
394 RESONANCE  April 2008

THINK IT OVER

Think It Over

This section of Resonance presents thought-provoking questions, and dis-

cusses answers a few months later. Readers are invited to send new questions,

solutions to old ones and comments, to ‘Think It Over’, Resonance, Indian

Academy of Sciences, Bangalore 560 080. Items illustrating ideas and concepts

will generally be chosen.
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Problem1: Suppose n birds land randomly on a wire connecting

two columns, where n  2. Each bird is watching its nearest

neighbour. What is the expected number of unwatched birds?

Solution to How Many Birds are Unwatched

1 Soubhik Chakraborty, Reso-

nance, Vol. 13, No.1, p.88,

January 2008.

L e t th e le n g th o f th e w ire b e w . L e t P 1 · P 2 · P 3 ·
¢ ¢ ¢ · P n b e th e p o in ts w h e re th e b ird s la n d e d . F ro m
w h a t is g iv e n , w e m a y ta k e (P 1 ; P 2 ; P 3 ; : : : ; P n ) to re p re -
se n t n o rd e r sta tistic s fo r a sa m p le o f size n d ra w n fro m
U (0 ; w ) d istrib u tio n . T h e jo in t d e n sity o f th e ra n d o m
v a ria b le s P 1 ; P 2 ; P 3 ; : : : ; P n tu rn s o u t to b e

f (p 1 ; p 2 ; : : : ; p n )

=

½
n !

w n fo r 0 < p 1 < p 2 < ¢ ¢ ¢ < p n < w

0 o th e rw ise
:

T h e re a d e r is en c o u ra g e d to su p p ly th e p ro o f (se e [2 ]).
N o w d e ¯ n e d ista n c es D 1 = P 1 ; D i = P i ¡ P i¡ 1 ; i =
2 ; : : : ; n , a s sh o w n in F igu re 1 .

T h e in v e rse tra n sfo rm a tio n is P i = D 1 + D 2 + ¢ ¢ ¢ + D i
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Figure 1.

w ith J a co b ia n o f tra n sfo rm a tio n a s u n ity (p ro v e !).

A cc o rd in g ly th e jo in t d e n sity o f D 1 ; D 2 ; : : : D n is

g (d 1 ; d 2 ; : : : ; d n ) =
½

n !
w n fo r 0 < d i < w ; i = 1 ; 2 ; : : : ; n ;

P n
i= 1 d i < w

0 o th erw ise
:

O b se rv e th a t d e n sity g is a sy m m e tric fu n c tio n w h e n ce
D i 's a re ex ch a n g e a b le ra n d o m v a ria b le s (ra n d o m v a ri-

a b le s a re c a lle d e x ch a n g ea b le if th eir jo in t d istrib u tio n
is th e sa m e n o m a tte r in w h ich o rd e r th ey a re o b serv ed ).
F o r m o re o n e x ch a n g ea b ility , se e [1 ].

W e n o w co n sid er tw o ca se s:

C a se A : n ¸ 4 .

L e t u s g ro u p th e b ird s in th re e c a te g o rie s.

C a teg o ry 1 : T h e b ird s a t b o th en d s. T h ere a re tw o su ch
b ird s.

C a teg o ry 2 : T h e b ird s in p e n u ltim a te p o sitio n s. T h ere
a re a g a in tw o su ch b ird s.

C a teg o ry 3 : T h e rem a in in g n ¡ 4 b ird s.

If D 2 > D 3 , le ft m o st b ird is u n w a tch ed . D u e to e x -
ch a n g e a b ility o f th e D i 's, w e h a v e P (D 3 < D 2 ) = P (D 2 <

D 3 ) = 1
2 . T h e p e n u ltim a te b ird is a lw a y s w a tch e d (th e

e n d b ird w a tch e s it!). If 3 · i · n ¡ 2 , w e o b se rv e
th a t th e ith b ird is u n w a tch e d w h e n D i > D i¡ 1 a n d
D i+ 2 < D i+ 1 . N o w P (D i > D i¡ 1 \ D i+ 2 < D i+ 1 ) =
P (D i > D i¡ 1 )P (D i+ 2 > D i+ 1 ) b y c o m p o u n d th eo rem o f

p ro b a b ility .
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A g a in , d u e to e x ch a n g e a b ility, P (D i > D i¡ 1 ) = P (D i <

D i¡ 1 ) = 1
2

a n d P (D i+ 2 < D i+ 1 ) = P (D i+ 2 > D i+ 1 ) = 1
2

so th a t P (ith b ird is u n w a tch e d , 3 · i · n ¡ 2 ) =
1
2

£ 1
2

= 1
4

. T h e situ a tio n a t th e rig h t e n d is sim ila r to
th a t a t th e le ft. S in ce a ra n d o m ly ch o se n b ird o c cu p ie s
p o sitio n i w ith p ro b a b ility 1

n
, it fo llo w s fro m a b o v e, u sin g

la w o f to ta l p ro b a b ility , th a t a ra n d o m ly ch o se n b ird is
u n w a tch e d w ith p ro b a b ility

µ
1

n
£

1

2

¶

+
µ

1

n
£ 0

¶

+
½

(n ¡ 4 )£
1

n
£

1

4

¾

+
µ

1

n
£ 0

¶

+
µ

1

n
£

1

2

¶

=
1

4
:

(In te re stin g ly , th is p ro b a b ility is n o t a fu n c tio n o f
n ; n ¸ 4 )

N ex t d e ¯ n e ra n d o m v a ria b le s Y i's a s

Y i =

(
1 ; if ith b ird is u n w a tch ed

0 , o th e rw ise:

D e ¯ n e p ro b a b ilitie s p 0
i = P (y i = 1 ); i = 1 ; 2 ; : : : ; n .

W e h a v e sh o w n th a t

p 0
1 = p 0

n =
1

2
;

p 0
2 = p 0

n ¡ 1 = 0 ;

a n d p 0
i =

1

4
; 3 · i · n ¡ 2 :

S in ce th e to ta l n u m b e r o f u n w a tch e d b ird s is Y =
P n

i= 1 Y i,
th e e x p e cte d n u m b er o f u n w a tch ed b ird s is

E (Y ) = E

µ nX

i= 1

Y i

¶

=
nX

i= 1

E (Y i) = 2 £
1

2
+ 2 £ 0 + (n ¡ 4 )£

1

4

=
n

4
:
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C a se B : C o n sid er n · 3 .

If n = 3 , w e h a v e tw o b ird s o f c a te g o ry 1 a n d o n e b ird
o f ca teg o ry 2 , w h ich is th e m id d le b ird .

T h e p ro b a b ility th a t a ra n d o m ly ch o se n b ird is u n w a tch e d
is

µ
1

3
£

1

2

¶

+
µ

1

3
£ 0

¶

+
µ

1

3
£

1

2

¶

=
1

3
;

a rg u in g a s e a rlie r.

T h e e x p e c ted n u m b er o f u n w a tch e d b ird s is 1 b e c a u se

th e m id d le b ird is w a tch ed b y b o th th e e n d b ird s w h ile
th e m id d le b ird itse lf w ill b e w a tch in g e ith e r th e b ird o n
left (rig h tm o st b ird is u n w a tch ed ) o r th e b ird o n rig h t
(le ftm o st b ird is u n m a tch e d ) w h ich e v e r is n e a re r. T h e
c a se n = 2 is triv ia l. T h e re a re tw o b ird s o f c a te g o ry

1 , ea ch w a tch in g th e o th e r lea d in g to e x p e cta tio n o f u n -
w a tch ed b ird s b e in g z e ro .




