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Abstract. The characteristic of ion-acoustic solitary and shock waves propagating in a non-extensive plasma
is analysed using the framework of the modified Korteweg–de Vries–Burgers (MKdVB) equation. Employing
reductive perturbation technique (RPT), the MKdVB equation is derived from the basic guiding equations and
further, the equation is converted to a dynamic system using travelling wave transformation. Varying different
plasma parameters, phase portraits for the MKdV system are drawn and using bifurcation theory of planar dynamical
system, it is observed that the MKdV system may contain shock, solitary and periodic solutions. However, it is
evident from the phase portrait analysis of the MKdVB equation that due to the impact of Burgers term, the system
includes only the shock and solitary solutions. Initially, different patterned solutions of the MKdV equation are
directly derived from the corresponding Hamiltonian of the system, and employing the weighted residual method
(WRM), the approximate analytical solutions of the MKdVB equation are explored using the solution of MKdV
equation as initial solution. These solutions come as a desired pattern that was predicted by the phase portraits.
Finally, some graphs are depicted from a numerical standpoint by which the effects of physical parameters on wave
propagation are well understood.
Keywords. Ion-acoustic solitary and shock waves; modified Korteweg–de Vries–Burgers equation; reductive
perturbation technique; phase portrait; weighted residual method; physical parameters.
PACS Nos 52.35.Fp; 52.35.MW; 52.35.Sb

1. Introduction
During the last five decades, study of ion-acoustic wave
(IAW) in various plasma environments has attracted lots
of interests. In order to find different patterns of wave
solution for IAW, such as shock waves, periodic waves
and solitons, a number of experimental and theoretical
works [1–5] have been performed. The Korteweg–de
Vries (KdV) equation plays a crucial role in finding
such types of wave solutions of IAW in plasma systems. This model is effectively utilised in a nonlinear
system to also illustrate the behaviours of wave solution. Hafez et al [6] utilised the KdV model in a weakly
relativistic unmagnetised three-component plasma and
analysed the characteristics of solitary patterned IAW
using this model. They showed that both the solitons
(compressive and rarefactive) appeared in superthermal plasma and only the compressive solitons appeared
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in subthermal plasma. Using the Korteweg–de Vries–
Burgers (KdVB)-type model, Pakzad and Tribeche [7]
investigated shock waves in a three-component plasma
with superthermal electrons, relativistic ions and the
positrons abiding Maxwellian–Boltzmann velocity distribution. In reality, symmetrical solitary wave is produced in a weekly dissipative plasma system, whereas
strong dissipation may lead to a shock wave. In addition to Burgers term, dissipation increases in KdV
medium. Employing reductive perturbation technique
(RPT), Sukla and Mamun [8] generated KdVB equation
from the basic governing equation in an unmagnetised
strongly coupled dusty plasma system. They analysed
the characteristics of solitary waves and shock waves
using this model. Xie et al [9] found both the rarefactive
as well as compressive solitons in a dusty plasma with
two-temperature ions. They showed that the number
variation in the density of lower temperature ions may
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be the cause of coexistence of rarefactive and compressive solitons. Further, it is observed that the system also
includes double layers. Verheest [10] rigorously studied
the characteristics of shock and solitary waves in dusty
plasma. Accordingly, a number of experimental as well
as theoretical works [11–14] have been performed to
study dust-acoustic waves also. Roy et al [15] observed
ion-acoustic shock using the KdVB model and showed
that the transformation of shock from an oscillation is
due to the variation in the number density of electrons
and ions in a plasma medium. Employing RPT, Misra et
al [16] derived KdVB model and utilised it to study the
characteristics of IAW with the variation of charge in
the dust grains. They found that the solitary waves and
shocks may propagate with negative potential in a dusty
plasma with positively charged dust but the presence of
negatively charged dust may lead to the formation of
both patterns (positive and negative potentials) of the
wave solutions.
Mostly, the studies of IAW in plasma environments
are composed of Maxwell Boltzmann velocity distribution. But this distribution is well adopted only in a shortranged microscopic interaction. Especially, in the case
of long-range interaction of a non-equilibrium stationary state, the Maxwellian distribution fails miserably.
By considering long-range interactions for the first
time, Renyi [17] and Tsallis [18,19] utilised the generalisation of Boltzmann–Gibbs–Shannan entropy of
statistical equilibrium. Inspired by these facts, we intend
to describe plasma model with the non-extensive velocity distributed electrons.
The MKdVB equation is very familiar in modelling
water wave motion and plasma physics phenomena [20].
It also plays an important role in analysing shock-type
wave phenomena. El-Labany et al [21] investigated the
bifurcation of nonlinear ion-acoustic waves using the
framework of MKdV Burgers equation, in a strongly
coupled plasma with ions and trapped electrons. In general, due to the presence of Burgers term, the nonlinear
system feels major dissipation and naturally shock solution may be produced. However, some earlier literature
[22,23] showed that MKdVB medium includes solitarytype wave solution also.
In the present investigation, the existence of solitary,
shock and periodic solutions of MKdV equation are confirmed using phase portrait analysis, and accordingly,
the corresponding analytical solutions are generated
directly from the Hamiltonian of the system. Next, we
investigated the MKdVB equation which is established
from the phase portrait analysis in the context of the
MKdVB equation that this system includes only solitary and shock solutions. Employing weighted residual
method (WRM) [24] and utilising the solution of the
MKdV model as an initial solution, the solitary and
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shock solutions are constructed for the MKdVB equation. Further, it is important to note that this type of
wave solution for the MKdVB equation is reported for
the first time in plasmas. Moreover, the solutions are produced directly from the Hamiltonian of the system in a
parametric space and thus the solutions become more
effective, realistic and physically meaningful. Some
tedious jobs arising in the numerical computation are
solved by implementing symbolic computation packages, namely, Mathematica and Matlab. Finally, the
propagation characteristics of IAW are illustrated using
the obtained analytic solutions.
The entire investigation is organised as follows: In §2,
by employing RPT, MKdVB equation is derived from
the basic equations that govern the wave dynamics in
q-non-extensive dusty plasma. Section 3 introduces an
unperturbed dynamical system of the MKdV model and
analyses the phase portrait of the corresponding model.
In §4, different patterned wave solutions of the MKdV
equation are generated directly from the Hamiltonian
of the MKdV model. In §5, the MKdVB equation is
reduced into an unperturbed dynamical system and the
corresponding phase portraits are analysed to explore
the variety wave solution for the dynamic system. The
existence of solitary and shock solutions of MKdVB
medium is confirmed from the homoclinic and heteroclinic orbits of the phase portrait. Section 6 is devoted
for finding efficient solutions of MKdVB equation. By
employing WRM, solitary and shock solutions of the
MKdVB equation were derived. Section 7 draws the
physical significance of the present solution in brief. The
impact of various physical parameters on wave propagation is illustrated through numerical graphs and figures.
Section 8 concludes our investigations.

2. Formation of MKdVB equation
In order to check the reliability of the solution, we
consider an unmagnetised collisional dusty plasma
comprising cold ions, negatively charged dust and qnon-extensive electrons. The basic governing equations
of IAWs in the form of the equation of continuity, equation of momentum and the Poisson equation are written
as
∂n j
∂(n j v j )
+
=0
∂t
∂x
∂ 2v j
∂v j
∂v j
∂φ
+ vj
=−
+η 2
∂t
∂x
∂x
∂x
q+1
∂ 2φ
= (1 − μ){1 + (q + 1)φ} 2(q−1) − n j + μ.
2
∂x

(1)
(2)
(3)
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Here n j denotes the normalised number density of ions
with respect to its equilibrium value n j0 , v j represents
the normalised
√ ion fluid velocity compared to the wave
speed Cs = kB Te /m i , where Te is the electron temperature, kB is the Boltzmann constant, m i is the mass of
ions and φ is the normalised electrostatic wave potential with respect to kB Te /e, where e is the magnitude
of electron charge. x, t are respectively the space and
time coordinates
 and they are normalised by the Debye
Te /4π n e0 e2 and period of ion plasma
length λD =

m i /4π n e0 e2 . Here, ω−1
to ω−1
pi =
pi represents ion–
plasma frequency, μ(= n e0 /n i0 ) represents unperturbed
electron density compared to the normalised ion density.
η is the coefficient of kinematic viscosity. The q-nonextensive velocity distribution can be [25]
1


 q−1
meν2
eφ
f e (ν) = Cq 1 + (q − 1)
−
, (4)
2kB Te
kB Te
where the variables or the parameters have their usual
meaning. f e (ν) is the prominent distribution which maximises the Tsallis entropy but maintains the law of
thermodynamics. The normalised constant is stated as

1
( 1−q
)
m e (1 − q)
for − 1 < q < 1
Cq = n e0
1
1
2π kB Te
( 1−q − 2 )

Cq = n e0

1+q
2

1
( 1−q

+

1
2)



1
( 1−q
)

(5)
m e (1 − q)
for q > 1.
2π kB Te
(6)

We Integrate the distribution function over the velocity
space, and get the electron number density as

 q+1
eφ 2(q−1)
.
(7)
n e = n e0 1 + (q − 1)
kB Te
Hence, the normalised q-non-extensive electron number
density [25] becomes
n e = n e0 {1 + (q − 1)φ}

q+1
2(q−1)

.

(8)

We employ the RPT [26] to derive the MKdVB equation.
The independent variables are stretched as
ξ = (x − νt), τ =

3

t,

(9)

where is the strength of nonlinearity and ν is the phase
velocity of the DIAWs to be determined from the lowest
order of . The expansions of the dependent variables
n j , v j , φ, η are as follows:
⎧
n = 1 + n j1 + 2 n j2 + · · · ,
⎪
⎪
⎨ j
v j = 0 + v j1 + 2 v j2 + · · · ,
(10)
⎪
φ = 0 + φ1 + 2 φ2 + · · · ,
⎪
⎩
η ∼ ηi0 .
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Substituting eq. (10) along with stretching coordinates
(9) into eqs (1)–(3) and collecting the coefficient of different powers of , we obtain the following equations:
(11)
v j1 = n j1 ν
v j2 + n j2 v j1
(12)
n j2 =
ν
∂n j3 ∂v j3
∂n j1
∂
−ν
+
+
(n j2 v j1 + n j1 v j2 ) = 0
∂τ
∂ξ
∂ξ
∂ξ
(13)
φ1
v j1 =
(14)
ν
∂v j1
∂v j3
∂ 2 v j1
∂
∂φ3
−ν
+
(v j1 v j2 ) = −
+ ηi0
∂τ
∂ξ
∂ξ
∂ξ
∂ξ 2
(15)
∂v j2
∂v j1
∂φ2
ν
− v j1
=
(16)
∂ξ
∂ξ
∂ξ
(1 − μ)aφ1 = n j1
(17)
n j2 = (1 − μ)(aφ2 + bφ12 )
∂ 2φ

1

∂ξ 2

= (1 − μ)(aφ3 + 2bφ1 φ2 + dφ13 ) − n j3 ,

(18)
(19)

where
(1 + q)(3 − q)
q +1
, b=
a=
2
8
and
(1 + q)(3 − q)(5 − 3q)
.
d=
48
Combining eqs (11), (14) and (17), we obtain
1
ν=√
.
a(1 − μ)

(20)

Using all the results described above, we finally get a
relation that can be claimed as modified MKdVB equation. After setting φ1 = u, the result is summarised as
∂u
∂u
∂ 3u
∂ 2u
+ A1 u 2
+ A2 3 + A3 2 = 0,
∂τ
∂ξ
∂ξ
∂ξ

(21)

where u(ξ, τ ) is the electrostatic potential that determines the time evolution of the vertical displacement
over the isopycnal surface, and the coefficients are
A1 =

15
3(1 − μ)dν 3
ν3
ηi0
,
A
, A3 = − .
−
=
2
3
9ν
2
2
2
(22)

In the absence of Burgers term, eq. (21) is converted to
standard MKdV equation as
∂u
∂u
∂ 3u
+ A1 u 2
+ A2 3 = 0.
∂τ
∂ξ
∂ξ

(23)
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3. Unperturbed dynamical system and phase
portrait analysis for the MKdV equation

i = 0, 1, 2. We also write J = det(M(Ui , 0)), Tm1 =
trace(M(Ui , 0)) and Tm2 = (trace(M(Ui , 0)))2 . So,

Consider the travelling wave transformations

M(U0 , 0) =

u(ξ, τ ) = V (ζ ), ζ = k(ξ − cτ ),

(24)

where c is the velocity and k is the arbitrary constant. It
converts eq. (21) into the ODE
A1 V 2 V  − cV  + A2 k 2 V  + A3 kV  = 0,

(25)

where prime denotes the ordinary derivative with respect
to ζ . Integrating eq. (25) and taking the constants of
integration as zero, we get
A1 3
V − cV + A2 k 2 V  + A3 kV  = 0.
(26)
3
In this section, we consider the unperturbed dynamical system and explore the characteristic behaviour of
the travelling wave by using the bifurcation theory of the
planar dynamical system [27]. In the absence of Burgers
term (A3 = 0, i.e., ηi0 = 0), we get the system of the
form (figure 1)
dV
=z
dζ
dz
cV
A1 V 3
=
−
.
dζ
A2 k 2 3A2 k 2

(27)

In general, a homoclinic orbit corresponds to a solitary
wave solution and the kink as well the antikink wave
solution is referred to as a heteroclinic orbit whereas a
periodic orbit signifies the existence of a periodic travelling wave solution. Therefore, we have to determine
all homoclinic orbits, heteroclinic orbits and periodic
orbits of (27) depending on the parameters q, μ, k and
c involved in the system to investigate all possible bifurcations of solitary waves, kink (or antikink) waves and
periodic waves of eq. (23). We study the bifurcations of
phase portraits of system (27) in the (V, z) phase plane
depending on the parameters q, k, μ and c. If there is
no Burgers term, i.e. (ηi0 = 0), then the Hamiltonian
function (see figures 2a–2c) corresponding to dynamical
system (27) is defined as
H(V, z) =

A1 V 4
cV 2
z2
= h (say).
−
+
12 A2 k 2 2 A2 k 2
2

(28)

Now, we analyse the travelling wave solutions (eq.
(23)) using the bifurcation theory in planar phase portrait
of the system of eqs (27). It has three equilibrium points
which are
√ (U0 , 0), (U1 , 0) and√(U2 , 0), where U0 = 0,
U1 = 3c/A1 and U2 = − 3c/A1 . Table 1 shows
the equilibrium points of (27) for different values of c.
We designate M(Ui , 0) as the coefficient matrix of the
linearised system of (27) at the fixed point (Ui , 0), for

0 1
c
0
A2 k 2

makes
J = det(M(U0 , 0)) = −

c
,
A2 k 2

whereas the Jacobian matrix at (U1,2 , 0) becomes
⎞
⎛
0
1
M(U1,2 , 0) = ⎝ 2c ⎠
0
−
A2 k 2
which forms J (U1,2 , 0) = 2c/A2 k 2 .
Now, to determine the properties of travelling wave
solutions, we study the trajectories of the phase portraits
of dynamic system (27) in the (V, z) phase plane varying
the physical parameters such as k, μ, q and c.
Set 1. When k > 0, c > 0, [(q + 1)(1 − μ)]3/2 < 0.
At the point (U0 , 0), we find J (0, 0) < 0, Tm2 (0, 0)−
4J (0, 0) > 0 when the values of the parameters are
μ = 0.3, q = 0.69, c = 0.35, k = 1. Thus,
(U0 , 0) is the saddle point whereas at points (U1 , 0) and
(U2 , 0), J (U1 , 0) > 0, Tm1 (U1 , 0) = 0, Tm2 (U1 , 0) −
4J (U1 , 0) < 0 and J (U2 , 0) > 0, Tm1 (U2 , 0) =
0, Tm2 (U2 , 0) − 4J (U2 , 0) < 0 for the same values of
the different physical parameters. Hence, the equilibrium point (U1 , 0) and (U2 , 0) are centre (see figure 1a).
There is a couple of homoclinic orbits for (U0 , 0) encircling two centres (U1 , 0) and (U2 , 0) on both sides of
the saddle point (U0 , 0).
Set 2. When k > 0, c < 0, [(q + 1)(1 − μ)]3/2 > 0.
We find that the equilibrium point (U0 , 0) becomes
centre in the absence of Burgers term ηi0 when the values of the other parameters are μ = 0.5, q = 0.8, c =
−0.2 and k = 1. Because, we have J (0, 0) > 0,
Tm1 (U0 , 0) = 0, Tm2 (0, 0) − 4J (0, 0) < 0, for particular values of various parameters, i.e., for μ = 0.5,
q = 0.8, c = −0.2 and k = 1. On the other
hand, at the equilibrium point (U1 , 0), J (U1 , 0) < 0,
Tm2 (U1 , 0) − 4J (U1 , 0) > 0 and at (U2 , 0), J (U2 , 0) <
0, Tm2 (U1 , 0) − 4J (U1 , 0) > 0, for the same values
of the parameter and thus (U1 , 0) and (U2 , 0) become
saddle. This phase portrait contains a pair of nonlinear
heteroclinic orbits joining two saddle points (U1 , 0) and
(U2 , 0) enfolding the centre (U0 , 0) (see figure 1b).
3

Set 3. When k > 0, c = 0, [(q + 1)(1 − μ)] 2 > 0.
We find that the equilibrium point (U0 , 0) becomes
centre in the absence of Burgers term ηi0 when the values
of the other parameters are μ = 0.4, q = 0.82, c =
0, k = 1. For these values of the parameters, we acquire
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(b)
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(c)

Figure 1. Phase portrait of dynamical system (27) for (a) μ = 0.3, q = 0.69, c = 0.35, k = 1, (b) μ = 0.5, q = 0.8,
c = −0.2, k = 1 and (c) μ = 0.4, q = 0.82, c = 0, k = 1.

(a)

(b)

(c)

Figure 2. Contour plot of Hamiltonian H(V, (dV /dζ ) = z) = constant for (a) μ = 0.3, q = 0.69, c = 0.35, k = 1, (b)
μ = 0.5, q = 0.8, c = −0.2, k = 1 and (c) μ = 0.4, q = 0.82, c = 0, k = 1.
Table 1. Equilibrium points for different values of c.
c

(U0 , 0)

c>0

(0,0)

c<0
c=0

(0,0)
(0,0)

(U1 , 0)


3c
,
0
 A1 
3c
A1 , 0

(U2 , 0)
 

− A3c1 , 0
 

− A3c1 , 0

have
z 2 = 2h +

cV 2
A1 V 4
−
.
A2 k 2 6A2 k 2

Utilising the equation of system (27) for a particular h,
and integrating along the curve H (V, ψ) = h, we get

dV

.
(30)
ζ =
A1 V 4
cV 2
h − 12 A k 2 + 2 A k 2
2

J (0, 0) > 0, Tm1 (0, 0) = 0 and hence (0, 0) becomes a
centre. Thus there exist a family of periodic orbits about
(0, 0) (see figure 1c).

(29)

2

Now, we present the exact parametric representations of
the solutions and classify all travelling wave solutions
as follows.
4.1 Solitary wave solutions of MKdV equation

4. Classification of all travelling wave solutions of
MKdV system and the explicit exact solutions
In this section, we find the possible bounded exact travelling wave solutions of system (27). It is important to
mention that the level curves of system (27) defined by
the function H(V, z) = h in (28) for a given real value
of h describe different branches. Now, from eq. (28) we

It is found that the level curves defined by H(V, z) = h 1
for h 1 = 0 corresponds to two homoclinic orbits placed
on the left and right phase planes, respectively (see, set
1, figure 1(a)), eq. (30) becomes


A1
dV

ζ =±
,
(31)
2
6A2 k
V (6c/A1 ) − V 2
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which provides the solitary wave solution in parametric
representations as,

4.3 Periodic wave solutions of MKdV equation

u(ξ, τ )



= ±

If the condition stated in set 2 is satisfied (see figure 1(b)), a centre is found in the phase portrait and
the travelling wave solution of the mKdV equation can
be written in the parametric form as

√
12 2c



(3−q)(5−3q)
−
((q + 1)(1 − μ))3/2 15
2
2
9
8(q+1) (1−μ)
⎞
⎛
3/2 c
((q
+
1)(1
−
μ))
(ξ − cτ )⎠ . (32)
×sech ⎝
√
2

Solution (32) is expressed in the following form for
future purpose.
u 0 (ξ, τ ) = λ0 sech ζ0 , ζ0 = w(ξ − c0 τ ),

(33)

with
w2 =

A1 λ20
6A2

, c0 =

A1 λ20
6

,

(34)

where A1 , A2 are defined in (22) and λ0 is chosen as
the initial amplitude.



 √ 
 12 2c 15 − (3−q)(5−3q) −1

2
2
9
8(q+1) (1−μ)
u(ξ, τ ) = ± 
3/2
(2m 2 − 1)(q + 1)(1 − μ)

((q + 1)(1 − μ))3/2 c
(ξ − cτ ) ,
×cn
√
2(2m 2 − 1)

(38)

where cn(ζ, m) is the Jacobian elliptic function [28]
with the modulo m. As m → 1, the Jacobian elliptic
function [28] derives the periodic solution (for c < 0)
of the MKdV equation as
u(ξ, τ )



= ±

√
12 2c



(3−q)(5−3q)
−
((q + 1)(1 − μ))3/2 15
2
2
9
8(q+1) (1−μ)
⎞
⎛
3/2 c
((q
+
1)(1
−
μ))
(ξ − cτ )⎠ . (39)
× sec ⎝ −
√
2

4.2 Kink and antikink wave solutions of MKdV
equation
Now, we consider H(V, z) = h 2 , where
h 2 = −3c2 /4 A2 A1 k 2
which corresponds to two heteroclinic orbits on the
phase plane (see, set 2, figure 1(b)). In a similar manner,
we obtain the following parametric representation of the
kink and antikink wave solutions:
u(ξ, τ )



= ±

√
−6 2c


(3−q)(5−3q)
15
((q + 1)(1 − μ))3/2 8(q+1)
2 (1−μ)2 − 9
⎞
⎛
3/2 c
((q
+
1)(1
−
μ))
(ξ − cτ )⎠ .
×tanh ⎝ −
√
2 2
(35)

For future purposes, we state solution (35) in the following form:
u 0 (ξ, τ ) = λ0 tanh ζ0 , ζ0 = w(ξ + c0 τ ),

(36)

In the presence of Burgers term, the unperturbed dynamical system takes the form
dV
=z
dζ
dz
cV
A1 V 3
A3 z
=
−
−
.
dζ
A2 k 2
A2 k
3A2 k 2

P1 λ20
6A2

, c0 =

P1 λ20
3

,

(37)

where P1 = −A1 , A2 are given by (22) and λ0 is considered as the initial amplitude.

(40)

The coefficient matrix of the linearised system of (40)
at the fixed point (U0 , 0) is
⎞
0
1
A3 ⎠
M(U0 , 0) = ⎝ c
−
2
A2 k
A2 k 2
⎛

with
w2 =

5. Unperturbed dynamical system and phase
portrait analysis of the MKdVB equation

that makes
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J = det(M(U0 , 0)) = −

c
,
A2 k 2

whereas the Jacobian matrix at (U1,2 , 0) becomes
⎞
0
1
A3 ⎠
M(U1,2 , 0) = ⎝ 2c
−
−
2
A2 k
A2 k 2
⎛

which forms
J (U1,2 , 0) =

2c
A2 k 2

and
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6. Analytical solutions for the MKdV–Burgers
equation
6.1 Analytical solitary solution for the
MKdV–Burgers equation
Finding an exact analytical solution for any evolution
equation is very hard and in many cases, it becomes
impossible. So, we intend to determine an analytical
approximate solution for the MKdV–Burgers equation. Here, WRM [24,29] is employed for which some
assumptions are drawn. For negligible values of ηi0 , the
MKdV–Burgers eq. (21) is approximated as eq. (23)
which provides the solitary-type wave solution (33).
Considering solution (33), the progressive wave solution for eq. (21) is presented as
u(ξ, τ ) = λ(τ )sech ζ, ζ = w(τ )(ξ − c(τ )),

trace(M(Ui , 0)) = −

A3
.
A2 k 2

In order to investigate the behaviour of the solutions of
MKdVB equation, the trajectory in the phase orbits of
dynamic system (40) should be determined. Now, we
study the phase portraits of system (40) in the (V, z)
phase plane by varying the physical parameters such as
ηi0 , μ, q, k and c.
Set 1. When ηi0 > 0, k > 0, c > 0, [(q + 1)(1 −
2
ηi0

3

[(q+1)(1−μ)] 2

(41)

with
w 2 (τ ) =

μ)]3/2 > 0 and

67

+ 4c > 0.

At the equilibrium point (U0 , 0) we find J (0, 0) < 0,
Tm2 (0, 0) − 4J (0, 0) > 0, for the parameters ηi0 =
0.4, k = 1, μ = 0.2, k = 1, 2 q = 0.8 and c =
0.2 and thus (U0 , 0) becomes saddle. Again, at the
equilibrium points (U1 , 0), (U2 , 0) for the same values of physical parameters, we find J (U1 , 0) > 0,
Tm2 (U1 , 0) − 4J (U1 , 0) < 0 and J (U2 , 0) > 0,
Tm2 (U2 , 0)−4J (U2 , 0) < 0. Hence (U1 , 0) and (U2 , 0)
are stable spiral (see figure 3a).
Set 2. When ηi0 ∼ 0, k > 0, c > 0, [(q + 1)(1 −
μ)]3/2 > 0.
At the equilibrium point (U0 , 0), we find J (0, 0) < 0,
Tm2 (0, 0) − 4J (0, 0) > 0, for the parameters ηi0 =
0.01, k = 1, μ = 0.4, q = 0.9, c = 0.2 and
thus (U0 , 0) becomes saddle. Again, at the equilibrium
point (U1 , 0), for the same parametric values, we find
J (U1 , 0) > 0, Tm1 (U1 , 0) ≈ 0, and J (U2 , 0) > 0,
Tm1 (U2 , 0) ≈ 0 and thus (U1 , 0) and (U2 , 0) are two
centres. Thus, we obtain a pair of homoclinic orbits
at (U0 , 0) and two families of periodic orbits about
(U1 , 0), (U2 , 0) (see figure 3b).

A1 λ2 (τ )
A1 λ2 (τ )
,
, c (τ ) =
6A2
6

(42)

where the prime denotes the differentiation with respect
to τ . The solutions defined in (33) and eq. (41) are the
same except that λ(τ ) satisfies eq. (42). However, λ(τ ) is
still undetermined. Equations (41) and (42) are inserted
in eq. (21) and it is found that still it is not satisfied point
by point as there is a residue term R(ζ, τ ) as


λw  ξ

2
tanh ζ sech ζ
R(ζ, τ ) = λ + A3 λw + −
w
−2 A3 w 2 λ sech3 ζ.

(43)

It is to be noted that here the residue term R(ζ, τ )
is placed as an even function of ζ . To get a differential
equation for λ(τ ), we utilised the WRM as defined in
[24,29]. A strong restriction on λ(τ ) by choosing a particular weighting function (sech ζ ) and multiplying eq.
(43) by sech ζ , and then integrating it from ζ = −∞ to
ζ = ∞ and finally putting the result to zero, we get
w  λ 4 A3 w 2 λ
−
= 0.
2w
3
Eliminating w from eqs (42) and (44), we get
λ −

λ =

A1 A3 3
λ .
9A2

The solution of eq. (45) is


2 A1 A3 τ −1/2
,
λ(τ ) = M −
9A2

(44)

(45)

(46)

where M is an integration constant. As τ → τ0 , λ(τ ) →
λ0 , where λ0 is the wave amplitude described in eq. (34).
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(b)

Figure 3. Phase portrait of dynamical system (40) for (a) ηi0 = 0.4, k = 1, μ = 0.2, k = 1, q = 0.8, c = 0.2 and (b)
ηi0 = 0.01, k = 1, μ = 0.4, q = 0.8, c = 0.2.

The wave amplitude λ(τ ) is expressed as


−1/2
2 A1 A3 λ0 τ0  τ0 −1
λ(τ )=λ0 1−
−1
. (47)
9A2
τ
Putting λ(τ ) in the expression of c (τ ) and integrating
we get

 
A1 λ20 3A2
λ0 2
−
ln
,
(48)
c(τ ) =
6
4 A3
λ(τ )
where
A1 λ20
.
6
Further, eq. (42) gives

A1
λ0
w(τ ) =
6A2


−1/2
2 A1 A3 λ0 τ0  τ0 −1
× 1−
−1
. (49)
9A2
τ
c(τ0 ) =

Thus, the final solution of eq. (21) can be presented as


−1/2
2 A1 A3 λ0 τ0  τ0 −1
u(ξ, τ ) = λ0 1 −
−1
9A2
τ
× sech(ζ ),
(50)
where




−1/2
A1
2 A1 A3 λ0 τ0  τ0 −1
ζ =
λ0 1 −
−1
6A2
9A2
τ

 
A1 λ20 3A2
λ0 2
+
× ξ−
ln
6
4 A3
λ(τ )
and A1 , A2 , A3 are given by (22).

6.2 Analytical shock solution of the MKdV–Burgers
equation
The main objective of this section is to determine a
shock-type wave solution for the MKdV–Burgers equation. If we set A1 = −P1 , the MKdV–Bugers eq. (21)
becomes
∂u
∂u
∂ 3u
∂ 2u
− P1 u 2
+ A2 3 + A3 2 = 0.
∂τ
∂ξ
∂ξ
∂ξ

(51)

We apply the same method, i.e., WRM [24,29] to find
the shock solution for which the following assumption
are considered. At a negligible values of ηi0 , eq. (51) is
transformed to
∂u
∂u
∂ 3u
− P1 u 2
+ A2 3 = 0.
∂τ
∂ξ
∂ξ

(52)

The shock wave solution for the present system is (36).
Motivated by this solution (36), we choose a shock
wave solution for eq. (51) as
u(ξ, τ ) = λ(τ ) tanh ζ, ζ = w(τ )(ξ + c(τ )),

(53)

with
w 2 (τ ) =

P1 λ2 (τ )
P1 λ2 (τ )
.
, c (τ ) =
6A2
3

(54)

This solution is inserted into eq. (51) and the residue
term R(ζ, τ ) is as follows:
R(ζ, τ ) = λ tanh ζ − 2 A3 λw 2 sech2 ζ tanh ζ
λw  ξ
sech2 ζ.
+
(55)
w
The residue term R(ζ, τ ) is an odd function of the
variable ζ over the symmetric interval (−∞, ∞). To
impose a strong restriction on the coefficient λ(τ ), we
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(a)

67

(b)

(c)

Figure 4. (a) The variation of nonlinearity coefficient A1 and dispersion coefficient A2 with non-extensivity q for fixed
values of μ = 0.1, (b) the variation of nonlinearity coefficient A1 and dispersion coefficient A2 with μ for fixed value of
non-extensivity (q = 0.9) and (c) the 3D variation of nonlinearity coefficient A1 with non-extensivity q and μ.

choose the weighted function as an odd function. For
that, sech2 ζ tanh ζ is selected as the weighted function. Thus, multiplying eq. (55) by the weighted function
sech2 ζ | tanh ζ |, and integrating the result from ζ =
−∞ to ζ = 0 and from ζ = 0 to ζ = ∞ and finally
putting the result to zero, we get
λ −

w  λ 4 A3 w 2 λ
−
= 0.
2w
3

(56)

Again eq. (54) gives
P1 λ20
w(τ ) =
6A2

P1 A3 3
λ .
9A2

(57)

λ(τ ) = λ0

.

Thus, the final shock solution of MKdVB eq. (21) is

u(ξ, τ ) = λ0

τ 
4P1 A3 τ0 λ20 
0
1+
1−
45A2
τ

−1/2

× tanh(ζ ),

The solution of eq. (57) is
τ 
4P1 A3 τ0 λ20 
0
1+
1−
45A2
τ

−1

(60)

Eliminating w between the eqs (54) and (56), one gets
λ =

τ 
4P1 A3 τ0 λ20 
0
1+
1−
45A2
τ

where

−1/2

. (58)

Using (58) in the expression c (τ ) and under the initial
condition c(τ0 ) = P1 λ20 /3, we get

 
P1 λ20 15A2
λ0 2
c(τ ) =
−
.
(59)
ln
3
4 A3
λ(τ )

 τ  −1
4P1 A3 τ0 λ20 
0
1+
1−
45A2
τ

 
P1 λ20 15A2
λ0 2
−
× ξ+
ln
3
4 A3
λ(τ )

P1 λ20
ζ =
6A2

and P1 = −A1 , A2 , A3 are given by (22).

(61)
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Figure 5. 2D profiles of solution (50) for (a) λ0 = 0.8, τ0 = 1, μ = 0.2, τ = 5, q = 0.95, (b) λ0 = 0.8, ηi0 = 0.1,
τ0 = 1, τ = 5, q = 0.95, (c) λ0 = 0.8, τ0 = 1, ηi0 = 0.2, τ = 5 and (d) λ0 = 0.8, τ0 = 1, ηi0 = 0.2, q = 0.95, μ = 0.01.

Figure 6. Contour plot of amplitude λ(τ ) (given by
(47)). The number of contour curves indicate the values of the corresponding amplitude in q–μ plane for
λ0 = 0.5, τ0 = 1, τ = 5, μ = 0.05, ηi0 = 0.02.

7. Numerical simulation and discussion
In this section, we show the impact of various plasma
parameters such as ηi0 , μ, q, etc. on the solitary

and shock waves propagation through two- and threedimensional plots. The analytical solitary and shock
wave solutions IAW within the framework of MKdVB
medium are derived. However, it is important to identify
the parameters which significantly affect the behaviour
of the analytical solution. Furthermore, using numerical
graphs, a feasible range is explored for such important
parameters.
It is evident from (21) that the basic characteristic
features of DIAW are linked with A1 and A2 . From
expression (22), it is found that both the nonlinear coefficient A1 and the dispersive coefficient, A2 are functions
of plasma parameters (q and μ). It is therefore important to observe how the relevant parameters q and μ
affect the nonlinear and dispersive coefficients, A1 and
A2 . The variations of A1 and A2 against the parameters q and μ are depicted in figure 4a and figure 4b. In
particular, the variations of A1 in the plane of q and
μ are presented in figure 4c. The numerical treatments
in figures 4a–4c confirm the existence of compressive and rarefactive solitons for the present medium
because A1 can be negative, zero and positive, whereas
A2 is always positive for all values of q and μ in the
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(a)

67

(b)

(c)

Figure 7. 2D profiles of solution (61) for (a) λ0 = 0.8, τ0 = 1, q = 0.8, τ = 5, μ = 0.05, (b) λ0 = 0.8, τ0 = 1,
q = 0.8, τ = 5, ηi0 = 0.2 and (c) λ0 = 0.8, τ0 = 1, μ = 0.05, τ = 5, ηi0 = 0.1.

(a)

(b)

Figure 8. 3D solitary profiles of solution (50) in ξ –ηi0 plane (a) for λ0 = 1, τ0 = 1, μ = 0.15, τ = 5, q = 0.9 and (b)
contour plot of the corresponding figure 8a.

specified zones. Moreover, these figures help to choose
a parametric domain for finding stable solutions for the
present model. For instance, the feasible zone for the μ
can be considered as 0 < μ < 0.75.
Significant effects of different parameters on solitary
wave propagation can be understood from figures 5(a)–
5(d). The impact from Burgers term (through ηi0 ) is
shown in figure 5(a) in which the soliton goes downward
due to the increase in ηi0 when the other parameters are
λ0 = 0.8, τ0 = 1, μ = 0.2, τ = 5, q = 0.95. In

general, in a nonlinear medium, intercollision of inner
particles, viscosity, etc. leads to an increase in the Burgers effect which enhances dissipation in a system. Thus,
enhancing ηi0 causes a loss of potential energy of a system, and naturally, the soliton declines as expected. In
figure 5b, the evolution of solitary wave is depicted
against ξ for increasing values of μ when the other
parameters are fixed as λ0 = 0.8, ηi0 = 0.1, τ0 =
1, τ = 5, q = 0.95. Increasing μ signifies the enhancement of electron density to that of an ion. Actually,
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(b)

Figure 9. 3D shock profiles of solution (61) in ξ –ηi0 plane (a) for λ0 = 0.85, τ0 = 1, q = 0.94, τ = 10, μ = 0.05 and (b)
contour plot of the corresponding figure 9a.

electron takes the most effective role in the formation of
soliton pattern. In general, ion and dust particles lie in the
base of the soliton whereas electrons are concentrated in
the upper portion of the soliton. Naturally, the enhancement in electron density makes the soliton spiky. On the
other hand, increasing electron density helps to enhance
wave velocity also. The potential energy of a nonlinear
system increases for higher wave velocity, which is also
a deciding factor for the increasing amplitude of the
solitary waves.
In a plasma system, the velocity distribution parameter q plays an effective role in wave dynamics. The
non-extensive parameter q signifies the degree of nonextensivity of a system, which relates the temperature
gradient with the potential energy of the system. As the
value of q approaches 1, the degree of inhomogeneity of temperature increases abruptly. In figure 5c, it is
found that the non-extensive parameter q reduces both
the height and width of the compressive soliton. The
nature of such a structure can be explained as follows:
Increasing non-extensivity in a plasma medium causes
a negative effect on the total potential energy of the system. Thus, a compressive soliton continuously declines
losing its potential energy. The change in amplitude in
different times against ξ are depicted in figure 5d where
initial dramatic decreases follow for enhancing τ . In figure 6, the contours of amplitude for solitary solution are
plotted in μ and q planes. It clearly presents the variations of amplitude with the variations of the parameters
μ and q. In figure 7a, kink wave is seen for different
ηi0 when the other parameters are λ0 = 0.8, τ0 = 1,
q = 0.8, τ = 5, μ = 0.05. Again, dissipation increases
with the increase in the Burgers term and thus it helps
to increase the amplitude of kink soliton in figure 7a.
Figure 7b shows kink-type wave features for enhancing μ with other parameters as λ0 = 0.8, τ0 = 1,
q = 0.8, τ = 5, ηi0 = 0.2. It is found that the transition of energy level in the kink wave improves steadily
for higher values of q. At the same time, increasing q

changes kink soliton to antikink soliton also (figure 7c).
Effects of the parameter q have been found in the wave
propagation in kink soliton in figure 7c where the steady
transition of energy level rises for lower values of q. For
a clear presentation of dissipation from enhancing Burgers term, the 3D views of solitary and kink-type solitons
are depicted in figures 8a and 9a against ξ and ηi0 . The
contours plotted in figures 8b and 9b corresponding to
the 3D profiles shown in figures 8a and 9a, present
the significant impact of Burgers term in the dispersive
medium. In figure 8b, the contours scaled from 0.9 unit
to 0.6 unit in the middle position of the soliton are due to
the effect of Burgers term. Effective dissipation in kink
wave is also found in the contour plots in figure 9b.
8. Conclusion
In this investigation, employing RPT, the basic guiding equations are transformed into MKdVB equation
and further to explore various types of wave solution
for the same equation phase portrait are drawn, from
which the existence of kink (or antikink)-type solution
and solitary pattern wave solution is confirmed. Utilising WRM, different patterned solutions of MKdVB
equation were determined considering the initial solutions from MKdV medium. Further, variation of wave
solutions in different forms due to the change in physical
parameters is depicted from a numerical standpoint. The
entire investigation, by considering the physical environment, expresses the reliability of our model as well as
the methods applied here. Finally, the solutions are studied by varying the physical parameters. The obtained
results are categorically stated as
1. The MKdVB system includes kink (or antikink)
and solitary pattern wave solutions. Intercollision
of inner particles, viscosity, etc. are the various
factors for the origination of Burgers effect in
a nonlinear medium and it is observed that the
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solitary patterned solution turns down with the
increase of the Burgers term (ηi0 ). This type of
wave formation is expected as increasing ηi0 leads
to a decrease in total energy of the system. On the
other hand, the amplitude of the kink rises due to
the increase of dissipation by increasing ηi0 .
2. An increase in the parameter μ (density of electron compared to that of ion) leads to an increase
in the amplitude of solition, whereas a steady transition in wave quantities from higher energy level
to lower level rises in kink soliton for enhancing μ.
3. Non-extensive parameter q plays a significant role
in the formation of wave profile. It is observed
that the solitary wave soliton shrinks down as q
enhances. This is expected because increasing q
decreases the kinetic energy of the system. A similar effect has been found in the wave propagation in
kink soliton where the steady transition of energy
level rises for lower values of q.
Finally, to the best of our knowledge, till today, nobody
has reported the analytical solitary and shock solution
of IAW through WRM in the framework of the MKdVB
equation. The entire investigation is carried out in parametric space. Moreover, the solutions of the MKdV
equation are generated directly from the Hamiltonian of
the corresponding medium. The results observed in the
simulation present the underlying physical phenomena
in the nonlinear wave propagation. The results are realistic and are in good agreement with the expected physical
situations. Thus, the present investigation becomes relevant for a better understanding of the formation and
nonlinear behaviours of IAW in the laboratory plasma
as well as space plasma.
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