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T h e a n c ie n t u n s o lv e d p ro b le m o f c o n g r u e n t n u m -
b e r s h a s b e e n re d u c e d to o n e o f th e m a jo r q u e s -
tio n s o f c o n te m p o ra r y a r ith m e tic : th e ¯ n ite n e s s
o f th e n u m b e r o f c u r v e s o v e r Q w h ic h b e c o m e
is o m o r p h ic a t e v e r y p la c e to a g iv e n c u r v e . W e
g iv e a n e le m e n ta r y in tro d u c tio n to c o n g r u e n t
n u m b e r s a n d th e ir c o n je c tu ra l c h a r a c te r is a tio n ,
d is c u s s lo c a l-to -g lo b a l is s u e s le a d in g to th e ¯ n ite -
n e s s p ro b le m , a n d lis t a fe w re s u lts a n d c o n je c -
tu re s in th e a r ith m e tic th e o r y o f e llip tic c u r v e s .

T h e a rea ® o f a rig h t tria n g le w ith sid e s a ; b ; c (so th a t

a 2 + b 2 = c 2 ) is g iv en b y 2 ® = a b . If a ; b ; c a re ra tio -
n a l, th en so is ® . C o n v e rsely , w h ich ra tio n a l n u m b e rs
® a rise a s th e a re a o f a ra tio n a l rig h t tria n g le a ; b ; c ?
T h is p ro b le m o f ch a ra cte risin g \ c o n g ru e n t n u m b e rs" {
a re a s o f ra tio n a l rig h t tria n g le s { is p erh a p s th e o ld e st

u n so lv ed p ro b le m in a ll o f M a th em a tic s. It d a te s b a ck
to m o re th a n a th o u sa n d y e a rs a n d h a s b e en v a rio u sly
a ttrib u te d to th e A ra b s, th e C h in ese , a n d th e In d ia n s.

T h re e e x ce lle n t a cc o u n ts o f th e p ro b le m a re a v a ila b le

o n th e W eb : R igh t tria n gles a n d ellip tic cu rves b y K a rl
R u b in , L e p ro blµem e d es n o m bres co n gru en ts b y P ierre
C o lm ez , w h ich a lso a p p e a rs in th e O c to b er 2 0 0 6 issu e
o f th e G a zette d es m a th¶em a ticien s, a n d F ra n z L e m m e r-
m ey er's tra n sla tio n C o n gru en t n u m bers, ellip tic cu rves,
a n d m od u la r fo rm s o f a n a rtic le in F re n ch b y G u y H e n -
n ia rt. A m o re e lem e n ta ry in tro d u c tio n is p ro v id e d b y
th e n o tes o f a le c tu re in H o n g K o n g b y J o h n C o a tes,
w h ich h a v e a p p e a re d in th e A u g u st 2 0 0 5 issu e o f th e
Q u a terly jo u rn a l o f p u re a n d a p p lied m a th em a tics. A
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d e ta ile d a c c o u n t is to b e fo u n d in In trod u ctio n to ellip tic cu rves a n d m od u la r
fo rm s (S p rin g e r, 1 9 8 4 ) b y N e a l K o b litz. N o n e o f th e se so u rc es g o e s b e y o n d th e

th e o re m s o f J o h n C o a te s a n d A n d re w W iles [1 ] (see T h eo rem 1 4 ) a n d o f J e rro ld

T u n n e ll [2 ] (se e T h e o re m 2 5 ).

In 1 9 9 1 , R u b in [3 ] (se e T h e o re m 1 5 ) re d u c ed th e c o n g ru en t n u m b e r p ro b le m to

a n a tu ra l ¯ n ite n e ss q u estio n in th e a rith m e tic o f e llip tic c u rv es (w ith \ co m p le x

m u ltip lica tio n s" ). A n e x c e lle n t su rv ey o f su ch ¯ n ite n ess q u e stio n s c a n b e fo u n d

in B a rry M a zu r's a rtic le [4 ].

T h is a rtic le c o n sist o f th ree p a rts o f q u ite d i® ere n t n a tu re . T h e ¯ rst p a rt is
a n e lem e n ta ry p re se n ta tio n o f th e p ro b le m o f c o n g ru e n t n u m b e rs (x 1 ) a n d its

c o n je ctu ra l so lu tio n (x 2 ); th e m a te ria l h ere is b o rro w ed fro m th e a c c o u n ts w h ich

h a v e b e en c ite d . T h e se c o n d p a rt in tro d u c es lo c a l n u m b e r ¯ e ld s (x 3 ) a n d d isc u sses

th e lo c a l-to -g lo b a l p rin c ip le { its v a lid ity in th e ca se o f c o n ic s (x 4 ) a n d its fa ilu re

in th e c a se o f c u b ics (x 5 ) { in a la n g u a g e w h ich ca n b e u n d e rsto o d b y b rig h t

u n d e rg ra d u a te s. T h e la st p a rt, w h ich re q u ire s g rea ter m a th e m a tica l m a tu rity , is
a ca ta lo g u e o f re su lts { so m e o ld , so m e n ew { a n d c o n je c tu res in th e a rith m etic
th e o ry o f e llip tic c u rv e s in g e n era l (x 6 ) a n d th o se w ith o u t c o m p lex m u ltip lic a tio n s

in p a rtic u la r (x 7 ); it e n d s w ith a w o rd a b o u t th e ro le p la y e d b y m o d u la r fo rm s

(x 8 ).

1 . C o n g r u e n t N u m b e r s

If a ra tio n a l n u m b e r ® is th e a rea o f a rig h t tria n g le w ith ra tio n a l sid e s, th en so is

® ¯ 2 fo r e v e ry ra tio n a l ¯ 2 Q £ . In d e e d , if ® is th e a re a o f a ra tio n a l rig h t tria n g le

w ith sid es a ; b ; c , th e n ® ¯ 2 is th e a rea o f th e ra tio n a l rig h t tria n g le w ith sid es

a j̄ j; b j̄ j; c j̄ j. S o , u p to re p la cin g ® b y ® ¯ 2 fo r a su ita b le ¯ , w e m a y a ssu m e th a t
® is a n in te g e r, a n d m o re o v e r th a t ® is n o t d iv isib le b y th e sq u a re o f a n y p rim e

n u m b e r. In o th er w o rd s, w e a ssu m e th a t ® is a p o sitiv e sq u a re free in teg er.

D e ¯ n it io n 1 . A squ a refree in teger ® > 0 is sa id to be a co n gru en t n u m ber if

th ere exist a ; b ; c 2 Q su ch th a t a 2 + b 2 = c 2 a n d a b = 2 ® .

T h e term in o lo g y is c la ssica l a n d c o m e s fro m th e fa c t th a t ® is c o n g ru en t if a n d
o n ly if it is th e c o m m o n d i® e re n c e (co n gru u m , in L a tin ) o f a th re e-term a rith m etic
p ro g ressio n o f ra tio n a l sq u a re s. F o r if ® is th e a rea o f a ra tio n a l rig h t tria n g le

w ith sid e s a < b < c , th e n , p u ttin g d = (c = 2 )2 , th e a rith m e tic p ro g ressio n d ¡ ® ,
d , d + ® co n sists o f ra tio n a l sq u a res. C o n v e rse ly, if th e re is a ra tio n a l n u m b e r d
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su ch th a t d ¡ ® , d , d + ® a re a ll th ree sq u a res, th en ® is th e a re a o f th e ra tio n a l

rig h t tria n g le w ith sid es
p

d + ® ¡
p

d ¡ ® ,
p

d + ® +
p

d ¡ ® a n d 2
p

d .

T h e p ro b le m w e a d d re ss is th a t o f d ec id in g w h ich n u m b e rs a re c o n g ru e n t: w e a re
a sk in g fo r a n e a sily -ch e ck ed c rite rio n w h ich w o u ld tell u s w h e th er a g iv e n n u m b e r
is c o n g ru en t o r n o t.

L e t u s ¯ rst stu d y th e sin g le e q u a tio n a 2 + b 2 = c 2 in strictly p o sitiv e ra tio n a l
n u m b e rs; su ch a trip le (a ; b; c ) w il b e ca lle d a ra tio n a l so lu tio n fo r sh o rt. T w o

ra tio n a l so lu tio n s (a ; b ; c ), (a 0; b 0; c 0) o f th is eq u a tio n a re c a lle d equ iva len t if a =

¸ :a 0, b = ¸ :b 0, c = ¸ :c 0fo r so m e ¸ 2 Q £ (n ec e ssa rily p o sitiv e). A ra tio n a l so lu tio n

is c a lled p rim itive if a ; b ; c 2 Z , a n d if th e y h a v e n o c o m m o n p rim e d iv iso r. E v e ry
ra tio n a l so lu tio n is eq u iv a len t to a p rim itiv e o n e , a n d n o tw o p rim itiv e so lu tio n s
a re e q u iv a le n t.

R ed u cin g a p rim itiv e so lu tio n m o d u lo 4 , w e see th a t p re cise ly o n e o f a ; b is e v e n .

P r o p o s it io n 2 . L et (a ; b ; c ) be a p rim itive so lu tio n o f a 2 + b 2 = c 2 , w ith a = 2 t

even (a n d b ; c od d ). T h en th ere exist in tegers m > n > 0 , g c d (m ; n ) = 1 ,

m 6́ n (m o d : 2 ), su ch th a t

a = 2 m n ; b = m 2 ¡ n 2 ; c = m 2 + n 2 : (1 )

C o n ve rsely , every su ch pa ir m , n o f in tegers (m > n > 0 , m u tu a lly p rim e, n o t o f

th e sa m e pa rity ) gives rise via (1 ) to a p rim itive tria n gle a ; b ; c w ith a even (a n d

b ; c od d ).

P roo f : A s b is o d d , so is c . H e n c e c + b a n d c ¡ b a re ev en ; w rite c + b = 2 u a n d
c ¡ b = 2 v . If a n u m b e r d iv id e s b o th u a n d v , it w o u ld d iv id e th e ir su m u + v = c

a n d th e ir d i® ere n c e u ¡ v = b . B u t g c d (b; c ) = 1 , so w e h a v e g c d (u ; v ) = 1 . T h e

re la tio n a 2 + b 2 = c 2 im p lies th a t t2 = u v , w h ich sh o w s th a t e a ch o f u ; v m u st b e

a sq u a re . L e t m > n > 0 b e su ch th a t u = m 2 , v = n 2 ; c le a rly, g c d (m ; n ) = 1 .

A lso , m 6́ n (m o d : 2 ) b e ca u se b = m 2 ¡ n 2 is o d d .

C o n v ersely, w e h a v e to sh o w th a t th e tria n g le a , b, c o b ta in e d fro m su ch a p a ir
m , n is p rim itiv e . N o w , 2 d iv id e s n e ith e r b n o r c ; if a p rim e p 6= 2 d iv id es b o th
b a n d c , it w o u ld d iv id e c + b a n d c ¡ b , h e n ce u a n d v , a n d h e n c e m a n d n .

L e t C b e a p ro je ctiv e c o n ic w ith a ra tio n a l p o in t O , fo r ex a m p le th e o n e d e ¯ n ed

b y a 2 + b 2 = c 2 , w ith O = (1 : 0 : 1 ). D e n o tin g b y D th e p ro je c tiv e lin e o f lin es
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th ro u g h O , th e m o rp h ism f w h ich sen d s a p o in t P 2 C to th e lin e f (P ) 2 D

p a ssin g th ro u g h O a n d P { th e ta n g e n t to C a t O if P = O { is a n iso m o rp h ism .

T h is re su lt a llo w s u s to g en e ra te a list w h ich w ill ev e n tu a lly c o n ta in a n y g iv en
c o n g ru en t n u m b e r: it su ± ce s to g o th ro u g h th e list o f a ll su ch p a irs (m ; n ),

c o m p u te th e a re a m n (m 2 ¡ n 2 ) o f th e tria n g le (1 ), a n d ta k e th e s̀q u a refre e p a rt'.

T h u s th e p a ir (2 ; 1 ) sh o w s th a t th e n u m b e r 6 = 2 :1 :(2 2 ¡ 1 2 ) is c o n g ru en t.

R eta in in g o n ly th e sq u a re fre e p a rts o f th e n u m b e rs p ro d u c e d b y th is p ro ce d u re ,
th e ¯ rst fe w c o n g ru e n t n u m b e rs w h ich sh o w u p a re

5 ; 6 ; 7 ; 1 3 ; 1 4 ; 1 5 ; 2 1 ; 2 2 ; 2 3 ; 2 9 ; 3 0 ; 3 1 ; 3 4 ; 3 7 ; 3 8 ; 3 9 ; 4 1 ; : : : (2 )

N o te th a t w e h a v e n o t p ro v e d th a t th e n u m b e rs 1 ; 2 ; 3 a re n o t co n g ru e n t; it m a y
sim p ly b e th a t th e y h a v en 't y et sh o w n u p o n th e list ! In d e e d , L e o n a rd o o f P isa
(c a lle d F ib o n a c c i) (1 1 7 5 { 1 2 4 0 ) w a s ch a lle n g e d to ¯ n d a ra tio n a l rig h t tria n g le o f

a re a 5 (h e su c ce e d ed ) a n d h e co n je ctu re d th a t 1 is n o t co n g ru e n t; th is w a s settled

m u ch la te r b y P ie rre F erm a t (1 6 0 1 { 1 6 6 5 ).

H o w c a n w e d e te rm in e if a sp e cī c n u m b e r su ch a s 1 5 7 is c o n g ru en t? T h e n aÄ³v e
a p p ro a ch , su g g e ste d b y th e d isc u ssio n ju st a fte r D e ¯ n itio n 1 , w o u ld b e to g o
th ro u g h a l̀ist' o f sq u a re s d o f ra tio n a l n u m b ers a n d to see if b o th d ¡ 1 5 7 a n d
d + 1 5 7 a re sq u a re s. T h e re is in d e e d su ch a l̀ist': ¯ rst w e g o th ro u g h th e sq u a res

o f th e ¯ n ite ly m a n y ra tio n a l n u m b e rs w h o se n u m e ra to r a n d d en o m in a to r h a v e
ju st o n e d ig it, th en th ro u g h th e sq u a re s o f th o se { a g a in ¯ n ite ly m a n y { w h o se
n u m e ra to r a n d d e n o m in a to r h a v e a t m o st tw o d ig its, a n d so o n . It tu rn s o u t th a t
th e ¯ rst sq u a re w h ich w o rk s fo r 1 5 7 , a cc o rd in g to D o n Z a g ier, is

d =
µ

2 2 4 4 0 3 5 1 7 7 0 4 3 3 6 9 6 9 9 2 4 5 5 7 5 1 3 0 9 0 6 7 4 8 6 3 1 6 0 9 4 8 4 7 2 0 4 1

2 £ 8 9 1 2 3 3 2 2 6 8 9 2 8 8 5 9 5 8 8 0 2 5 5 3 5 1 7 8 9 6 7 1 6 3 5 7 0 0 1 6 4 8 0 8 3 0

¶2

.

C lea rly , th is n u m b e r co u ld n o t h a v e b e en fo u n d b y th e n aÄ³v e a p p ro a ch ; so m e
th e o ry is n e e d ed . A lso , a s b efo re, th is a p p ro a ch c a n n o t p ro v e th a t th e g iv en
n u m b e r, fo r e x a m p le 1 , is n o t c o n g ru e n t.

T h e o r e m 3 (P F e rm a t » 1 6 4 0 ). T h e n u m ber 1 is n o t co n gru en t.

P roo f: W e h a v e to sh o w th a t th e re is n o ra tio n a l rig h t tria n g le w h o se a re a is a
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sq u a re . If th e re is su ch a tria n g le , w e m a y a ssu m e , a s b efo re, th a t its sid e s a re
in te g e rs n o t a ll d iv isib le d iv isib le b y a n y p rim e n u m b e r. F e rm a t's id e a o f in ¯ n ite
d e sc en t c o n sists in sh o w in g th a t if th e re w e re su ch a p̀ rim itiv e ' tria n g le w h o se

a re a is a sq u a re , th e n th e re w o u ld b e a sm a lle r p rim itiv e tria n g le w h o se a re a is
a lso a sq u a re. C le a rly , th is ca n n o t g o o n fo r ev e r.

L e t (a ; b ; c ) b e a p rim itiv e tria n g le w h o se a re a is a sq u a re . A ssu m e th a t a is ev en

(a n d b ; c o d d ). W rite a = 2 m n , b = m 2 ¡ n 2 , c = m 2 + n 2 , w ith m > n > 0 ,

g c d (m ; n ) = 1 a n d m 6́ n (m o d : 2 ) (P ro p o sitio n 2 ). A s th e a re a m n (m + n )(m ¡ n )
is a sq u a re, a n d a s n o tw o o f th e fo u r fa c to rs h a v e a c o m m o n p rim e d iv iso r, a ll

fo u r m u st b e sq u a re s: m = x 2 ; n = y 2 ; m + n = u 2 ; m ¡ n = v 2 . B o th u , v a re

o d d b e c a u se m + n , m ¡ n a re o d d , a n d g c d (u ; v ) = 1 . W e a lso h a v e u 2 ¡ v 2 = 2 y 2 ,
w h ich w e re w rite a s

2 y 2 = (u + v )(u ¡ v ): (3 )

A s u ; v a re o d d a n d g c d (u ; v ) = 1 , w e h a v e g cd (u + v ; u ¡ v ) = 2 . S o o n e o f

th e tw o fa c to rs o n th e rig h t in (3 ) m u st b e o f th e fo rm 2 r 2 a n d th e o th e r o f th e

fo rm 4 s 2 . In a n y c a se , th e su m o f th eir sq u a res is 1 6 s 4 + 4 r 4 . A t th e sa m e tim e ,

(u + v )2 + (u ¡ v )2 = 2 (u 2 + v 2 ) = 4 m = 4 x 2 . C o m p a rin g th e se tw o re su lts, w e g e t

4 s 4 + r 4 = x 2 , w h ich m e a n s th a t (2 s 2 ; r 2 ; x ) is a lso a n in te g ra l rig h t tria n g le w h o se

a re a (r s )2 is a sq u a re . T h is tria n g le is sm a lle r th a n o u r o rig in a l tria n g le (a ; b ; c )

b e c a u se x 4 = m 2 < m 2 + n 2 = c ; it m a y n o t b e p rim itiv e , b u t th e co rresp o n d in g
p rim itiv e tria n g le is e v e n sm a lle r.

T h e p a ssa g e fro m th e trip le (a ; b ; c ) to th e trip le (2 s 2 ; r 2 ; x ) c a n b e co n stru e d a s

d ivisio n b y § 2 o n th e e llip tic cu rv e C 1 : y 2 = x 3 ¡ x ; cf. th e d isc u ssio n b e fo re

E x erc ise 7 , a n d th e b e g in n in g o f x 6 . T h e id ea o f th e siz e o f a trip le lea d s to th e
n o tio n o f th e h eigh t o f a ra tio n a l p o in t o n a n ellip tic c u rv e.

C o r o lla r y 4 . T h e equ a tio n x 4 ¡ y 4 = z 2 h a s n o so lu tio n s in in tegers w ith x y z 6= 0 .

P roo f: If th e re w e re a so lu tio n , th e in te g ra l tria n g le (2 x 2 y 2 ; x 4 ¡ y 4 ; x 4 + y 4 ) w o u ld

h a v e sq u a re a re a (x y z )2 .

C o r o lla r y 5 . T h e equ a tio n x 4 + y 4 = z 4 h a s n o so lu tio n s in in tegers w ith x y z 6= 0 .

P roo f: If th e re w e re a so lu tio n , w e w o u ld h a v e z 4 ¡ y 4 = (x 2 )2 .
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T h e sy stem o f e q u a tio n s (a 2 + b 2 = c 2 ; a b = 2 ® ) w h o se so lv a b ility in ra tio n a l
n u m b e rs ch a ra c te rise s ® a s a co n g ru e n t n u m b ers c a n b e ch a n g e d in to a sin g le ,
m o re fa m ilia r, eq u a tio n .

P r o p o s it io n 6 . T h e in teger ® is co n gru en t if a n d o n ly if th e equ a tio n

C ® : ® y 2 = x 3 ¡ x (4 )

h a s a so lu tio n x ; y 2 Q w ith y 6= 0 .

P roo f: If (x ; y ) is su ch a so lu tio n , th e n th e a re a o f th e ra tio n a l rig h t tria n g le

(2 jx j; jx 2 ¡ 1 j; jx 2 + 1 j) is ® , u p to a ra tio n a l sq u a re (y 2 ). C o n v ersely , le t (a ; b ; c )
b e a ra tio n a l rig h t tria n g le a n d w rite

a = ¸ :2 m n ; b = ¸ :(m 2 ¡ n 2 ); c = ¸ :(m 2 + n 2 )

fo r so m e ¸ 2 Q £ a n d in teg ers m ; n a s in P ro p o sitio n 2 . If th e a rea o f th is tria n g le

is ® , w e h a v e ® = ¸ 2 :m n (m 2 ¡ n 2 ), w h ich m e a n s th a t (4 ) h a s th e so lu tio n x = m = n

a n d y = 1 = ¸ n .

F ro m a g iv e n ra tio n a l p o in t P = (x ; y ) (y 6= 0 ) o n C ® (4 ) w e c a n g e n e ra te in ¯ n itely
m a n y o th ers : th e ta n g e n t to C ® a t th e p o in t P m ee ts C ® a t a n o th er ra tio n a l

p o in t P 1 = (x 1 ; y 1 ), a n d th is p ro ce ss c a n b e c o n tin u ed . It is n o t o b v io u s, b u t it
c a n b e sh o w n th a t th is p ro c e ss d o es n o t te rm in a te , e sse n tia lly b e c a u se it le a d s to
p o in ts w h o se c o o rd in a tes h a v e m o re a n d m o re d ig its (cf. th e d isc u ssio n o f to rsio n

p o in ts o n C ® , b e fo re T h e o re m 1 8 ).

E x e r c is e 7 . (x 1 ; y 1 ) =

Ã
(x 2 + 1 )2

4 x (x 2 ¡ 1 )
; ¡

x 6 ¡ 5 x 4 ¡ 5 x 2 + 1

8 ® 3 y 3

!

.

T h is h a s a n a m u sin g c o n se q u e n c e w h ich is n o t a t a ll o b v io u s a t th e o u tse t, a n d
w h ich g o es b a ck to F e rm a t:

C o r o lla r y 8 . If (a squ a refree po sitive in teger) ® is co n gru en t, th en it is th e a rea
o f in ¯ n itely m a n y ra tio n a l righ t tria n gles.

C o r o lla r y 9 . A squ a refree po sitive in teger ® is co n gru en t if a n d o n ly if th e

equ a tio n ® y 2 = x 3 ¡ x h a s in ¯ n itely m a n y so lu tio n s x ; y 2 Q .

H e re a re th e ¯ rst fe w ra tio n a l sq u a re s d su ch th a t b o th d ¡ 6 a n d d + 6 a re a lso
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sq u a re s:

µ
5

2 £ 1

¶2

,
µ

1 2 0 1

2 £ 7 0

¶2

,
µ

7 7 7 6 4 8 5

2 £ 1 3 1 9 9 0 1

¶2

,
µ

2 0 9 4 3 5 0 4 0 4 8 0 1

2 £ 2 4 1 7 1 7 8 9 5 8 6 0

¶2

, ¢ ¢ ¢

T h e m o rp h ism y 7!
p

® y sh o w s th a t th e c u rv e s C 1 a n d C ® b ec o m e iso m o rp h ic

o v e r Q (
p

® ); th is is ex p re sse d b y sa y in g th a t C ® is a q̀ u a d ra tic tw ist' o f C 1 . T h e
p ro b le m o f c o n g ru en t n u m b e rs th u s c o n sists in ch a ra c terisin g th e q u a d ra tic tw ists
o f th e ¯ x e d e llip tic c u rv e C 1 w h ich h a v e in ¯ n ite ly m a n y ra tio n a l p o in ts.

2 . T h e C o n je c t u r a l S o lu t io n

A fte r th e se e le m en ta ry o b serv a tio n s, le t u s g iv e th e c o n je c tu ra l a n sw e r to th e
p ro b le m o f ch a ra c te risin g co n g ru e n t n u m b e rs.

R ec u rsiv e ly d e ¯ n e th e p o ly n o m ia l g r (T ) = g r ¡ 1 (T )(1 ¡ T 8 r )(1 ¡ T 1 6 r ), sta rtin g

w ith g 1 (T ) = T (1 ¡ T 8 )(1 ¡ T 1 6 ). N o tic e th a t g r (T ) ¡ g r ¡ 1 (T ) is o f d e g re e > 8 r ,
w h ich m e a n s th a t th e p o ly n o m ia ls g r a n d g r ¡ 1 h a v e th e sa m e te rm s till d e g re e

8 r . T h is im p lies th a t a s r ! + 1 , th e g r te n d to a fo rm a l se rie s g 2 Z [[T ]].

N o t a t io n 1 0 . F o r j = 1 ; 2 a n d in teger n > 0 , d e¯ n e c j (n ) a s bein g th e coe± cien t

o f T n in th e fo rm a l series g (T )µ j (T ), w h ere

g (T ) = T
+ 1Y

n = 1

(1 ¡ T 8 n )(1 ¡ T 1 6 n ) a n d µ j (T ) = 1 + 2
+ 1X

n = 1

T 2 j n 2

:

N o tic e th a t th e n u m b e rs c j (n ) a re q u ite e a sy to co m p u te. H e re a re th e ¯ rst fe w ,

fo r n o d d a n d sq u a re free .

T a b le 1 1 .

n 1 3 5 7 1 1 1 3 1 5 1 7 1 9 2 1 2 3 ¢ ¢ ¢

c 1 (n ) 1 2 0 0 ¡ 2 0 0 ¡ 4 ¡ 2 0 0 ¢ ¢ ¢

c 2 (n ) 1 0 2 0 0 ¡ 2 0 0 0 ¡ 4 0 ¢ ¢ ¢

E x e r c is e 1 2 . L et n be a n od d squ a refree in teger. If n ´ 5 ; 7 (m o d : 8 ), th en

c 1 (n ) = 0 . If n ´ 3 (m o d : 4 ), th en c 2 (n ) = 0 .
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F o r th e rem a in d er o f th is sectio n , let ® be a squ a refree in teger > 0 , a n d w rite
® = j n , w ith j = 1 ; 2 a n d n od d .

C o n je c t u r e 1 3 . T h e n u m ber ® = j n is co n gru en t if a n d o n ly if c j (n ) = 0 .

A s w e sh a ll see , th is c o n je c tu re is im p lie d b y C o n je ctu re 2 4 (B irch a n d S w in n e rto n -

D y er), c o m b in e d w ith T h eo rem 2 5 (T u n n ell).

T h e re a d e r sh o u ld m a rv e l a t h o w u n e x p e c ted th e (c o n je ctu ra l) ch a ra c terisa tio n
is, h o w fa r-rem o v e d fro m ra tio n a l rig h t tria n g le s a n d th e ir a rea s!

T h e p h y sic ist R ich a rd F e y n m a n c la im s in h is S u rely y o u a re jo kin g th a t h e co u ld
g u e ss w h e th e r a m a th em a tica l sta tem e n t ex p la in e d to h im in e lem e n ta ry te rm s
w a s tru e o r fa lse . It w o u ld h a v e b e e n in te re stin g to h a v e g iv en h im D e ¯ n itio n 1
a n d N o ta tio n 1 0 , a n d to h a v e a sk ed h im if C o n jec tu re 1 3 is tru e .

W e d o k n o w o n e o f th e im p lic a tio n s in C o n je c tu re 1 3 :

T h e o r e m 1 4 (J C o a te s a n d A W iles [1 ]). If c j (n ) 6= 0 , th en ® = j n is n o t
co n g ru en t.

It fo llo w s fo r e x a m p le th a t th e n u m b ers 1 ; 2 ; 3 ; 1 0 ; 1 7 ; 1 9 ; 2 6 a n d 4 2 (T a b le 1 1 ) a re

n o t co n g ru e n t (c f. T h eo rem 3 ).

If th e sq u a re fre e o d d in teg er n is ´ 3 (m o d : 4 ) (resp . ´ 5 ; 7 (m o d : 8 )), th e n 2 n

(re sp . n ) sh o u ld b e c o n g ru e n t (E x e rcise 1 2 , C o n jec tu re 1 3 ), a n d th e ¯ rst fe w su ch

n a re in d e ed so (c f. (2 )). In a p a p e r w h ich b ec a m e in ° u e n c ia l o n ly w h e n it w a s

p ro p erly u n d e rsto o d y ea rs a fte r its p u b lic a tio n , K H e e g n e r p ro v e d th a t th is is
tru e if n is p rim e [5 ].

H o w e v e r, in g e n e ra l, th e re su lt is o n ly c o n d itio n a l. It is c o n d itio n a l o n th e ¯ n ite-
n e ss o f a c erta in se t S ® , w h ich w ill b e d isc u sse d in d eta il in la ter p a rts o f th is

a rticle (c f. C o n je ctu re 1 6 ). S u ± ce it to sa y h e re th a t th e ¯ n ite n e ss o f th e se t

S ® is e q u iv a le n t to th e ¯ n iten e ss o f th e g ro u p X (E ® ) w h ich is m o re fa m ilia r to
a rith m eticia n s. W e h a v e ch o se n to fo rm u la te th in g s in term s o f th e clo se ly re la ted
se t S ® b e c a u se it c a n b e d e ¯ n e d in e le m en ta ry te rm s.

T h e o r e m 1 5 (K R u b in [3 ]). If c j (n ) = 0 a n d if th e set S ® is ¯ n ite, th en th e

n u m ber ® = j n is co n gru en t.

N o te th a t if c j (n ) = 0 a n d if S ® is ¯ n ite , th e n T h e o re m 1 5 sh o w s th a t ® is
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c o n g ru en t w ith o u t e x h ib itin g a ra tio n a l rig h t tria n g le o f a re a ® . H o w e v er, in
so m e c a se s ( r̀a n k 1 '), th e set S ® is k n o w n to b e ¯ n ite a n d th e re is a m e th o d

( H̀ e eg n er p o in ts') fo r c o n stru c tin g su ch a tria n g le . Z a g ier's ex a m p le sh o w in g
th a t 1 5 7 is c o n g ru en t, d isp la y e d b e fo re T h e o re m 3 , is o f th is ty p e . A m e th o d
fo r e x p lic itly co n stru c tin g so lu tio n s in th e h̀ ig h e r ra n k ' c a se w o u ld b e a m a jo r
a d v a n c e.

3 . L o c a l N u m b e r F ie ld s

W e h a v e se e n (T h e o re m 1 5 ) th a t th e p ro b le m o f d e c id in g w h eth er a g iv e n (sq u a re-

free ) in teg er ® > 0 is c o n g ru e n t o r n o t co m es d o w n to d e cid in g if th e se t S ® {
w h ich w e h a v e m e n tio n ed b u t n o t y e t d e ¯ n e d { is ¯ n ite o r n o t. In o rd er to d e ¯ n e
it, w e ¯ rst n ee d to in tro d u c e K H e n sel's lo c a l n u m b er ¯ eld s.

T h e g ro u p Q £ , m o d u lo its to rsio n su b g ro u p f 1 ; ¡ 1 g , a d m its th e se t o f p rim e
n u m b e rs a s a Z -b a sis. F o r e v ery p rim e n u m b e r p , th e re is th u s a u n iq u e h o -

m o m o rp h ism v p : Q £ ! Z su ch th a t v p (p ) = 1 a n d v p (l) = 0 fo r e v e ry p rim e

n u m b e r l 6= p ; th is d e¯ n e s a d iscrete va lu a tio n b e ca u se , e x te n d in g it to a m a p o n
th e w h o le o f Q b y p o sin g v p (0 ) = + 1 , w e h a v e

v p (x + y ) ¸ in f(v p (x ); v p (y )) fo r a ll x ; y 2 Q :

D e ¯ n e j jp : Q ! R b y jx jp = p ¡ v p (x ) (co n v e n tio n : p ¡1 = 0 ). T h e n jx ¡ y jp is a

m etric o n Q w ith re sp ec t to w h ich it ca n b e c o m p lete d to o b ta in a ¯ e ld Q p m u ch

in th e sa m e w a y a s w e o b ta in th e ¯ eld R fro m Q b y c o m p letin g it w ith resp e c t
to th e u su a l m etric jx ¡ y j1 = su p (x ¡ y ; y ¡ x ). F o r th is re a so n , th e ¯ e ld o f re a l
n u m b e rs is so m e tim es d e n o te d Q 1 .

It ca n b e sh o w n th a t th e v p (p p rim e ) a re th e o n ly d isc re te v a lu a tio n s, a n d j j1

th e o n ly a rch im e d e a n a b so lu te v a lu e, o n th e ¯ e ld Q (A O stro w sk i, 1 9 1 8 ). T h u s

th e a b so lu te v a lu es j jp (p p rim e o r p = 1 ) d ete rm in e a ll th e p la ces o f Q .

T h e ¯ e ld s Q p (in c lu d in g p = 1 ) p la y a fu n d a m e n ta l ro le in a rith m etic. It is

a lw a y s a g o o d id ea to ¯ rst stu d y g̀ lo b a l q u e stio n s' { q u e stio n s a b o u t ra tio n a l
n u m b e rs { ev ery w h e re l̀o c a lly ' in th e ¯ e ld s Q p , b e fo re try in g to a n sw er th e o rig -

in a l q u estio n . It is a g o o d id ea b e c a u se q u e stio n s b e co m e sim p le r o v er lo c a l
n u m b e r ¯ e ld s a n d ca n o fte n b e fu rth er re d u c ed to q u e stio n s o v er ¯ n ite ¯ e ld s.
S o m e tim e s it su ± c es to co n sid e r ju st o n e lo c a l ¯ e ld , so m e tim e s ¯ n ite ly m a n y ,
so m e tim e s a ll o f th em . In m o st c a se s, th e lo c a l stu d y is ea sy a t a lm o st a ll p la c e s.
W e d iscu ss a b a sic e x a m p le in th e n e x t se ctio n .
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F o r p p rim e, th e (lo ca lly co m p a ct) ¯ e ld Q p co m e s e q u ip p ed w ith a co n tin u o u s

d iscre te v a lu a tio n e x ten d in g v p ; e le m e n ts o f p o sitiv e v a lu a tio n fo rm a (co m p a c t)

su b rin g Z p ( t̀h e rin g o f in te g e rs') in w h ich p Z p is th e u n iq u e m a x im a l id ea l; it

c o n sists o f e lem e n ts w h o se v a lu a tio n is stric tly p o sitiv e . T h e q u o tie n t Z p = p Z p

( t̀h e re sid u e ¯ e ld ') is th e sa m e a s th e ¯ n ite ¯ e ld F p = Z = p Z o f p e le m en ts.

A ll b o o k s o n N u m b e r T h e o ry (A rtin , H a sse , W e il, S e rre , K a to { K u ro k a w a { S a ito ,

: : :) p ro v id e a n in tro d u ctio n to th e ¯ e ld s Q p a n d th e ir ex te n sio n s.

4 . T h e L o c a l-t o -G lo b a l P r in c ip le fo r C o n ic s

T o a v o id sp ea k in g o f cu rv e s, w e u se th e e q u iv a le n t la n g u a g e o f a fu n ctio n ¯ eld
F o v e r a ¯ eld k : a ¯ n itely g e n e ra te d e x ten sio n o f k in w h ich k is a lg e b ra ica lly

c lo sed ; w e'll b e m o stly c o n c e rn e d w ith th e c a se w h e n F h a s tra n sc e n d en c e d e g re e 1
o v e r k . C o n c re tely , if f 2 k [x ; y ] is a n a b so lu te ly irre d u c ib le p o ly n o m ia l { o n e
w h ich rem a in s irre d u c ib le o v er e v e ry ¯ n ite e x te n sio n o f k { , th en th e ¯ e ld o f
fra c tio n s F o f th e (in te g ra l) rin g k [x ; y ]= f k [x ; y ] is a fu n c tio n ¯ eld o v e r k ; w e

w rite F = k (x ; y ), w ith th e re la tio n f = 0 . F o r ev ery e x ten sio n L o f k , w e th en
g e t a fu n c tio n ¯ eld o v e r L b y è x te n d in g th e sc a la rs' o f F fro m k to L : th e ¯ e ld
o f fra ctio n s o f L [x ; y ]= f L [x ; y ].

L e t u s ¯ x a n a lg e b ra ic c lo su re ¹Q o f Q . C lea rly , th e fu n c tio n ¯ eld Q (x ) b e c o m es

iso m o rp h ic to ¹Q (x ) o v e r ¹Q . A re th ere a n y o th e r fu n c tio n ¯ e ld s o v e r Q w h ich d o ?
A n d , is th ere a w a y to c la ssify th e m a ll?

F ix a n a lg eb ra ic c lo su re ¹Q p o f Q p . T h e c o rre sp o n d in g lo c a l q u estio n is: ¯ n d a ll

fu n c tio n ¯ e ld s o v e r Q p w h ich b ec o m e iso m o rp h ic o v e r ¹Q p to ¹Q p (x ). S u ch fu n ctio n

¯ e ld s w ill b e c a lle d so lu tio n s to o u r p ro b le m .

T h e triv ia l so lu tio n to th e p ro b le m is th e ra tio n a l fu n c tio n ¯ eld Q p (x ). It ca n

be sh o w n th a t th ere is p recisely o n e o th er so lu tio n ; let u s ca ll it F p . T h u s th e

fu n c tio n ¯ e ld F p is n o t th e ra tio n a l fu n c tio n ¯ e ld b u t b e c o m es (iso m o rp h ic to )

th e ra tio n a l fu n c tio n ¯ e ld o v er ¹Q p . F o r e x a m p le , w h e n p = 1 , th e ¯ e ld F 1 is

Q 1 (x ; y ) w ith th e rela tio n x 2 + y 2 + 1 = 0 . W h e n p is a n o d d p rim e, ch o o sin g

a n in te g e r u =2 p Z w h ich d o e s n o t b ec o m e a sq u a re in F £
p , w e m a y ta k e F p to b e

th e fu n c tio n ¯ eld o v e r Q p d e ¯ n e d b y th e re la tio n u x 2 + p y 2 ¡ 1 = 0 . O v e r Q 2 , w e

m a y ta k e F 2 to b e th e fu n c tio n ¯ eld d e ¯ n e d b y u x 2 + 2 y 2 ¡ 1 = 0 , w h e re u is a n y
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o d d in te g e r su ch th a t (u 2 ¡ 1 )= 8 is a lso o d d . M o reo v e r, fo r e v e ry p la c e p , it is a n

e a sy m a tte r to d ec id e if a g iv e n l̀o c a l so lu tio n ' is iso m o rp h ic to Q p (x ) o r to F p .

N o w , if F is g̀ lo b a l so lu tio n ' to o u r p ro b le m , th e n it is a l̀o c a l so lu tio n ' ev e ry -
w h e re . In o th e r w o rd s, if F is a fu n c tio n ¯ e ld o v er Q w h ich b e c o m e s th e ra tio n a l

fu n c tio n ¯ e ld o v e r ¹Q , th e n F b e c o m es iso m o rp h ic to o n e o f Q p (x ), F p o v e r e v e ry

c o m p le tio n Q p o f Q , in c lu d in g p = 1 .

W h a t ca n be sh o w n is th a t every su ch F beco m es iso m o rp h ic to Q p (x ) fo r a lm o st

every p , th e p la ces w h ere it d oesn't { th ere a re th u s o n ly ¯ n itely m a n y o f th em {
a re ev en in n u m ber, a n d , given a n y ¯ n ite set § o f p la ces, even in n u m ber, th ere
is a u n iqu e glo ba l so lu tio n w h ich beco m es iso m o rp h ic to F p fo r a ll p 2 § a n d to

Q p (x ) fo r a ll p =2 § .

T h e re a re m a n y eq u iv a len t w a y s { cu rv es o f g e n u s 0 , q u a d ra tic fo rm s in th re e

v a ria b le s, q u a tern io n a lg e b ra s { o f e x p re ssin g th is p rin cip le.

It fo llo w s th a t if tw o g lo b a l so lu tio n s F , F 0 a re è v e ry w h ere lo c a lly iso m o rp h ic '
(b e c o m e iso m o rp h ic to ea ch o th e r a t e v e ry p la c e p , in c lu d in g p = 1 ), th en th e y

a re Q -iso m o rp h ic . T h is h a p p y c irc u m sta n ce is e x p resse d b y sa y in g th a t su ch
fu n c tio n ¯ e ld s o b ey th e loca l-to -glo ba l p rin cip le . (In fa c t, in th e c a se a t h a n d , it

is su ± c ien t to d e m a n d th a t F , F 0 b e iso m o rp h ic a t a ll p la c es b u t o n e; th e y a re

th e n a u to m a tic a lly iso m o rp h ic a t th e re m a in in g p la ce .)

T h e b e st a c co u n ts o f th is c irc le o f id e a s, in th e e q u iv a le n t la n g u a g e o f q u a d ra tic
fo rm s, a re to b e fo u n d in S e rre's C o u rse in a rith m etic a n d in N u m ber th eo ry
1 , F erm a t's d rea m b y K a to , K u ro k a w a a n d S a ito . A th e o re m o f A d rie n -M a rie
L e g e n d re c a n b e co n sid ere d to b e a p rec u rso r o f lo ca l-to -g lo b a l co n sid era tio n s,
se e W eil's N u m ber th eo ry, a n a p p roa ch th ro u gh h isto ry.

I d o n 't k n o w o f a n y c la ssī ca tio n o f fu n c tio n ¯ e ld s o v e r Q w h ich b ec o m e th e

2 -v a ria b le ra tio n a l fu n c tio n ¯ e ld o v e r e v e ry co m p le tio n .

5 . T h e F a ilu r e o f t h e L o c a l-t o -G lo b a l P r in c ip le

In th e la st sec tio n w e sa w th a t th e lo ca l-to -g lo b a l p rin c ip le h o ld s fo r fu n ctio n

¯ e ld s o v e r Q w h ich b e co m e iso m o rp h ic o v e r ¹Q to th e ra tio n a l fu n ctio n ¯ e ld . S u ch

fu n c tio n ¯ e ld s a re o f th e fo rm Q (x ; y ), a x 2 + b y 2 = 1 , fo r so m e a ; b 2 Q £ , a n d it is

e a sy to d e cid e w h en th is ¯ e ld is iso m o rp h ic to th e o n e d e ¯ n e d b y a 0x 2 + b 0y 2 = 1

(a 0; b 0 2 Q £ ), b ec a u se it su ± c e s to ch e ck th a t th ey a re iso m o rp h ic e v e ry w h e re
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lo c a lly . T h is is a ¯ n ite a m o u n t o f c o m p u ta tio n b ec a u se fo r a n y o d d p rim e p

w h e re a ll fo u r n u m b ers a , b , a 0, b 0 h a v e v a lu a tio n 0 , th e tw o fu n ctio n ¯ eld s a re
a u to m a tic a lly iso m o rp h ic to th e ra tio n a l fu n ctio n ¯ eld Q p (x ).

In th e e a rly 1 9 4 0 s, C a rl-E rik L in d a n d H a n s R e ich a rd t fo u n d th e ¯ rst e x a m p le s o f
fu n c tio n ¯ eld s w h ich v io la te th e lo c a l-to -g lo b a l p rin c ip le . E q u iv a len tly, R e ich a rd t

sh o w e d th a t 2 y 2 = 1 ¡ 1 7 x 4 h a s so lu tio n s in e v e ry c o m p letio n o f Q b u t n o ra tio n a l
so lu tio n s { n o t e v e n o n th e g e o m ete rs' l̀in e a t in ¯ n ity in P 2 ' (n o t to b e c o n fu sed

w ith o u r p̀ la c e a t in ¯ n ity ' 1 o f Q ).

L in d 's th esis w a s re v iew e d b y A n d r¶e W eil in th e M a th em a tica l R eview s, a n d it is
a m a z in g to n o te th a t h e d o e s n o t m en tio n th is d isc o v e ry . N o r d o e s th e re v ie w e r o f
R eich a rd t's p a p er, in sp ite o f th e ex p lic it title: E in ige im K lein en Äu bera ll lÄo sba re,
im G ro ssen u n lÄo sba re d io p h a n tisch e G leich u n gen . It m u st b e sa id th a t th e ¯ rst
in sta n c e o f th e fa ilu re o f a lo ca l-to -g lo b a l p rin cip le , d u e to H a sse, w a s d isc o v e red
b y h im a fte r h e h a d p ro v ed its v a lid ity fo r q u a d ra tic fo rm s.

T h e m o st c o m m o n ly c ite d e x a m p le, o rig in a tin g w ith E rn st S e lm er, is th a t o f th e

fu n c tio n ¯ e ld Q (x ; y ), 3 x 3 + 4 y 3 + 5 = 0 . C f. E x a m p le 2 7 .

L e t ® b e a sq u a re fre e in te g e r > 0 a n d co n sid er th e fu n ctio n ¯ e ld Q (C ® ) d e ¯ n ed

b y th e e q u a tio n C ® : ® y 2 = x 3 ¡ x . It m a y h a p p e n th a t th ere a re m a n y fu n ctio n
¯ e ld s F o v e r Q w h ich b e c o m e iso m o rp h ic to Q (C ® ) a t e v e ry p la ce p o f Q . In

o th e r w o rd s, Q (C ® ) m a y h a v e t̀w iste d fo rm s' F w h ich b ec o m e iso m o rp h ic to it

w h e n w e e x ten d sc a la rs o f F a n d Q (C ® ) fro m Q to Q p . L et u s d e n o te th e se t

o f Q -iso m o rp h ism c la sse s o f su ch F b y S ® . T h is is th e se t w h ich a p p e a rs in
T h e o re m 1 5 .

T h u s th e p ro b le m o f c o n g ru en t n u m b ers w o u ld b e so lv ed if w e co u ld settle th e

fo llo w in g c o n je c tu re, w h o se g e n e ra lisa tio n C o n je ctu re 2 6 is a m a jo r o p e n q u estio n
in co n tem p o ra ry a rith m etic .

C o n je c t u r e 1 6 (I S h a fa rev ich a n d J T a te). F o r every ® , th e set S ® { o f Q -

iso m o rp h ism cla sses o f fu n ctio n ¯ eld s w h ich beco m e iso m o rp h ic to Q (C ® ) a t every
p la ce { is ¯ n ite.

T h e m o re sta n d a rd v ersio n o f th is c o n je ctu re a sse rts th e ¯ n iten e ss o f th e gro u p
X (E ® ), w h o se d e ¯ n itio n is m o re a d v a n ce d . T h e re a d e r w h o k n o w s it sh o u ld b e

a b le to p ro v e th a t S ® is ¯ n ite if a n d o n ly if X (E ® ) is ¯ n ite [4 ]. T h e sa m e re m a rk
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a p p lies to C o n je ctu re 2 6 .

W e h a v e see n th a t th e co n g ru e n t n u m b e r p ro b lem a m o u n ts to th e a rith m etic

stu d y o f th e e q u a tio n ® y 2 = x 3 ¡ x , w h ich c a n b e re w ritten a s y 2 = x 3 ¡ ® 2 x .
T h e re st o f th is re p o rt is d e v o te d to a ra p id su rv e y o f th e a rith m e tic o f e q u a tio n s

o f th e ty p e y 2 = f (x ), w h e re f 2 Q [x ] is a m o n ic c u b ic p o ly m o n ia l w ith d istin c t

ro o ts (in ¹Q ).

6 . E llip t ic C u r v e s : R e s u lt s a n d C o n je c t u r e s

In th e n e x t tw o sec tio n s, w e en u m e ra te so m e a rith m e tic p ro p ertie s o f e llip tic
c u rv e s. F o r th e sa k e o f sim p lic ity , w e w o rk o v e r th e ¯ e ld Q ; th e o n ly e x ce p tio n s

b e in g a re su lt o v e r ¯ n ite ¯ eld s, o n e o v e r Q p , a n d a n e x a m p le o v er Q (
p

¡ 1 ).

A n ellip tic cu rve E o v e r a ¯ e ld k is a c u rv e d e ¯ n e d in th e p ro je c tiv e p la n e b y
(th e h o m o g en o u s v e rsio n o f) a n eq u a tio n o f th e ty p e

f (x ; y ) = y 2 + a 1 x y + a 3 y ¡ x 3 ¡ a 2 x 2 ¡ a 4 x ¡ a 6 = 0 (a i 2 k ) (5 )

w ith o u t sin g u la ritie s, a co n d itio n w h ich sa y s th a t th e d isc rim in a n t ¢ { a c e rta in
p o ly n o m ia l in th e a i { is 6= 0 , o r eq u iv a len tly th a t th e c o rre sp o n d in g fu n ctio n

¯ e ld is o f g̀ e n u s 1 ', u n lik e th e fu n c tio n ¯ e ld s w h ich b e c o m e iso m o rp h ic to ¹Q (x ),
w h ich a re o f g en u s 0 .

M o re p rec isely , th e d iscrim in a n t o f f { th e re su lt o f ellim in a tin g x , y fro m f , f 0
x ,

f 0
y { is

¢ = ¡ b 2
2 b 8 ¡ 2 3 b 3

4 ¡ 3 3 b 2
6 + 3 2 b 2 b 4 b 6 ;

w h e re
b 2 = a 2

1 + 2 2 a 2 ; b 4 = a 1 a 3 + 2 a 4 ; b 6 = a 2
3 + 2 2 a 6 ;

a n d
b 8 = b 2 a 6 ¡ a 1 a 3 a 4 + a 2 a 2

3 ¡ a 2
4 :

T h e c u rv e E h a s a p̀ o in t a t in ¯ n ity ' O ; fo r a n y e x ten sio n L o f k , th ere is a n a tu ra l

g ro u p la w o n th e set E (L ) c o n sistin g o f O a n d th e so lu tio n s o f (5 ) in L , u n iq u ely
d e term in ed b y th e re q u ire m en t th a t O b e th e n e u tra l e lem e n t a n d th a t th e su m
o f th e th re e p o in ts (co u n ted w ith m u ltip lic ity ) in w h ich E in tersec ts a g iv e n lin e

b e O ; th e g ro u p s E (L ) a re co m m u ta tiv e . A sso c ia tiv ity is n o t o b v io u s, b u t fo llo w s

fro m a cla ssic a l re su lt in p la n e p ro je ctiv e g eo m e try .
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E lem e n ts o f E (L ) c a n b e id e n tī e d w ith trip le s (x ; y ; z ) 6= (0 ; 0 ; 0 ) (x ; y ; z 2 L )

sa tisfy in g th e h o m o g en ise d v ersio n o f (5 ); tw o su ch trip le s b e in g c o n sid e re d th e

sa m e if ea ch is a m u ltip le o f th e o th e r b y a n elem e n t o f L £ . T h e p o in t O is th e
o n e w ith h o m o g e n o u s co o rd in a tes (0 : 1 : 0 ). T w o e llip tic c u rv e s a re sa id to b e
iso m o rp h ic if th e c o rre sp o n d in g fu n ctio n ¯ e ld s o v e r k a re k -iso m o rp h ic.

L e t C b e a sm o o th p ro p e r a b so lu tely co n n e cte d k -c u rv e a n d le t J b e its ja c o b ia n {
a n a b elia n k -v a riety . If C h a s a k -ra tio n a l p o in t O , th e re is a u n iq u e k -m o rp h ism
C ! J se n d in g a p o in t P to th e c la ss o f th e d iv iso r P ¡ O . If m o re o v e r C

h a s g en u s 1 , th e n C ! J is a n iso m o rp h ism . C o n v e rse ly , if (a sm o o th , p ro p e r,

a b so lu tely co n n e cte d c u rv e ) k -c u rv e C a d m its a g ro u p la w , th en C h a s g e n u s 1

(a n d ca rrie s a ra tio n a l p o in t).

F o r su rv e y s o f a rith m e tic o n e llip tic cu rv e s, se e C a ssels [6 ] a n d T a te [7 ].

T h e o r e m 1 7 (L M o rd e ll, 1 9 2 2 ). F o r every ellip tic cu rve E o ver Q , th e gro u p

E (Q ) is ¯ n itely gen era ted .

T h is re su lt w a s c o n je ctu re d b y H e n ri P o in c a r¶e a ro u n d 1 9 0 0 . M o rd ell's p ro o f is a

g e n e ra lisa tio n o f F e rm a t's m eth o d o f in ¯ n ite d esc e n t { e m p lo y e d in th e p ro o f o f
T h e o re m 3 { ; its m o d e rn re n d itio n s c o n sist o f tw o p a rts.

T h e ¯ rst p a rt sh o w s th a t th e g ro u p E (Q )= 2 E (Q ) is ¯ n ite. T h e sec o n d p a rt stu d -

ie s a c a n o n ica l re a l-v a lu e d h̀ e ig h t' fu n c tio n h o n E (Q ), c o m in g fro m th e v a rio u s
a b so lu te v a lu e s o f Q , w h ich m e a su re h o w b̀ ig ' th e c o o rd in a te s o f a p o in t a re .
T h e m e th o d o f in ¯ n ite d e sc en t is d istille d in th e sta te m en t th a t a c o m m u ta tiv e
g ro u p ¡ , en d o w ed w ith su ch a fu n c tio n h , fo r w h ich ¡ = 2 ¡ is ¯ n ite, is n ec e ssa rily

¯ n itely g e n e ra te d .

A c c o u n ts o f th e p ro o f ca n b e fo u n d in th e b o o k s b y W e il a n d K a to { K u ro k a w a {
S a ito c ite d a b o v e , a s w ell a s in S ilv e rm a n { T a te, R a tio n a l po in ts o n ellip tic cu rves.

N o tic e th a t th e a d d itiv e g ro u p Q , th e m u ltip lica tiv e g ro u p Q £ , a n d th e è llip tic '
g ro u p E (Q ) d i® e r fro m e a ch o th e r g rea tly in th e ir stru c tu re . B y c o n tra st, th e
c o rre sp o n d in g lo ca l resu lt sa y s th a t fo r a n e llip tic cu rv e E o v e r R , th e g ro u p
E (R ) h a s a su b g ro u p o f in d ex a t m o st 2 iso m o rp h ic to R = Z , a n d , fo r a n e llip tic

c u rv e E o v e r Q p (p p rim e ), E (Q p ) h a s a su b g ro u p o f ¯ n ite in d e x iso m o rp h ic to

Z p . T h u s, fo r a n ellip tic c u rv e E o v e r Q , a lth o u g h th e th ree g ro u p s Q , Q £ , E (Q )

h a v e v ery d i® e re n t stru c tu res, th ey a re à lm o st th e sa m e' e v e ry w h e re lo c a lly .
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F o r a g iv en E o v e r Q , th e to rsio n su b g ro u p o f E (Q ) is e a sy to d ete rm in e ( ¶E

L u tz ); fo r ex a m p le, th e to rsio n su b g ro u p o f C ® (Q ) c o n sists o f O a n d th e th re e

p o in ts (¡ 1 ; 0 ), (0 ; 0 ), (1 ; 0 ) o f o rd er 2 .

T h e o r e m 1 8 (B M a zu r [8 ]). L et E be a n ellip tic cu rve o ver Q . T h e to rsio n

su bgro u p o f E (Q ) is iso m o rp h ic to o n e o f th e ¯ fteen gro u p s

Z = m Z (m = 1 ; 2 ; : : : ; 1 0 ; 1 2 ); Z = 2 Z £ Z = 2 º Z (º = 1 ; 2 ; 3 ; 4 ):

a n d ea ch o f th ese gro u p s occu rs a s th e to srio n su bgro u p o f E (Q ) fo r in ¯ n itely
m a n y E .

N o u n co n d tio n a l m e th o d is k n o w n , h o w ev er, fo r d ete rm in in g th e ra n k o f E (Q )

fo r a g iv e n E . T h e se t o f p o ssib le ra n k s fo r v a ria b le E (o v er Q ) is n o t k n o w n

e ith e r, b u t N E lk ies h a s rec e n tly p ro d u c e d e x a m p les w h e re rk E (Q ) is a t le a st 2 8 .
W e sh a ll m o stly co n c en tra te o n th e q u estio n o f d ec id in g if th e ra n k is 0 o r > 0 .

L e t p b e a p rim e n u m b e r a n d le t E b e a n e llip tic c u rv e o v er Q p , g iv e n b y (5 ).

W e m a y a ssu m e b y a ch a n g e o f v a ria b le s th a t a i 2 Z p ; th e d isc rim in a n t ¢ is

th e n in Z p . If th e a i 2 Z p c a n b e so ch o se n th a t ¢ 2 Z £
p , w e sa y th a t E h a s

good red u ctio n a t p ; if so , eq u a tio n (5 ), rea d m o d u lo p , d e ¯ n es a n e llip tic cu rv e
E p { u n iq u e ly d ete rm in e d b y E a n d p { o v er th e ¯ n ite ¯ e ld F p , a n d th ere is a

h o m o m o rp h ism E (Q p ) ! E p (F p ) w h ich se n d s a p o in t to th e red u ctio n m o d u lo p

o f a n y o f its re p re se n ta tiv es (x : y : z ) w ith c o o rd in a tes in Z p a n d a t le a st o n e

c o o rd in a te in Z £
p . A n y g iv en e llip tic cu rv e E o v e r Q h a s g o o d re d u ctio n a t a lm o st

a ll p rim e s b e c a u se th e d e¯ n in g eq u a tio n (5 ) c a n b e ta k e n to h a v e c o e ± cie n ts in
Z a n d b ec a u se th e d iscrim in a n t ¢ h a s o n ly ¯ n ite ly m a n y p rim e fa cto rs.

T h e re is a c rite rio n fo r g o o d re d u ctio n ( Ǹ ¶e ro n -O g g -S h a fa rev ich '). L e t ¹Q p b e

a n a lg eb ra ic c lo su re o f Q p . T h e re is a u n iq u e ex te n sio n o f v p to a v a lu a tio n

v p : ¹Q £
p ! Q o f w h ich th e re sid u e ¯ e ld ¹F p is a n a lg e b ra ic clo su re o f F p . T h e

in ertia gro u p is th e k ern e l o f th e n a tu ra l su rje ctio n G a l( ¹Q p jQ p ) ! G a l( ¹F p jF p ); it

a c ts o n th e m -to rsio n m E ( ¹Q p ) { th e k ern el o f th e m u ltip lic a tio n b y m { fo r e v e ry
in te g e r m .

T h e o r e m 1 9 (J -P S erre a n d J T a te [9 ]). A n ellip tic cu rve E o ver Q p h a s good

red u ctio n if a n d o n ly if th e th e a ctio n o f th e in ertia gro u p o n m E ( ¹Q p ) is trivia l

fo r every m p rim e to p .
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O n e m ig h t a sk to w h a t e x ten t E is d e te rm in e d b y th e th e n u m b e r jE p (F p )j o f

p o in ts m o d u lo p fo r v a ry in g p . W e sa y th a t tw o e llip tic cu rv es a re isogen o u s if
th e ir fu n ctio n ¯ eld s c a n b e e m b ed d e d in to e a ch o th er.

T h e o r e m 2 0 (G F a ltin g s [1 0 ]). If E 0 is a n ellip tic cu rve o ver Q su ch th a t

jE 0
p (F p )j = jE p (F p )j fo r a lm o st a ll p rim es p , th en E 0 is isogen o u s to E .

If tw o e llip tic c u rv e s a re iso g e n o u s, th e y h a v e g o o d re d u c tio n a t th e sa m e p rim es
(c f. T h e o re m 1 9 ). W e m ig h t w ish to ¯ x a ¯ n ite se t T o f p rim e s a n d a sk fo r a
ch a ra c terisa tio n o f a ll ellip tic c u rv es w h ich h a v e g o o d re d u c tio n o u tsid e T { a t
e v e ry p rim e p =2 T . T h e ¯ rst step is th e fo llo w in g resu lt:

T h e o r e m 2 1 (I S h a fa re v ich , 1 9 6 2 ). G iven a ¯ n ite set T o f p rim es, th ere a re
o n ly ¯ n itely m a n y ellip tic cu rves o ver Q h a vin g good red u ctio n a t every p rim e
p =2 T .

A n o th e r re su lt o f S h a fa re v ich sta te s th a t th e re a re n o e llip tic c u rv es o v e r Q w h ich
h a v e g o o d re d u ctio n e v e ry w h e re . T h is is a n a n lo g u e o f M in k o w sk i's th e o re m
a c c o rd in g to w h ich th e re is n o ¯ n ite ex te n sio n o f Q (o th e r th a n Q itse lf) w h ich
is e v e ry w h ere u n ra m ī e d : th e d isc rim in a n t c a n n o t b e § 1 .

T h e re is a se n se in w h ich th e m o re fu n d a m e n ta l q u a n tity is n o t jE p (F p )j b u t

a p (E ), d e ¯ n ed b y jE p (F p )j = 1 ¡ a p (E ) + p , a n d th ere is se n se in w h ich th e

fo llo w in g th e o re m is th e a n a lo g u e, fo r fu n ctio n ¯ eld s o f ellip tic cu rv es o v e r ¯ n ite
¯ e ld s, o f th e fa m o u s R iem a n n H y p o th e sis: T̀ h e z ero s in th e critic a l strip 0 <

R e(s ) < 1 o f th e z e ta fu n c tio n ³ o f Q h a v e re a l p a rt 1
2 '.

T h e o r e m 2 2 (H H a sse, 1 9 3 3 ). L et A be a n ellip tic cu rve o ver a ¯ n ite ¯ eld k o f

q elem en ts, a n d d e¯ n e a by jA (k )j = 1 ¡ a + q . T h en ja j · 2
p

q .

R etu rin g to o u r E o v e r Q , B irch a n d S w in n e rto n -D y e r a rg u e d th a t if E (Q ) is

in ¯ n ite , th e g ro u p s E p (F p ) (fo r p a p rim e o f g o o d red u c tio n fo r E ) sh o u ld h a v e

m o re e le m en ts ò n th e a v e ra g e ' th a n if E (Q ) is ¯ n ite . In v iew o f H a sse 's th eo rem ,

th e p ro d u c t
Q

p
p

jE p (F p )j sh o u ld d iv erg e to 0 if th e ra n k is > 0 , a n d c o n v e rg e to a

lim it 6= 0 if th e ra n k is 0 . T h is is m a d e p re c ise in te rm s o f th e L -fu n c tio n o f E .

F o r a p rim e p o f g o o d re d u ctio n fo r E , w e h a v e th e n u m b e r a p (E ); fo r c̀o h o m o -

lo g ica l' re a so n s, c o n sid e r th e in ¯ n ite p ro d u c t (fo r s 2 C )
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L (E ; s ) =
Y

p

1

1 ¡ a p (E ):p ¡ s + p :p ¡ 2 s
.

T h e o re m 2 2 im p lie s th a t th is c o n v e rg e s fo r R e (s ) > 3
2 , b u t m o re is tru e :

T h e o r e m 2 3 (A W ile s, R T a y lo r, F D ia m o n d , B C o n ra d , C B re u il, 1 9 9 5 { 2 0 0 0 ).

T h e fu n ctio n L (E ; s ) a d m its a n a n a ly tic co n tin u a tio n to th e w h o le o f C .

F o r th e c o n g ru e n t n u m b er e llip tic cu rv es C ® , th is is d u e to A n d r¶e W e il. T h e re is a
w a y o f in tro d u cin g fa c to rs in L (E ; s ) c o rre sp o n d in g to th e p rim e s w h ich d iv id e ¢ ,

a n d in d e ed to th e p la c e 1 . T h is c̀ o m p le te d ' L -fu n ctio n ¤ (E ; s ) h a s a f̀u n c tio n a l

e q u a tio n ' fo r s 7! 2 ¡ s , ju st a s th e ³ -fu n ctio n , w h e n c̀ o m p le te d ', h a s a fu n c tio n a l
e q u a tio n fo r s 7! 1 ¡ s .

N o te th a t th e p ro d u ct
Q

p
p

jE p (F p )jis fo rm a lly e q u a l to L (E ; 1 ). T h e a b o v e h eu ristic

c o n sid e ra tio n s a n d e x te n siv e c a lc u la tio n s o n o n e o f th e ¯ rst e lec tro n ic co m p u ters
a t C a m b rid g e le d to th e fo llo w in g co n jec tu re .

C o n je c t u r e 2 4 (B B irch a n d P S w in n e rto n -D y e r, 1 9 6 5 ). T h e gro u p E (Q ) is

in ¯ n ite if a n d o n ly if L (E ; 1 ) = 0 . M o re p recisely , its ra n k equ a ls th e o rd er o f

va n ish in g o f L (E ; s ) a t s = 1 .

T h e o rd e r o f v a n ish in g o f th e c o m p le te d L -fu n c tio n ¤ (E ; s ) is th e sa m e a s th a t

o f L (E ; s ) a t s = 1 . T h ere is a re ¯ n e d v ersio n o f C o n je ctu re 2 4 w h ich g iv e s th e

le a d in g co e ± c ien t o f ¤ (E ; s ) a t s = 1 in te rm s o f th e lo ca l a n d g lo b a l a rith m etic
in v a ria n ts o f th e c u rv e E ; its fo rm u la tio n is su b je ct to th e tru th o f C o n je c tu re 2 6 .

C o n jec tu re 1 3 fo llo w s fro m C o n jec tu re 2 4 , th a n k s to th e fo llo w in g c rite rio n :

T h e o r e m 2 5 (J T u n n ell [2 ]). F o r a squ a refree in teger ® = j n (j = 1 ; 2 a n d n

od d ), o n e h a s L (C ® ; 1 ) = 0 if a n d o n ly if c j (n ) = 0 .

T h e ellip tic c u rv e E h a s th e fu n c tio n ¯ eld Q l(E ) a t th e v a rio u s p la c es l o f Q .
J u st a s w e d id in th e ca se o f th e co n g ru e n t n u m b er ellip tic cu rv es C ® , w e n o w
c o n sid e r th e set S E o f (iso m o rp h ism cla sses o f) a ll fu n c tio n ¯ e ld s o v e r Q w h ich

b e c o m es iso m o rp h ic to Q l(E ) a t e v e ry p la c e l; o f co u rse , Q (E ) b e lo n g s to S E .

C o n je c t u r e 2 6 (I S h a fa re v ich a n d J T a te). F o r every ellip tic cu rve E o ver Q ,
th e set S E is ¯ n ite.
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T h e o rig in a l co n jec tu re a sse rts th e ¯ n iten e ss, fo r e v e ry E o v e r Q , o f th e gro u p
X (E ) o f t̀o rso rs' u n d er E w h ich a re èv ery w h e re lo c a lly triv ia l'. T h is is e q u iv a le n t
to th e ¯ n ite n e ss o f S E .

Y u ri M a n in h a s in tro d u c ed a n ò b stru c tio n ' to e x p la in th e fa ilu re o f th e lo ca l-
to -g lo b a l p rin c ip le fo r th e fu n ctio n ¯ e ld Q (E ) o f a n e llip tic cu rv e E o v er Q . H e
sh o w s th a t th e ¯ n ite n ess o f S E is e q u iv a le n t to h is o b stru ctio n b ein g th e o n ly
o n e .

T h e e q u a tio n x 3 + y 3 + 6 0 = 0 c a n b e p u t in th e fo rm (5 ) b y a ch a n g e o f v a ria b le s;
it th ere fo re d e ¯ n e s a n e llip tic c u rv e .

E x a m p le 2 7 (B M a z u r [4 ]). F o r E d e¯ n ed by x 3 + y 3 + 6 0 = 0 , th e set S E

co n sists o f Q (E ) a n d th e fu n ctio n ¯ eld s d e¯ n ed by

3 x 3 + 4 y 3 + 5 ; 1 2 x 3 + y 3 + 5 ; 1 5 x 3 + 4 y 3 + 1 ; 3 x 3 + 2 0 y 3 + 1 :

T h e b e st a v a ila b le resu lt in th e d ire ctio n o f C o n jec tu re s 2 4 a n d 2 6 to d a te ,
th e fru it o f a su c ce ssio n o f p a p e rs b y n u m ero u s m a th e m a tic ia n s, is a th e o re m o f

V ic to r K o ly v a g in , o f w h ich th e th e o re m o f C o a tes a n d W ile s (T h e o re m 1 4 ) is a
p a rtic u la r c a se , a n d w h ich su b su m es so m e o f th e re su lts o f B en ed ic t G ro ss a n d
D o n Z a g ie r [1 1 ].

T h e o r e m 2 8 (V K o ly v a g in [1 2 ]). If L (E ; 1 ) 6= 0 , th en E (Q ) is ¯ n ite. If L (E ; s )

h a s a sim p le zero a t s = 1 , th en E (Q ) h a s ra n k 1 . In bo th th ese ca ses, th e set
S E is ¯ n ite.

If th e ze ro a t s = 1 h a s m u ltip lic ity > 1 , C o n je ctu re 2 6 is n e e d ed (C f. T h e o -

re m 1 5 ):

T h e o r e m 2 9 (C S k in n er a n d ¶E U rb a n [1 3 ]). S u p po se th a t L (E ; 1 ) = 0 a n d th a t

th e set S E is ¯ n ite. T h en th e gro u p E (Q ) is in ¯ n ite.

T h e re is a p a ra llel th eo ry o f e llip tic c u rv e s E o v e r fu n ctio n ¯ e ld s F o v er ¯ n ite
¯ e ld s. T h e a n a lo g u e o f M o rd ell's th eo rem (T h eo rem 1 7 ) is tru e : th e g ro u p E (F )

is ¯ n itely g en e ra te d . K K a to a n d F T rih a n [1 4 ] h a v e p ro v e d th e a n a lo g u e o f (th e

re ¯ n ed v ersio n o f) th e B irch a n d S w in n e rto n -D y e r co n je ctu re (C o n je c tu re 2 4 ),

su b je ct to th e tru th o f th e a n a lo g u e o f th e S h a fa rev ich -T a te co n je ctu re (C o n je c-

tu re 2 6 ).

T h e stu d y o f s̀p ec ia l v a lu es' o f L -fu n ctio n s, o f w h ich th e re¯ n ed co n jec tu re o f
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B irch a n d S w in n e rto n -D y e r is th e p ro to ty p e , is o n e o f th e m a jo r th e m es o f c o n -
te m p o ra ry a rith m e tic. T h is is a v e ry a ctiv e a re a in w h ich P D e lig n e , S B lo ch ,
A B e ilin so n , K K a to , J -M F o n ta in e , B P e rrin -R io u , a m o n g o th e rs, h a v e m a d e

se m in a l c o n trib u tio n s.

7 . C o m p le x M u lt ip lic a t io n s

L e t E b e a n ellip tic cu rv e o v e r ¹Q , d e ¯ n e d b y a n eq u a tio n f (x ; y ) = 0 . B e c a u se E

h a s a g ro u p la w , th e re a re m a n y em b e d d in g s o f th e fu n c tio n ¯ e ld ¹Q (E ) = ¹Q (x ; y )

in to itse lf: fo r e v e ry in te g e r n 6= 0 , th ere is a n em b e d d in g [n ]E w h ich se n d s x ; y to

x n ; y n , th e c o o rd in a te s o f th e m u ltip le n P o f th e p o in t P = (x ; y ); th e e m b ed d in g

[n ]E is o f d e g re e n 2 . F o r ex a m p le , w h en E is th e co n g ru e n t n u m b e r e llip tic cu rv e

C ® (4 ) a n d n = ¡ 1 , it is th e a u to m o rp h ism x 7! x , y 7! ¡ y o f th e fu n c tio n ¯ eld ;
w h e n n = ¡ 2 , it is th e d e g re e-4 e m b ed d in g g iv e n in E x e rcise 7 .

In a sen se, fo r m o st ellip tic cu rv e s, th e se a re th e o n ly e m b ed d in g s o f th e fu n ctio n
¯ e ld in to itse lf. B u t th e re a re so m e e llip tic c u rv es fo r w h ich th e re a re m o re
e m b e d d in g s, fo r e x a m p le th e a u to m o rp h ism x 7! ¡ x , y 7! iy (i b e in g a ch o sen

sq u a re ro o t o f ¡ 1 ) o f ¹Q (C ® ) w h o se sq u a re is [¡ 1 ]C ® . In su ch a c a se w e sa y th a t th e
e llip tic cu rv e E h a s c̀o m p le x m u ltip lic a tio n s'; it th en d ete rm in e s a n im a g in a ry

q u a d ra tic ¯ eld K , th e ¯ e ld o f fra c tio n s o f th e rin g o f ¹Q -en d o m o rp h ism s o f E . In
th e c a se o f th e c u rv e s C ® , it is Q (i). W e sa y th a t E h a s c o m p le x m u ltip lic a tio n s
b y K .

T h e a rith m etic p ro p e rtie s o f ellip tic c u rv e s d i® e r v a stly a c c o rd in g a s th e y h a v e
c o m p le x m u ltip lica tio n s o r n o t. F o r e x a m p le , fo r ellip tic cu rv es h a v in g co m -
p lex m u ltip lic a tio n s, th e th e o re m ` L (E ; 1 ) 6= 0 ) E (Q ) is ¯ n ite ' w a s p ro v e d b y

C o a te s-W ile s (c f. T h e o re m 1 4 ) a g o o d e le v e n y ea rs b efo re K o ly v a g in 's g e n e ra l

re su lt (c f. T h e o re m 2 8 ); th e a n a ly tic co n tin u a tio n o f L (E ; s ) w a s p ro v ed b y W eil
a n d M a x D e u rin g in 1 9 5 3 { 1 9 5 7 , m u ch b e fo re th e g e n e ra l re su lt o f W iles a n d h is
sch o o l in 1 9 9 5 { 2 0 0 0 (T h e o re m 2 3 ); th e im p lic a tio n ` L (E ; 1 ) = 0 a n d S E ¯ n ite )

E (Q ) in ¯ n ite ' w a s p ro v ed b y R u b in (cf. T h e o rem 1 5 ) so m e ¯ ftee n y ea rs b e fo re

th e g e n e ra l re su lt o f S k in n er{ U rb a n (T h e o rem 2 9 ).

W e illu stra te th e d i® ere n c es b y th ree ex a m p le s. F o r th e ¯ rst, re c a ll th a t a n

e llip tic c u rv e A o v e r F p is c a lle d su persin gu la r if th e p -to rsio n p A ( ¹F p ) is re d u c ed

to f O g , o r, e q u iv a le n tly fo r p 6= 2 ; 3 , if jA (F p )j = 1 + p (eq u iv a len tly, a = 0 , in

th e n o ta tio n o f T h eo rem 2 2 ). R etu rn in g to o u r E o v er Q , w e a sk : H o w o ften is
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E p su p e rsin g u la r? D e u rin g sh o w e d if E h a s c o m p lex m u ltip lic a tio n s, th e n th is

h a p p e n s fo r h a lf th e p rim es p (c f. E x a m p le 3 3 ); if n o t, S erre p ro v e d th a t th e se t
o f su p ersin g u la r p rim es h a s d e n sity 0 . T h a t it is in ¯ n ite is a re la tiv e ly rec e n t
re su lt.

T h e o r e m 3 0 (N E lk ie s [1 5 ]). F o r every ellip tic cu rve E o ver Q , th ere a re
in ¯ n ite ly m a n y p rim es p a t w h ich E p is su persin gu la r.

F o r th e se c o n d e x a m p le , re ca ll th a t fo r ev ery p rim e p , if w e a d jo in th e p -to rsio n

o f th e m u ltip lic a tiv e g ro u p ¹Q £ , w h ich c o n sists o f p th ro o ts o f 1 , to Q , w e g e t
a g a lo isia n e x te n sio n Q (p ¹ ) w h o se g ro u p o f a u to m o rp h ism s is G a l(Q (p ¹ )jQ ) =

G L 1 (F p ). F o r a n ellip tic c u rv e E o v e r Q , th e p -to rsio n o f E ( ¹Q ) is a 2 -d im en sio n a l

v e c to r F p -sp a c e ; if w e a d jo in it to Q , w e g e t a g a lo isia n ex te n sio n Q (p E ). W h a t

is G a l(Q (p E )jQ )?

T h e o r e m 3 1 (J -P S e rre [1 6 ]). S u p po se th a t E d oes n o t h a ve co m p lex m u ltip li-

ca tio n s. T h en th e gro u p o f a u to m o rp h ism s o f Q (p E ) is G L 2 (F p ) fo r a lm o st a ll

{ a ll bu t ¯ n itely m a n y { p rim es p .

T h e c o rre sp o n d in g lo c a l re su lt fo r E o v e r Q l sa y s, a t le a st in th e c a se o f g o o d

re d u ctio n , th a t G a l(Q l(p E )jQ l) is c y clic fo r l 6= p (cf. T h e o re m 1 9 ).

If E (o v er Q ) h a s c o m p lex m u ltip lic a tio n s, th e g ro u p o f a u to m o rp h ism s is m u ch
sm a lle r: if K { a n im a g in a ry q u a d ra tic ¯ e ld { is th e ¯ eld o f c o m p lex m u ltip lic a -
tio n s, th en K (p E ) is a n a b e lia n ex te n sio n o f K . H o w ev er, su ch E serv e a d i® e ren t,

if rela te d , p u rp o se .

R ec a ll th a t th e th e o re m o f K ro n e ck er{ W e b e r a sse rts th a t if w e a d jo in th e en tire

to rsio n su bgro u p o f ¹Q £ { a ll roo ts o f 1 { to Q , w e get its m a xim a l a belia n
exten sio n . G en era tin g th e m a x im a l a b e lia n e x te n sio n o f o th e r n u m b er ¯ e ld s is a
m a jo r o p e n p ro b lem (K ro n e ck e r's J u gen d tra u m , H ilb ert's P ro b le m 1 2 ); th e th eo ry

o f c o m p lex m u ltip lica tio n s p ro v id es th e a n sw e r in th e c a se o f im a g in a ry q u a d ra tic
¯ e ld s, a s in th e n e x t e x a m p le .

E x a m p le 3 2 . L et E be th e ellip tic cu rve y 2 = x 3 + x , w h ich h a s co m p lex

m u ltip lica tio n s by Q (i) (i =
p

¡ 1 ). If w e a d jo in th e en tire to rsio n su bgro u p o f

E ( ¹Q ) to Q (i), w e get its m a xim a l a belia n exten sio n .

O u r th ird ex a m p le c o n c e rn s a f̀o rm u la ' fo r a p (E ) fo r a ¯ x e d E a n d v a ry in g p .
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T h e re is in d ee d su ch a fo rm u la if E h a s co m p le x m u ltip lic a tio n s, a s illu stra ted

b y a th e o re m o f G a u ss a b o u t th e c u rv e x 3 + y 3 + 1 = 0 (w h ich c a n b e p u t in

th e ca n o n ic a l fo rm (5 ), a n d h a s co m p le x m u ltip lic a tio n s b y Q (³ 3 ), w h ere ³ 3 is a

p rim itiv e c u b e ro o t o f 1 ). It u se s th e fa c t th a t fo r a p rim e p ´ 1 (m o d : 3 ), th e re

is a p a ir o f in te g e rs (c p ; d p ), u n iq u e u p to sig n s, su ch th a t 4 p = c 2
p + 2 7 d 2

p ; to ¯ x

th e sig n o f c p , a ssu m e th a t c p ´ ¡ 1 (m o d : 3 ).

E x m a p le 3 3 (C G a u ss, 1 8 0 1 ). L et E be th e ellip tic cu rve x 3 + y 3 + 1 = 0 a n d p a

p rim e . If p ´ 1 (m o d : 3 ), th en a p (E ) = c p . If p ´ ¡ 1 (m o d : 3 ), th en a p (E ) = 0 .

S e e S ilv e rm a n { T a te fo r a p ro o f. N o te th a t th is im p lie s T h e o re m 2 2 fo r E .

B y co n tra st, if E d o e s n o t h a v e c o m p lex m u ltip lic a tio n s, th e b eh a v io u r o f th e
a p (E ) is e n tirely d i® ere n t. M ik io S a to a n d J o h n T a te in d e p e n d e n tly a rriv e d a t a

c o n je ctu ra l d istrib u tio n la w fo r ° p (E ) = a p (E )= 2
p

p , w h ich lie s b e tw e e n ¡ 1 a n d

+ 1 fo r e v e ry p (c f. T h e o re m 2 2 ). H o w o fte n d o e s it lie in [̄ ; ± ] ½ [¡ 1 ; + 1 ]?

C o n je c t u r e 3 4 (M S a to a n d J T a te, 1 9 6 0 ). S u p po se th a t E d oes n o t h a ve co m -

p lex m u ltip lica tio n s, a n d let [̄ ; ± ] ½ [¡ 1 ; + 1 ] be a n in terva l. T h en th e p ro po rtio n

o f p rim es p fo r w h ich ° p (E ) 2 [̄ ; ± ] is given by

2

¼

Z ±

¯

p
1 ¡ x 2 d x :

T h is c o n je ctu re h a s b e e n p ro v ed , su b je ct to a m ild te ch n ica l h y p o th e sis o n E , b y
L a u ren t C lo z e l, M ich a e l H a rris, N ich o la s S h e p h e rd -B a rro n a n d R ich a rd T a y lo r in
a se rie s o f th re e p a p e rs in ea rly 2 0 0 6 . T h e te ch n ic a l h y p o th esis d em a n d s th a t
E h a v e m̀ u ltip lic a tiv e red u c tio n ' a t so m e p rim e p , w h ich m ea n s ro u g h ly th a t
th e b est p o ssib le re d u c tio n a t p is n o t a n e llip tic c u rv e E p a s in th e ca se o f

g o o d re d u c tio n , b u t th e m u ltip lic a tiv e g ro u p (a n d n o t th e a d d itiv e g ro u p { th e

th ird p o ssib ility ). A n a lg o rith m d u e to T a te a llo w s o n e to d e term in e th e ty p e o f

re d u ctio n a t a n y g iv e n p in term s o f th e c o e± c ie n ts a i (5 ) d e ¯ n in g E . C o n cre te ly ,

a lth o u g h w e c a n n o t ch o o se a i 2 Z p w ith m in im a l v p (¢ ) so a s to h a v e v p (¢ ) = 0 ,

th e y c a n b e so ch o sen a s to h a v e v p (c 4 ) = 0 , w h ere c 4 = b 2
2 ¡ 2 3 :3 :b 4 , a n d th e b i

a re d isp la y e d a fte r e q u a tio n (5 ). It is o n ly a m a tter o f tim e b efo re th is h y p o th esis

is re m o v ed .

T h e o r e m 3 5 (L C lo z e l, M H a rris, N S h ep h erd -B a rro n a n d R T a y lo r [1 7 ]). C o n -
jectu re 3 4 is tru e if E h a s m u ltip lica tive red u ctio n a t so m e p rim e p .
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8 . M o d u la r F o r m s

W e h a v e n o t m e n tio n e d th e m , a lth o u g h th e y h a v e a p p ea red in th e se n o tes w ith o u t
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w ere en u n c ia te d o n ly fo r th o se e llip tic c u rv e s w h o se L -fu n ctio n s h a v e th is m o d -
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