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A re th e re p e rfe c t sq u a re s w h ic h o n d iv isio n b y

7 le a v e re m a in d e r 3 ? A re th e re p e rfe c t sq u a re s

w h ich o n d iv isio n b y 3 le a v e re m a in d e r 7 ? (A

\ re m a in d e r o f 7 " o n d iv isio n b y 3 is th e sa m e

a s a re m a in d e r o f 1 .) T h e a n sw e rs: Ǹ O ' a n d

Ỳ E S ', re sp e c tiv e ly . T h e se fa c ts a re sta te d b y

n u m b e r th e o rists a s fo llo w s: 3 is a q u a d ra tic

n o n -re sid u e m o d u lo 7 ; 7 is a q u a d ra tic re sid u e

m o d u lo 3 . T h e n o tio n o f q u a d ra tic re sid u e is fa r

re a ch in g , a n d th e k e y th e o re m h e re is th e L a w

o f Q u a d ra tic R e c ip ro c ity , ¯ rst sta te d b y E u le r

in 1 7 8 3 , b u t w ith o u t p ro o f, a n d ¯ rst p ro v e d b y

G a u ss, in 1 7 9 6 . T h e th e o re m is e a sy to sta te b u t

is m y ste rio u s, a s it re v e a ls a c o n n e c tio n b e tw e e n

tw o q u e stio n s th a t a p p e a r u n c o n n e c te d . L e t p ,

q b e d istin c t o d d p rim e s; th e n th e q u e stio n s a re :

\ Is p a q u a d ra tic re sid u e m o d u lo q ? " a n d \ Is q a

q u a d ra tic re sid u e m o d u lo p ? " G a u ss h a d a h ig h

re g a rd fo r th is re su lt a n d c a lle d it T h eo re m a A u -

re u m , th e G o ld e n T h e o re m . T h o u g h it h a s b e e n

p ro v e d in m a n y d i® e re n t w a y s, it re ta in s its m y s-

te ry . In th is tw o p a rt a rtic le w e g iv e th re e p ro o fs

o f th e th e o re m . T h e ¯ rst o n e , d e sc rib e d in th is

p a rt, is b a se d o n g ro u p th e o ry .

1 . H isto ric a l S e ttin g

H isto rically, on e o f th e im p orta n t rea son s for stu d y in g
algeb ra h a s b een to ¯ n d go o d w ay s of so lv in g p oly n o -

m ial eq u ation s. L in ea r an d q u a d ratic eq u ation s w ere
m astered lon g b ack , an d attem p ts to so lve th e cu b ic
eq u a tio n b rou g h t m ath em a tician s in to co n ta ct for th e
¯ rst tim e w ith th e stra n ge w o rld o f com p lex n u m b ers.
B y th e seven teen th cen tu ry, cu b ic eq u atio n s an d q u a rtic
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1 Ruffini, Abel and Galois

showed, independently, that

equations of degree 5 and higher

cannot be solved in the same

way that we solve equations of

degree less than 5, i.e., using

methods of school algebra such

as ‘completing the square’ and

so on.

eq u a tio n s h a d b een m a stered , an d atten tion th en tu rn ed
to th e q u in tic (d eg ree 5 ) eq u ation . T h e reso lu tion of
th is p rob lem (in th e n eg ative1 , as it tu rn ed o u t) is an

ex trem ely im p o rtan t sta ge in th e d evelo p m en t o f alge-
b ra, fo r it b rou g h t forth g rou p th eo ry, th e th eo ry of
¯ n ite ¯ eld s, G a lo is th eory, a n d m o st im p ortan tly, th e
a x io m a tic a p p ro a ch in a lg eb ra.

In th e la st d ecad e of th e eigh teen th cen tu ry, C a rl G au ss
op en ed th e ¯ eld w id e b y ex p an d in g th e d om ain over
w h ich w e m ay seek so lu tion s to eq u a tio n s. H e in tro -
d u ced th e n otio n o f a c o n g ru e n c e am o n g in tegers, d e-
n oted b y th e sy m b ol `́ '. L et a , b a n d m b e in teg ers,

w ith m 6= 0; w e ca ll m th e m o d u lu s, an d say th at a

an d b are con gruen t m odulo m if th ey leave th e sa m e
rem a in d er o n d iv ision b y m ; w e w rite th is co m p actly a s
a ´ b (m o d m ); e.g., 17 ´ 1 2 (m o d 5 ) an d 37 ´ 1 3
(m o d 8). T h e w o rd c̀on g ru en ce' is u sed h ere in m u ch

th e sam e w ay as it is in g eom etry, w h ere w e say th at
tw o sh ap es are co n gru en t to each o th er if th ey l̀o o k th e
sa m e'. T h e id ea is th at w h en th e m o d u lu s is m , th en th e
u n iverse of availa b le n u m b ers is (in e® ect) th e ¯ n ite set
f 0;1;2 ;:::;m ¡ 1 g , a n d th e n u m b ers 1 , m + 1, 2m + 1,

3m + 1 , ::: l̀o ok ' th e sa m e in th is w orld , as d o th e n u m -
b ers 2, m + 2, 2m + 2 , 3 m + 2, ::: (w e m ay p ictu re th e
n u m b ers as c̀y clin g b a ck ' to 0 after reach in g m ¡ 1).
T h e a lg eb ra o f con g ru en ces is easy to co n stru ct, as th e
con gru en ce sy m b o l `́ ' ob ey s p ractica lly a ll th e ru les of
th e m o re fa m iliar eq u ality sy m b o l, =̀ '. O n ly d iv ision

can p ose so m e d i± cu lty, a n d even th is is n ot th e case
if th e m o d u lu s is a p rim e n u m b er; e.g., if m = 7 , th en
2 £ 4 ´ 1, so 2 a n d 4 m ay b e called recip ro cals o f ea ch
oth er, an d th is sh ow s h ow d iv ision ca n b e d on e; e.g.,
3= 4 ´ 3 £ 2 ´ 6 (m o d 7 ).

O n ce th is id ea h a s b een co n ceived , th e p ossib ility of solv-
in g equation s over th ese ¯ n ite d o m a in s im m ed iately su g -
gests itself. F or ex a m p le, th e lin ear eq u ation 2 x + 3 ´ 4

(m o d 7) h as th e u n iq u e solu tio n x ´ 4 (m o d 7), a n d
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th e q u a d ratic eq u ation x 2 + 2x ´ 3 (m o d 7 ) h as tw o
so lu tion s x ´ 1 (m o d 7 ) an d x ´ 4 (m o d 7 ). O n th e
oth er h an d , th e eq u ation x 2 + 2 x ´ 4 (m o d 7 ) h a s n o

so lu tion s. T h e in tricacy of algeb ra in th is ¯ n ite d om ain
so on em erg es, p osin g n u m erou s q u estion s of great a p -
p eal to a m a th em atician .

F or stu d y in g fu rth er th e algeb ra of co n gru en ces, th e

read er m ay co n su lt a n y b o o k o n n u m b er th eo ry ; e.g.,
th e w ell-k n ow n o n e b y H ard y a n d W righ t [1].

2 . Q u a d ra tic R e c ip ro c ity

Q u ad ra tic recip ro city co n cern s co n gru en ces of th e k in d
x 2

´ a (m o d p ), w h ere a is an in teg er an d p is a p rim e
n u m b er, an d x is an in teger to b e fou n d . D ep en d in g on

th e va lu es o f a an d p , th is co n gru en ce m ay o r m ay n ot
h ave a n y so lu tion s. F or ex am p le, th e co n gru en ces x 2

´ 2
(m o d 3) an d x 2

´ 5 (m o d 7) h ave n o so lu tion s, as m ay
b e v erī ed b y sim p ly com p u tin g th e sq u a res o f th e ¯ rst
few p ositiv e in tegers an d ch eck in g th eir resid u es m o d u lo
3 an d m o d u lo 7, resp ectiv ely. O n th e oth er h an d , th e

con gru en ces x 2
´ 1 (m o d 3 ) an d x 2

´ 2 (m o d 7) d o
p o ssess so lu tion s; th e form er con gru en ce h as solu tio n s
x ´ § 1 (m o d 3 ), th e latter o n e x ´ § 3 (m o d 7 ).

T h e m o re g en eral q u ad ra tic co n gru en ce a x 2 + bx + c ´

0 (m o d m ), w h ere a , b, c, m a re in teg ers an d x is an
in teger to b e fo u n d , m ay alw ay s b e red u ced to a ¯ n ite
set of con g ru en ces o f th e ty p e x 2

´ a (m o d p ). B u t th is
sim p le lo ok in g co n gru en ce p o ssesses va st d ep th s! S o th e

stu d y of th ese co n gru en ces tak es care o f a ll q u ad ra tic
con gru en ces.

L et p d en ote a n o d d p rim e n u m b er, a n d let a b e an y in te-

ger n ot d iv isib le b y p . If th e con g ru en ce x 2
´ a (m o d p )

p o ssesses a so lu tion , th en a is ca lled a Q u a d ratic R esid u e
m o d u lo p ; if n ot, it is a Q u ad ratic N on -R esid u e m o d u lo
p . F or ex am p le, in th e set f 1;2;3 ;:::;10 g , th e q u ad ra tic
resid u es m o d u lo 11 are 1 , 3 , 4 , 5 , 9 an d th e q u ad ra tic
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B o x 1 . Q u a d r a tic R e sid u e s, C r y p to g r a p h y , C o in T o ssin g , P r im a lity T e stin g

Studying quadratic residues modulo a prime is not only a natural problem in number
theory, it also proves extremely useful in several other places like cryptography. Here is
one way of seeing the connection. We stated in the article that the quadratic residues
modulo 11 are 1 , 3, 4, 5, 9 and the quadratic non-residues are 2, 6, 7;8, 10. So the
numbers from 1 to 10 have been placed in two sets, but they give the impression of being
randomly distributed. This fact may be made use of in devising codes and in \tossing a
coin over a telephone" (i. e. , tossing a coin electronically) and conveying the result in a
believable and veri¯able way.

In primality testing, there is an e±cient test called the Miller{Rabin primality test which
is not known to be deterministic, but it can be proved to be deterministic if one could
guarantee the existence of ` small' quadratic non-residues modulo any prime. Such a
guarantee can be given if one assumes one of the deepest open problems of mathematics
{ the Generalized Riemann Hypothesis. We describe the Miller{Rabin test in B o x 2.

n on -resid u es a re 2 , 6 , 7;8 , 1 0. A m o n g th e m an y a ttrac-
tiv e p ro p erties of th ese sets o f n u m b ers are th e follow -
in g: (I) T h ere are as m an y q u ad ra tic resid u es m o d u lo

p as n o n -resid u es m o d u lo p . (II) T h e p ro d u ct o f tw o
q u ad ra tic resid u es o r tw o n on -resid u es m o d u lo p is a
q u ad ra tic resid u e m o d u lo p ; e.g., 4 £ 5 ´ 9 or 6 £ 8 ´ 4
for th e case p = 11. (III) T h e p ro d u ct of a q u ad ra tic
resid u e an d a n on -resid u e m o d u lo p is a q u ad ra tic n o n -

resid u e m o d u lo p ; e.g., 3 £ 7 ´ 10.

P rop erties (II), (III) rem in d u s o f th e arith m etica l rela -
tio n s p̀ lu s £ p lu s = p lu s', m̀ in u s £ m in u s = p lu s' a n d
p̀ lu s £ m in u s = m in u s'; an d in d eed , th ere is a gro u p

th eoretic con n ectio n .

A con ven ien t w ay of d en o tin g th e q u a d ratic ch a racter of
a m o d u lo p is th rou g h th e u se of th e follow in g sy m b ol

¯ rst in tro d u ced b y L eg en d re:

a

p

¶
=

(
+ 1 ; if a is a q u ad ra tic resid u e m o d u lo p ;

¡ 1; if a is a q u ad ra tic n o n -resid u e m o d u lo p :

F or ex am p le,
¡

2

7

¢
= + 1 , w h erea s

¡
2

5

¢
= ¡ 1 . If a is a

m u ltip le of p , w e w rite
³
a
p

´
= 0.
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2 Fermat often mentioned re-

sults without proof, in his letters

and other writings. Considering

the story behind Fermat’s Last

Theorem, we should be thankful

for this habit of his!

A n easily p rov ed (an d m ost co n v en ien t) p ro p erty of
th e L eg en d re sy m b o l is its m ultiplicativity : w e h ave³
a
p

´
¢

³
b
p

´
=
³
a b
p

´
fo r all in teg ers a , b, a n d a ll p rim es p .

(T h is is an o th er w ay o f ex p ressin g p ro p erties (II), (III)
given a b ov e.)

Is th ere a q u ick w ay of com p u tin g
³
a
p

´
for a giv en in teger

a an d a p rim e n u m b er p ? F ollow in g th e rem ark m ad e
ab ove, w e m ay restrict ou r atten tion to th e cases w h en
th e n u m erator a is p rim e; e.g ., on e m ay ask fo r th e va lu e
of
¡

2 9

6 4 1

¢
or
¡

1 0 1

1 9 9 9

¢
. In th e reso lu tion o f th is q u estion lies

a startlin g fact co n n ectin g th e va lu es o f
³
p

q

´
an d

³
q

p

´

for p airs of d istin ct o d d p rim es p a n d q . T h is con n ec-
tio n w as ¯ rst fou n d em p irically b y E u ler an d L egen d re,

an d p rov ed rigo rou sly b y G a u ss, b u t th e seed s of its d is-
covery lie in d iscov eries m ad e m u ch earlier b y F erm at.
T o d ay th is co n n ection is called Q u a d ratic R ecip ro city.
T h e fam ou s law of q u ad ra tic recip ro city m ay th u s b e
sa id to h av e h ad m ore th a n on e b irth !

3 . F irst M o v e m e n t: F e rm a t, c irca 1 6 4 0 ; E u le r,

c irca 1 7 4 9

F erm at's d iscov ery is th e follow in g, w h ich h e ex p ressed
in a letter to M ersen n e in 1 54 0:

E very prim e n um ber w hich surpasses by on e

a m ultiple of four is com posed of tw o

squares ::: .

T h a t is, a p rim e n u m b er p ´ 1 (m o d 4 ) is a su m of tw o

sq u ares. In a letter to P a scal in 16 54 , h e a lso w rote2 th at
a p rim e n u m b er p ´ 1 (m o d 3) is o f th e fo rm x 2 + 3y 2 ,
an d th at a p rim e n u m b er p ´ 1 o r 3 (m o d 8 ) is of th e
form x 2 + 2y 2 .

T h e p ro lī c L eo n h ard E u ler learn t o f m an y of F erm at's
assertion s th rou gh h is co rresp on d en ce w ith G old b ach ,
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an d it b ecam e a life-lon g p a ssion for h im to p rove th ese
assertion s. (A n d , b ein g E u ler, h e su cceed ed m o st of th e
tim e.)

E u ler's p ro o f of F erm at's sta tem en t th at a p rim e n u m b er
p ´ 1 (m o d 4 ) is a su m of tw o sq u ares h a d tw o step s:

² A descen t step to sh ow th at if p is a p rim e n u m b er
w h ich d iv id es a n u m b er of th e fo rm x 2 + y 2 w ith
x ;y cop rim e, th en p is itself a su m of tw o sq u a res;

² A reciprocity step to sh ow th at a p rim e n u m b er of
th e form p ´ 1 (m o d 4) d o es d iv id e a n u m b er of
th e form x 2 + y 2 w ith x ;y co p rim e.

U sin g th e sam e m eth o d , E u ler also p roved th e oth er tw o

assertion s o f F erm a t (giv en a b ov e). H e sp en t a n u m b er
of y ea rs in p rov in g th e recip ro city step s. In d eed , th e
reaso n w e h ave ca lled it th e r̀ecip ro city ' step is b ecau se,
in m o d ern term in olog y, th e tw o recip ro city sta tem en ts:

² A prim e p divides x 2 + y 2 for som e (x ;y ) = 1 if

an d on ly if p ´ 1 m od 4,

² A prim e p divides x 2 + 2y 2 for som e (x ;y ) = 1 if

an d on ly if p ´ 1 or 3 m od 8,

are eq u iva len t, resp ectively, to th e a ssertio n s

¡ 1

p

¶
= (¡ 1)(p¡ 1 )= 2 ;

2

p

¶
= (¡ 1)(p

2
¡1 )= 8 :

A fter d iscoverin g sev era l sim ila r su ch resu lts, for ex am -
p le, th at

7

p

¶
= 1 if an d on ly if p ´ § 1;§ 3;§ 9 (m o d 2 8);

E u ler ¯ n ally m ad e th e fo llow in g con jectu re arou n d 17 49:

E u le r's C o n jec tu re . L et p , q den ote distin ct odd

prim es; then
³
q

p

´
= 1 if an d on ly if p ´ § ® 2 (m o d 4 q)

for som e odd in teger ® .
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3 Later Gauss wrote, “For a whole

year this theorem tormented me

and absorbed my greatest ef-

forts ...’’.

4 Eisenstein was very pleased

with his own proof and wrote,

“How lucky good Euler would

have considered himself, had

he possessed these lines about

seventy years ago.”

It is easy to see th a t th is con jectu re is eq u ivalen t to th e
u su a l fo rm u lation o f th e

L a w o f Q u a d ra tic R ec ip ro c ity (Q R L ). L et p , q

den ote distin ct odd prim es; then

p

q

¶
¢

q

p

¶
= (¡ 1 )(p¡ 1 )(q¡1 )= 4 :

E qu ivalen tly: if on e or both of p ;q are of the form 1

(m o d 4), then

³
p

q

´
=
³
q

p

´
; an d if p ;q are both of the

form 3 (m o d 4 ), then

³
p

q

´
= ¡

³
q

p

´
.

4 . S e c o n d M o v e m e n t: G a u ss, c irca 1 7 9 5

T h e secon d in d ep en d en t b irth of th e recip ro city law o c-
cu rred in G a u ss's w ork in M arch 1 79 5; h e w as n ot yet
18 th en ! In A p ril 1 796 G au ss fou n d th e ¯ rst com p lete
p ro of of th e q u ad ra tic recip ro city law 3 . A p p aren tly, h e
b ecam e aw a re of E u ler's a n d L eg en d re's w ork on ly la ter.

F ollow in g h is ¯ rst p ro of, G a u ss fou n d a n u m b er of oth er
p ro ofs. T h e seco n d p ro of in vo lv es th e d eep gen u s th eory
of b in ary q u a d ratic fo rm s w h ich h e h im self p ion eered .
O n e rea son h e gav e m a n y p ro o fs m ay b e th at h e co n -
sid ered it a very fu n d am en ta l resu lt | h e called it th e
theorem a aureum (th e go ld en th eorem ). S ev era l p eo p le

h ave given p ro o fs su b seq u en tly, a n d a ton g u e-in -ch eek
title of a p a p er b y G ersten h ab er su g gests h is p ro of to b e
th e 1 52 n d ! H ow ev er, m an y o f th ese p ro ofs a re sim ila r to
oth ers. In th is tw o-p a rt article I sin gle ou t th ree p ro o fs
w h ich u se d i® eren t id eas an d w h ich I en joy ed learn in g

ab ou t. T h ey are a ll p retty an d n o t to o w ell k n ow n ; n on e
of th em ap p ears in a n y tex tb o o k .

W e resisted th e tem p ta tion to in clu d e th e elega n t g eo -

m etric p ro o f g iv en b y G a u ss's p h en om en al b u t trag ically
sh o rt-lived stu d en t G E isen stein 4 , a s it a p p ears in on e
form in th e fam ou s b o ok b y H a rd y an d W rig h t [1]. It
m u st b e rem ark ed th at n o t all th e b eau tifu l fea tu res of
E isen stein 's p ro o f seem to h av e b een w ell u n d ersto o d a s
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p o in ted ou t b y L au b en b a ch er an d P en g elley [2] in th eir
en gag in g a rticle in M athem atical In telligen cer.

R e m a rk . T h ere h av e b een variou s g en eraliza tio n s of
q u ad ra tic recip ro city ; w e h ave cu b ic recip ro city (G au ss
an d E isen stein ), q u artic recip ro city (G au ss), gen eral p -
ad ic recip ro city (E isen stein ), A rtin 's gen eral ab elia n reci-
p ro city law , th e H ilb ert{T a kag i cla ss ¯ eld th eory, a n d

its n on a b elian g en eraliza tio n s (in th e L̀ an glan d s p ro -
gra m '), a n d so on . W e sh all n o t g o in to a n y of th ese in
th is article.

4 .1 N o ta tio n

T h ro u gh o u t, p , q d en ote d istin ct o d d p rim es; x , y d en ote
in tegers; m d en otes an arb itrary m o d u lu s, n ot n ecessa r-

ily p rim e; Z= m Z d en otes th e set f 0;1;2 ;:::;m ¡ 1 g,
w h ich form s a rin g u n d er a d d ition a n d m u ltip lication
m o d u lo m ; (Z= pZ)¤ d en otes th e set of n on -zero elem en ts
in Z= pZ, i.e., th e set f 1 ;2 ;:::;p ¡ 1g . N o te th at Z= pZ

form s a ¯ eld u n d er ad d itio n an d m u ltip lica tion m o d -
u lo p , an d (Z= pZ)¤ fo rm s a grou p u n d er m u ltip lication

m o d u lo p .

4 .2 E u le r's C rite rio n

B efore p ro ceed in g w ith th e p ro o fs, w e reca ll an im p o r-
tan t criterion u sed to ch eck q u a d ratic recip ro city. F irst
n ote th a t th e con g ru en ce

¡
x (p¡1 )= 2

¢2
´ 1 (m o d p )

im p lies th a t x (p¡ 1 )= 2 = § 1 fo r an y x 2 Z= pZ. B u t if
x = y 2 , th en

x (p¡1 )= 2 = y p¡1
´ 1 (m o d p );

so th e q u ad ratic resid u es are a ll ro o ts of th e p oly n o m ial
t(p¡1 )= 2

¡ 1 . S in ce th is p o ly n om ial ca n n ot h av e m ore
th an 1

2
(p ¡ 1 ) ro o ts in th e ¯ eld Z= pZ, w e con clu d e th at

its ro ots are ex actly th e q u ad ratic resid u es. T h is y ield s
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B o x 2 . T h e M ille r { R a b in P r im a lity te st

This is in wide usage especially for the RSA cryptosystem.

Let n be an odd prime; write n ¡ 1 = r ¢2s with r odd. For (a ;n ) = 1, we have a 2
s¡ 1

r
´ § 1

mod n . Thus, a satis¯es at least one of the following conditions:

² a r ´ 1 mod n ;

² a 2
i
r
´ ¡ 1 for some 0 · i < s .

A co m po site n which satis¯es this last-mentioned property is called a stro n g p seu d o p rim e
to th e ba se a . One also calls such a base a stro n g lia r for n . When n is n o t a strong
pseudoprime to some base a (that is, if each of the s +1 congruences fails) , then evidently
n is composite, and a is known as a stro n g w itn ess to the compositeness of n .

For example, the Carmichael number 561 has 2 as a strong witness. This is so because
560 = 16 £ 35 and 23 5 ´ 263;22 £ 3 5 ´ 166; and 24 £ 3 5 ´ 67 mod 561. Also 28 £ 3 5 ´ 1
mod 561.

The Miller{Rabin test starts by picking a random a < n ¡ 1 and checking whether a r

(mod n ) is § 1 . If it is, then n \passes the test" and we conclude that n is a \probable
prime" ; we then move to the next a . If it is not § 1 , we keep squaring (up to s ¡ 1 times)
and checking until we reach ¡ 1 . If it does, then again n passes the test and is a probable
prime; we move to the next a . If ¡ 1 is never reached, then n must be composite.

It turns out that at the most 1

4
of the numbers 1 , 2, ::: , n ¡ 1 can be strong liars

for a composite n . Thus, after d iterations, the probability that the Miller{Rabin test
concludes primality of a composite n is at the most 1

4 d
; this is the probability of a wrong

conclusion. It may be shown that the Miller{Rabin test is deterministic if we assume the
Generalized Riemann hypothesis or GRH.

A consequence of GRH is that for any prime p ¸ 3, the least quadratic nonresidue is
strictly less than 2(log p ) 2 . So if the Miller{Rabin test is performed for all a less than
2(log n ) 2 , then it ¯nds a strong witness for n . This makes it a deterministic test.

th e criterio n d u e to E u ler:

x

p

¶
´ x (p¡1 )= 2 (m o d p ):

H ere is an ex a m p le o f th e u sa ge o f th e criterion : w e sh all
com p u te

¡
3

2 9

¢
. T h e criterio n tells u s th at

¡
3

2 9

¢
´ 3 1 4

(m o d 29 ). N ow , m o d u lo 2 9 w e h av e:

3 1 ´ 3; 3 2 ´ 9 ; 3 3 ´ 2 7 ´ ¡ 2 ; 3 4 ´ 81 ´ ¡ 6;
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5 Recall the Chinese Remainder

Theorem (CRT): Given any two

integers a,b, an integer x may

be found such that x ≡ a (mod p)

and x ≡ b (mod q). In the interval

[1, pq], there is just one such x.

3 7 ´ (¡ 2 ) £ (¡ 6 ) ´ 1 2; 3 1 4 ´ 1 2 2 ´ 1 44 ´ ¡ 1:

T h erefo re, 3 is a q u a d ratic n on -resid u e m o d u lo 29 .

4 .3 T w o Illu stra tio n s o f Q R L

W e give tw o ex am p les of th e law in action .

² p = 5;q = 1 9

H ere p ´ 1 an d q ´ 3 (m o d 4), so Q R L p red icts

th at
³
p

q

´
=
³
q

p

´
, th a t is,

¡
5

1 9

¢
=
¡

1 9

5

¢
.

T h is is tru e, as b o th sid es are eq u al to 1 . F or

w e h ave: 9 2 = 81 ´ 5 (m o d 19 ), sh ow in g th at¡
5

1 9

¢
= 1 ; an d 2 2 = 4 ´ 19 (m o d 5), sh ow in g th at¡

1 9

5

¢
= 1 .

² p = 7;q = 2 3

H ere b oth p ´ 3 an d q ´ 3 (m o d 4 ), so Q R L

p red icts th a t
³
p

q

´
= ¡

³
q

p

´
, th a t is,

¡
7

2 3

¢
= ¡

¡
2 3

7

¢
.

T h is is tru e; w e ca n v erify b y ca lcu lation th at 7 is

a q u ad ratic n o n -resid u e m o d u lo 2 3, so
¡

7

2 3

¢
= 1;

b u t 2 3 is a q u a d ratic resid u e m o d u lo 7, for w e h ave
3 2 = 9 ´ 2 ´ 2 3 (m o d 7 ), so

¡
2 3

7

¢
= ¡ 1 .

5 . F irst P ro o f o f Q R L { b y C o u n tin g C o se ts

W e b egin w ith a com p u ta tio n -b ased g rou p th eoretic p ro of
d u e to G R ou ssea u . T h rou g h ou t, p ;q rep resen t a n arb i-

trary b u t given p air o f d istin ct, o d d p rim es.

In th e lan g u ag e of ab stra ct algeb ra, C R T 5 g iv es a rin g
isom orp h ism ofZ= p qZ w ith Z= pZ£ Z= qZ, th e m ap b ein g
c 7! (a ;b) w ith c ´ a (m o d p ), c ´ b (m o d q).

In p a rticu la r, th e grou p s o f un its (i.e., th e in v ertib le ele-
m en ts) o n b o th sid es a re iso m o rp h ic to ea ch oth er. S in ce
th e u n its in a d irect p ro d u ct o f rin gs are th e elem en ts
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Is o m o r p h is m o f r in g s

Z= 15Z 0 1 2 3 4 5 6 7

Z=3Z £ Z= 5Z (0;0) (1;1) (2;2) (0;3) (1;4) (2;0) (0;1 ) (1;2)

Z= 15Z 8 9 10 11 12 13 14

Z=3Z £ Z= 5Z (2;3) (0;4) (1;0) (2;1) (0;2) (1;3) (2;4)

Is o m o r p h is m o f g r o u p s o f u n it s

(Z= 15Z)¤ 1 2 4 7 8 11 13 14

(Z= 3Z)¤ £ (Z= 5Z)
¤ (1;1) (2;2) (1;4) (1;2) (2;3) (2;1) (1;3) (2;4)

² f 1;14g is a subgroup of (Z= 15Z)¤, of order 2. It may

also be written as f 1;¡ 1g .

² The corresponding subgroup of (Z= 3Z)¤£ (Z= 5Z)¤ is

H = f (1;1) ;(2;4) g . It may also be written as H =

f 1;1 ) ;(¡ 1;¡ 1 ) g .

Table 1. Shows the corre-
spondences for the case
p = 3, q = 5.

th at h ave u n its in ea ch co o rd in a te, w e h av e a gro u p iso -
m orp h ism ¿ of (Z= p qZ)¤ w ith (Z= pZ)¤ £ (Z= qZ)¤.

T a b le 1 sh ow s th e rin g an d gro u p isom orp h ism s for th e
case p = 3 ;q = 5 .

N ow co n sid er th e su b gro u p K = f 1;¡ 1g of (Z= p qZ)¤,

gen erated b y ¡ 1 ; it h as o rd er 2. T h e isom orp h ism m a p s
it to a su b gro u p of ord er 2 of (Z= pZ)¤£ (Z= qZ)¤; n am ely,
¿ K = H = f (1 ;1);(¡ 1;¡ 1 )g . If w e evalu ate an d com -
p are th e p ro d u cts o f th e coset rep resen tatives o f K a n d
H , w e ¯ n d to ou r su rp rise th a t w e get th e recip ro city

law !

T o m otivate th e an a ly sis of th e g en eral ca se, it is w orth
tak in g a ca refu l lo ok a t th e ca se p = 3 ;q = 5 . L et

¿ : (Z= 1 5Z)
¤

! (Z= 3Z)
¤

£ (Z= 5Z)
¤

d en o te th e gro u p
isom orp h ism sh ow n in T able 1. T h en ¿ m ap s th e su b -
gro u p K = f 1 ;1 4g o f (Z= 1 5Z)¤ to th e su b gro u p ¿ K =
f (1;1);(2 ;4 )g of (Z= 3Z)¤ £ (Z= 5Z)¤.
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In th e gro u p (Z= 15Z)¤, th e cosets of K = f 1;14 g are

f 1;14 g; f 2;13 g ; f 4;1 1g ; f 7 ;8 g :

T h e q u o tien t gro u p h ere, (Z= 15Z)¤= K , is iso m o rp h ic to
th e cy clic gro u p o f o rd er 4 , a n d th e p ro d u ct o f th e co sets

is th e co set f 4 ;11g . (T h is is th e elem en t in th e q u otien t
gro u p th a t h as ord er 2.)

In th e gro u p (Z= 3Z)¤ £ (Z= 5Z)¤, th e cosets of ¿ K =
f (1;1);(2 ;4 )g are

f (1;1);(2 ;4 )g ; f (2;2);(1;3 )g ; f (1;4);(2;1 )g; f(1 ;2);(2;3)g :

T h e p ro d u ct of th e cosets is th e coset f (1;4);(2;1 )g.
O b serve th at ¿ m a p s th e p ro d u ct of th e cosets o f K

to th e p ro d u ct of th e cosets of ¿ K . T h is w as to b e
ex p ected .

T h e sam e corresp on d en ce m u st h o ld in th e gen eral ca se.
O n p ro b in g fu rth er, w e get th e recip ro city law . T h e
d etails are as follow s.

W e con sid er th e gro u p G 1 = (Z= p qZ)
¤

, its su b gro u p
K = f 1;¡ 1g of o rd er 2 , an d th e q u otien t g rou p G 1 = K

w h ich h as 1

2
(p ¡ 1 )(q ¡ 1) elem en ts.

U n d er ¿ , th is tra n slates in to th e g rou p G 2 = (Z= pZ)
¤

£

(Z= qZ)¤, its su b g rou p H = ¿ K = f (1 ;1);(¡ 1 ;¡ 1 )g of
ord er 2 , a n d th e q u o tien t grou p G 2 = H w h ich h as
1

2
(p ¡ 1)(q ¡ 1 ) elem en ts.

T h e cosets of K in G 1 h av e th e form f i;p q ¡ ig w h ere
i is cop rim e to p q . S in ce m in fi;p q ¡ ig < 1

2
p q, w e can

alw ay s select a rep resen tative from ea ch co set w h ich is
less th an 1

2
p q. It fo llow s th a t th e set T given b y

T = f i : 1 · i ·
1

2
(p q ¡ 1); g cd (i;p q ) = 1 g

is a set o f d istin ct coset rep resen tatives o f K in G 1 =
(Z= p qZ)¤.
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T h e cosets of H in G 2 h av e th e form f (i;j);(p ¡ i;

q ¡ j)g : S in ce m in f j;q ¡ jg < 1

2
q , w e can a lw ay s select a

rep resen tative fro m each coset w h ose seco n d co ord in ate

is less th an 1

2
q . It follow s th at th e set S given b y

S = f (i;j) : 1 · i · p ¡ 1; 1 · j ·
1

2
(q ¡ 1 )g

is a set o f d istin ct coset rep resen ta tiv es of H in G 2 =
(Z= pZ)¤ £ (Z= qZ)¤.

N o te th at # T = # S = 1

2
(p ¡ 1 )(q ¡ 1) = # G 1 = K =

# G 2 = H .

N ex t, w e ca lcu la te th e p ro d u cts of th e elem en ts of th e
coset rep resen ta tives S an d T in th e resp ective g rou p s.
F or th e gro u p G 2 = (Z= pZ)¤£ (Z= qZ)¤, w e get th e p ro d -
u ct

Y
s2S

s =

Ã
(p ¡ 1 )!(q¡1 )= 2 ;

q ¡ 1

2

¶
!

¶p¡1
!

H : (1)

F or th e g rou p G 1 = (Z= p qZ)
¤

, w e h av e, m o d u lo p :

Y
t2T

t ´

¡Q p¡1

i= 1
i
¢
¢

¡Q p¡ 1

i= 1
(p + i)

¢
¢

¡Q p¡ 1

i= 1
(2 p + i)

¢
¢¢¢
Q

(p¡1 )= 2

i= 1

¡
( 1
2
(q ¡ 1)p + i)

¢
q ¢ 2q ¢ ¢¢¢ ¢

1

2
(p ¡ 1 )q

´
(p ¡ 1)!(q¡ 1 )= 2

¢ ( 1
2
(p ¡ 1 ))!

q (p¡1 )= 2 ¢ ( 1
2
(p ¡ 1))!

´
(p ¡ 1 )!(q¡1 )= 2

³
q

p

´ (E u ler's criterio n !)

´ (p ¡ 1)!(q¡ 1 )= 2
¢

q

p

¶
(m o d p ) ´ (¡ 1 )(q¡ 1 )= 2

¢
q

p

¶
(m o d p );

w h ere W ilson 's th eorem (th e sta tem en t th a t (r ¡ 1 )! ´
¡ 1 (m o d r ) fo r a ll p rim es r ) is n eed ed in th e la st step .
In th e sam e w ay, w e g et, w ork in g m o d u lo q :

Y
t2T

t ´ (¡ 1)(p¡ 1 )= 2
¢

p

q

¶
(m o d q):
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T h erefo re, b y th e C R T , ¿ m ap s
Q
t2T t to

(¡ 1 )(q¡ 1 )= 2
¢

q

p

¶
; (¡ 1)(p¡1 )= 2

¢
p

q

¶¶
H 2 G 2 = H :

(2)

S in ce i ´ ¡ (q ¡ i) (m o d q ), w e h av e:

(q ¡ 1)! ´
q ¡ 1

2

¶
!

¶
2

£ (¡ 1)(q¡ 1 )= 2 (m o d q ):

R aisin g b oth sid es to th e 1

2
(p ¡ 1 )-th p ow er an d u sin g

W ilso n 's th eorem aga in , w e get:

q ¡ 1

2

¶
!

¶p¡1

´ (¡ 1 )(p¡ 1 )= 2
¢ (¡ 1)(p¡1 )(q¡ 1 )= 4 (m o d q ):

(3)

E x p ression (1 ) for
Q
s2S s m ay th erefore b e sim p lī ed

(after red u cin g th e ¯ rst co ord in ate m o d u lo p , a n d th e

seco n d co ord in ate m o d u lo q) to

¡
(¡ 1)(q¡1 )= 2 ; (¡ 1)(p¡1 )= 2

¢ (¡ 1 )(p¡ 1 )(q¡1 )= 4
¢
H : (4)

S in ce ex p ressio n s (2 ) an d (4 ) rep resen t th e sa m e elem en t
in G 2 = H , co m p a rin g th em w e g et

p

q

¶
¢

q

p

¶
= (¡ 1 )(p¡1 )(q¡ 1 )= 4 ;

w h ich is n oth in g b u t th e L aw o f Q u ad ra tic R ecip ro city !

5 .1 Illu stra tio n : T h e C a se p = 3 , q = 5

L et u s w ork th rou g h th e case p = 3, q = 5. W e k n ow
th at 3 is n ot a sq u are in Z= 5Z, n or is 5 a sq u are in Z= 3Z.
S o,

¡
3

5

¢
= ¡ 1,

¡
5

3

¢
= ¡ 1,

¡
3

5

¢
¢

¡
5

3

¢
= 1.

L et u s ch eck th is a ga in st th e ab ov e co m p u tation s. U sin g

th e sa m e sy m b o ls, w e h av e: G = (Z= 3Z)
¤

£ (Z= 5Z)
¤

,
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S = f (1 ;1);(1;2);(2;1 );(2;2)g , T = f 1;2;4 ;7 g , an d :
Y
s2S

s ´ (4;4)H ´ (1;¡ 1) H ;

Y
t2T

t ´ (¡ 1 )2
5

3

¶
(m o d 3 ) ´

5

3

¶
(m o d 3);

Y
t2T

t ´ (¡ 1 )1
3

5

¶
(m o d 5 ) ´ ¡

3

5

¶
(m o d 5):

C o m p a rin g th e tw o resu lts w e see th at

¡
5

3

¶
¢
3

5

¶
= 1 ¢ (¡ 1 );

th at is,
¡

5

3

¢
¢

¡
3

5

¢
= 1 , in a greem en t w ith w h at w as stated

at th e b egin n in g .

M o re to c o m e ::: In P art 2 w e p resen t tw o m ore

p ro ofs of th e Q R L { on e b ased o n lin ea r algeb ra, a n d
th e oth er o n th e n otio n o f ¯ eld ex ten sion s. T h e latter
p ro of is ra th er m o re ad van ced th a n th e ¯ rst tw o.
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