informally mean a strategy that produces for the player less or at best equal utility compared to some other designated strategy of that player,
regardless of strategies chosen by the rest of the players.
Self-Enforcing Agreement: An appealing interpretation of Nash equilibrium is that of a self-enforcing
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agreement. A Nash equilibrium can be viewed as an implicit or explicit agreement between the players. Once
this agreement is reached, it does not need any external
means of enforcement because it is in the self-interest
of each player to follow this agreement if the others do.
Nash equilibrium agreements are desirable in the sense
of being sustainable under the assumption that only unilateral deviations are possible.
Steady-State: A natural, easily understood interpretation for Nash equilibrium has to do with evolution and
steady-state. A Nash equilibrium is a potential convergence point of a dynamic adjustment process in which
players adjust their behavior to that of other players in
the game, constantly searching for strategy choices that
will yield them the best results. This interpretation has
been used to explain biological evolution. This interpretaion ﬁts the equilibrium that exists among members of
a family or members of the faculty of a department, who
interact constantly with one another. In this interpretation, Nash equilibrium is the outcome that results over
time when a game is played repeatedly. A Nash equilibrium is like a long standing social convention that people
are happy to maintain forever.
The above interpretations provide the most accepted
points of view about Nash equilibrium in game theory.
Holt and Roth [7] and Myerson [8], among others, have
published insightful perspectives on the notion of Nash
equilibrium.

A Nash equilibrium
is like a selfenforcing
agreement among
the players; this
agreement is
sustainable
without the need
for a mediator or a
third party to
enforce it on the
players.

3.2 Mixed Strategy Nash Equilibrium
A natural generalization of pure strategies leads to mixed
strategies. A mixed strategy of a player associates a
probability distribution over the pure strategies of the
player. Mixed strategies provide an elegant abstraction
of real world strategic behavior of a player and enrich
the space of possibilities when the game is played. A
quick example of a mixed strategy is the type of deliv-
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A mixed strategy
specifies for each
pure strategy a
probability with
which a player may
choose that pure
strategy.

ery by a fast bowler in cricket: it could be a straight
delivery, yorker, swinging delivery, bouncer, etc. In the
context of the coordination game (Figure 1), an exam1 10
, 11 ). This
ple of player 1’s mixed strategy would be ( 11
1
means the player chooses strategy A with probability 11
10
and chooses strategy B with probability 11 .
DEFINITION (Mixed Strategy). Given a player i with
Si as the set of pure strategies, a mixed strategy σi of
player i is a probability distribution over Si . That is,
σi : Si → [0, 1] is a mapping that assigns to each pure
strategy si ∈ Si , a probability σi (si ) such that

σi (si ) = 1.
si ∈Si

DEFINITION (Mixed Strategy Nash Equilibrium). Given
a strategic form game N, (Si ), (ui ), a mixed strategy
proﬁle (σ1∗, . . . , σn∗ ) is called a (mixed strategy) Nash
equilibrium if ∀i ∈ N,
∗
∗
) ≥ Ui (σi , σ−i
)
Ui (σi∗, σ−i

∀σi ∈ Δ(Si ).

In the above deﬁnition, Ui (.) represents the expected
payoﬀ of player i where the expectation is computed
over the joint distribution of the mixed strategies of the
players, and Δ(Si) denotes the set of all probability measures on the set Si .

The celebrated
result of John
Nash on the
existence of
equilibrium was the
core result in his
27-page doctoral
dissertation.
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The celebrated result by John Nash states that every finite strategic form game (finite number of players with
each player having a finite strategy set) is guaranteed to
have at least one mixed strategy Nash equilibrium.
3.3 Example. Coordination Game
Let us consider the coordination game with the payoﬀ matrix shown in Figure 1. In one interpretation of
this game, the two players are students studying in a
college; option A corresponds to staying in college and
option B corresponds to going to a movie. We have
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already seen that (A, A) and (B, B) are pure strategy
Nash equilibria. Using simple computations that we do
not show here, we can prove that the mixed strategy
1 10
1 10
, 11 ), σ2∗ = ( 11
, 11 )) is a mixed strategy
proﬁle (σ1∗ = ( 11
Nash equilibrium. This means that if player 1 chooses
1
and strategy B with probstrategy A with probability 11
,
then
the
mixed
strategy
of player 2 choosing
ability 10
11
1
strategy A with probability 11 and strategy B with probwill maximize the expected utility of player 2,
ability 10
11
and also vice versa. This equilibrium may appear to
be somewhat counter-intuitive. Note that the players
have no real preference over the probabilities with which
they play their strategies. What actually determines
these probabilities is the Nash equilibrium requirement.
This equilibrium explains the possibility that students
go oﬀ to a movie with a high probability rather than
stud in the college. It is interesting that though staying
in college gives higher payoﬀ, the friends are more likely
to meet in a movie if that is the equilibrium selected.
Readers are urged to mull over this particular instance
of equilibrium to appreciate the meaning of mixed strategy Nash equilibrium.

Each player choosing
strategy A with
probability (1/11)
and strategy B with
probability (10/11)
ensures that unilateral
deviations do not
benefit the players.

To summarize the current example, there are three Nash
equilibria: (1) Both players playing strategy A; (2) Both
players playing strategy B; (3) and the one discussed
just now. This example shows that a given game could
have multiple Nash equilibria, in fact, could have an
inﬁnite number of equilibria.
4. A Deluge of Modern Applications
Modern applications often involve the Internet which often encourages strategic behavior by the users due to its
decentralized nature. Also, modern applications in the
social, economic, or business domain invariably involve
individuals and organizations which have their own selfinterests and act strategically. To make these modern
applications perform as intended in spite of the presence
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of strategic users in the system, one could use creative
techniques oﬀered by game theory and mechanism design as a part of system design. To drive home the point
that game theory has proved crucial for advancing the
current art in modern day problem-solving, we provide
four examples here.
4.1 Spectrum Auctions

A properly designed
spectrum auction
mechanism can save
the Government
billions of rupees.

Consider a seller who wishes to allocate an indivisible
item to one of n prospective buyers in exchange for a
payment. An example would be the sale of a spectrum
license by the government to one of several telecom service providers seeking to buy the license (See Figure 3).
Each player has a certain valuation for the item on sale.
For example, in the spectrum license case, imagine that
there are four service providers 1, 2, 3, 4 who value the
license at Rs. 4 billion, Rs. 5 billion, Rs. 7 billion, and
Rs. 10 billion respectively. In a spectrum auction, the
government invites bids from prospective buyers and allocates the license based on an auction protocol. Two
simple and common auction methods are ﬁrst price auction and second price auction. In the ﬁrst price auction,
the one who bids highest will be allocated the item and
the winning bidder will pay an amount equal to the bid.

Figure 3. A spectrum auction.
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In the second price auction, the one who bids highest
will be allocated the item but the winning bidder will
pay an amount equal to the second highest bid.
Each auction above can be modeled as a game involving
the seller and the buyers. In the ﬁrst price auction, the
bidders will bid amounts which are less than their valuations. In the second price auction, the bidding will be
more aggressive since the bidders know that they would
be paying less than what they bid in case they win.
William Vickrey, in his Nobel Prize winning work [9],
proved the remarkable result that the bids in the second
price auction will be exactly equal to the respective valuations. In fact, Vickrey showed the existence of a Nash
equilibrium in which it is best for every bidder to bid
her true valuation irrespective of whatever is bid by the
other players. The reason it happens is because the winner gains a bonus that is exactly equal to her marginal
contribution to the auction, which is equal to the difference between the highest bid and the second highest
bid. In the example above, if second price auction is
employed, then the players will bid their valuations and
the license will be awarded to player 4. This player will
pay an amount equal to Rs. 7 billion which is the second
highest bid. Thus the winning bidder gains a bonus of
Rs. 3 billion which is the diﬀerence between her bid and
the second highest bid. Consequently, the seller who
does not know the valuations of the bidders is able to
extract these valuations in the form of their bids. Game
theory and mechanism design constitute the science behind the design of a whole gamut of auction protocols
which are ubiquitous and extensively used these days.
The role played by Nash equilibrium in the scientiﬁc
design of auctions is deeply fundamental.

The brilliant invention
of the simple and
lovely second price
auction was one of
the signal
contributions which
fetched William
Vickrey the Nobel
Prize in Economic
Sciences in 1996.

4.2 Internet Advertising
Sponsored search is by now a well-known example of an
extremely successful business model in Internet advertis-
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Figure 4. Keyword auction
on a search engine.

Internet advertising
accounts for a lion
share of the
revenue of major
Internet
companies.
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ing. In 2015, Google’s revenue through advertisements
amounted to almost 67.39 billion USD. Advertising accounted for almost 90 percent of Google’s total revenues.
When a user searches a keyword, the search engine delivers a page with numerous results containing the links
that are relevant to the keyword and also sponsored links
that correspond to advertisements of selected advertisers. Figure 4 depicts a typical scenario.
When a sponsored link is clicked, the user is directed to
the corresponding advertiser’s web page. In the commonly used pay-per-click model, the advertiser makes a
certain payment to the search engine for directing the
user to its web page. Against every search performed
by any user on any keyword, the search engine faces the
problem of matching a set of advertisers to the (limited
number of) sponsored slots. In addition, the search engine also needs to decide on a payment to be made by
the advertiser against each click. Most search engines
currently use an auction mechanism for this purpose,
known as sponsored search auction. A signiﬁcant percentage of the revenue of Internet giants such as Google,
Microsoft, Yahoo!, etc., accrues from sponsored search
auctions.
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In a typical sponsored search auction, advertisers are
invited to specify their willingness to pay for their preferred keywords, that is, the maximum amount they
would be willing to pay when an Internet user clicks
on the respective sponsored slots. This willingness to
pay is typically referred to as cost-per-click. Based on
the bids submitted by the advertisers for a particular
keyword, the search engine determines (1) a subset of
advertisements to display, (2) the order in which the
selected advertisements are displayed, and (3) the payments to be made by the selected advertisers when their
respective slots are clicked by a user. The actual payment to be made depends on the bids submitted by the
advertisers. The decisions (1), (2), and (3) constitute
the sponsored search auction mechanism.
The search engine would typically like to maximize its
revenue whereas the advertisers would wish to achieve
maximum payoﬀs within a given budget. This leads to
a classic game situation where the search engine and
the advertisers are the players. The players are rational
in the sense of trying to maximize their payoﬀs and this
induces the advertisers to bid strategically after computing their best possible bids. The problem of designing a
sponsored search auction mechanism becomes a problem
of designing a game involving the search engine and the
advertisers. The rules of the game have to be designed
in a way that a well deﬁned set of criteria would be realized by an equilibrium solution for the game. In this
mechanism design problem, the notion of Nash equilibrium plays a central role.

Design of revenue
enhancing
auctions that
attract more
customers, using
mechanism design
principles, is one
of the success
stories of game
theory in modern
applications.

4.3 Matching Markets
This is a traditional problem setting that continues to
throw up exciting new applications in modern times as
well. Matching is the process of allocating one set of resources or individuals to another set of resources or individuals. Examples include matching buyers to sellers
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Figure 5. A matching market.

Matching markets
are used in matching
employees to
employers; doctors
to hospitals; students
to colleges; farmers
to consumers in
agriculture; organ
donors to organ
recipients; and many
other societal
settings.

A solution is called
‘incentive
compatible’ if the
preferences are
reported truthfully
by all the agents.

796

in a market; matching resources to tasks; matching new
doctors to hospitals; matching job-seeking engineers to
companies; and matching students to schools (see Figure 5). There are also examples with deep societal impact such as matching kidneys to patients (or in general,
organ donors to organ recipients). Such matching problems are broadly categorized into marriage problems and
house allocation problems. In a marriage problem, the
resources on each side of the market have preferences
over the resources on the other side. In house allocation, only resources on one of the sides have preferences
over the resources on the other side. In either case, the
matching has to be accomplished so that the individual
preferences are honored and the best possible match is
obtained.
Two key requirements of any solution to the matching
problem are stability and incentive compatibility. Informally, a solution is said to be stable if the solution
cannot become strictly better through a reallocation. A
solution is called incentive compatible if the preferences
are reported truthfully by all the agents. Game theory
and in particular the notion of Nash equilibrium have
been used to analyze in a rigorous manner both
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stability and incentive compatibility. Since the 1960s,
game theory and game theorists have contributed immensely to the development of a comprehensive theory
of matching markets. The existence of a large number of
successful matching markets in real world applications is
one of the signiﬁcant successes of game theory. In fact,
the Nobel Prize in Economic Sciences for the year 2012
has been awarded to Lloyd Shapley and Alvin Roth for
their pioneering work on matching theory and matching
markets [10].
4.4 Human Computation and Crowdsourcing
In the recent years, crowdsourcing has emerged as a
major paradigm for getting work done through a large
group of human resources with technical and computational skills. It can be described as distribution of work
to a possibly unknown group of human resources in the
form of an open call.
There is a proliferation of crowdsourcing platforms in
the past few years. Some of the prominent ones are
Amazon Mechanical Turk, CrowdCloud, CrowdFlower,
Elance, Innocentive, Taskcn, Topcoder, etc. Examples
of tasks typically performed using crowdsourcing include:
labeling of images, graphical design of logos, preparation of marketing plans, design of websites, developing
eﬃcient code for algorithmic business problems, classiﬁcation of documents (legal documents, patents, etc.),
translation services from one language to another, eliciting answers for questions, search and rescue missions
in a wide geographical area, generating funds for public
or socially relevant projects, etc.

Crowdsourcing has
been used for
commercial as well
as societal
applications. It has
the potential of being
used in raising funds
for public projects;
for search and
rescue missions in
disaster situations;
and in locating and
destroying health
hazards such as
mosquito breeding
sites, etc.

A well-known crowdsourcing experiment in the recent
times is the DARPA red balloon challenge which involved discovering, in as short a time as possible, 10 red
balloons that were launched at ten undisclosed locations
in the United States (locations shown in Figure 6). The
total prize money was USD 40,000. The winning team
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Figure 6. Location of ten red
balloons in the DARPA challenge.

from the Massachusetts Institute of Technology (MIT)
employed the following mechanism. First a team of volunteers was recruited (ﬁrst level volunteers) and each
member of this team recruited second level volunteers
who in turn, recruited third level volunteers, and so on.
The volunteer (say X) who ﬁrst discovers a red balloon
and reports it will get an incentive of USD 2,000 while
the volunteer (say Y) who recruited X will get an incentive of USD 1,000, the volunteer who recruited Y will
get USD 500, and so on. The above mechanism proved
highly successful and the MIT team was able to discover
all ten red balloons in less than 10 hours time. The winning mechanism is an excellent example of application of
game theory and mechanism design to this fascinating
challenge.
In general, there are many research questions involved
in deriving success out of crowdsourcing. These issues
include: attracting participation in required numbers,
deciding on the nature and extent of incentives (cash or
kind), eliciting truthful reports from the participants,
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and ensuring quality, timeliness, and cost-eﬀectiveness
of task execution. Game theory and mechanism design
prove to be critical ingredients in designing such crowdsourcing campaigns. The notion of Nash equilibrium
and related concepts are fundamental to a principled
understanding of the design questions in these systems.
5. Summary
In the modern era, game theory has become a key ingredient for solving problems in areas as diverse as electronic commerce and business, Internet advertising, online markets, crowdsourcing, social network analysis, wireless networks, intelligent transportation, smart grids,
autonomous systems, cloud computing, and even carbon footprint optimization. We have provided only four
topical examples where the discoveries of Nash play a
central role in the analysis and design of games underlying such real-world social and engineering systems. We
have only touched upon Nash equilibrium analysis as a
fundamental tool to be deployed in these powerful applications. It is hard to imagine a research paper being written in game theory and mechanism design that
does not make a mention of the phrase Nash equilibrium.
Many other equally important discoveries of Nash such
as the bargaining theory are applicable to various realworld situations. As newer and more spectacular applications arise in the modern times in an increasingly
complex world, the fundamental contributions of Nash
will play a critical role to develop elegant solutions to the
emerging problems. There is no doubt whatever that the
deluge of beautiful future applications will immortalize
the beautiful results of a beautiful mind [11].

It is hard to imagine a
research paper in
game theory or
mechanism design
being written without
making a direct or
indirect reference to
the notion of Nash
equilibrium. Nash’s
papers are not cited
anymore since Nash’s
contributions are a
part of game theory
folklore.
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Box 1. Glossary
Cooperative games: Cooperative games model interactions among groups of players
where each group consists of a subset or coalition of players. When the size of each
coalition is unity, the games become non-cooperative games.
Dominated strategy: A strategy (call this ﬁrst strategy) of a player is said to be dominated by another strategy (second strategy) if utility gained by the player by playing
the second strategy is no less than the utility gained with the ﬁrst strategy, irrespective
of the strategies chosen by the rest of the players. A strategy of a player is called a
dominant strategy if every other strategy is dominated by this strategy.
Equilibrium analysis: Equilibrium analysis of games involves discovering pure strategy
proﬁles or mixed strategy proﬁles where each player is happy with her equilibrium strategy under the assumption that other players do not deviate from their equilibrium strategies.
Intelligent agent: An intelligent agent is one who has enough knowledge about the game
and has the computational resources required to compute her best actions in any situations.
Minimax theorem: This is a celebrated theorem proved by John von Neumann and
Morgenstern in 1928 which shows that every ﬁnite zero-sum game will have at least one
mixed strategy equilibrium.
Mixed strategy: A mixed strategy of a player is a probability distribution deﬁned over
the set of pure strategies. A mixed strategy assigns a certain probability (including zero)
to each pure strategy.
Non-cooperative games: A non-cooperative game models interactions among players
where the strategies correspond to the decisions taken by individual players. In contrast, in cooperative games, the strategies correspond to joint decisions taken by groups
or coalitions of players.
Pure strategy: A pure strategy is an action or a decision chosen by a player. It is an
action that is played with probability 1.
Rational agent: A rational agent is one who always chooses her actions or strategies so
as to maximize her expected utility. Depending on how the utility function is deﬁned,
rationality may correspond to self-interest, altruism, or even indiﬀerence.
Strategic form game: A strategic form game is a representation for a non-cooperative
game. It speciﬁes the action set (strategy set) for each player and the utilities obtained
by the players corresponding to each action proﬁle.
Strategic agents: Agents are said to be strategic if they are rational and intelligent.
Box 1. Continued...
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Box 1. Continued...

Steady state: The steady state of any system is a possible unvarying state that is reached
by a dynamical system after a suﬃciently long duration of time when a suﬃciently large
number of events have occurred.
Utility: The utilities of a player are real-valued payoﬀs that the player receives when she
plays diﬀerent strategies. The utilities depend not only on the strategies of the player
but also on the strategies chosen by the other players.
Zero-sum games: These are two player games where the sum of the utilities of the two
players in all strategy proﬁles is zero. They are also called strictly competitive games.
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