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The Isoperimetric Problem 1

"Among all simple closed curves 2 'Y on the plane having
a fixed perimeter, the circle encloses the maximum area".
This is the celebrated isoperimetric problem and one of the
proofs (due to Hurwitz) uses results about Fourier series for
this purely geometrical statement! [An equivalent statement
is: "Among all simple closed curves 'Y on the plane enclosing
a given area., the circle has the least perimeter". (Exercise:
Why are the two statements equivalent?)] For the necessary
background on Fourier series, the reader can consult the
article by S Thangavelu in Resonance, October 1996.
In fact, the statement above is a consequence of the following
inequality:
L2 - 411"A ~ 0,

2 By a simple closed curve on
the plane, we mean the path
traced by a point P on the
plane, which is Initially at POI at
time f= a, and returns to Po at
a later time I=b without crossing its path at any other time
between a and b. To avoid
pathologies, we assume that
all our curves are rectifiable
i.e. have finite length! This is
called the perimeter of the
curve.

(1)

where L is the perimeter of the simple closed curve and A
is the area enclosed, and equality is attained in the above if
and only if 'Y is a circle. (Exercise: Convince yourself that
this implies the assertion made in the beginning of the first
paragraph. )
We make certain simplifying assumptions that are not really
very serious. Let us assume the curve 'Y is traced out by a
moving point P whose coordinates are ('Yl(t),'Y2(t)). Let us
also assume that at time t = 0, we are at position PO and
that we are back at the same position at time t = 211" (see
Figure 1).
By repeating this over and over again, we can think of 'Y1 ( t )
and 'Y2 (t) as periodic functions of t with period 211". To simplify matters, we take 'Yl(t) and 'Y2(t) to be smooth functions, in particular 'YHt) and 'Y~(t) exist and are continuous
functions. (The case of non-smooth curves can be taken
care of by an appropriate approximation procedure.) Since
the perimeter L and the area A enclosed do not depend
on how exactly we move around the curve, let us move in
1 Reprinted from Bono Mathematica, December 1996 with permission from the Editor. This article is based on a
talk given by the author at the training camp (held in Bangalore during June 1995) for students selected for the
Indian National Mathematical Olympiad. The author thanks C Varughese for his help in writing this article.
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an anti-clockwise manner with constant speed u.
Thus
(1'i{t»2 + (1'~(t»2 = u 2, for all t. But, since the total length
is L and each cycle is completed in 21r units of time, u =
and so we have ~ = (1'Ht))2 + (1'~(t))2 for all t.

!i

Thus,

(2)
Figure 1

Since, as has already been pointed out, 1'1(t) and 1'2(t) are
21r-periodic functions of t, we can express them in the form
of Fourier series:
1'1 (t)
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Hence, using basic facts about Fourier series,
2~

Joseph Fourier(1768-1830)

and

00

J (1'Ht))2 dt = 1r

E(n2b~ + n2a~)

o

n=1

2~

00

J(1'~(t))2dt = 1r E(n2B~ +n2A~).
o

n=1

Thus from the above and (2) we get

(4)
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On the other hand, from our knowledge of advanced calculus,
we know that the enclosed area. is given by the formula:
211"

A=

! 'Y1(th~(t)

dt.

o

(The reader is encouraged to look up a proof of this result which relies on Green's theorem.) But again from our
knowledge of Fourier series and using (3A) and (3D) we have

!o

211"

00

'Y1(t)'Y2(t) dt

= 71" E n(anBn -

Anbn).

n=l

So,
00

A = 71"

E n(anBn -

(5)

Anbn).

n=l

Using (4) and (5) (and some simple school algebra!), we get
00

L2 - 471"A = 271"2

E [(nan -

Bn)2

+ (n 2 -l)B~+

n=l
(6)

The quantity on the right in (6) is clearly non-negative!
Hence L2 - 411" A ~ 0 and the proof of inequality (1) is complete.
When is equality attained in (I)? For this, the sum of the
infinite series in (6) must be zero. Since each term of the
infinite series is non-negative and each of the four quantities
in each term is non-negative, we are led to:
nan = B n ,
nb n

= -AnI
for n

(n 2 - I)B~ = 0,
2
(n - I)A~

= 0,

= 1,2,···.
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Thus Bn

= 0,

An = 0 for n

~

2.

Also, al = BI and bl = -AI and if we let al = BI
bl = -AI = D, from (3A) and (3B), we have
~Y1(t) =

"Y2(t)

=C

and

ao + C cost + D sint

= Ao -

D cost + C sint

and so ("Yl(t) - ao)2 + ("Y2(t) - AO)2 = C 2 + D2. This is
clearly the equation of the circle with centre at (ao, Ao) and
radius VC2 + D2, and the proof of the assertion we started
with is complete!
Though much simpler proofs of inequality (1) are available
(see Suggested Reading, for instance the article of P D Lax ),
the method described in this note actually provides more information about L and A in terms of the Fourier coefficients
(via equation (6)) for an arbitrary closed curve "Y. This kind
of information, linking purely geometric data (like L and A)
with purely analytic data (like the Fourier coefficients), is
considered very important in mathematics. For some exciting connections between analysis and geometry, we refer the reader to the beautiful (but difficult!) article by M
Kac (see Suggested Reading). We conclude by pointing out
that the following three dimensional analogue of the question we started with is also true (although more difficult to
prove): Among all closed surfaces enclosing a given volume,
the sphere has the smallest surface area. (Ask your physics
teacher about the important implications of this proposition
to physics!)
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