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1. Introduction
In Part 11 we considered Monte Carlo methods based on
independent identically distributed random draws from
specified distributions, which we called the IID case. In
this Part 2, we carry t.he methodology further by considering random draws following the Markovian regime.
In Part 4, we discuss some applications of the Markov
chain Monte Carlo (MeMC) method in some statistical
problems wherein the IID Monte Carlo is not applicable. In Part 3, we discuss some statistical preliminaries
required for an understanding of the statistical issues
involved.

2. Monte Carlo Methods: the Markov Chain
Case
The main theoretical basis for the lID Monte Carlo
method is the law of large numbers (LLN). It turns
out LLN remains valid even if we drop the assumption
of {Xi} being i.i.d. but have some weak dependence.
An example of such a sequence is the case of a Markov
chain. A sequence of random variables {Xn }n20 is called
a Markov chain if for any n given the current value, i.e.,
X n , the past, i.e., {Xj : j ::; n - I} and the future, i.e.,
{Xj : j ;::: n + I} are statistically independent in the
sense

where A and B are events defined respectively in terms
of the past and the future, and P(AIXn } is the conditional probability of A given X n . Thus the sequence
{Xn}n~O has no memory. Given the present, the prob-
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abilistic nature of future evolution does not depend on
the past. Among Markov chains there is a subclass that
has wide applicability. This is the case of Markov chains
with time homogeneous or stationary transition probabilities. This means that the probability distribution
of X n +1 given Xn = x, and the past Xj : j ::; n - 1
depends only on x and does not depend on the values
of Xj : j ::; n - 1 or n. In particular, if the set S of
values {Xn} can take, known as the state space is finite or countable, this reduces to specifying a matrix
((Pij))
known as the transition probability matrix P
where for any two values i, j in S, Pij is the probability
that X n +1 = j given Xn = i, i.e., of moving from state
i to state j in one time unit. If the state space S is
not countable then one has to specify a transition kernel or transition function P( x, . ), where P( x, A) is the
probability of moving from x into A in one step, i.e.,
P(Xn+1 E AIXn = x). Given the transition probability
and the probability distribution· of the initial value Xo
one can construct the joint probability distribution of
{Xj : a ::; j ::; n} for any finite n. For example, in the
countable state space case

=

P(Xo

iO,XI = it,

P(Xo

,Xn =

in)

= iO)Pioil Pilil . Pin-lin

(2)

as can be shown by using the Markov property and induction. Indeed
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-

P(Xo = i o, Xl = iI,
,Xn- I = in-I, Xn = in)
P(Xn = inlXO = i o, , X n- 1 = in-I)
X P(XO = i o, Xl = iI, . X n- I = in-I)
Pin-linP(XO= io, ., X n- l = in-I)'

A probability distribution 1r is called stationary or invariant for a transition probability P or the associated
Markov chain {Xn} if the probability distribution of
Xo is 1r then the same is true for all n 2:: 1. Thus in
the countable state space case a probability distribution
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= {1fi : i E S} is stationary for a transition probability
matrix P if for each j in S,

1f

P(XI

= j) = L

P(XI

= jlXo = i)P(Xo = i)

i

i.e., for each j,

1fj

=L

7riPij. In vector notation it says

i

= (7rl' 7r2, .) is a left eigenvector of the matrix P
with eigenvalue 1 and

7r

1f

=

(4)

7rP.

Similarly, if S is a continuum a probability distribution
1f with density p( x) is stationary for the transition kernel
P(.,·) if

1f(A) = / p(x)dx = / P(x, A)p(x)dx
A

for all A

S

c S.

In order to state LLN for Markov chains one more notion
is needed. A Markov chain {Xn} with a countable state
space S and transition probability matrix P ((Pij)) is
said to be irreducible if for any two states i and j the
probability of the Markov chain visiting j starting from
i is positive. That is, for some n ~ 1,p~j)
P(Xn =
jlXo = i) is strictly greater than zero. There is a similar
notion of irreducibility for the general state space case. It
is known as Harris or Doeblin irreducibility. For details
on this somewhat advanced topic see Robert and Casella

=

=

[1] .
LLN for Markov Chains: Let {Xn}n~O be a Markov
chain with a countable state space S and a transition
probability matrix P. Suppose it is irreducible and there
is a stationary probability distribution 7r - (7ri : i E S).
Then, for any bounded function h : S ~ R and for any
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initial distribution of Xo

(5)
in probability as n -+

00.

A similar LLN holds when the state space S is not countable. The limit value in (5) will be the integral of h with
respect to the stationary distribution 7r. A sufficient condition for the validity of this LLN is that the Markov
chain {Xn} be Harris irreducible and have a stationary
distribution 7r. There are other sufficient conditions as
well.
Notice that the limit is the expected value of h(Xo) when
Xo has the distribution 1r. That is, the 'time average'
converges to the space average (in steady state) as n -+
00. The same law of large numbers holds for the general
state space case assuming Harris irreducibility.
How does this LLN get used in applications?
Here is the essence of the Markov Chain Monte Carlo
(MCMC) method.
Given a probability distribution 7r on a set S, and a function h on S suppose it is desired to compute the 'integral
of f with respect to 7r', which reduces to E f(j)7rj in
j

the countable case. One looks for an irreducible Markov
chain {Xn} with S as its state space and 7r as its stationary distribution. Then, starting from some initial
value X o, run the Markov chain {Xj} for a period of
time, say 0, 1, 2, . n - 1 and offer as an estimate
1 n-l
Jjn

=-

2: f(X

n 0

(6)

j ).

By the LLN (5), this estimate Jjn will be close to

L h(j)1rj
j

for large n.
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This method is known as Markov Chain Monte Carlo
(MCMC). In particular, if one is interested in 7r(A) _
E 7rj for some subset A c S then by LLN (5) this
jEA

reduces to

in probability as n --+ 00, where IA(Xj ) = 1 if Xj E A
and 0 otherwise. In other words 7T-n (A) is the sample
proportion of visits to A during {O, 1,2, . n -I} by the
Markov chain.
An irreducible Markov chain {Xn} with a countable
state space S is called aperiodic if for some i E S the
greatest common divisor, g.c.d.{ n : p~~) > O} = l.
Then, in addition to the LLN (5), the following result
on the convergence of P(Xn = j) holds, namely, that:

L

IP(Xn = j) -

7rjl

-+ 0

(7)

j

as n --+ 00, for any initial distribution of Xo. This means
that for large n the probability distribution of Xn is close
to 7r.
There is a result similar to (7) for the general state space
case that asserts that under suitable conditions, the
probability distribution of Xn is close to 7r as n -+ 00.
This suggests that instead of doing one run of length n,
one could do N independent runs each of length m so
that n rv N m and then from the ith run use only the
mth observation, say, Xm,i and offer the estimate

(8)
There are other variations as well.
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3. Special Markov Chains Used in MCMC
3.1 Metropolis-Hastings Algorithm

Let S be a finite or countable set. Let 1r be a probability
distribution on S. (1r is called the target distribution.)
qij)) be a transition probability matrix such
Let Q
that for each i, it is computationally easy to generate
a sample from the distribution {qij : j E S}. Then
generate a Markov chain {Xn} as follows.

=((

Step 1: If Xn = i, first sample from the distribution
{qij : j E S} and denote that observation Yn .
Step 2: Choose X n+1 from the two values Xn and Y n
according to the probability distribution
P(Xn+l = YnlXn , Yn ) = p(Xn' Yn )
P(Xn+l = XnlXn , Yn ) = 1 - p(Xn' Y n ),

(9)

where the 'acceptance probability' p(".) is given by
Pij

. . ) = P( Xi,Xj ) = mIn
. {1rj
qji,
= P(l,]
-1ri

qij

I}

(10)

for all (i, j) such that 1riqij > O. It is not difficult to verify that {Xn} is a Markov chain with transition probability matrix P = ((Pij)) given by
qijPij
Pij

=

{ 1-

E Pik,

k#i

j#i
j = i.

(11)

Q is called the 'proposal transition probability' and P
the 'acceptance probability'. A most useful feature of
this transition mechanism P is that P and 1r satisfy the
so called detailed balance condition:
(12)
This implies that for any j

(13)
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is a stationary probability distribution for P.

Now assume that S is irreducible w.r.t. Q and 'Tri > 0
for all i in S. Then it can be shown that P is irreducible
and since it has a stationary distribution 'Tr and LLN
(5) is available. This algorithm is thus a very flexible
and useful one. The choice of Q is subject only to the
condition that S is irreducible w.r.t. Q. Clearly, it is no
loss of generality to assume that 'Tri > 0 for all i in S.
A sufficient condition for the aperiodicity of P is that
Pii > 0 for some i or equivalently

L qijPij < 1.
jli

A sufficient condition for this is that there exists a pair
(i, j) such that 'Triqij > 0 and 'Trjqji < 'Triqij.
Recall that if P is aperiodic then both the LLN (5) and
(7) hold. If S is not finite or countable but is a continuum and the target distribution 'Tr(.) has a density
p( .) then one proceeds as follows: Let Q be a transition function such that for each x, Q(x:') has a density
q(x, y). Then proceed as in the discrete case but set the
'acceptance probability' p(x, y) to be
_

. {P(y)q(y, x)
P()
x q(X,y ) ,

P( x, Y) - rrun

I}

for all (x, y) such that p(x)q(x, y) > o. Another useful
feature of the above algorithm is that it is enough to
know {'Tri} up to a multiplicative constant as in the definition of 'the acceptance probability' p(.,.), only the
ratio ~ needs to be calculated. This is useful in (i)
J
Bayesian statistical applications of MCMC for calculating the moments of the posterior distribution of the
paralneters given the data; and (ii) in image processing and statistical mechanics where the set S consists
of configurations over a multidimensional grid of pixels
where in each pixel there is a fixed number of levels and
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the probability distribution is specified via a Gibbs potential function whose normalising constant ('partition
function') is not easy to compute as shown below in a
simple example.
Example 1 (Statistical Mechanics/Image Processing)
Consider a 3 x 3 square of nine pixels and suppose in
each pixel the colour level is either a 0 or 1. A typical
configuration w is a vector w = (Wij : 1 ~ i, j ~ 3) with
9 coordinates and each Wij is 0 or 1.

Thus, the set S of all configurations has 29 = 512' elements. Suppose there is a 'potential function' V : S -t
(0,00) and for each w

7r.(w) = c e-,BV(w) ,
where (3 > 0 is a known constant and c is the normalising
constant (Z(f3))-l with Z(f3) equalling

(E

e-,BV(W») ,

wES

known as the 'partition function'. For each configuration
w define its neighbourhood N( w) as the set consisting
of all configurations w' such that wand w' differ exactly
at one pixel. Thus in our example each w will have 9
neighbours. Now suppose in the Metropolis-Hastings
algorithm for this context 'proposal transition Q' is the
'random walk' transition, i.e.,
1

qw,w' =

9'

if w' E N(w)

and 0 otherwise.
Here the 'acceptance probability' p( w, w') reduces to

p( w, w') = min{ e-,B(V(w')-V(w», I} for w'

E

N( w).

Thus, for the actual transition P, at each step, given the
present configuration w, choose one of the neighbours
w' of w at random with uniform distribution and move
there if V(w ' ) > V(w), otherwise stay at w. That is,
the configuration at the next step is w' if V (w') > V (w )
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or w itself. If V ( .) is not a constant function then one
can show that P is aperiodic. Since 'random walk Q' is
irreducible, P is also so. So P is irreducible, aperiodic
and has 7r as its stationary distribution.
Starting from some initial configuration, say, Wij = 0 for
all i, j, one can run this Markov chain {Xn} by the easyto-run Markov chain and estimate 2: h( W )7f( w) for any
n

wES

function h(·) on S by 12: h(Xj ).
n 1

Gibbs Sampler
In Inany applications such as statistical mechanics, image processing, Bayesian statistics the target distribution 7r is a high-dimensional multivariate distribution.
For example, in the simple example of the last section each configuration has nine coordinates. In image
processing typically one has N x N square with N = 256
and each pixel has k ~ 2 possible values. Thus each configuration has (256)2 components and S has k(256)2 configurations. To simulate a random configuration from a
target distribution 7r over such a large S is not an easy
task. The Gibbs sampler generates an irreducible aperiodic Markov chain with 7f as its stationary distribution.
To run this Markov chain it suffices to generate observations from univariate distributions. We now describe
the Gibbs sampler in the context of a bivariate probability distribution. Let 7r be a probability distribution of a
bivariate random vector (X, Y). For each x, let P(x,')
be the conditional probability distribution of Y given
X =
Thus, if 7r is a discrete probability distribution,
P(Xi' Yj) is the conditional probability that Y = Yj given
X= Xi' Similarly, let Q(y,,) be the conditional probability distribution of X given Y = y. Notice that for
each x, P(x, .) is a univariate distribution and for each
y, Q(y, .) is also a univariate distribution. Now generate
a bivariate Markov chain Zn = (Xn' Y n ) as follows:

x:

Start with some Xo = Xo. Then generate an observa-
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tion Yo from the distribution P(xo, .). Next generate an
observation Xl from Q(YQ,,), Next generate an observation Yl from P(Xl ,·) and so on. At stage n if Zn =
(Xn' Yn ) is known then generate X n+l from Q(Yn , .) and
Yn+l from P(Xn+l' .). If 7r is a discrete distribution concentrated on {(Xi,Yj) : 1 ::; i::; K,l ::; j ::; L} and if
7rij = 7r(Xi' Yj) then P(Xi' Yj) = ~ and
1r~.

where

'7ri.

= 2: '7rij,
j

'7r.j

= 2: 7rij·

Thus the transition

i

probability R for the {Zn} chain is
r(i,j),(k,l)

Q(Yi' Xk)P(Xk, YfJ
7rkj 7rkf.

7r.j 7rk.

It can be verified that this chain is irreducible, aperiodic and has 7r as its stationary distribution. Thus
LLN (5) and (7) hold in this case. Thus for large n,
Zn can be viewed as a sample from a distribution that
is close to 7r and one can approximate 2: h( i, j)'7rij by
i,j

n

.1

2:

n 1=1

h(Xi' Yi). The multivariate extension of the above

is very straightforward. If 7r is a probability distribu, Xk)
tion of a k-dimensional random vector (Xl, X 2 ,
let '7ri(·lx_i
(Xl, X2, Xi-I, Xi+l . Xk)) denote the univariate conditional distribution of Xi given that :X:-i =
(Xl, X 2 , Xi-1,Xi+b
,Xk ) = ~-i' Now starting with
some initial value for :X:o = (XOl' X02,
, XOk) generate
Xl = (Xu, X 12 , ,Xlk ) sequentially by generating Xu
according to the univariate distribution 7rl (·IXo_ 1 ) and
then generating X 12 according to the univariate distribution 7r2(·IXu, X03, X04, ., XOk) and so on.

=

This method also works for continuous distributions.
We illustrate this by considering the case of a bivariate
normal distribution. Let ( ;

) be a bivariate (nor-
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mal) Gaussian random vector with 0 means and unit
variances and correlation coefficient p. We write this as

It is a property of the bivariate normal distribution that
the conditional distribution X given Y = Y is univariate
normal with mean PY and variance (1 - p2), i.e.,

(XIY

=

y)

rv

N(py, 1 _ p2)

and sinlilarly

Using this property, Gibbs sampling proceeds as follows
to generate (Xn' Y n ), n = 0, 1,2, ..
1. Start from a arbitrary value Xo for Xo.

Repeat the following steps for i = 0, 1,

,n.

2. Given Xi for X, draw a random sample from N(PXi'
1 - p2) and denote it Yi.
3. Given Yi for Y, draw a random sample from N(PYi,
1 - p2) and denote it X i +1 .
Thus we have (Xi, Yi), i = 0,1,2,
,n. The theory of
Gibbs Sampling tells us that if n is large then (xn' Yn)
can be considered to be a random sample whose probability distribution is close to

We used this Gibbs sampling to generate a random sample of 1000 from

5]),

N2((~)' [0\ °i
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Figure 1.
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(Le., p = 0.5) using n = 1000. We present the histogram
of these 1000 values of x, representing the marginal distribution of X, overlaid with the standard normal curve,
which is the theoretical marginal distribution of X in
Figure 1. We notice that the histogram is a very good
approximation to the standard normal curve.
Why does Gibbs sampling work? Recall that a sufficient
condition for the LLN (5) and the limit result (7) is
that an appropriate irreducibility condition holds and a
stationary distribution exists. We shall verify the latter
for the chain {Xn} in our example. From steps 2 and 3
of the procedure outlined above, it is not difficult to see
that one can write

and

X+1 = pYi + Jl - p2 ~i'
i

where'TJi and ~i are independent N(O, 1) (standard normal) random variables and independent of Xi' Thus the
sequence {Xi} satisfies the stochastic difference equation
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PVl - p2 TJi + VI - p2 ~i'

Since TJi, ~i are independent N(O, 1) random variables,
Ui +l being a linear combination of TJi and ~i is also a
normally distributed random variable with mean and
variance p2(1 - p2) + (1 - p2) = 1 - p4. Also {Uih~l
being i.i.d., makes {Xih~o a Markov chain. It turns out
that the irreducibility condition holds here. Turning to
stationarity, note that if Xo is an N(O, 1) random variable, then Xl = p2 Xo + UI is also a N(O, 1) random
variable, since the variance of Xl is p4 + 1 - p4 = 1 and
the mean of Xl is 0. This makes the standard N (0, 1)
distribution a stationary distribution for {Xn}' Thus
both the LLN and the convergence of the distribution
of X n , i.e., the analogues of (5) and (7) are valid here.
Hence one can expect the histogram of the sample {Xi}!
to be close to the standard N(O, 1) density and also regard the observation Xn as a sample from a distribution
close to N(O, 1).
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