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In the November 1996 issue of Resonance, the second au-
thor had mentioned the Burnside problem [1] in passing
and said that it was beyond the scope of that article.
“The time has come now,” as the chivalrous professor
said, “to talk of such things” If G is a torsion groun —
that is, a group in which all elements are of finite order,
must the group be finite? Not so, as the simple example
of the group of all roots of unity on the unit circle shows.
This is easily seen not to be a finitely generated group.
One may wonder whether the assumption of finite gen-
eration forces a torsion group to be finite. In general,
the answer is in the negative. What if the finitely gen-
erated group is n-torsion for some n (that is, the orders
of all the elements are divisors of a fixed number n). In
1902 Burnside raised the question of its finiteness — it
turns out that the group could still be infinite. That
requires rather deep methods.

Let us start with some simple cases where the answer
is actually in the affirmative. First of all, if a group is
2-torsion, it is trivial to see that it is abelian. Thus,
if a 2-torsion group is also finitely generated, it must
be finite. As we shall show, finitely generated n-torsion
groups are finite for n = 3 as well as for n = 4. These
results are due, respectively, to Burnside himself and
Sanov. An affirmative answer was given for the case
n = 6 also by M Hall. The case n = 5 is still open as
far as the authors know.

One can formulate the question for the ‘universal’ m-
generated, m-torsion group. In other words, one can
formulate the Burnside problem as the question as to
whether the Burnside group B(m,n) — defined as the
quotient of the free group F;, on m generators by the
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normal subgroup generated by the relations z" = 1 -
is finite. For a big enough odd n, Adian and Novikov
proved that there exist finitely generated, infinite n-
torsion groups; their bound of 4381 has since been brought
down. The present-day method of attack involves ‘van
Kampen diagram techniques’ due to Olshanskii and oth-
ers. Rather recently, Ivanov has shown the existence
of finitely generated, infinite, n-torsion groups for large
even n. He also uses the diagram techniques referred to
above.

There is the restricted Burnside problem which asks whe-
ther there is a bound on the orders of all m-generated
n-torsion finite groups. This was finally proved in the
affirmative by Efim Zelmanov who won the Fields Medal
for this work in 1990. The restricted Burnside problem
can be reformulated in terms of profinite groups (the
latter are built out of finite groups quite akin to building
the Galois group of the algebraic closure of Q from the
various finite Galois groups). The advantage of that is
that one could use topological techniques as a profinite
group has a natural topology.

We start with a discussion of the linear case of the Burn-
side problem where the answer is in the affirmative and
go on to prove the positive cases of n = 3 and n = 4.
At the end, we recall a beautiful construction of Narain
Gupta and Said Sidki [2] which gives a counterexam-
ple to the general Burnside problem. The construction
shows the existence of an infinite group which is finitely
generated and all of whose elements have finite p-power
order for some prime p. The orders of the elements are
unbounded, and thus, this is not a counterexample to
the Burnside problem where the torsion is bounded.

Burnside’s contributions to group theory and especially
to the study of their representations are fundamental to
the subject. Ironically, the most popular result through
which he is often known to the lay-mathematician (an

The restricted
Burnside problem
which asks whether
there is a bound on
the orders of all m-
generated n-torsior.
finite groups was
finally proved in the
affirmative by Efim
Zelmanov who won
the Fields Medal for
this work in 1990.
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Burnside's
contributions to
group theory and
especially to the
study of their
representations
are fundamental to
the subject.

internet search demonstrates this), is an elementary count
ing lemma erroneously known as Burnside’s lemma which
is not due to him !

1. Burnside Problem for Matrix Groups

We first start with the case of matrix groups where the
general Burnside problem has a positive solution. This is
a consequence of a lemma known (rightly) as the Burn-
side lemma. As usual, for any field K, M (n, K) denotes
the set of all n x n matrices over K and GL(n, K) de-
notes the group of invertible ones among them. We first
recall that a matrix g € GL(n, K) is said to be unipotent
if all its eigenvalues are 1. Equivalently, over the alge-
braic closure of K, g is conjugate to an upper triangular
matrix with all diagonal entries 1.

Lemma 1.1 (Burnside) Let K be any field and let
G C GL(n,K) be a subgroup such that the set {tr(g) :
g € G} 1s finite, of cardinality v, say. Assume also that
no nontrivial element of G is unipotent. Then, G must
be finite, of cardinality < r™

Corollary 1.2 Let K be any field and let N be a natural
number which is not a multiple of the characteristic of
K If G C GL(n,KY is an N-torsion group, then G
must be finite, of cardinality < N n?

Proof. Without loss of generality, we may assume that
K is algebraically closed, for, replacing K by its alge-
braic closure neither affects the hypotheses nor the con-
clusions. We shall observe that the hypotheses of the
lemma are satisfied. The vector subspace V C M(n, K)
generated by G has dimension at the most n?; let g;, go,

,gq be elements of G which give a basis of V' For
each g € G, since gV = I, the eigenvalues of g are N-th
roots of unity; thus the trace of g has at the most N
possibilities. Suppose, if possible, that I # g € G is
unipotent. After conjugating by a matrix in GL(n, K),
we may assume that g is upper triangular with all di-
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agonal entries 1. Let ¢;; # O with j —4 > 1 and j — ¢
the least possible. Now looking at the (7, j)-th entry of
I =g" one has

0= Ng;.

This is a contradiction since characteristic of K does not
divide N. Thus, the lemma implies the assertion of this
corollary. B

Proof of Burnside’s Lemma

As before, we let {g1, , 94} be elements in G which
form a basis for the vector subspace of M(n, K) spanned
by the elements of G. To be able to ‘count’ the elements
of G, we associate to each g € G, the ordered d-tuple

(tr(g19),tr(g29),  ,tr(gag)).

If the same tuple were associated to elements z,y € G,
then we would have tr(g;(z — y)) = 0 for all i < d.
Now, for any k& > 0, (I — z7'y)kz~! = 3L Ng for
some A € C. Therefore, multiplying the i-th equation
tr(gi(x —y)) = 0 by \; and adding all of them, we get
tr((I —z7'y)*¥*!) = 0. Since this holds for all k > 0, we
must have I — 71y to be a nilpotent matrix h; that is,
all eigenvalues of h are 0. Hence z!y is I — h, which
is clearly unipotent. This means x = y. Hence the
association

g+ (tr(g19),tr(g2g9), ,tr(gag))

is one-to-one. As the traces of elements of G take at the
most r values, the set of d-tuples above has cardinality
at the most 7¢ < #** This completes the proof.

One can refine the corollary by dropping the condition

of bounded torsion when the group is finitely generated.
One has :

Proposition 1.3 Let G C GL(n, K) be a finitely gen-
erated torsion group such that the orders of all elements
are not multiples of Char K. Then, G is finite.
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A finitely generated
group G all of
whose nontrivial
elements are of
order 3 must be
finite.

Proof. We only have to show that the torsion is auto-
matically bounded. Choosing a finite set of generators of
G, one can consider the smallest subfield E of K contain-
ing all their matrix entries. Obviously, G C GL(n, E).
Now, the field E, of elements in £ which are algebraic
over the prime subfield P of K, form a finite extension
field of P. Note that since elements of G have finite
order, their eigenvalues are in F,,. As E can have only
finitely many roots of unity, there is a bound on the or-
der of elements of G. Then, the proposition follows from
the corollary. W

2. Burnside Problem for 3-Torsion Groups

This is the first nontrivial case where the Burnside prob-
lem has an affirmative solution in general (that is, with-
out assumptions of linearity). In other words, a finitely
generated group G all of whose nontrivial elements are
of order 3 must be finite. A posteriori, such a group
is a 3-group and is hence, nilpotent. As one can guess,
the argument is special to the exponent 3 and proceeds
by proving first that the group must be nilpotent; this
involves some play (hopefully enjoyable) with commuta-
tors. Recall that the descending central series of a group
G is the sequence of subgroups

G = Cy(G) D C1(G) D Co(G)

where C;(G) = [G,C;_1(G)]. Here, a notation of the
form [A, B] stands for the group generated by all the
‘commutators’ aba"'b"! with a € A,b € B. A group
G is nilpotent if the descending central series terminates
in finitely many steps, i.e., if C}(G) = {1} for some [.
In any group, one denotes the commutator zyz~ly~! by
[z,y] and the conjugate zyz~! by y*. The higher order
commutators [z1,z2, ] are defined recursively by

[1131,:132, 7xn] = [[mlaIQ: axn—l]axn]'

We now prove a result which is more general than an
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affirmative solution of the Burnside problem for finitely
generated, 3-torsion groups.

Theorem 2.1 Any 3-torsion group G must be nilpo-
tent; in fact, C3(G) = {1} and C\(G) is abelian. Con-
sequently, a finitely generated 3-torsion group must be
finite.

Proof. We first show that the last assertion of the the-
orem is a consequence of the first one. For such a group
G, the group G/C;(G) must be finite, as it is a finitely
generated abelian group which is torsion. Thus, C1(G)
is finitely generated as well, as it is of finite index in the
finitely generated group G. This last fact is a nice ex-
ercise which is elementary but not obvious; in fact, the
reader is urged to show that a subgroup of index m of
an r-generated group, can be generated by m(r — 1)+ 1
elements. Now, we also have C;(G) to be abelian from
the first assertion. Being torsion, it has to be finite; thus
G itself must be finite.

Therefore, we need to prove only the first assertion.

We break the rest of the proof into 2 or 3 steps each
of which is interesting in its own right. First, we start
with a remarkable fact which holds in any group. This
is a commutator identity which can be verified by first
principles quite easily. W

Observation. In any group G,
o] = ey ™) ') ()
As an imimediate consequence, we note :

Lemma 2.2 In any 3-torsion group, every element com-
mutes with all its conjugates.

The next result tells us of an interesting property of all
groups which have the property inferred in the previous
lemma:

A subgroup of
index m of an
r-generated group,
can be generated
by m(r—1)+1
elements.
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Lemma 2.3 Let G be any group in which each element
commutes with each of its conjugates. Then, for all
z,Yy,z € G, one has

[z,y, 2] = [2,z,9] = [y, 2, 7]

Proof. For convenience, for any z € G, let us write
C(z) for the set consisting of all products of conju-
gates of x and z7!. Note that any two elements of
C(z) commute. Moreover, C(z) is stable under con-
jugation by any element. Finally, observe that for any
T, %, € G, we have [r;, ,z,] € C(z;) for all
i < n. In particular, for any g € C(xz;) for some i, we
have
[z1, ,za)? =[xy, ) T

We shall now consider the elements of the form [z, y, 2|;
these evidently generate the subgroup C>(G) in any group
G. The idea is to prove that in our case these elements
are contained in the center; that is, we shall show that

[z,y,2,w] =1 V z,9, z,w.
First, we can verify that
[z, y2] = [z, 9][z, 2]%; [2y, 2] = [y, 2°[z, 2]
(in any group). Therefore
(2,92, 2] = [[z,9]lz, 2", 2] = [z, 2]", 2] *Y)[z, 3, 2].

Since [z, 2] (and therefore [z, z]V) are in C(z), the above
expression becomes

[z,y2,2] = [z, y, 2] (1)
Similarly,
[z, y2,9] = [[z,4][z, 2", y] = [[z, )",y [z, y, 9] =
([, 2]¥, y]l=.
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Since [z,y] € C(y), as we observed in the beginning of
the proof,

[,92,9) = [[z, 2%, 9] = [z, 2], y)! = [z, 2], v, ],
that is,
[z, y2,9] = [z, 2, y]- (2)
Now, for each z,y, z,
1 =[z,yz,yz] = [z,y2, Y]z, y2, 2)¥ = [z, 2, y][z, ¥, 2]
by (1) and (2). But, notice that [z,y, 2] € C(y). Hence
1= [z,2yll,y 2] (3)

Now, we note that in our group G,

[y =z yzy ! =yzy a7 = [y, 2] = [z,y] 7"
and
2,y =2y ety =yayTleT = [y 2] = [z,9] 7
Thus, [z,2,9] = [[z,2]7 9] = [[2,2],0]7" = [z, 2,97
by this observation.
From this and (3), we have
[z, y,2] = [2,2,4].
Changing the roles of z, y, z, we have
[z, 9, 2] = [z, 2, 9] = [y, 2, 2]. (4)

This proves the lemma. W

Finally, we can complete the proof of the theorem. By
the first lemma, our group satisfies the hypothesis of the
pevious lemma which we shall use repeatedly.

[z,y,2,w] = [lz,9],2,w] = [2,w,[z,]]

= [[2,w], [z, yl] = [[waz]—l) [.’I:,y”
([w, 2], [z, 9] ™" = [w, 2, [z,y]
= =yl w27 = [z, g 0,27

RESONANCE | July 2005 J\/\N\/\'

.1



GENERAL | ARTICLE

Let us note the final identity
[CE, y’ z, w] = [x’ y’ w’ Z];:l (5)

Therefore, using (5) and repeatedly using (4) as well as
the basic identity [u,v] = [v,u]™!, we have

["L.’ y’ Z’ w]
= [z,y,w,2] 7" = [[z,y,w], 2] = [[w,z,9], 2]
= (w,z,y,2] 7" = [[w,z],y,2]7" = [y, 2, [w, 2] "
= [l,2], [w,2]] " = [[w, 2], [y, 2]] = [w, 2, [y, 2]

= [y, 2], w,z] = [y, z,w, z].
Hence, using (4) and (5) for the right hand side, we have
[y, 2, w, 2] = [y, 2z, z,w] ™ = [z,y, 2, w]
Hence
[z,y,2,w] = 2,9, z,w] " = [z,y, 2, w]?
which gives
[z,y,z,w]|=1V =z,y,2,w € G.

Therefore, Cy(G) is contained in the center, and C3(G) =
{1} i.e.,, G is nilpotent. Note also that [[z,y], [z, w]] =1
which means that C1(G) = [G,G] is abelian. This
proves the theorem. W

3. Burnside Problem for 4-Torsion Groups

In this section, we prove that finitely generated 4-torsion
groups are finite; the proof is actually simpler than the
case of 3-torsion. However, the stronger assertion in the
case of 3-torsion about C3(G) etc. does not generalize.

Theorem 3.1 If L is a finite subgroup of a 4-torsion
group M such that M =< L,z > for some z* € L,
then M is finite, of cardinality < |L|'¥1*1. Consequently,
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a finitely generated 4-torsion group must be a finite 2-
group.

Proof. We first deduce the latter assertion from the
former. We proceed by induction on the minimal num-
ber d of generators needed to generate a 4-torsion group
G. Trivially, if d = 1, then |G| < 4. Suppose d > 1 gen-
erators g;, , gq generate a 4-torsion group G and that
the (d — 1)-generated subgroup H =< g1, ,gd-1 > is
finite. Consider K :=< H, g% >; then G =< K, g4 >.

From the first assertion of the theorem, one can conclude
that K is finite and, therefore, G is finite.

Let us now prove the first assertion.

As z? € L, any element of M can be written as
g = lizlhzly -l,_q1zl,

with [; € L nontrivial for 1 < i < n.

We shall show that if n is minimal for such an expression,
then n < |L| + 1.

The idea is to get many expressions of length n for g and
deduce that if |L| is small compared to n, two such ex-
pressions coincide and give rise to a cancellation within
the expression and that this would yield for g an expres-
sion of smaller length.

For any [ € L, we have
1 = (z)* = zlzlzlxl,
which implies
plz =1z~ U e U = 1723 3 = gl el
where I' = 227122 € L.
Thus, we see that in the expression

g = llilflgxl;; . ln_l.’L'ln,

A finitely generated
4-torsion group
must be a finite
2-group.
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we may replace any zl;z by I; *zl'zl;! which leads to the
expression

g=hxly -zl lal'zl7 My -zl

In other words, l;_; has got replaced by I;_,I;! but I;
for any j < i — 1 did not change and the length of the
new expression remains n. We use this in the following
manner.

Start with any ¢ € G and an expression
g = l]$l2.’L'l3 . ln_liL'ln

with n minimal. If we rewrite zl3z as above (which
entails changing I, to lyl;!), then we have an expression
of the form

g = hzllytclizl, -zl
of the same length.
Starting with the original expression
g =hzlxly -1, 1xl,

and rewriting zl42 changes [3 to I3l; ' but does not change
lo; that is,
g = hzlyzlly 'zl -zl

If we rewrite zl3l;'x in the above expression, we would

have an expression where l; changes to ly(lsl;!)™! =
Llyl3?

In the same way, if we start with the original expression,
rewrite zlsz, then I4 would change to lyl;! and I, 13
would be the same. Then, rewriting zl4l; 'z, we would
have an expression where I3 changes to l3(lyl;!)™! =
lslsl;! and I, remains as it is. Rewriting zl3lsl; 'z, I
changes to lo(lalsly*)™! = lolyl; i7!; that is, we have an
expression of the form

g= llxl2l4lg1l§1xl;x- -zl
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Continuing in this manner, we would have n — 2 expres-
sions for g of length n, viz.,

g = hzkozksz - -zk,,
where k; € L and k, could be any one of the elements
la, bbl3 ', blyl3 bolalg 05!
The last element in the list above is either

l‘zl4 : lnl;il ;—1-3 ' l";l

or
bly L', !

according as to whether n is even or odd. These are
n — 2 possible elements; we claim that these must be
distinct. If not, then we may cancel off common terms
from both sides and conclude that an expression of the
form

-1 -1
l2d+2 ’ l27‘l2d~r:tl ’ l2d+3

is the identity element, for some r > d.

But, since it is possible to start with the original expres-
sion for g and get another expression of the same length
n where ly;,5 is changed to the above expression repre-
senting the trivial element, it means that this part can
be cancelled off and we can get an expression of smaller
length. This contradiction shows that the above ele-
ments must be distinct; that is, n — 1 < |L|. Therefore,
|M| < |L|IIF+. =

4. General Burnside Problem; An Example A finitely generated
group, all of whose
elements have
finite p-power
order (for a fixed

In this section, we give a counterexample which shows
that a finitely generated group, all of whose elements
have finite p-power order (for a fixed prime p), can be
infinite. This beautiful construction is due to Narain _
Gupta and Said Sidki [2]. It should be noted that the .prl.m.e p). can be
orders of elements in this example are unbounded. As of infinite.
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now, known counterexample constructions to the boun-
ded torsion version of the Burnside problem involves
complicated van Kampen diagram techniques due to Ol-
shanskii and others. We do not discuss them here.

Let p be a fixed odd prime and let X be the set of
all finite strings of symbols from the set of alphabets
{0,1, . p— 1}. Here the empty string is of length O.
For r > 0, we write 0" to denote the string of length
r consisting of r zeros. Whenever we add or subtract
two symbols from the alphabet set, it should be read
modulo p. Define two permutations ¢ and z on X as
follows. They fix the empty string and on nonempty
strings, their actions are :

(i) t changes the first symbol i to (i + 1) and leaves
the rest of the string unchanged.

(#7) For a string of the form 07ijw with ¢ # 0 and
r >0,
(0"igw)* = 0"i(j + Vw.
Thus, z only changes the symbol j which follows
the first nonzero symbol 7 (if any) to j + <.

Let GG be the group of permutations of X generated by
t and z. Note that both t and z leave the Jengths of
strings invariant. So all orbits of G are finite.

Theorem 4.1 G is an infinite group and all its elements
have finite, p-power order.

Proof. Note that each of z and t is of order p. Set
Sz{sh:t‘hzth:0§h<p}CGandletHbethe
subgroup of G generated by S. Then each element of S
has order p and H is a normal subgroup of G containing
z. A key observation we shall shortly make is that H
acts on the subset of X consisting of strings starting
with 0, exactly as G does on the whole of X, and this is
the fact that would imply that G is infinite.
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For 0 < k < p, the subsets Xy = {kw : w € X} of
strings in X starting with k, together with the subset of
X consisting of the empty string, form a partition of X.
A simple calculation shows that for kw € X} :

e [ kw)  ifk=h
(kw)™ = { k(w)* ™" ifk#h (6)

The notation k(w)* above means the string starting with
k followed by the string defined by the action of z on w.

The above observation shows that X, are H-invariant.
In particular, t ¢ H and so H is a proper subgroup of
G. Since G = (H,t), G/H has order p. Now, (6) implies
that the restriction of H to X, contains the permuta-
tions Qw — O(w)* and Ow — O(w)*, and so contains a
copy of G. Since H is a proper subgroup of G, this is
possible only if G is infinite.

Next we prove that each element of G has p-power order.
Using the identities 2’4/ = t/s}, each z € G can be
written in the form

r = t“sil Simy (7)

where 0 < a < p. Here, the notation 32 stands for the 2-
th power of the permutation s;. We choose an expression
for z in the form (7) with smallest m. We use induction
on m to prove that z has p-power order. This is clear
if m = 0, since t has order p. Assume that m > 0 and
that the result is true for all elements z of the form (7)
with a product of fewer than m of the s;.

Case (I): Suppose that a & 0. If the subscripts ) in
(7) are all equal, say i, then = s and so order of
divides p. So either z is the identity element or it has
order p. Now, assume that i, are not all equal. Since
r € H, each X; is z-invariant. By (6), for each string
kw € X} we have (kw)® = k(w)*, where u has the form
tbs;, s;, and n = [{iy : ¢, = k}|. Thus for each k, by
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induction, z acts on X} as a permutation whose order
is a power of p. So as a permutation of the whole of X,
the order of z is a power of p.

Case (II): Suppose that 0 < a < p. Set y =s;, s
Then

m*

P = (t)P = (tyt~ )yt ) (y).  (8)

NOW, tryt—r — (trsilt—-r)(trsizt-r) (trsimt—r) = sy

51,,- So zP can be written as a product of pm terms of the
si (0 < i < p). Since p does not divide a, the exponents
a,2a, -0 in the expression (8) for z? correspond to a
full set of residue classes modulo p. So each s; appears
as a factor in 2P exactly m times. Applying (6) again,
for each k& we have (kw)* = k(w)", where v (depending
on k) is a product of pm factors consisting of either
z or powers of t. Also, z occurs as a factor exactly
m times and the total power to which ¢ occurs is b =
m(14+2+---+(p—1)) = m(p—1)p/2. By using identities
of the form s;t” = t"s;4,, v can be rewritten in the form
v = tbs;s;, ;.. Since p is odd, p divides b and so
t® = 1. Now the argument in the second step of Case
(I) can be applied to conclude that v acts on X as a
permutation whose order is a power of p. Since this is
true for each 'k, it follows that z? has p-power order; so

x has p-power order as well. This completes the proof.
|

Remark 4.2 The construction above does not work -
as it is — for p = 2. A corresponding theorem for p = 2
can be obtained with a small change. Take X to be the
set of all finite strings O’UET“{O, 1,2,3}, define t as above
and modify the definition of z as follows. For any string
of the form 0"ijw with i # 0:

(0"ijw)* =0"(j+d)w if ¢=1 or 3, and

(072jw)* = 0"2jw.
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