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In th is a rtic le w e d isc u ss h o w th e c o n c e p t o f

q u a n tu m o f e n e rg y c a m e in to b e in g fro m th e

a n a ly sis o f b la ck -b o d y sp e c tru m . W e sta rt o u r

d isc u ssio n w ith th e w o rk o f W ie n w h o d isc o v e re d

th e g e n e ra l fo rm o f b la ck -b o d y sp e c tru m a n d o n

th e b a sis o f h is d isc o v e ry p ro p o se d a fo rm u la to

o b ta in p o w e r ra d ia te d fro m a b la c k b o d y a s a

fu n c tio n o f its te m p e ra tu re a n d th e fre q u e n c y o f

ra d ia tio n . W e th e n fo c u s o n th e w o rk o f P la n ck

w h o m o d i¯ e d W ie n 's fo rm u la to b rin g it in c lo se

a g re e m e n t w ith th e e x p e rim e n ta l re su lts. H o w -

e v e r, th e re a l g re a tn e ss o f P la n ck is d isp la y e d in

h is in te rp re ta tio n o f th e m o d i¯ e d fo rm u la th a t

le d h im to in tro d u c e th e re v o lu tio n a ry c o n c e p t

o f th e q u a n tu m o f e n e rg y . H o w P la n c k a rriv e d

a t th is c o n c lu sio n is d e sc rib e d in d e ta il. W e c o n -

c lu d e th e a rtic le w ith a d isc u ssio n o f th e g e n e r-

a liz a tio n o f th e c o n c e p t o f q u a n ta b y E in ste in to

p ro p o se q u a n tiz a tio n o f ra d ia tio n a s w e ll a s o f

m e c h a n ic a l v ib ra tio n s.

In tro d u c tio n

T h e story of th e con cep t o f q u a n tu m o f en ergy is n ot
on ly fascin atin g b u t also an ep o ch -m ak in g o n e as it
com p letely ch an g ed th e w ay w e th ou g h t ab ou t N a tu re.

W h a t started a s a sim p le in terp o lation form u la fo r m ak -
in g th eo retically d erived resu lt for th e b la ck -b o d y sp ec-
tru m m a tch w ith its ex p erim en ta l cou n terp art w as d es-
tin ed to ch a n ge h istory w h en P la n ck m a d e an a ttem p t
to u n d ersta n d w h at th e fo rm u la m ean t. P lan ck 's an a ly -
sis im p lied th at oscillato rs th a t gen erated electrom ag -

n etic rad iation cou ld h av e en ergies on ly in u n its of h º ,
w h ere h is th e P lan ck 's con sta n t a n d º is th e freq u en cy
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of th e oscillato r. A fter th is revo lu tion a ry id ea w as p u t

forth , it w as gen era lized a n d given a m u ch w id er m ea n -
in g b y E in stein w h o sh ow ed th at even rad iation cam e in
p ackets of en erg y. F u rth er, h e p rop osed th at n o t o n ly
oscillato rs co n n ected w ith electrom ag n etic rad iation b u t
m ech an ica l oscillato rs a lso ta ke en erg y on ly in u n its of

h º .

H ow d id th ese id eas com e in to b ein g ? H ow d id P lan ck
m ake h is in itial b reak th ro u gh ? T h ese are th e q u es-

tio n s th at w e are g oin g to ad d ress in th is a rticle. W e
sta rt w ith a d iscu ssion of th e b a ck grou n d ag ain st w h ich
P lan ck cam e in to th e scen e. W e ¯ rst d iscu ss w h at th e
b lack -b o d y sp ectru m sig n ī es? W e th en b rie° y p resen t
th e resu lts from electrom ag n etic th eory, th erm o d y n am -

ics a n d sta tistical m ech a n ics th a t w ere k n ow n in th e la st
d eca d e of th e n in eteen th cen tu ry a n d w h ich are relevan t
to u n d erstan d in g th e b la ck -b o d y sp ectru m . W e th en re-
v iew th e p a th b reak in g w o rk th a t W ien h ad d o n e in h is
an a ly sis of th e b lack -b o d y sp ectru m ; h e w as aw ard ed
th e N ob el P rize for th is w ork . H ow ev er W ien 's fo rm u la

for th e sp ectru m of b la ck -b o d y ra d ia tio n , alth ou gh accu -
rate for larg e va lu es o f º = T , d ev iated from ex p erim en ta l
resu lts for sm all valu es of º = T . T h is set th e sta ge for
P lan ck to m ak e h is sem in al co n trib u tion of in tro d u cin g
th e co n cep t o f q u an ta. T h e w ork b y P la n ck form s th e

m a jor p a rt of th e a rticle. T h e article con clu d es w ith a
d iscu ssion o f E in stein 's co n trib u tion in m ak in g th e co n -
cep t of q u an ta gen eral an d co n crete.

A B la ck B o d y a n d its S p e c tru m

W h en ra d ia tio n is in cid en t on an ob ject, som e p art of it
gets ab sorb ed b y th e b o d y, so m e p art gets re° ected a n d
th e rest g ets tra n sm itted . L et u s d e¯ n e th e a b sorp tive

p ow er a of th e b o d y as th e fra ction o f in cid en t en ergy
th at is ab sorb ed ; sim ila rly re° ectiv ity r is th e fraction
of in cid en t en ergy th at is re° ected an d th e tran sm ission
co e± cien t t is th e fra ction th at is tran sm itted th rou gh

Perfect black body
is defined to be the
one that is a
perfect absorber.
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Black soot of lamp
absorbs about 96%

of the visible light
incident on it.

Recently a new
material has been

made using carbon
nanotubes that

absorbs 99.955% of
radiation falling on it

and hence sets a
record for being the

darkest material.

th e b o d y. F u rth er, th ese q u an tities m ay also d ep en d on

th e w av elen gth o f ra d ia tio n . F or ex a m p le, th e ord in ary
glass in w in d ow p an es lets v isib le ligh t p a ss th ro u gh it
b u t ab sorb s u ltrav io let rad iation . W e d e¯ n e th e ab so rp -
tiv e p ow er, re° ectiv ity an d th e tran sm ission co e± cien t
for ea ch w av elen gth ¸ a s a ¸ ;r ¸ an d t¸ . T h u s, if rad iation

b etw een w avelen g th s ¸ an d ¸ + d ¸ w ith en ergy d Q ¸ is
in cid en t on a b o d y, th e en erg y ab sorb ed , re° ected a n d
tran sm itted w ill b e g iv en as fo llow s:

en ergy ab so rb ed = a ¸ d Q ¸
en ergy re° ected = r ¸ d Q ¸
en ergy tran sm itted = t¸ d Q ¸

(1)

It is ev id en t th at

a ¸ + r ¸ + t¸ = 1: (2)

D e¯ n itio n s a b ov e are su ± cien t to d escrib e a b lack b o d y.
T h e n am e m igh t h ave co m e fro m th e o b servation th at
b lack co lo u r su b stan ces a p p ear to ab so rb a lot of ra d ia -

tio n . T h u s a p erfect b lack b o d y is d e¯ n ed to b e th e on e
th at is a p erfect ab sorb er. In oth er w ord s, it ab so rb s
all th e rad iation of an y w av elen gth fa llin g on it an d n o
p o rtio n o f it is re° ected o r tra n sm itted . T h u s for a b lack
b o d y

a ¸ = 1 ;

r ¸ = 0;
t¸ = 0 :

(3)

O n e n atu ra lly o ccu rrin g su b stan ce th at com es clo se to
b ein g a b la ck b o d y is th e b la ck so ot of a la m p th at
ab sorb s ab o u t 96 % of th e v isib le ligh t alth ou g h lon ger

w avelen g th ra d ia tio n p a sses th rou g h it. (R ecen tly a n ew
m ateria l h as b een m ad e u sin g carb on n an o tu b es th at
ab sorb s 99 .95 5% o f rad iation fallin g on it a n d h en ce sets
a record for b ein g th e d arkest m ateria l (S ee Y an g et al.,
N an o L etters, 200 8)). T h u s a p erfect b la ck b o d y h a s to
b e d esign ed . T h is is d on e b y ta k in g a clo sed cav ity w ith
a sm all h o le in it for rad iation to en ter an d m ak in g su re
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Figure 1. A cavity with a
hole in it and jagged edges
on the opposite sides to
diffuse the radiation enter-
ing from the hole.

A body heated to a
certain
temperature also
emits radiation.

th at from th e op p osite sid e of th e h ole, th e rad iation gets

re° ected in som e o th er d irection , F igu re 1. T o m ake
su re th at n o rad iation is tran sm itted , i.e. t¸ = 0 for
all w avelen gth s, th e w alls of th e cav ity a re m a d e th ick .
T h u s fo r th e w alls of su ch a cav ity, a ¸ + r ¸ = 1.

W e n ow sh ow th a t th e cav ity in F igure 1 acts as a b lack
b o d y. C on sid er rad iation of w av elen gth ¸ en terin g from
th e h o le, as sh ow n b y an arrow in F igure 1 a n d su b se-
q u en tly gettin g m u ltip ly re° ected fro m th e in n er sid es of

th e cav ity. A s it re° ects, fra ction a ¸ of it g ets ab so rb ed
an d on ly fra ction r ¸ gets re° ected . W h en re° ected p o r-
tio n of th e rad iation strikes th e w alls aga in , a fu rth er
fractio n a ¸ o f it g ets ab sorb ed . T h u s ¯ n ally all th e ra -
d iation en terin g th e cav ity g ets ab so rb ed in it.

M ath em a tically, th is is seen easily b y ad d in g th e frac-
tio n s of ra d ia tio n ab sorb ed d u rin g each strike o n th e
w alls of th e cav ity. T h u s,

total fraction of radiation absorbed

= a ¸ + r ¸ a ¸ + r
2
¸ a ¸ + ¢¢¢

= a ¸ (1 + r ¸ + r
2
¸ + ¢¢¢)

= a ¸
1¡r¸

= 1 :

(4)

In th e a b ov e eq u ation th e fact th at a ¸ + r ¸ = 1 is u sed .
T h e p refect a b sorp tion of rad iation d iscu ssed ab ove is
tru e for an y w avelen gth . T h u s th e cav ity m ak es a p erfect
b lack b o d y. F u rth er d ow n , after d e¯ n in g th e em issive

p ow er of a b o d y, w e w ill give an o th er arg u m en t to sh ow
th at th e cav ity con sid ered h ere is in d eed a b la ck b o d y.

A b o d y h ea ted to a certain tem p era tu re also em its ra -
d iation . N ow w e d e¯ n e th e em issive p ow er e ¸ o f a b o d y.

C o n sid er a sm all a rea d A o f a b o d y sh ow n in F igu re 2 .
W e m ea su re en ergy u ¸ d ¸ b ein g em itted in th e d irection
p erp en d icu la r to d A in a sm a ll solid an gle d − in tim e d t
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Figure 2:  Radiation energy
being emitted from a small
area dA of a body in solid
angle dΩΩΩΩΩ perpendicular to
the area dA.

Emissive power of a
body at wavelength  λ
is the energy  emitted
per unit time per unit

area in a unit solid
angle perpendicular to

its area in the unit
range of the
wavelength.

an d d e¯ n e th e em issive p ow er e ¸ b y th e relation

e ¸ d ¸ =
u ¸ d ¸

d t d − d A
(5)

In oth er w o rd s, em issive p ow er o f a b o d y at w avelen g th ¸
is th e en ergy em itted p er u n it tim e p er u n it a rea in a u n it

so lid a n gle p erp en d icu lar to its area in th e u n it ran ge
of th e w avelen g th . H av in g d e¯ n ed em issiv e p ow er w e
n ow m ake ob servation s a b o u t ra d ia tio n in sid e a h o llow
cav ity, e.g ., th e on e sh ow n in F igu re 1 , fo llow ed b y an
ex p lan atio n :

(i) R a d ia tio n in a cav ity is iso trop ic: T ak e a sm all b o d y
w h ich h as p a rts m ad e u p o f m ateria ls o f d i® eren t em is-
sive p ow er an d ab sorp tion co e± cien t. N o m a tter h ow
it is orien ted in sid e th e cav ity, it w ill alw ay s b e in eq u i-

lib riu m w ith th e ra d ia tio n in sid e. T his show s that ra-
diation com in g from an y direction in side a cavity m ust
have the sam e quality i.e., it is isotropic.

(ii) N atu re of ra d ia tion is in d ep en d en t of th e m ateria l
an d g eo m etry o f cav ity : T ake a sm all b o d y w ith em is-
sive p ow er e ¸ a n d ab sorp tion co e± cien t a ¸ , a n d p u t it
in sid e a cav ity w ith tem p era tu re T . T h e b o d y co m es
in eq u ilib riu m a fter som e tim e, a tta in in g th e sam e tem -
p eratu re. If th e rad iation in sid e corresp o n d s to th at of

a b o d y w ith em issiv e p ow er E ¸ , th en eq u ilib riu m con d i-
tio n { th e rad iation ab so rb ed is th e sa m e a s ra d ia tio n
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The nature of radiation
inside a cavity has a
universal character
and is independent of
the material  it is made
of or its geometry, and
depends only on the
temperature.

If one looks at a
pocket made by three
or four  coals, it looks
brighter than the rest
of the fire,
demonstrating that
the emissive power of
a cavity is
comparatively larger.

given o u t b y th e b o d y { gives (A ppen dix 1)

e ¸

a ¸
= E ¸ :

E q u ilib riu m of th e sa m e b o d y, w h en p u t in sid e a n oth er
cav ity a t th e sa m e tem p eratu re b u t a d i® eren t em issive

p ow er E 0¸ w ill g iv e
e ¸

a ¸
= E 0¸ ;

w h ich im p lies th a t E ¸ = E 0¸ . T h u s, th e n atu re o f ra -
d iation in sid e a cav ity h a s a u n iversa l ch ara cter a n d is
in d ep en d en t of th e m a terial it is m a d e o f o r its g eo m etry,
an d d ep en d s o n ly o n th e tem p eratu re.

(iii) R ad iation in a cav ity corresp on d s to th a t of a b lack
b o d y : A fter p oin t (ii) th is is q u ite easy to see. T ake
th e b o d y th at is p u t in sid e th e cav ity to b e a p erfect
b lack -b o d y fo r w h ich a ¸ = 1 . T h en E ¸ tu rn s o u t to th e

sa m e as e ¸ for a b lack b o d y. A s a co rolla ry, K irch h o® 's
law for em issive p ow er a n d ab sorp tion co e± cien t also
follow s: T h e ratio o f em issiv e p ow er of a b o d y an d its
ab sorp tion co e± cien t is eq u al to th e em issiv e p ow er of
a b la ck b o d y.

(iv ) U n iversa lity of E ¸ : F in ally, as n oted ab ove a n d in
A ppen dix 1 , a s a resu lt o f K irch h o® 's law , b la ck -b o d y
rad iation h as a u n iversa l ch ara cter ab ou t it an d d ep en d s

on ly on th e tem p era tu re o f th e b lack b o d y.

T h e p ro p erties of ra d ia tio n in a cav ity d escrib ed a b ove
are ea sy to see in a collection of b u rn in g co als. If on e
lo o k s a t a p o cket m ad e b y th ree or fo u r coa ls, it lo ok s

b righ ter th an th e rest o f th e ¯ re, d em on stratin g th at
th e em issive p ow er o f a cav ity is com p ara tiv ely la rger. In
su ch a p o ck et it is d i± cu lt to m ak e ou t th e su rface of th e
coal fo rm in g th e cav ity, in d icatin g th e iso trop ic n atu re
of th e rad iation in sid e. S im ila rly, to ob serve K irch h o® 's

law , all w e n eed to d o is to p u t ou r h an d s clo se to a p iece
of w o o d an d a p iece of iro n a t th e sam e tem p era tu re;
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If we touch a piece
of wood and a

piece of iron  lying
in the sun for the
same amount of

time, we would find
that iron is  much

hotter.

w e w ill ¯ n d th at iron feels h otter b eca u se it em its m ore

rad iation . T h is is con sisten t w ith iro n b ein g a b etter
ab sorb er; if w e to u ch a p iece o f w o o d a n d a p iece of iron
ly in g in th e su n for th e sa m e am ou n t of tim e, w e w ou ld
¯ n d th at iron is m u ch h otter.

H av in g u n d ersto o d h ow to ob ta in a n ea rly p erfect b la ck -
b o d y ra d ia tio n (sligh t d ep artu re fro m ab so lu te p erfec-
tio n m ay arise b ecau se of th e h o le m ad e in th e cav -
ity ), th e p ro p erties o f rad iatio n com in g fro m a b la ck -

b o d y cou ld n ow b e stu d ied . T h is w as d on e in th e later
h alf of th e n in eteen th cen tu ry. In 1 879 S tefa n d ed u ced
a fo rm u la for th e d ep en d en ce o f th e to tal p ow er rad i-
ated from a b lack b o d y. A ccord in gly, th e to tal p ow er
(su m m ed ov er all w avelen g th s) ra d ia ted fro m a b lack

b o d y is p ro p o rtion al to th e fou rth p ow er of its tem p er-
atu re. T h u s th e in ten sity I of ra d ia tio n (p ow er p er u n it
area) co m in g ou t o f a b la ck b o d y is g iv en as

I = ¾ T 4 ; (6)

w h ere ¾ is a con sta n t w ith th e va lu e o f 5:70 £ 10¡8 W
m ¡2 K ¡ 4 . In 1 88 4 th is law w as d eriv ed th eoretically b y
B oltzm an n u sin g p rop erties o f electrom ag n etic rad iation
an d th erm o d y n am ics as fo llow s:

C o n sid er th e ra d ia tio n in a cav ity at tem p eratu re T . In
an iso th erm a l th erm o d y n a m ic p ro cess w h ere som e h eat
is g iv en to th e cav ity a n d its vo lu m e ch an g es, th e ¯ rst

law of th erm o d y n am ics g iv es

T

Ã
@ S

@ V

!
T

=

Ã
@ U

@ V

!
T

+ p ; (7)

w h ere S is th e en tro p y of th e ra d ia tio n , U its in tern a l en -

ergy, p its p ressu re an d V th e v olu m e o ccu p ied b y it (th e
vo lu m e o f th e cav ity ). N ow U = u V a n d p = u

3
in term s

of th e rad ia tion d en sity u in sid e th e cav ity (A ppen dix 2 ).

F u rth er b y M ax w ell's relation
³
@ S
@ V T́

=
³
@ p
@ T V́

. S u b sti-

tu tin g all th ese rela tio n s in eq u ation (7 ) gives (u rem ain s
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What occupied
scientists a great  deal
at that time, however,
and finally led to the
revolutionary concept
of  quanta of energy,
was the black-body
spectrum. This forms
the basis of this article
and we describe it
next.

u n ch an ged d u rin g an iso th erm a l p ro cess)

T

Ã
@ u

@ T

!
V

= 4 u ; (8)

w h ich in tu rn im p lies th a t

u / T 4 : (9)

A s sh ow n in A ppen dix 2, in ten sity of rad iation com in g
ou t o f a cav ity is c

4
u . T h u s th e in ten sity also is p ro -

p o rtio n al to T 4 . T h is law is th erefore k n ow n a s S tefa n {
B oltzm an n law . W h at o ccu p ied scien tists a great d ea l

at th a t tim e, h ow ev er, an d ¯ n ally led to th e rev olu tio n -
ary con cep t o f q u a n ta o f en erg y, w as th e b la ck -b o d y
sp ectru m . T h is fo rm s th e b asis of th is article a n d w e
d escrib e it n ex t.

W h en w e stu d y th e sp ectru m o f a b la ck b o d y at tem -
p eratu re T , it is d on e b y p lo ttin g th e sp ectra l d en sity
ag ain st th e w avelen gth of th e ra d ia tion . L et u s d escrib e
h ow to m easu re sp ectra l d en sity an d th at w ou ld m ake

its m ea n in g also clea r. C on sid er th e ra d iatio n b etw een
w avelen g th s ¸ an d ¸ + d ¸ co m in g o u t o f a sm a ll area d A
of a b lack b o d y a n d m ea su re th e a m o u n t o f en ergy d E
th at is rad iated in tim e d t. D iv id in g d E b y d ¸ , d A a n d
d t g ives th e sp ectra l d en sity. T h u s sp ectral d en sity is
th e p ow er p er u n it area p er u n it w av elen gth , i.e., it d e-
scrib es h ow th e en erg y rad iated fro m a b la ck -b o d y is
d istrib u ted ov er d i® eren t w avelen g th s. S om etim es on e
m ay ask , is it n ecessary to ¯ n d en ergy p er u n it area or
sh o u ld th e to tal p ow er b e u sed ? O r sh ou ld on e m easu re
en erg y p er u n it tim e (th at is p ow er) or en ergy rad iated

in a giv en tim e in terval? T h e a n sw er is th at it d o es n ot
m atter as lon g as w e a re in terested in m easu rin g h ow
m u ch en ergy is ra d ia ted at a given w avelen g th . D iv id -
in g b y th e a rea or tim e ju st rescales th is d istrib u tion .
T h e sp ectra l d en sity of b lack -b o d y rad ia tion ob ta in ed

b y L u m m er an d P rin g sh eim (L u m m er an d P rin gsh eim ,
V erhan d l. der D eutschen P hysikal. G essellsch. V o l.1 ,
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Figure 3.  Plot of black-body
data obtained by Lummer
and Prigsheim in 1899.
Solid lines are the experi-
mental data and dotted
lines is the Wien’s formula
given by equation (24).

p .213 , 1 899 ) at several d i® eren t tem p eratu res is sh ow n

in F igu re 3. O n th e y -ax is is sh ow n th e total en ergy
rad iated at b etw een ¸ an d ¸ + d ¸ p lo tted a ga in st th e
w avelen g th sh ow n on th e x -ax is. T w o o b servatio n s are
m ad e regard in g th e sp ectral d en sity :

(i) A t a given tem p era tu re, sm all en ergy is rad iated at
sh o rt w avelen gth s. A s th e w avelen g th in creases, so d o es
th e en erg y ra d ia ted b u t th en it d ecrea ses ag ain for lon ger
w avelen g th s. T h u s fo r a given tem p era tu re, m a x im u m

en erg y is rad iated a t a p articu lar w av elen gth ¸ m a x .

(ii) A s th e tem p eratu re of a b lack b o d y in crea ses, th e
w avelen g th ¸ m a x b eco m es sh orter.
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To understand the
shape of black-body
spectrum, Wien
analyzed how the
black-body spectrum
changes as the
temperature of a
cavity is changed.

T h e ch a lle n g e d u rin g th e la st d ec a d e o f th e n in e te en th

c en tu ry { a n d o u r fo c u s in th is a rticle { w a s to u n d e r-
sta n d h o w th is d istrib u tio n a rises.

T h e ¯ rst su c c essfu l a tte m p t to u n d e rsta n d th e sh a p e o f

th e b la ck -b o d y sp e c tru m w a s m a d e b y W ien th a t w e
n o w d isc u ss.

W ie n 's A n a ly s is ( 1 8 9 3 ,1 8 9 4 )

T o u n d e rsta n d th e sh a p e o f b la ck -b o d y sp e c tru m , W ie n
a n a ly z ed h o w th e b la ck -b o d y sp e c tru m ch a n g e s a s th e
te m p era tu re o f a ca v ity is ch a n g e d . F o r th is, h e co n sid -
e red a d ia b a tic ch a n g e in th e v o lu m e o f a sp h e ric a l c a v ity .

T h u s n o h ea t is a d d ed to o r ta k en a w a y fro m th e c a v ity .
L e t u s ta k e th e c a v ity to b e ex p a n d in g . S in ce so m e w o rk
is d o n e in th e ex p a n sio n , th e c a v ity w ill c o o l d o w n a n d
th e ra d ia tio n in sid e w ill ch a n g e to th a t c o rre sp o n d in g
to th e n e w te m p e ra tu re . T h u s if th e ra d ia tio n d e n sity

is k n o w n a t th e in itia l tem p e ra tu re, w e c a n ¯ g u re o u t
h o w it w ill lo o k a t th e n e w te m p e ra tu re b y a n a ly zin g th e
a d ia b a tic ex p a n sio n . K e ep in m in d th a t re su lts d eriv e d
o n th e b a sis o f sp h e rica l ca v ity a re a b so lu te ly g en e ra l
sin c e th e n a tu re o f ra d ia tio n in a c a v ity d o e s n o t d e -

p e n d o n its sh a p e o r size . L et u s ta k e a c a v ity o f ra d iu s
R a t te m p era tu re T . A s it e x p a n d s a d ia b a tic a lly , let th e
ch a n g e in its v o lu m e a n d in te rn a l e n e rg y b e d V a n d d U ,
re sp e c tiv ely. If th e ra d ia tio n d e n sity in it is u , th e p re s-
su re p = u

3
a n d d U = V d u + u d V . T h e a p p lic a tio n o f

th e ¯ rst la w o f th e rm o d y n a m ic s, d Q = d U + p d V th e n
g iv e s:

0 = V d u + u d V +
u

3
d V o r

d u

u
= ¡

4

3

d V

V
: (1 0 )

In te g ra tio n th e n lea d s to

u V
4
3 = c o n sta n t: (1 1 )

S in ce V / R 3 a n d b y S te fa n { B o ltz m a n n la w u / T 4 ,

e q u a tio n (1 1 ) g iv e s

T / R ¡ 1 : (1 2 )
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Figure 4: As radiation gets

reflected from the moving

wallsof thecavity, itswave-

length changes due to the

Doppler shift.

T h u s a s th e ra d iu s o f th e c a v ity in cre a se s, its te m p era -

tu re g o es d o w n in in v erse p ro p o rtio n to its ra d iu s. F u r-
th e r, a s th e c a v ity e x p a n d s, th e w a v e len g th o f ea ch w a v e
in it a lso in c re a se s d u e to D o p p ler sh ift d u rin g re ° ec tio n
fro m th e m o v in g c a v ity w a lls. If w e c a lc u la te th e in -
c rea se in th e w a v e le n g th , w e c a n se e h o w a p o rtio n o f

th e sp e ctra l d en sity c u rv e sh ifts in w a v e len g th a s th e
te m p era tu re o f a b la ck b o d y ch a n g e s.

T o c a lc u la te ch a n g e in th e w a v e le n g th , c o n sid e r w a lls o f

th e c a v ity m o v in g slo w ly w ith sp ee d v so th a t in tim e
¢ t, its ra d iu s in c rea se s b y ¢ R = v ¢ t (F igu re 4 ). S in ce
a w a v e tra v e ls a d ista n ce o f 2 R c o sµ b e tw e en tw o re° e c -
tio n s, tim e ta k en fo r e a ch re° ec tio n is 2 R c o s µ

c . T h u s in
tim e ¢ t, th e n u m b er o f re ° ec tio n th a t a w a v e u n d e rg o e s

is c ¢ t
2 R c o s µ . In e a ch re ° e ctio n , w a v ele n g th o f th e w a v e

ch a n g e s d u e to th e D o p p le r sh ift b y a n a m o u n t 2 v c o s µ
c

¸ .
T h u s d u rin g tim e in te rv a l ¢ t, th e to ta l ch a n g e in th e
w a v e le n g th is

¢ ¸ =
c ¢ t

2 R c o s µ
£

2 v c o s µ

c
¸ =

¢ R

R
¸ ; (1 3 )

w h ich im p lie s th a t
¸ / R : (1 4 )
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Figure 5.  As a cavity at
temperature T1 expands,
small portion of width dλλλλλ1

of spectral density at λλλλλ1

moves over to portion of
width dλλλλλ2 at wavelength λλλλλ2

while the temperature of the
cavity changes to T2.

T h is com b in ed w ith eq u ation (12) gives

¸ / T ¡ 1 or ¸ T = con sta n t: (1 5)

E q u ation (1 5) is k n ow n as W ien 's d isp la cem en t law . It

is in terp reted as fo llow s:

A s th e cav ity ex p an d s, it co ols d ow n from tem p eratu re
T 1 to tem p era tu re T 2 , an d a given section o f w id th d ¸ 1 of

th e sp ectra l d en sity at w avelen g th ¸ 1 m ov es to a section
of w id th d ¸ 2 at w avelen gth ¸ 2 (F igure 5 ). T h e rela tio n -
sh ip b etw een T 1 , T 2 , ¸ 1 , ¸ 2 , d ¸ 1 an d d ¸ 2 is g iv en b y
W ien 's d isp lacem en t law as follow s:

¸ 1 T 1 = ¸ 2 T 2 ;
d ¸ 1 T 1 = d ¸ 2 T 2 :

(1 6)

T h u s b y W ien 's d isp lacem en t law , if w e id en tify a sp e-
cī c fea tu re o f th e sp ectra l d en sity cu rve at tem p era -
tu re T 1 th at ap p ea rs a t w avelen g th ¸ 1 , th e sa m e featu re
w ou ld a p p ear at w av elen gth ¸ 2 for b la ck -b o d y sp ectru m

at tem p eratu re T 2 , w ith th ese w avelen g th s a n d tem p era -
tu res related b y W ien 's d isp la cem en t law . In p articu la r,
th e w av elen gth ¸ m a x , w h ere th e m ax im u m o f th e sp ec-
tru m o ccu rs, sh ou ld sh ift w ith th e tem p era tu re of th e
b lack b o d y so th at

¸ m a x T = con sta n t: (1 7)
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Table 1. Experimental veri-
fication of  Wien’s displace-
ment law.

Temp K λmax (micron)   λmaxT(micron-K)

1646 1.78 2928
1449 2.05 2970
1259 2.33 2933
1095 2.61 2859
  995 2.94 2925
  904 3.17 2866
  725 4.06 2943

T h e law w as verī ed b y L u m m er an d P rin g sh eim in

18 99 . T h e n u m b ers for ¸ m a x for a g iv en tem p eratu re
T , rea d from F igure 3, a n d th e p ro d u ct ¸ m a x T are given
in T able 1 .

It is clear fro m T able 1 th at th e b la ck -b o d y sp ectru m
in d eed follow s W ien 's d isp lacem en t law . W e m u st p o in t
ou t th a t if som e oth er fea tu re w ere ch osen as a n id en tī er
of th e w avelen gth , th e valu e of ¸ T w o u ld b e d i® eren t for
th at fea tu re b u t rem ain s u n ch an ged as th e tem p eratu re

of th e b la ck b o d y ch an g es. T h e read er m ay verify th is
for th e w avelen g th s w h ere th e em itted p ow er is h a lf of
th e m a x im u m ; for th e left of ¸ m a x th is va lu e is ab ou t
18 25 m icron -K a n d fo r th e righ t th e valu e is ab o u t 550 0
m icron -K at a ll tem p era tu res.

O b tain in g th e d isp lacem en t law w a s on ly th e ¯ rst step
in W ien 's an a ly sis. H e w a n ted to u n d erstan d th e sh ap e
of th e b lack -b o d y sp ectru m . F o r th is, h e a p p lied S te-
fan 's law fo r en ergy con tain ed in th e sp ectru m b etw een

w avelen g th s ¸ 1 an d ¸ 1 + d ¸ 1 . A cco rd in g ly,

u (¸ 1 )d ¸ 1
u (¸ 2 )d ¸ 2

=
μ
T 1

T 2

¶4
: (1 8)

T h is com b in ed w ith eq u ation (16) gives

u (¸ 1 )

T 51
=
u (¸ 2 )

T 52
= con sta n t: (1 9)
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Table 2.  Experimental veri-
fication of equation (20).Temp K Emax EmaxT–5 × 1017

1646             135.5 1121
1449 73.3 1147
1259 34.3 1084
1095 17.7 1124
  995 11.1 1138
  904   6.7 1110
  725   2.2 1098

A s d iscu ssed in A ppen dix 2 , th e rad iation com in g o u t of
a cav ity is d irectly p rop o rtio n al to th e ra d ia tio n d en sity
in sid e it. T h u s th e em issiv ity d e¯ n ed b y eq u ation (5)
sh o u ld also satisfy

e ¸ 1

T 51
=
e ¸ 2

T 52
= con sta n t: (2 0)

A s n oted earlier, th e con sta n t a b ov e w o u ld b e d i® eren t

for d i® eren t w avelen g th s. E q u ation (20) w as also ver-
ī ed b y L u m m er a n d P rin gsh eim . R ad iated em ission
from a b lack b o d y as a fu n ctio n o f th e w av elen gth for
d i® eren t tem p eratu res as ob ta in ed b y th em is sh ow n in
F igure 3. If w e n ow read th e em itted rad iation E m a x
at ¸ m a x for d i® eren t tem p eratu res an d d iv id e it b y th e
¯ fth p ow er of th e tem p eratu re, w e sh ou ld g et a co n stan t
accord in g to eq u a tio n (20 ). T h is is d on e in T able 2 w ith
th e n u m b ers taken fro m th e p lo t of F igure 3 .

A s is clea rly seen fro m T able 2 , eq u a tio n (2 0) is satis¯ ed
to a h igh d eg ree o f accu racy b y ex p erim en ta l n u m b ers
for th e b lack -b o d y sp ectru m . It is th u s estab lish ed th at
for a p o in t in th e b la ck -b o d y sp ectru m , sp ecī ed b y a
w avelen g th at a g iv en tem p eratu re, th e ra tio g iv en b y

eq u a tio n (1 9) o r (2 0) rem ain s u n ch an g ed as on e lo ok s at
an o th er tem p eratu re a n d th e co rresp o n d in g w av elen gth
given b y eq u ation (15 ) or (16). T h u s th is ra tio m u st b e
a fu n ction f (¸ T ) of th e p ro d u ct ¸ T of th e w avelen g th
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an d tem p eratu re. T h is m a kes th e ra tio o f eq u a tion (1 9)

d ep en d en t o n th e w av elen gth a t a given tem p era tu re a n d
at th e sa m e tim e keep it u n ch a n ged for p oin ts related b y
eq u a tio n (1 5) a s th e tem p eratu re o f th e b o d y ch an g es.
T h u s in g en era l

u (¸ )

T 5
= f (¸ T ): (2 1)

U sin g eq u atio n (1 5), th is can a lso b e w ritten a s

u (¸ ) =
F (¸ T )

¸ 5
: (2 2)

S in ce u (¸ ) d ¸ is th e en ergy co n ta in ed in th e ra n ge d ¸ ,

th e form u la ab ov e is tra n sform ed to a fu n ctio n of th e
freq u en cy º = c

¸
b y w ritin g d ¸ = ¡ c

º 2
d º an d is given a s

u (º ) = º 3 Á
μ
º

T

¶
; (2 3)

w h ere Á is an u n k n ow n fu n ction .

W e p au se h ere fo r a m om en t to m arv el at W ien 's clever
u se of th erm o d y n am ics to p rov id e in sigh ts in to th e n a -
tu re of b la ck -b o d y sp ectru m .

N ex t, W ien to o k on e m o re step a n d assu m ed th a t th e
freq u en cy o f ra d ia tio n em itted b y m olecu les sh ou ld b e
p rop ortion a l to th eir k in etic en erg y, i.e., 1

2
m v 2 = a º ,

an d th e in ten sity o f rad iation at th at freq u en cy w ou ld

d ep en d o n th e n u m b er of m olecu les at th at k in etic en -
ergy, i.e., it is p rop ortion a l to e¡

1
2
m v 2 = k T , w h ere k is

B oltzm an n 's con sta n t. B ased o n th is, h e p ro p osed th e
follow in g form u la fo r th e d en sity of b lack -b o d y rad iation

u =
A

¸ 5
e¡ b= ¸ T o r u (º ) =

A º 3

c4
e¡bº = cT : (2 4)

T h is fo rm u la g ave a very go o d ¯ t to th e b lack -b o d y sp ec-
tru m as a sh ow n in F igure (3). N otice th at th e co n stan t
b ca n b e related to ¸ m a x for tem p era tu re T b y m a x im iz-
in g u a b ov e w ith resp ect to ¸ an d gives b = 5 ¸ m a x T . A l-

th ou gh th ere ap p ears to b e so m e d ev iation from th e ex -
p erim en tal cu rv e fo r larg e w av elen gth s, th e m a tch n ear
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The work done by
Wien really set the
stage for Max
Planck to enter the
scene.

th e m ax im u m is n ea rly p erfect. In an y case, ex p erim en -

tal n u m b ers a re m o re accu ra te n ear th e m a x im u m so th e
form u la p rov id ed b y W ien w a s really a sa tisfa cto ry o n e.
F or h is p ath b reak in g w ork , W ien w as aw a rd ed th e N o -
b el P rize in 19 11 . T h e im p o rtan ce of h is w o rk is clea rly
re° ected b y th e N o b el P rize p resen tation sp eech . S o m e

ex cerp ts fro m th e sp eech a re g iv en b elow :

\In 1893 W ien published a theoretical paper w hich w as
destin ed to acquire the utm ost im portan ce in the devel-
opm en t of radiation theory".

\W ien's displacem en t law provides half the an sw er to the
problem ".

\T he im portan ce of W ien's displacem en t law exten ds in
various direction s".

\T he m ethod has successfully been applied to the deter-
m in ation of the tem perature of our light sources, of the
sun an d of som e of the ¯ xed stars, an d has yielded ex-
trem ely in terestin g results".

\In 1894 he deduced a black-body radiation law . T his
law has the virtue that, at short w avelen gths, it agrees
w ith the above m en tion ed experim en tal in vestigation s by
L um m er an d P rin gsheim ".

T ow ard s th e en d of th e sp eech it is m en tion ed th at \ It
w as P lan ck w h o solv ed th is p rob lem an d h is fo rm u la
p rov id es th e lo n g so u gh t-after co n n ectin g lin k b etw een
rad iation en ergy, w avelen gth an d b lack b o d y tem p era -

tu re". T h u s th e w ork d o n e b y W ien rea lly set th e stage
for M a x P la n ck to en ter th e scen e.

P la n c k 's W o rk : T h e B irth o f Q u a n ta

M ax P la n ck h ad stu d ied p h y sics u n d er H elm h o ltz a n d
K irch h o® at B erlin . H e w a s h igh ly fascin ated b y th e sec-
on d law of th erm o d y n a m ics an d h ad self-stu d ied C la u -
siu s' p ap ers. A s a research er h e h a d b een in v estiga t-
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Planck started by
analyzing the

energy equilibrium
between a

radiating dipole
and a radiation

field.

in g h ow th e seco n d law cou ld b e ap p lied to d i® eren t

p h y sics p ro b lem s. In 1 894 h e tu rn ed h is atten tio n to th e
p rob lem of b lack -b o d y ra d ia tio n . P lease recall th a t th e
an a ly sis of W ien d iscu ssed ab ov e h ad com e ou t in th at
year. In th e follow in g acco u n t o f P la n ck 's in tro d u ction
of th e con cep t of q u an ta, n o te th e d ates to ap p reciate

th e p ace at w h ich P lan ck m u st h ave w ork ed .

P lan ck sta rted b y an aly zin g th e en erg y eq u ilib riu m b e-
tw een a ra d ia tin g d ip o le an d a rad iation ¯ eld . B y eq u a t-

in g th e en erg y a b sorb ed b y a n oscillator to th e en ergy
rad iated b y it { so th at eq u ilib riu m ex ists b etw een th e
rad iation in a cav ity an d th e oscillators on its w a lls a b -
so rb in g an d rad ia tin g en ergy { h e fou n d th at th e en ergy
d en sity u (º ) in a cav ity is related to th e av erage en ergy

E (º ) o f a rad iatin g o scilla tor b y th e follow in g form u la:

u (º ) =
8 ¼ º 2

c3
E (º ): (2 5)

T h u s if w e cou ld calcu la te th e av era ge en ergy p er o s-
cilla tor, th e resu lts for sp ectral d en sity co u ld also b e
ob ta in ed th rou g h eq u ation (25 ). T h is is w h at P lan ck
h ad to say ab ou t it in h is N ob el L ectu re:

\T he n otew orthy result w as fou n d that this con n ection
w as in n o w ay depen den t upon the n ature of the res-
on ator, particularly its atten uation con stan t { a circum -
stan ce w hich I w elcom ed happily sin ce the w hole problem
thus becam e sim pler, for in stead of the en ergy of radi-
ation , the en ergy of the reson ator could be taken an d,
thereby, a com plex system , com posed of m an y degrees
of freedom , could be replaced by a sim ple system of on e
degree of freedom ."

It m u st b e p oin ted ou t th at ta k in g E (º ) = k T in eq u a -
tio n (2 5) lea d s to th e R ay leig h {J ean s form u la ,

u (º ) =
8 ¼ º 2

c3
k T (2 6)
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Planck was
concerned with the
irreversibility of the
energy exchange
between resonator
(oscillator) and
radiation.

for b la ck -b o d y ra d ia tio n , an d it is fou n d to ¯ t th e sp ec-

tru m w ell a t la rge w avelen g th s an d h ig h tem p era tu res.
H av in g ob ta in ed th e resu lt ab ove, P lan ck n ow started
atta ck in g th e p rob lem o f b la ck -b o d y sp ectru m a n d failed
in h is in itial a ttem p ts. P lan ck th en started ap p ly in g sec-
on d law of th erm o d y n am ics for fu rth er in vestigation s.

A ccord in g to h im (N o b el L ectu re):

\S o there w as n othin g left for m e but to tackle the prob-
lem from the opposite side, that of therm odyn am ics, in
w hich ¯ eld I felt, m oreover, m ore con ¯ den t. In fact m y
earlier stu dies of the S econ d L aw of H eat T heory stood
m e in good stead, so that from the start I tried to get a
con n ection , n ot betw een the tem perature but rather the
en tropy of the reson ator an d its en ergy, an d in fact, n ot
its en tropy exactly but the secon d derivative w ith respect
to the en ergy sin ce this has a direct physical m ean in g
for the irreversibility of the en ergy exchan ge betw een res-
on ator an d radiation ."

A s is clea r from th e q u o te ab ove, P lan ck w as co n cern ed
w ith th e irreversib ility o f th e en ergy ex ch an ge b etw een
reson a tor (oscillator) an d rad iation . In p articu lar, if res-
on a tor w a s aw ay from eq u ilib riu m th en its en tro p y m u st
in crease as it m ov ed tow ard s eq u ilib riu m . W h at d o es it

m ea n it term s of its seco n d d erivative w ith resp ect to
th e en erg y ?

S u p p ose a sy stem is aw ay fro m th e eq u ilib riu m en ergy

b y an a m o u n t ¢ E . A s it m oves tow a rd s eq u ilib riu m ,
its en erg y ch an g es b y a n am ou n t d E . T h en P la n ck ¯ rst
sh ow ed th at th e ch an g e in its en tro p y is p rop ortion a l
to ¢ E £ d E £ @ 2 S

@ E 2
. T h u s for en trop y to in crease a s

th e reson a tor en ergy a p p roach ed its eq u ilib riu m valu e,
th e seco n d d erivative @ 2 S

@ E 2
m u st b e n ega tiv e sin ce ¢ E

an d d E w ill h av e op p osite sig n s in su ch a p ro cess. H e
th erefo re d e¯ n ed th e en trop y of an o scilla tor to b e

S = ¡ E
¯ º
ln

μ
E

® º e

¶
; (2 7)
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From the work of
Rubens and

Kurlbaum,  it became
absolutely clear that

for large  wavelengths
Wien’s formula

underestimates the
experimental results

at high temperatures.

w h ere e is th e b ase o f n atu ral loga rith m . T h e fo rm u la

can b e d erived from W ien 's law as is ea sily seen . C om -
b in e eq u ation (25 ) w ith W ien 's form u la of eq u a tion (2 4)
to w rite th e en ergy of an o scilla tor a s

E (º ) = ® º e¡ ¯ º = T (® > 0 an d ¯ > 0 ): (2 8)

In v ert th is eq u a tion an d u se
³
@ S
@ E V́

= 1
T
to g et

Ã
@ S

@ E

!
V

= ¡ 1

¯ º
ln

μ
E

® º

¶
; (2 9)

w h ich is in teg rated to get eq u ation (2 7). W h a t is im p o r-
tan t, h ow ever, is th at th e secon d d eriva tive o f th e en -

trop y com es o u t to b e n ega tive th ereb y sa tisfy in g P la n -
ck 's req u irem en t. T h e secon d d erivative sim p ly is

@ 2 S

@ E 2
= ¡ 1

¯ º

1

E
(3 0)

sh ow in g th e co n sisten cy of th e W ien 's law w ith th e p rin -
cip le of in crea se o f en tro p y. A fter th is th in gs started
m ov in g rea lly fast. P lan ck p resen ted th ese resu lts in

J u n e 190 0, b u t so on after, in O ctob er 19 00 , R u b en s a n d
K u rlb au m (R u b en s a n d K u rlb a u m , B erlin er B erichte,
p p .929 -9 41, 1 900 ) sh ow ed con v in cin gly th at W ien 's law
d ev iated from ex p erim en tal n u m b ers at large w avelen g th s
an d h igh tem p eratu res. T h e resu lts of th eir in v estiga -

tio n s are sh ow n in F igure 6 w h ere th e en erg y em itted at
w avelen g th of 24¹ is p lotted ag ain st tem p era tu re. R e-
call th a t su ch a d ev iation for large w av elen gth s w as also
n oticed in F igure 3 b u t R u b en s an d K u rlb au m w ork ed at
a w avelen gth w ell b ey on d th e u p p er lim it o f th e resu lts
of L u m m er an d P rin g sh eim d isp layed in F igure 3. T h u s
from th eir w ork it b eca m e ab so lu tely clear th at fo r large
w avelen g th s (sm a ll freq u en cies) W ien 's form u la u n d er-
estim ates th e ex p erim en tal resu lts a t h ig h tem p era tu res,
w h ereas th e R ay leigh {J ea n s fo rm u la (eq u ation 26 ) is
very close to th e ex p erim en tal n u m b ers. R u b en s a n d
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K u rlb au m h a d to ld P lan ck ab ou t th eir resu lts b efore

p u b lish in g th em . S o P lan ck got b a ck to w ork to m o d ify
W ien 's fo rm u la a n d g ot a n ew ex p ressio n for th e b la ck -
b o d y sp ectru m th at ¯ tted w ell w ith ex p erim en ta l d a ta
at all tem p eratu res a n d w avelen g th s. R u b en s a n d K u rl-
b au m a lso com p ared P la n ck 's form u la w ith th eir ex p er-

im en tal resu lts an d sh ow ed b ey on d an y d ou b t th at h is
form u la m a tch ed p erfectly w ith th e ex p erim en ts (F igu re
6). W e n ow d escrib e h ow P lan ck ob ta in ed h is fo rm u la.

F rom ex p erim en ts of R u b en s an d K u rlb au m , it w a s clear
th at at sm all freq u en cies an d h igh tem p era tu res R ay -
leigh { J ea n s fo rm u la w as close to th e ex p erim en tal re-
su lts. T h u s th e en tro p y ex p ression (eq u a tio n 2 7) a n d
its secon d d erivative (eq u ation 3 0) cou ld n ot b e co rrect

in th is ra n ge. S in ce th e R ay leigh {J ean s fo rm u la is b ased
on th e en erg y E of th e reso n ato r b ein g p ro p o rtion al to
th e tem p eratu re T , th e ¯ rst d erivative o f th e en tro p y S

Figure 6.  Experimental re-
sults of Rubens and
Kurlbaum compared to dif-
ferent theories of black
body radiation  (Rubens
and Kurlbaum, Annalen der
Physik, Vol.4, p.649,1901).
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o f a n o sc illa to r,
³

@ S
@ E

´

V
= 1

T
, w o u ld b e in v ersely p ro p o r-

tio n a l to its e n e rg y . T h is im p lie s th a t @ 2 S
@ E 2 / 1

E 2 . O n th e
o th e r h a n d , W ien 's fo rm u la g a v e th e se co n d d e riv a tiv e
to b e in v e rse ly p ro p o rtio n a l to E . T h e c o rre c t e x p re s-

sio n fo r th e sec o n d d eriv a tiv e sh o u ld g o fro m 1
E

to 1
E 2

a s th e te m p e ra tu re in c re a sed . P la n ck th e re fo re in te rp o -
la te d b e tw ee n th e se tw o lim its a n d w ro te

@ 2 S

@ E 2
= ¡

a

E (b + E )
(a > 0 ; b > 0 ): (3 1 )

In te g ra tin g th is g iv e s

@ S

@ E
= ¡

a

b
ln

µ
E

E + b

¶

: (3 2 )

E q u a tin g th is to 1
T a n d in v ertin g th e e q u a tio n g iv e s

E =
b

e b / a T ¡ 1
; (3 3 )

w h e n c o m b in e d w ith eq u a tio n (2 5 ) th is le a d s to

u (º ) =
8 ¼ º 2

c 3

b

e b / a T ¡ 1
: (3 4 )

S in ce b y W ie n 's a n a ly sis, u (º ) h a s th e fo rm g iv en b y
e q u a tio n (2 3 ), b in th e e q u a tio n a b o v e m u st b e p ro p o r-
tio n a l to th e freq u e n c y º . T a k in g b = ¯ º , w e g et

u (º ) =
8 ¼ º 3

c 3

¯

e ¯ º / a T ¡ 1
: (3 5 )

T h is is P la n ck 's fo rm u la in its p rim itiv e fo rm . T h e co n -
sta n ts ¯ a n d a c o u ld b e ca lc u la te d b y co m p a rin g w ith

W ien 's fo rm u la a n d m a tch in g w ith th e co e ± cien ts e m -
p lo y e d th e re . T h e n u m b ers co u ld a lso b e o b ta in e d fro m
S te fa n 's co n sta n t a n d th e v a lu e o f ¸ m a x T . A s m e n tio n e d
a b o v e , it ¯ tte d th e d a ta o f R u b e n s a n d K u rlb a u m p e r-
fe ctly. F ro m th e fo rm u la a b o v e , P la n ck a lso o b ta in e d

th e e n tro p y o f a n o sc illa to r to b e

S = a

"Ã

1 +
E

¯ º

!

ln

Ã

1 +
E

¯ º

!

¡
E

¯ º
ln

E

¯ º

#

: (3 6 )
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S o fa r w h at P lan ck h a d p resen ted w a s on ly an in ter-

p o la tio n form u la th a t ¯ tted w ith th e ex p erim en tal d a ta
w ell. H ow ever, it w as n ot clear w h at it m ean t. P lan ck
w as co n scio u s o f th is fact. H e say s in h is N ob el L ectu re:

\...H ow ever, even if the radiation form ula should prove
itself to be absolu tely accurate, it w ould still on ly have,
w ithin the sign ī can ce of a happily chosen in terpolation
form ula, a strictly lim ited value. F or this reason , I bus-
ied m yself, from then on , that is, from the day of its
establishm en t, w ith the task of elucidatin g a true phys-
ical character for the form ula, an d this problem led m e
autom atically to a con sideration of the con n ection be-
tw een en tropy an d probability, that is, B oltzm an n's tren d
of ideas; un til after som e w eeks of the m ost stren uous
w ork of m y life, light cam e in to the darkn ess, an d a n ew
un dream ed-of perspective open ed up before m e."

A s is ev id en t from ab ove, P la n ck n ow w o rked very h ard
to g et a p h y sica l in terp retation of h is form u la. F or th is

h e em p loy ed B oltzm an n 's ap p ro ach to ob ta in en tro p y of
an o scilla tor. A cco rd in g to B oltzm an n , en tro p y S of a
sy stem is rela ted to th e n u m b er of w ay s − th at a sy stem
cou ld h av e a g iven en ergy E as fo llow s:

S = k ln − : (3 7)

F u rth er w h en a sy stem is in eq u ilib riu m , th e corresp o n d -
in g en trop y ach ieves its m ax im u m va lu e. M a x im izin g

en tro p y of a sy stem gives p rob a b ility P (E ), th a t a sy s-
tem at tem p eratu re T h as en ergy E , to b e

P (E ) / e¡E / k T : (3 8)

P lan ck calcu lated th e en trop y o f a n oscillator in th e fol-
low in g w ay : H e assu m ed th a t giv en to tal en ergy E N w a s
d iv id ed am on g N o scilla tors so th a t th e averag e en ergy
is E . F u rth er for p u rp o ses of cou n tin g, let th e en ergy

E N b e m a d e u p of sm a ll elem en ts of en ergy " so th at
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Figure 7. Distribution of P
elements (•••••) among N os-
cillators (separated by   ).

th e tota l n u m b er of su ch elem en ts is P . T h u s

N =
E N

E
a n d P =

E N

"
: (3 9)

T h e n u m b er o f w ay s th at th is sy stem cou ld h ave en ergy
E N is eq u a l to th e n u m b er of w ay s th e P elem en ts cou ld
b e d istrib u ted am o n g th e N oscillato rs. T h is is sh ow n in
F igure 7 w h ere elem en ts are d en o ted b y ¯ lled circles a n d
oscillato rs b y recta n gu lar b ox es sep a rated b y a vertica l
b ar w h ich a re (N ¡ 1) in n u m b er.
T o cou n t th e n u m b er of w ay s th e ¯ lled circles in th e ¯ g -

u re ab ove co u ld b e d istrib u ted in th e N b ox es, w e can
cou n t th e n u m b er of w ay s th e circles an d th e b ars to -
geth er can b e a rran g ed . E ach on e of th ese arra n gem en ts
w ou ld create N b ox es an d certa in n u m b er o f circles in
th em . T h is g iv es (N + P ¡ 1 )! arra n gem en ts. H ow ever
sin ce all th e elem en ts a re eq u iva len t a n d so are th e b ars,
th eir p erm u tation a m o n g each oth er d o es n o t create a n y
n ew arran g em en t. T h u s th e n u m b er ob tain ed ab ov e is
larger b y th is fa cto r. T h erefo re th e correct n u m b er of
d istin g u ish ab le w ay s th a t P elem en ts ca n b e d istrib u ted

am on g N oscillators is given a s

− =
(N + P ¡ 1)!
(N ¡ 1)!P ! : (4 0)

U sin g S tirlin g 's fo rm u la for larg e n u m b ers o f N an d P ,

th is can b e ap p rox im a ted as

− =
(N + P )(N + P )

N N P P
: (4 1)

T h u s en trop y p er o scilla tor is g iv en as

S =
1

N
k ln − = k

·μ
1 +

E

"

¶
ln

μ
1 +

E

"

¶
¡ E
"
ln
E

"

¸
(4 2)



157RESONANCE ⎜ February  2008

GENERAL  ⎜ ARTICLE

For proper accounting
of black-body
radiation, the energy
element is not just a
convenient counting
tool but has a definite
value, a quantum of
energy, for a given
frequency.

T h is h as ex a ctly th e sa m e form as eq u ation (36). It is

th erefo re tem p tin g h ere to co m p are th e tw o ex p ressio n s
an d co n clu d e th at each en ergy elem en t " can n o t b e taken
to b e a rb itrarily sm all b u t m u st eq u a l ¯ º . S im ilarly a
in eq u a tio n (36 ) sh o u ld b e eq u a l to th e B oltzm an n co n -
sta n t k . H ow ev er, P lan ck ap p lied a d i® eren t argu m en t.

C o m b in in g eq u a tio n s (2 3) a n d (25 ), h e ¯ rst w rites

E (º ) = º Á

μ
º

T

¶
; (4 3)

w h ich is th en in verted to get

º

T
= f

μ
E

º

¶
o r

1

T
=
1

º
f

μ
E

º

¶
: (4 4)

H ow ev er, 1
T
=
³
@ S
@ E V́

: T h u s u sin g eq u ation (4 4) a b ove
gives

d S = d

μ
E

º

¶
f

μ
E

º

¶
) S = F

μ
E

º

¶
: (4 5)

T h u s en trop y o f an o scilla tor is a fu n ctio n of th e ratio
E
º
of its average en ergy E a n d its freq u en cy º . T h is im -

m ed iately im p lies th at " = h º , w h ere h is a con sta n t.
A s p oin ted o u t ab ove, th is m ea n s th at fo r p ro p er ac-
cou n tin g o f b lack -b o d y rad iation , th e en erg y elem en t is

n ot ju st a con v en ien t co u n tin g to o l b u t h as a d e¯ n ite
valu e, a q u an tu m of en erg y, for a given freq u en cy. O n e
can n ow w o rk b ack w a rd s fro m th is ex p ressio n o f th e en -
trop y to g et th e averag e en ergy E (º ) of th e oscillato r.
It co m es ou t to b e

E (º ) =
h º

eh º = k T ¡ 1 (4 6)

W h en com b in ed w ith eq u ation (25) it g iv es

u (º ) =
8¼ h º 3

c3
1

eh º / k T ¡ 1 (4 7)

U sin g S tefan { B oltzm a n n con stan t ¾ a n d th e W ien 's co n -
sta n t b (eq u ation 24), P la n ck o b tain ed th e valu es of h
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At the time when
Planck obtained the

value of Boltzmann’s
constant from  the
radiation formula,

there was no other
way that it could be

obtained.

an d k to b e

h = 6:55 £ 10¡2 7 erg :sec a n d k = 1:3 46 £ 10¡1 6 erg = d eg :
(4 8)

P lan ck p resen ted th is w o rk in a p ap er titled Ò n en ergy
d istrib u tion law in th e n orm al sp ectru m ' a t a m eetin g
of th e G erm an P h y sical S o ciety on D ecem b er 1 4, 19 00 ,

w h ich is n ow reg ard ed a s th e b irth d ay of Q u an tu m T h e-
ory.

A t th e tim e w h en P lan ck o b tain ed th e valu e of B o ltz-
m an n 's con stan t from th e rad iation fo rm u la , th ere w a s

n o o th er w ay th at it co u ld b e ob tain ed . In fact af-
ter g ettin g th e va lu e of k , P lan ck calcu la ted th e A vo -
ga d ro's n u m b er N A from th e g as co n stan t R a n d elec-
tron ic ch arge e from th e F a rad ay co n stan t F as given
b elow :

N A =
R

k
= 6 :1 75 £ 1 0 2 3 p er m ole a n d

e =
F

N A
= 4:69 £ 1 0¡ 1 0 esu : (4 9)

T h e fo llow in g is a n ex cerp t from P lan ck 's N o b el L ectu re
on th e ca lcu lation o f e:

\A t the tim e w hen I carried out the correspon din g cal-
cu lation from the radiation law , an exact proof of the
n u m ber obtain ed w as qu ite im possible, an d n ot m uch
m ore could be don e than to determ in e the order of m ag-
n itu de w hich w as adm issible. It w as shortly afterw ard
that E R utherford an d H G eiger succeeded in determ in -
in g, by direct coun tin g of the alpha particles, the value
of the electrical elem en tary charge, w hich they foun d to
be 4.65£ 10 ¡1 0esu; an d the agreem en t of this ¯ gure w ith
the n um ber calculated by m e, 4.69£ 10 ¡1 0 esu, could be
taken as a decisive con ¯ rm ation of the usefuln ess of m y
theory."

T h is co n clu d es ou r d escrip tion o f P lan ck 's w ork . W e en d

it b y q u otin g from th e N ob el P rize p resen ta tio n sp eech
th at su m s u p P la n ck 's con trib u tion n icely :
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Planck had
introduced the
entropy of an
oscillator by taking
the logarithm of the
number of possible
states.

\P lan ck's radiation theory is, in tru th, the m ost sign ī -
can t lodestar for m odern physical research, an d it seem s
that it w ill be a lon g tim e before the treasures w ill be ex-
hausted w hich have been un earthed as a result of P lan ck's
gen ius".

A fter P lan ck in tro d u ced th e con cep t o f q u a n tu m of en -
ergy as d iscu ssed ab ove, it w as ex am in ed critically for
its lo gica l con sisten cy a n d fo r th e m eth o d o f ca lcu la t-
in g en trop y th at P lan ck ap p lied . E in stein in p articu lar

q u estio n ed th ese a sp ects of P lan ck 's th eory an d in h is
attem p t to ¯ n d a n sw ers to th ese q u estion s, h e m ad e
revolu tion ary con trib u tio n s to th e th eory of q u an ta a n d
p rov id ed a solid fo o tin g to th is n ew co n cep t. In th e
follow in g section , w e d iscu ss h is co n trib u tion s.

E in ste in a n d th e T h e o ry o f Q u a n ta : A re Q u a n ta

R e a l?

A s p oin ted o u t ab ove, P la n ck h ad in tro d u ced th e en -
trop y of a n oscillato r b y tak in g th e lo garith m of th e
n u m b er of p ossib le states. O n th e oth er h an d B o ltz-
m an n 's p ro ced u re rea lly m ean t th at w h en in eq u ilib -
riu m , th e n u m b er of o scilla tors an d th eir average en -

ergy b e ca lcu la ted b y m a x im izin g th e en trop y. W h en
E in stein stu d ied P lan ck 's w ork h e h ad p recisely th is o b -
jection to P lan ck 's a n aly sis. In h in d sigh t, w e ca n say
th at P lan ck go t th e co rrect a n sw er b ecau se h e cou n ted
th e n u m b er of sta tes (eq u ation 40 ) for in d istin gu ish a b le

p articles p ro p erly to m atch th e ex p ressio n fo r en tro p y
(eq u a tio n 36 ) o f an oscillato r th at h e alrea d y h a d . U s-
in g th e sa m e cou n tin g p ro ced u re S N B ose later sh ow ed
h ow th e rad iatio n d en sity fo rm u la in d eed follow s w h en
en tro p y is m a x im ized .

E in stein h ad a n oth er o b jectio n to P lan ck 's a n aly sis: A c-
cord in g to h im a log ical in con sisten cy o f P lan ck 's th e-
ory w as th at w h erea s th e oscillato rs a re assu m ed to h ave
q u an tized en ergy levels (a n ew con cep t), classical resu lts
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Planck concluded
from his investigations

that oscillators must
have energy in units
of energy elements

ε = hν.

are u sed to w ork o u t th eir ra te of ra d ia tio n . W e n ow d is-

cu ss h ow E in stein resolved th ese.

T o ¯ n d th e av era ge en ergy of an o scilla tor b y ap p ly -
in g B oltzm a n n 's p ro ced u re, w e ¯ rst n eed th e p rob a b il-

ity th at th e sy stem h as certa in en erg y. If a n o scilla tor
can h ave en ergy on ly in u n its of h º , th en th e p o ssib le
en erg ies th at it can h ave a re n h º (n = 0 ; 1; 2 ;¢¢¢). T h e
p rob ab ility th at it h as en erg y n h º is given b y B o ltzm a n n
to b e p ro p o rtio n al to e¡n h º / k T . T h u s th e averag e en ergy
of an o scilla tor w ill b e

E (º ) =

P
n
n h º e¡ n h º = k TP
n
e¡n h º = k T

=
h º

e h º = k T ¡ 1 (5 0)

T h is is th e sam e ex p ressio n (eq u atio n 4 6) th a t is o b -
tain ed b y P lan ck . T h e d i® eren ce is th a t w h erea s P lan ck
con clu d ed from h is in v estig atio n s th at o scilla tors m u st
h ave en ergy in u n its of en ergy elem en ts " = h º , h ere
at th e ou tset, it is assu m ed th a t oscillators ca n take

en erg ies on ly in certa in q u a n ta a n d th en , B o ltzm an n 's
p ro ced u re is a p p lied to ¯ n d th e av era ge en erg y.

O n th e log ical in con sisten cy E in stein h a d th e fo llow in g

to say (A E in stein , A n n alen der P hysik, V o l.1 7 , p .1 32 ,
19 05 ), E n glish tra n slatio n A B A ron s a n d M B P ep p ard ,
A m . J. P hys., V o l.3 3 , p .367 , 196 5):

\It should be kept in m in d that optical observation s re-
fer to values averaged over tim e an d n ot to in stan ta-
n eous values. D espite the com plete experim en tal verī -
cation of the theory of di® raction , re° ection , refraction ,
dispersion an d so on , it is con ceivable that a theory of
light operatin g w ith con tin uous three-dim en sion al fun c-
tion s w ill lead to con ° icts w ith experien ce if it is applied
to the phen om en a of light gen eration an d con version".

H e th en go es on to sh ow th a t ligh t w ith low en ergy d en -

sity ca n b e th ou gh t o f as a collection o f p articles ea ch
w ith en erg y p ro p o rtion a l to th e freq u en cy of lig h t º . H e

A logical
inconsistency of

Planck’s theory was
that whereas the

oscillators are
assumed to have
quantized energy

levels ( a new
concept), classical
results are used to

work out their rate of
radiation.
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d o es th is b y sh ow in g th at if th e v olu m e o f ra d ia tio n is

ch a n ged w ith ou t ch an g in g its en erg y, th e asso ciated en -
trop y ch an g e is sim ila r to th at of an id ea l ga s. A s su ch
th e rad iation can th en b e th ou g h t o f as a collectio n of
p articles of lig h t. T h e restriction to low d en sity co m es
from th e u se of W ien 's fo rm u la, w h ich is ex act fo r low

d en sity ra d ia tio n , in th e a n aly sis. W e n ow p resen t E in -
stein 's an aly sis.

C o n sid er th e sp ectral d en sity Á (º ) (p er u n it vo lu m e) of

th e en tro p y S of ra d ia tion in volu m e V 0 so th at

S = V 0

Z
Á (º )d º : (5 1)

N ow
d S

d E
=
1

T
) @ Á

@ u
=
1

T
: (5 2)

N ex t w rite W ien 's fo rm u la (eq u ation 2 4) a s u (º ) =
8 ¼ h
c3

º 3

e h º = k T
, in v ert it to get 1

T
an d u se eq u ation (48 ) to

w rite
@ Á

@ u
=
k

h º
ln
8¼ h º 3

c3 u
: (5 3)

T h is is easily in tegrated to get

Á = ¡ k u
h º

Ã
ln

u c3

8 ¼ h º 3
¡ 1

!
; (5 4)

C o n sid er n ow th e tota l rad iation in th e sp ectral ran ge
¢ º con ta in ed in volu m e V 0 . Its en ergy E w ill b e given
as E = V 0 u (º )¢ º . T h u s u sin g eq u ation (5 1) th e tota l
en tro p y o f th is rad ia tion is

S 0 = V 0 Á (º )¢ º = ¡ k E
h º

Ã
ln

E c3

8¼ h º 3 V 0 ¢ º
¡ 1

!
: (5 5)

N ow su p p o se th a t th e vo lu m e o f ra d ia tio n is ch a n ged
(say cav ity ex p a n d ed ) to V keep in g its tota l en ergy E

th e sa m e, an d in th e p ro cess th e en tro p y of rad iation b e-
tw een freq u en cies º a n d º + ¢ º ch a n ges to S . T h en th e
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Einstein showed that
light could be

considered as a
collection of quanta of

energy hν each.

Change in the
entropy of low

density radiation of
constant total energy

upon change of it’s
volume is similar to

the change in the
entropy of an ideal

gas.

ch a n ge (S ¡ S 0 ) can b e easily ca lcu lated fro m eq u ation

(51 ) an d co m es ou t to b e

S ¡ S 0 = k E

h º
ln
V

V 0
: (5 6)

C o m p a re th is w ith th e ch an g e in en trop y of N id ea l ga s
m olecu les u n d erg oin g ex actly th e sam e p ro cess. T h e
ch a n ge in th eir en trop y is g iven as

S ¡ S 0 = k N ln
V

V 0
: (5 7)

A com p arison of eq u ation s (56) an d (5 7) sh ow s th at th e
rad iation con ta in ed b etw een freq u en cies º an d º + ¢ º
can b e con sid ered a s a co llection of E

h º
n u m b er of p arti-

cles. S in ce th e tota l en ergy is E , th is im p lies th at en ergy
of ea ch p article is h º . T h is an a ly sis sh ow s th at ra d ia -

tio n of freq u en cy º ca n b e co n sid ered a s co n sistin g of
p articles of en ergy h º ea ch . T h u s a cco rd in g to E in stein
(A E in stein , A n n alen der P hysik V o l.1 7 , p .13 2, 19 05 ).

\In accordan ce w ith the assum ption to be con sidered here,
the en ergy of light ray spreadin g out from a poin t source
is n ot con tin uously distributed over an in creasin g space
bu t con sists of a ¯ n ite n um ber of en ergy quan ta w hich
are localized at poin ts in space, w hich m ove w ithout di-
vidin g, an d w hich can on ly be produced an d absorbed as
com plete u n its".

H av in g sh ow n th eoretically th at lig h t cou ld b e co n sid -
ered as a co llection o f q u an ta o f en ergy h º ea ch , E in stein

n ex t co n sid ered th ree p h en om en a, n a m ely,

(i) S to kes' R u le: F req u en cy of p h o tolu m in escen t em is-
sion is less th an th a t of th e in cid en t lig h t,

(ii) T h e P h oto electric E ® ect: E n ergies o f p h oto electro n s
are in d ep en d en t o f th e in ten sity of th e in cid en t ligh t, a n d

(iii) P h o toion iza tio n o f G a ses: A m in im u m freq u en cy of
ligh t is req u ired to ion ize a ga s,
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Einstein’s contribution
to the concept of
quantization does not
end here. He further
generalized it to state
that not only
electromagnetic
oscillators but
mechanical ones also
have energy in units of
hν.

w h ich co u ld n ot b e ex p lain ed u sin g cla ssica l th eo ry of

rad iation . H e a p p lied th e n ew id ea of en ergy q u an ta
of rad iation to su ccessfu lly ex p la in all th ree o f th em .
T h e ex p la n ation gave solid ex p erim en tal su p p ort to th e
con cep t of q u a n ta of ra d ia tio n .

T h e sto ry o f E in stein 's con trib u tio n to th e con cep t of
q u an tiza tion d o es n o t en d h ere. H e fu rth er g en era lized
it to sta te th at n ot on ly electrom ag n etic o scilla tors b u t
m ech an ica l o n es a lso h ave en erg y in u n its o f h º . H e

u sed th is to ex p lain th e fact th a t sp ecī c h eat of so lid s
go es to zero w ith tem p eratu re g oin g to zero. T h e ex p er-
im en tal situ a tio n in 190 0 in con n ectio n w ith th e sp ecī c
h eat of solid s w as a s fo llow s. D u lon g{ P etit law stated
th at sp ecī c h eat of solid s is 3R , w h ere R is th e ga s

con sta n t, p er m o le. H ow ever, it w as seen ex p erim en -
tally th a t som e m a terials, p a rticu la rly lig h t elem en ts,
d id n o t o b ey D u lo n g{ P etit law an d th eir h eat ca p ac-
ities w ere sm aller th an 3R . F o r som e oth er elem en ts,
as th e tem p eratu re w a s in crea sed , th e sp ecī c h eat rose
rap id ly a n d atta in ed th e valu e o f 3R at h igh tem p era -

tu res. E in stein a sked (A E in stein , A n n alen der P hysik,
V o l.2 2 , p .1 80, 1 907 ):

\...for the follow in g qu estion forces itself upon u s. If the
elem en tary oscillators that are used in the theory of the
en ergy exchan ge betw een radiation an d m atter can n ot
be in terpreted in the sen se of the presen t kin etic m olec-
ular theory, m u st w e n ot also m odify the theory for the
other oscillators that are used in the m olecular theory of
heat?"

T h u s E in stein p rop osed th a t ev en th e en ergy of a n atom
in a so lid , v ib ratin g w ith freq u en cy º w ill b e given b y
eq u a tio n (46 ) for each d egree of freed om . T h u s th e en -

ergy of N su ch ato m s w ill b e

U = 3N
h º

eh º = k T ¡ 1 ; (5 8)
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“... This remarkable
theory, for which

Planck received the
Nobel Prize for

Physics in 1918,
suffered from a variety

of drawbacks and
about the middle of

the first decade of this
century it reached a

kind of impasse.”
From the presentation

speech of the Nobel
Prize to Einstein

an d th e co rresp o n d in g sp ecī c h ea t

d U

d T
= 3R

Ã
h º

k T

!2
eh º = k T

(eh º = k T ¡ 1)2 : (5 9)

T h is ex p ression ex p lain s th at for ligh t elem en ts, w h ich
h ave rela tively larg er freq u en cies, th e sp ecī c h ea t sh ou ld
b e sm aller th a n 3R . A s th e tem p eratu re b ecom es h ig h er,

th e sp ecī c h eat sh o u ld a ttain th e va lu e 3 R given b y D u -
lon g an d P etit law . In terestin g ly, th e ex p ressio n a b ove
p red icted th at th e sp ecī c h eat w ou ld van ish as T ! 0 .
T h is w a s con ¯ rm ed ex p erim en tally b y N ern st.

W e en d th is sectio n w ith a q u ote from th e p resen tation
sp eech of th e N ob el P rize to E in stein :

\A third group of studies, for w hich in particular E in -
stein has received the N obel P rize, falls w ithin the do-
m ain of the qu an tum theory foun ded by P lan ck in 1900.
T his theory asserts that radian t en ergy con sists of in di-
vidual particles, term ed \quan ta", approxim ately in the
sam e w ay as m atter is m ade up of particles, i.e. atom s.
T his rem arkable theory, for w hich P lan ck received the
N obel P rize for P hysics in 1918, su® ered from a variety
of draw backs an d about the m idd le of the ¯ rst decade of
this cen tury it reached a kin d of im passe. T hen E in -
stein cam e forw ard w ith his w ork on specī c heat an d
the photoelectric e® ect".

C o n c lu d in g R e m a rk s

In th is article w e h ave covered a p erio d in th e d evelo p -
m en t of m o d ern p h y sics th a t g ave u s an ab so lu tely n ew
con cep t th a t th e en ergy is n o t ex ch a n ged in a con tin u o u s
m an n er b u t in q u an tized form . W e sta rted w ith an in -
tro d u ction to b la ck b o d y a n d its sp ectru m an d d iscu ssed

th e p ath b reak in g w o rk o f W ien . T h is w ork rea lly laid
fou n d atio n s o f fu rth er ex p lora tion b y P la n ck . T ak in g
an ap p ro ach b ased on th e secon d law o f th erm o d y n am -
ics, P lan ck cam e u p w ith an in terp o la tion fo rm u la th at
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“A new scientific truth does not triumph by convincing its opponents and
making them see the light, but rather because its opponents eventually die,
and a new generation grows up that is familiar with it.”

“For it is work which is the favourable wind that makes the ship of human life
sail the high seas, and as for the evaluation of the worth of this work, there is
an infallible, time-honoured measure, a phrase which pronounces the final
authoritative judgement of all times: By their fruits ye shall know them”.

–  Max Planck

¯ tted th e ex p erim en ta l resu lts for th e b la ck -b o d y sp ec-

tru m p erfectly. H ow ev er, P lan ck d id n ot sto p th ere b u t
tried to get a m ean in g o f h is form u la. In th is p ro cess h e
w as led to in tro d u ce th e co n cep t of q u an tu m of en erg y.
T h is w as a trem en d o u s in sig h t an d a b old d ep artu re
from th e set th eories at th a t tim e. T h e th eo ry w a s p u t

on a solid fo otin g b y E in stein w h o critica lly ex am in ed
P lan ck 's th eory a n d in th e p ro cess con trib u ted sign if-
ica n tly to esta b lish th e p rin cip al of q u an ta. P lan ck 's
th ou gh ts ab ou t h is w ork are re° ected fro m a letter h e
w ro te o n O cto b er 7, 1 93 1 to a n A m erica n co lleagu e

R W W o o d . P a rts o f th is letter are q u o ted b elow (taken
from su g gested read in g [3 ]):

\B rie° y sum m arized, w hat I did can be described as sim -
ply an act of desperation .... I had been w restlin g un -
successfully for six years (sin ce 1894) w ith the problem
of equilibrium betw een radiation an d m atter an d I kn ew
this problem w as of fun dam en tal im portan ce to physics;
I also kn ew the form ula that expresses the en ergy distri-
bu tion in the n orm al spectrum . A theoretical in terpreta-
tion therefore had to be foun d at an y cost, n o m atter how
high.... T his approach w as open ed to m e by m ain tain -
in g the tw o law s of therm odyn am ics. F or the rest, I w as
ready to sacrī ce every on e of m y previou s con viction
about physical law s".
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A p p e n d ix 1 . K irc h h o ® 's L a w

A n a rgu m en t for e¸
a ¸
= E ¸ is given h ere on th e b a sis o f iso trop y o f ra d ia tion

in sid e a cav ity. S in ce th e su rfa ce of a b o d y in a h ollow cav ity an d th e w alls o f
th e cav ity fo rm a cav ity th em selv es, th e rad iation in sid e th e n ew cav ity is also
isotrop ic. L et th e cav ity b e m a d e o f a m a terial w ith em issive p ow er e ¸ an d let

its ab so rp tio n an d re° ection co e± cien ts b e r ¸ an d a ¸ , resp ectiv ely. S im ilarly let
th e co rresp o n d in g q u an tities for th e m ateria l o f th e b o d y b e e0¸ ;r

0
¸ an d a

0
¸ . N ow

an y ra d ia tio n in sid e th e cav ity can b e th o u gh t o f a s th e su m of rad iation re° ected
from th e su rfa ce of th e cav ity an d th at b ein g em itted fro m it. S in ce ra d ia tion
is isotrop ic, th e in ten sity of ra d ia tio n in cid en t from an y d irectio n is th e sa m e as

th e in ten sity o f rad iation re° ected in an y d irection . T h erefore if th e ra d ia tion
in sid e th e cav ity corresp o n d s to th a t of a b o d y w ith em issive p ow er E ¸ , ra d ia tion
in cid en t on a sm all a rea d A o f th e cav ity w a ll (o r th e su rface o f th e b o d y in sid e)
p er u n it cross-section p er u n it solid a n gle p er u n it tim e fro m an y d irection is
p rop ortion a l to E ¸ d ¸ in th e ran g e d ¸ . R a d iatio n re° ected p er u n it cross-section

p er u n it so lid an g le p er u n it tim e is go in g to b e p ro p o rtio n al to r ¸ E ¸ d ¸ fo r th e
cav ity w all an d r0¸ E ¸ d ¸ for th e b o d y su rface (th e co n stan t of p rop ortio n ality fo r
b o th th e in cid en t a n d th e re° ected ra d ia tio n is th e sam e a n d d ep en d s on th e
an g le o f in cid en ce o r re° ection , see A p p en d ix 2). In p a rticu lar let u s lo ok a t th e
d irectio n p erp en d icu la r to d A . T h e tota l ra d ia tio n go in g ou t fro m th e w all in th a t
d irectio n is th e su m (e ¸ d ¸ + r ¸ E ¸ d ¸ ) of th e re° ected a n d th e em itted ra d ia tion

p er u n it cross-section p er u n it solid an g le p er u n it tim e. B u t th is is p recisely th e
rad iation ex istin g in sid e th e cav ity. T h erefore

e ¸ + r ¸ E ¸ = E ¸ ;

w h ich in tu rn gives

e ¸ = E ¸ (1 ¡ r ¸ ) = E ¸ a ¸ f a ¸ + r ¸ = 1g
) e¸

a ¸
= E ¸

E x actly th e sam e arg u m en ts ap p ly fo r ra d ia tio n co m in g from th e su rfa ce of th e

b o d y. T h u s,
e0¸
a 0
¸
= E ¸ :

T h is im p lies th at
e0¸
a 0
¸
= e¸

a ¸
= E ¸ :

E ¸ m u st th erefore b e a u n iv ersal con stan t. N ow follow in g th e argu m en ts in th e
m ain tex t, it ca n b e sh ow n to b e in d ep en d en t o f th e g eo m etry o f a cav ity an d
eq u a l to th e em issiv e p ow er of a b lack b o d y.
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u 

S 
Figure A2.1. A plane wave
traveling in the positive x-
direction.  The energy con-
tent per unit volume is u
and energy passing per unit
area unit time is S.

A p p e n d ix 2 . E n e rg y D e n sity a n d P re ssu re o f E le c tro m a g n e tic

R a d ia tio n in a C a v ity

C o n sid er a p la n e electro m a gn etic w ave travelin g in th e x -d irection a s sh ow n in
F igure A 2 .1 .

T h e electric ¯ eld of th e w av e is in y -d irection a n d is given as E (x ;t) = E 0 e
i(k x¡! t).

T h e electrom ag n etic w av e con tain s en ergy an d it also tran sp orts it in th e d irection
of trav el. T h e w ave also carries m o m en tu m in th e sam e d irectio n . If th e avera ge

en erg y co n ten t o f th e w ave is u , th e en ergy carried b y it a cross a u n it a rea in
u n it tim e S , an d th e m o m en tu m it carries acro ss a u n it area in u n it tim e p , th en
th ese q u an tities are g iv en in term s o f E 0 as (h ere c is th e sp eed o f ligh t)

u =
1

2
" 0 E

2
0 ;

S = cu ; (A 2 :1 )

p =
S

c
= u :

T h e en ergy carried a cro ss a u n it area in u n it tim e is k n ow n a s th e in ten sity o f
rad iation . F u rth er, b ecau se of th e m om en tu m carried b y th e w av e, if a p la n e
w ave falls on a p erfectly ab so rb in g p late of area A , it w ill ap p ly a force on it an d
its valu e w o u ld b e eq u al to uA , i.e., th e to tal en ergy p assin g th rou g h th e area.
T o v isu a lize th ese co n cep ts, im agin e a ° u id of d en sity ½ ° ow in g w ith sp eed v in
th e x -d irection . T h e ° u id th en h a s en erg y an d carries en ergy an d m o m en tu m
across a given a rea . T h e k in etic en ergy p er u n it vo lu m e o f th e ° u id is u = 1

2
½ v 2 ,

th e en ergy an d m om en tu m ca rried across a u n it area p er u n it tim e a re S = 1
2
½ v 3

an d p = ½ v 2 , resp ectiv ely.
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Figure A2.2. Because of the isotropic nature of radiation inside a cavity, the energy incident on the
surface or radiating out of it looks exactly the same at any point on the surface.

dAcosθ 
θ 

dE dΩ dA 

normal to 
the surface 

Figure A2.3.  Radiation energy being
emitted from a small area dA of a
body in solid angle dΩΩΩΩΩ at an angle θθθθθ
from the normal to the surface. The
projection of area dA in perpendicu-
lar to the direction of emission is
dAcosθ θ θ θ θ .

N ow in a cav ity th e rad iation is iso trop ic. T h u s at a n y p oin t in it th e en erg y

d en sity is th e sam e an d th e in ten sity o f ra d ia tio n is id en tical in all d irectio n s.
W e n ow w ish to ¯ n d th e av era ge en ergy p er u n it a rea com in g o u t of a sm all h ole
m ad e on th e w a lls of th e cav ity. W e also w an t to d eriv e th e p ressu re o n th e w alls
of th e cav ity th a t th e ra d ia tio n a p p lies. T h ese q u an tities a re im p ortan t in th e
stu d y o f b lack -b o d y rad iatio n .

C o n sid er a sm a ll p a rt of th e w all of a b lack b o d y cav ity as sh ow n in F igu re A 2.2.

B ecau se of th e isotrop y o f ra d ia tio n in sid e th e cav ity, th e in ten sity o f ra d ia tion
lo o k s ex a ctly th e sa m e fro m an y p o in t o n th e w a ll. S im ilarly in ten sity of ra d ia tion
com in g ou t of th e su rface h as th e sam e valu e in all d irection s. T h is is m a d e
m ath em a tically m ore p recise as fo llow s: L et th e tota l en ergy, rad iatin g in th e fu ll
so lid a n gle of 2¼ , com in g o u t o f a sm all p o rtion d A b e P J o u les p er u n it area p er
u n it tim e. T h en th e en ergy d E go in g in to solid an gle d − at an a n gle μ fro m th e

n orm al to th e su rface (F igure A 2 .3 ) is given b y th e rela tio n

d E =
P

2¼
cos μ d A d − (A 2 :2 )

In th e eq u a tion ab ove, th e fa ctor of cos μ arises b ecau se th e in ten sity of ra d ia tion
in all d irectio n s is th e sam e an d is given b y th e en erg y d iv id ed b y th e area n orm al
to th e d irection ; th e latter is d A co s μ (see F igu re A 2.3).
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dA 

θ 

R 
Length=2Rcosθ 

Figure A2.4. A large spheri-
cal cavity of radius R.

In a cav ity, P w o u ld d ep en d o n th e tem p eratu re o f th e cav ity. W e are n ow rea d y

to ¯ n d th e en ergy d en sity of rad iation in sid e th e cav ity a n d a lso th e p ressu re d u e
to it on th e w alls of th e cav ity. W e w ill a lso ¯ n d th e relatio n b etw een th e en erg y
d en sity a n d th e en ergy th at co m es o u t o f a h o le m ad e in th e cav ity.

T a ke a large cav ity o f rad iu s R sh ow n in F igu re A 2 .4 . L et its w alls con tin u ou sly
em it en ergy P p er u n it area p er u n it tim e. W h en th e rad iation h its th e su rfa ce,
it g ets to tally ab sorb ed so th at th e to tal en ergy in th e cav ity rem a in s th e sa m e.
W e calcu late th e en erg y co n ta in ed in th e cav ity an d d iv id e it b y its vo lu m e to
¯ n d th e en ergy d en sity.

F or th is ta ke a sm all a rea d A o n its su rfa ce. T h e ra d ia tio n th a t co m es ou t o f
it in to th e so lid an gle d − a t a n an g le μ reach es th e w all of th e cav ity in tim e
¢ t = 2 R co s μ

c
, w h ere c is th e sp eed of ligh t. S in ce en ergy g oin g in to th is solid

an g le p er u n it tim e is g iven b y eq u a tio n A 2.2, th e tota l en ergy ¯ llin g th e sm all

vo lu m e b etw een tw o ray s, sh ow n in F igure A 2 .4 , is given b y

d E ¢ t =
P

2 ¼
cos μ d A d −

2R cos μ

c
: (A 2 :3 )

T h u s th e en erg y ¢ E th at ¯ lls th e en tire cav ity d u e to rad iation from th e a rea

d A is given b y in tegratin g th e ex p ression ab ove over μ = 0 to μ = ¼
2
an d com es

ou t to b e

¢ E =
2 P R

3c
d A : (A 2 :4 )

S in ce th e to tal su rface area o f th e cav ity th at is em ittin g ra d ia tio n is 4¼ R 2 , th e

tota l en ergy E ¯ llin g th e cav ity d u e to ra d ia tio n from a ll aro u n d is g iv en b y

E =
8¼ P R 3

3 c
; (A 2 :5 )
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dA 

θ 

R 

Area=4R2cos2θ dΩ 

Figure A2.5. Radiation inci-
dent on small area element
dA from a portion of the
wall of a cavity.

w h ich th en gives th e en ergy d en sity to b e

u =
2P

c
: (A 2 :6 )

W e n ow calcu late th e p ressu re d u e to th is rad iation . F or th is, w e aga in con sid er
th e cav ity a b ov e a n d let th e ra d ia tio n from all over th e cav ity fall on th e sm all
area a t its b o ttom an d calcu la te th e ra d ia tio n force on th is area (F igure A 2.5).
D iv id in g th is force b y th e a rea gives th e p ressu re. T h e calcu la tio n is sligh tly m ore
in v olved th an th e p rev iou s calcu lation o f th e en erg y d en sity.

A s sh ow n in th e ¯ gu re th e area fro m w h ich w e con sid er th e in cid en t ra d ia tion is
eq u a l to 4 R 2 co s2 μ d −

co s μ
= 4R 2 co s μ d − a n d it m ak es a solid an gle d A co s μ

4 R 2 co s2 μ
= d A

4 R 2 co s μ

on th e area d A . T h u s th e rad iation en erg y d E go in g to area elem en t d A is

d E = 4 R 2 cos μ d − £ P

2¼
co s μ £ d A

4 R 2 cos μ

=
P

2 ¼
co s μ d − d A : (A 2 :7 )

T h e corresp on d in g in ten sity d S is

d S =
d E

d A co s μ
=
P

2¼
d − : (A 2 :8 )

T h is in ten sity ca u ses a m om en tu m tran sfer o f am ou n t S
c
p er u n it area across th e

p ro jection d A cos μ o f th e area elem en t d A n o rm a l to th e d irection of rad iation .
T h u s th e to tal m o m en tu m tran sfer to th e a rea d A p er u n it tim e is P

2 ¼ c
d − d A cos μ .
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Its com p o n en t n orm al to th e area d A gives th e force P co s2 μ
2 ¼ c

d − d A o n th is area.

T h u s th e p ressu re d u e to th e in cid en t rad ia tion is

p 1 =
1

d A

μ = ¼ / 2Z
μ = 0

P co s2 μ

2 ¼ c
d − d A

=
P

3 c
: (A 2 :9 )

T h is is p ressu re o n ly d u e to th e in cid en t rad iatio n . T h e rad iation leav in g th e

area d A also a d d s to th is p ressu re b y N ew to n 's th ird law . L et u s n ow ca lcu late
th is p ressu re p 2 an d g et th e tota l p ressu re b y ad d in g p 1 a n d p 2 . T h e tota l en erg y
leav in g d A p er u n it tim e in to a solid an g le d − at a n gle μ is

d E =
P

2 ¼
cos μ d A d − ; (A 2:10 )

an d it carries w ith it a tota l m om en tu m of d E
c
p er u n it tim e. B y m o m en tu m

con servation th e sam e am ou n t of m o m en tu m is tran sferred to th e area elem en t
d A in th e d irection m ak in g an an g le μ n orm al to th is area. T h e p ressu re p 2 d u e
to rad iatio n em itted from d A is th erefo re

p 2 =
1

d A

Z
d E

c
co s μ =

P

2¼ c

μ = ¼ / 2Z
μ = 0

cos2 μ d −

=
P

3 c
: (A 2:11 )

T h u s th e total p ressu re d u e to ra d ia tio n in sid e th e cav ity is p 1 + p 2 =
2 P
3 c
a n d is

w ritten in term s o f th e en erg y d en sity u as

p =
u

3
(A 2:12 )

In a sim ila r m a n n er th e tota l rad ia tion com in g ou t o f th e a rea elem en t d A p er
u n it tim e is ob ta in ed b y in tegra tin g ex p ression in eq u a tion (A 2.10 ) a n d gives th e

resu lt P
2
d A . T h u s rad iation R co m in g ou t th e h ole p er u n it tim e p er u n it a rea

can b e w ritten in term s o f th e en erg y d en sity in sid e a s

R =
c

4
u : (A 2:13 )




